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Abstract: In the fifth version of our response-paper [26] to Imamura’s criticism, we recall that 
NonStandard Neutrosophic Logic was never used by neutrosophic community in no application, 
that the quarter of century old neutrosophic operators (1995-1998) criticized by Imamura were never 
utilized since they were improved shortly after but he omits to tell their development, and that in 
real world applications we need to convert/approximate the NonStandard Analysis hyperreals, 
monads and binads to tiny intervals with the desired accuracy — otherwise they would be 
inapplicable. 


We point out several errors and false statements by Imamura [21] with respect to the inf/sup of 
nonstandard subsets, also Imamura’s “rigorous definition of neutrosophic logic” is wrong and the 
same for his definition of nonstandard unit interval, and we prove that there is not a total order on 
the set of hyperreals (because of the newly introduced Neutrosophic Hyperreals that are 
indeterminate), whence the Transfer Principle from R to R* is questionable. 


After his criticism, several response publications on theoretical nonstandard neutrosophics 
followed in the period 2018-2022. As such, I extended the NonStandard Analysis by adding the left 
monad closed to the right, right monad closed to the left, pierced binad (we introduced in 1998), and 
unpierced binad - all these in order to close the newly extended nonstandard space (R*) under 
nonstandard addition, nonstandard subtraction, nonstandard multiplication, nonstandard division, 
and nonstandard power operations [23, 24]. 


Improved definitions of NonStandard Unit Interval and NonStandard Neutrosophic Logic, together 
with NonStandard Neutrosophic Operators are presented. 


Keywords: Neutrosophic Logic; NonStandard Analysis; NonStandard Neutrosophic Logic; 
Neutrosophic Operators; Neutrosophic Hyperreals 


1. Introduction 


I recall my first two answers to Imamura’s 7 Nov. 2018 critics [1] about the NonStandard 
Neutrosophic Logic [20] on 24 Nov. 2018 (version 1) and 13 Feb. 2019 (version 2), and I 
update them after Imamura has published a third version [21] on a journal without even citing my 
previous response papers, nor making any comments or critics to them, although the paper was 
uploaded to arXiv shortly after him and also online at my UNM [20]. I find it as dishonest. 

Surely, he can recall over and over again the first neutrosophic connectives, but he has to tell the 
whole story: they were never used in no application, and they were improved several times starting 
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with the American researcher Ashbacher’s neutrosophic connectives in 2002, Rivieccio in 2008, and 
Wang, Smarandache, Zhang, and Sunderraman in 2010. Version 

The only reason I have added the nonstandard form to neutrosophic logic (and similarly to 
neutrosophic set and probability) was in order to make a distinction between Relative Truth (which is 
truth in some Worlds, according to Leibniz) and Absolute Truth (which is truth in all possible Words, 
according to Leibniz as well) that occur in philosophy. 

Another possible reason may be when the neutrosophic degrees of truth, indeterminacy, or 
falsehood are infinitesimally determined, for example: the right monad (0.8*) means a value strictly 
bigger than 0.8 but infinitely closer to 0.8. And similarly, the left monad (-0.8) means a value strictly 
smaller than 0.8 but infinitely closer to 0.8. While the binad (-0.8*) means a value different from 0.8 
but infinitely closer (from the right-hand side, or left-hand side) to 0.8. But they do not exist in our 
real world (the real set R), only in the hyperreal set R*, so we need to convert / approximate these 
hyperreal sets by tiny real intervals with the desired accuracy ( € ), such as: (0.8,0.8+¢€) , 
(0.8—¢,0.8), or (0.8—¢,0.8) U(0.8,0.8+ €) respectively [24]. 

Since the beginning of the neutrosophic field, many things have been developed and evolved, 
where better definitions, operators, descriptions, and applications of the neutrosophic logic have 
been defined. The same way happens in any scientific field: starting from some initial definitions and 
operations the community improves them little by little. The reader should check the last 
development of the neutroosphics - there are thousands of papers, books, and conference 
presentations online, check for example: http://fs.unm.edu/neutrosophy.htm. It is not fear to keep 
recalling the old definitions and operators since they have been improved in the meantime. The last 
development of the field should be revealed, not omitted. 

The general definition of the neutrosophic set used in the last years. 

Let U be a universe and a set S included in U. Then each element x € S , denoted as 

x(T(x), I(x), F(x)), has a degree of membership/truth T(x) with respect to S, degree of 
indeterminate-membership I(x), and degree of nonmembership F(x), where 

T(x), I(x), F(x) are real subsets of [0, 1]. 

I was more prudent when I presented the sum of single valued standard neutrosophic 
components, saying: 

Let T, I, F be single valued numbers, T, I, F € [0, 1], such thatO<T+I+F <3. 

A friend alerted me: “If T, 1, F are numbers in [0, 1], of course their sum is between 0 and 3.” “Yes, I 
responded, I afford this tautology, because if I did not mention that the sum is up to 3, readers would 
take for granted that the sum T + I + F is bounded by 1, since that is in all logics and in probability!” 

Similarly, for the Neutrosophic Logic, but instead of elements we have propositions (in the 
propositional logic). 


2. Errors in Imamura’s paper [21]: 


2.1 Imamura’s assertation, referring to the Neutrosophic components T, I, F as subsets, that: 

“Subsets of J-0, 1*[” may have neither infima nor suprema” is false. 

Counter-Examples of subsets that have both infima and suprema: 

Let denote the nonstandard unit interval U = (0, 1*1. 

Let M = ]0.2+, -0.3[, which is a subset of U, then 

inf(M) = 0.2, sup(M) = 0.3. 

In general, for any real numbers a and b, such that 0 < a < b < 1, one has the corresponding 
nonstandard subset S = Ja*, -b[ included in U, that has both exist: inf(S) = a, sup(S) = b. 


As a particular and interesting case, one has: JO”, I[c]0,1°[. In general, for any finite real 


numbers a,b € R,a<b, the nonstandard subset S = Ja‘, -b[ included in R’, has both: inf(S) = a, sup(S) 


O + O+ 0 - -0 
= b. More generally, for any x €{da,a,a} and any ye€{b,b,b} the nonstandard subset |x, y[ has 
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0 0 
inf(x)=aand sup(y) =b; even the subset | a, b[= [a,b], which normally is standard, may become 
nonstandard if it contains inside at least one hyperreal. Of course, if at least one of x or y is hyperreal, 
then the subset ]x, y[ is nonstandard. 


2.2 Imamura’s “rigorous definition of neutrosophic logic” is wrong. 
Let K be a nonarchimedean ordered field. The ordered field K is called nonarchimedean if it has 
nonzero infinitesimals. 


He defined, for x, ye K, x and y are said to be infinitely close (denoted by x * y) if x-y is 


infinitesimal. Then x is roughly smaller than y (denoted as x<y)ifx<yor xy. 


This is wrong. See the below Counter-Examples. 
Let €>0 bea positive infinitesimal, also x=5+é€ and y=5-—€ be hyperreals. 


Of course, x € (5°), right monad of 5,and y€(5), left monad of 5. 

5+€ is infinitely closer to 5, but above (strictly greater than) 5; 

while 5 — is infinitely closer to 5, but below (strictly smaller than) 5. 

Then x —y =2 €, which is infinitesimal, and, because x is infinitely close to y (x ® y ), one has that 


x is roughly smaller than y (or X< y), according to Imamura’s definition. 


But this is false, since for € >O clearly 5+€>5>5-—€, whence x > y. 
Therefore, x is not roughly smaller than y, but the opposite. 
General Contra-Examples: 
Let €>0 bea positive infinitesimal, and the realnumber aeER. 
Then for x=a+é&and y=d-—€ we get the same wrong result x < y, according to Imamura. 
Further on, for x =a+é€and y =a, one gets the wrong result x < y. 
And similarly, forx=aand y=a-—€, one gets the wrong result x < y. 


2.3 There exists no order between a and ‘atin R’. 

Let aé€R be a real number, and € be a positive or negative (we do not know exactly) 
infinitesimal. 

Then y= a is a hyperreal number of the form y=a+é, where & may be positive or 
negative infinitesimal. 


Let ("a’) be the left-right binad [5] of a, defined as: 
(‘a’)={ate, where € isa positive infinitesimal}. 
Of course, ca’ e(a") 

The transfer principle [21] states that R* has the same first order properties as R. 
But R* has only a partial order, since there is no order between a and ‘a*in R’, 
while R has a total order. 


-0 -0+ 0+ -0 0+ -0 0+ 
Onhas aS, ad S, a,then aS, a S, @,whence aS, a. 
-0+ -0 


But, similar problems of non-order relationships are between a, a respectively and a’. 
Hence, the Transfer Principle from R to R* is questionable... 


3. Uselessness of Nonstandard Analysis in Neutrosophic Logic, Set, Probability. Statistics, ee al. 


Imamura’s discussion [1] on the definition of neutrosphic logic is welcome, but it is useless, since 
from all neutrosophic papers and books published, from all conference presentations, and from all 
MSc and PhD theses defended around the world, etc. (more than two thousands) in the last two 
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decades since the first neutrosophic research started (1998-2022), and from thousands of neutrosophic 
researchers, not even a single one ever used the nonstandard form of neutrosophic logic, set, or 
probability and statistics in no occasion (extended researches or applications). 

All researchers, with no exception, have used the Standard Neutrosophic Set and Logic [so no stance 
whatsoever of Nonstandard Neutrosophic Set and Logic], where the neutrosophic components T, I, F are 
real subsets of the standard unit interval [0, 1]. 

People don't even write "standard" since it is understood, because nonstandard was never used 
in no applications - it is unusable in real applications. 

Even more, for simplifying the calculations, the majority of researchers have utilized the Single- 
Valued Neutrosophic Set and Logic {when T, I, F are single real numbers from [0, 1]}, on the second place 
was Interval-Valued Neutrosophic Set and Logic {when T, I, F are intervals included in [0, 1]}, and on the 
third one the Hesitant Neutrosophic Set and Logic {when T, I, F were discrete finite subsets included in 
[0, 1]}. 

In this direction, there have been published papers on single-valued “neutrosophic standard 
sets” [12, 13, 14], where the neutrosophic components are just standard real numbers, considering the 
particular case when 0 < T+ 1+ F <1 (in the most general case 0 < T+I+F <3). 

Actually, Imamura himself acknowledges on his paper [1], page 4, that: 

“neutrosophic logic does not depend on transfer, so the use of non-standard analysis is not 
essential for this logic, and can be eliminated from its definition”. 

Entire neutrosophic community has found out about this result and has ignored the nonstandard 
analysis from the beginning in the studies and applications of neutrosophic logic for two decades. 


4. Applicability of Neutrosophic Logic et al. vs. Theoretical NonStandard Analysis 


He wrote: 
“we do not discuss the theoretical significance or the applications of neutrosophic logic” 

Why doesn’t he discuss of the applications of neutrosophic logic? Because it has too many that 
brough its popularity among researchers [2], unlike the NonStandard Analysis that is a non-physical 
(idealistic, imaginary) object and it is hard to apply it in the real world. 

Neutrosophic logic, set, measure, probability, statistics and so on were designed with the 
primordial goal of being applied in practical fields, such as: 

Artificial Intelligence, Information Systems, Computer Science, Cybernetics, Theory Methods, 

Mathematical Algebraic Structures, Applied Mathematics, Automation, Control Systems, 

Big Data, Engineering, Electrical, Electronic, Philosophy, Social Science, Psychology, 

Biology, Biomedical, Engineering, Medical Informatics, Operational Research, 

Management Science, Imaging Science, Photographic Technology, Instruments, 

Instrumentation, Physics, Optics, Economics, Mechanics, Neurosciences, Radiology Nuclear, 

Medicine, Medical Imaging, Interdisciplinary Applications, Multidisciplinary Sciences etc. [2], 

while nonstandard analysis is mostly a pure mathematics. 

Since 1990, when I emigrated from a political refugee camp in Turkey to America, working as a 
software engineer for Honeywell Inc., in Phoenix, Arizona State, I was advised by American 
coworkers to do theories that have practical applications, not pure-theories and abstractizations as “art 
pour art”. 


5. Theoretical Reason for the Nonstandard Form of Neutrosophic Logic 


The only reason I have added the nonstandard form to neutrosophic logic (and similarly to 
neutrosophic set and probability) was in order to make a distinction between Relative Truth (which is 
truth in some Worlds, according to Leibniz) and Absolute Truth (which is truth in all possible Words, 
according to Leibniz as well) that occur in philosophy. 
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Another possible reason may be when the neutrosophic degrees of truth, indeterminacy, or 
falsehood are infinitesimally determined, for example a value infinitesimally bigger than 0.8 (or 0.8"), 
or infinitesimally smaller than 0.8 (or -0.8). But these can easily be overcome by roughly using interval 
neutrosophic values and depending on the desired accuracy, for example (0.80, 0.81) and (0.79, 0.80) 
respectively. 

I wanted to get the neutrosophic logic as general as possible [6], extending all previous logics 
(Boolean, fuzzy, intuitionistic fuzzy logic, intuitionistic logic, paraconsistent logic, dialethism), and 
to have it able to deal with all kinds of logical propositions (including paradoxes, nonsensical 
propositions, etc.). 

That’s why in 2013 I extended the Neutrosophic Logic to Refined Neutrosophic Logic [ from 
generalizations of 2-valued Boolean logic to fuzzy logic, also from the Kleene’s and Lukasiewicz’s 
and Bochvar’s 3-symbol valued logics or Belnap’s 4-symbol valued logic to the most general n-symbol 
or n-numerical valued refined neutrosophic logic, for any integer n= 1 J, the largest ever so far, when 
some or all neutrosophic components T, I, F were respectively split/refined into neutrosophic 
subcomponents: T1, T2, ...; lh, l, ...; Fi, Fz, ...;. which were deduced from our everyday life [3]. 


6. From Paradoxism movement to Neutrosophy — generalization of Dialectics 


I started first from Paradoxism (that I founded in 1980’s as a movement based on antitheses, 
antinomies, paradoxes, contradictions in literature, arts, and sciences), then I introduced the 
Neutrosophy (as generalization of Dialectics (studied by Hegel and Marx) and of Yin Yang (Ancient 
Chinese Philosophy), neutrosophy is a branch of philosophy studying the dynamics of triads, 
inspired from our everyday life, triads that have the form: 

<A>, its opposite <antiA>, and their neutrals <neutA>, 
where <A> is any item or entity [4]. 

(Of course, we take into consideration only those triads that make sense in our real and scientific 
world.) 

The Relative Truth neutrosophic value was marked as 1, while the Absolute Truth neutrosophic 
value was marked as 1* (a tinny bigger than the Relative Truth’s value): 

1* >n 1, where >n is anonstandard inequality, meaning 1* is nonstandardly bigger than 1. 

Similarly for Relative Falsehood / Indeterminacy (which falsehood / indeterminacy in some 
Worlds), and Absolute Falsehood / Indeterminacy (which is falsehood / indeterminacy in all possible 
worlds). 


7. Introduction to Nonstandard Analysis [15, 16] 


An infinitesimal number is a number é such that its absolute value | ¢ |<1/n, for any non-null 
positive integer n. An infinitesimal is close to zero, and so small that it cannot be measured. 

The infinitesimal is a number smaller, in absolute value, than anything positive nonzero. 

Infinitesimals are used in calculus, but interpreted as tiny real numbers. 

An infinite number (w) is a number greater than anything: 

1+1+1+...+1 (for any finite number terms) 

The infinites are reciprocals of infinitesimals. 

The set of hyperreals (non-standard reals), denoted as R’, is the extension of set of the real numbers, 
denoted as R, and it comprises the infinitesimals and the infinites, that may be represented on the 
hyperreal number line 

Ve =a/1. 

The set of hyperreals satisfies the transfer principle, which states that the statements of first order 
in R are valid in R* as well [according to the classical NonStandard Analysis]: 
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"“Anything provable about a given superstructure V by passing to a nonstandard enlargement 
*V of V is also provable without doing so, and vice versa.’ It is a result of Los' theorem and the 
completeness theorem for first-order predicate logic.” [16] 


A monad (halo) of an element a € R*, denoted by y(a), is a subset of numbers infinitesimally close 
to a. 
Let’s denote by R:" the set of positive nonzero hyperreal numbers. 


7.1. First Extension of NonStandard Analysis 


We consider the left monad and right monad; afterwards we recall the pierced binad 
(Smarandache [5]) introduced in 1998: 

Left Monad {that we denote, for simplicity, by (-a)} is defined as: 

ua) = (a) = {a-x, x ER+ | x is infinitesimal}. 

Right Monad {that we denote, for simplicity, by (a*)} is defined as: 

(at) = (at) ={a+x, x ER+ | x is infinitesimal}. 

The Pierced Binad {that we denote, for simplicity, by (-a*)} is defined as: 

UCat) = (a+) ={a-x, x © R+ | x is infinitesimal} VU {a+ x, x € R+* | x is infinitesimal} 

={a-x,x ER’ | x is positive or negative infinitesimal}. 


7.1. Second Extension of Nonstandard Analysis [23] 


For necessity of doing calculations that will be used in nonstandard neutrosophic logic in order 
to calculate the nonstandard neutrosophic logic operators (conjunction, disjunction, negation, 
implication, equivalence) and in order to have the Nonstandard Real MoBiNad Set closed under 
arithmetic operations, we extend now for the time: the left monad to the Left Monad Closed to the 
Right, the right monad to the Right Monad Closed to the Left; and the Pierced Binad to the Unpierced 
Binad, defined as follows (Smarandache, 2018-2019): 


e Left Monad Closed to the Right 


-0 -0 
u{a}=(a)=(a-x]x=0,or x€R_ and x is infinitesimal} = pa) {a}. 


~0 
And by x=a we understand the hyperreal x=a-—€, or x = a, where & is a positive 
infinitesimal. So, x is not clearly known, x €{a—€,q}. 


e Right Monad Closed to the Left 
O+ 


0+ 
(a = [«) ={a+x|x=0,or xeR, and x is infinitesimal} = u(a*)U {a}. 
0 
And by x=a we understand the hyperreal x =a@+é€, or x =a, where € is a positive 
infinitesimal. So, x is not clearly known, x € {a+é,a}. 


e Unpierced Binad 


—O+ —0+ 
u(a}=[a }=[a% x] x=0.0 x ER where x is a positive or negative infinitesimal }= 
Ta)Uumla’ )Ufa} . 
Ae) 18) cay a@y uta. 
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—0+ 
Andby x= a _ weunderstand the hyperreal x =a—€&,orx=a,or X=a+&,where €isa 


positive infinitesimal. So, x is not clearly known, x €{a—€&,d,a+é}. 

The left monad, left monad closed to the right, right monad, right monad closed to the left, the 
pierced binad, and the unpierced binad are subsets of R*, while the above hyperreals are numbers 
from R’. 

Let’s define a partial order on R’. 


8. Neutrosophic Strict Inequalities 


We recall the neutrosophic strict inequality which is needed for the inequalities of nonstandard 
numbers. 

Let a, 6 be elements in a partially ordered set M. 

We have defined the neutrosophic strict inequality 

a>N B 

and read as 

“a is neutrosophically greater than p” 

if 

a in general is greater than B, 

or a is approximately greater than B, 

or subject to some indeterminacy (unknown or unclear ordering relationship between a and {) or 
subject to some contradiction (situation when a is smaller than or equal to 8) a is greater than p. 

It means that in most of the cases, on the set M, a is greater than B. 

And similarly for the opposite neutrosophic strict inequality a <n p. 


9. Neutrosophic Equality 


We have defined the neutrosophic inequality 

a=N 6 

and read as 
“a is neutrosophically equal to p” 

if 

a in general is equal to B, 

or a is approximately equal to B, 

or subject to some indeterminacy (unknown or unclear ordering relationship between a and §) or 
subject to some contradiction (situation when a is not equal to 8) a is equal to £. 

It means that in most of the cases, on the set M, a is equal to f. 


10. Neutrosophic (Non-Strict) Inequalities 


Combining the neutrosophic strict inequalities with neutrosophic equality, we get the =N 
and <N neutrosophic inequalities. 

Let a, 6 be elements in a partially ordered set M. 

The neutrosophic (non-strict) inequality 

a2N B 

and read as 

“a is neutrosophically greater than or equal to Bp” 

if 

a in general is greater than or equal to B, 

or a is approximately greater than or equal to B, 
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or subject to some indeterminacy (unknown or unclear ordering relationship between a and £) or 
subject to some contradiction (situation when a is smaller than 3) a is greater than or equal to . 

It means that in most of the cases, on the set M, a is greater than or equal to B. 

And similarly for the opposite neutrosophic (non-strict) inequality a <n f. 


11. Neutrosophically Ordered Set 


Let M be a set. (M, <N) is called a neutrosophically ordered set if: 
Vv a, B € M, one has: either a <N B, or a =N 8, or a >N B. 


12. Definition of Standard Part and Infinitesimal Part of a HyperReal Number 


For each hyperreal (number) h € R’ one defines its standard part 

st(h) be the real (standard) part ofh, st(h)ER, 

and its infinitesimal part, that may be positive (+&), or zero (0), or negative (—€), and any 
combination of two or three of them in the case of Neutrosophic Hyperreals that have alternative 
(indeterminate) values as seen below, denoted as in(h)€ R’. 

Then h=st(h)+in(h). 

Two hyperreal numbers hi and hz are equal, if: 

st(h1) = st(h2) and in(h1) = in(ha). 


e Examples 


Let ¢ bea positive infinitesimal, and the hyperreal numbers: 


h =4-e€C4) 
def 0 
h,=4+0=4eER 
h,=4+e€(4) 
Neos 


}=(d-, oF 40)= [be or d}e(4) 


Tg OO cn AG Gea eta ode }e[4 


My =A HE oy ey =the, or dre} (4) 


h, =44+{-€ 09 or €}={4 €,or4+0, or4+é }= {4 €,o0r4, ordre }e{ 4] 


Then, their standard parts are all the same: 
st(h,) = st(h,) =...= st(h,) =4 

While their infinitesimal parts are different: 
in(h,) =—€ 

in(h,) =0 

in(h,) =€ 


13. Neutrosophic Hyperreal Numbers 


The below cases are indeterminate, as in neutrosophy, that’s why they are called 
Neutrosophic Hyperreals, introduced now for the first time: 
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in(h,) ={—€, or 0}; one can also write that in(h,) € {—e€,0}, because we are not sure if 
in(ha)= —€, or in(ha)= 0. 
in(h,) = {& , or 0}; one can also write that in(h,) € {€,0}. 


in(h,) ={-€, or €},or inh) €{-€,é}. 
in(h,) ={-€, or0,or €}, or in(h,) € {—€,0,¢}. 


14. Nonstandard Partial Order of Hyperreals 


Let fi and hz be hyperreal numbers. Then M1 <w hz if: 
either st(h1) < st(h2), or st(h1) = st(h2) and in(h1) <n in(hz). 
By in(h1) we understand all possible infinitesimals of hz, and similarly for in(hz). 
This makes a partial order on the set of hyperreals R*, because of the Neutrosophic Hyperreals 
that have indeterminate infinitesimal parts and cannot always be ordered. 


15. Appurtenance of a Hyperreal number to a Nonstandard Set 


We define for the first time the appurtenance of a hyperreal number (h) to a subset S of R’, 
denoted as €,,, or an approximate appurtenance (from a Neutrosophic point of view). 


As seeing above, a hyperreal number may have one, two, or three infinitesimal parts - depending 
on its form. 

Let’s denote the standard part of h by st(h), and its infinitesimal part(s) be in(h) = in(h)1, in(h)2, 
and in(h)3. We construct three corresponding hyperreal numbers: 

hi =st(h) + in(h)1 

h2 = st(h) + in(h)2 

h3 = st(h) + in(h)s 

If all three h,,h,,h ,€, S,then he, S. If atleast one does not belong to S, then h¢, S. 


(In the case when h has only one or two possible infinitesimals, of course we take only them.) 
The appurtenance of a hyperreal number to a nonstandard set may be later extended if new 
forms of Neutrosophic Hyperreals are constructed in the meantime. 


16. Notations and Approximations 


Approximation is required with a desired accuracy, since the hyperreals, monads and binads do 
not exist in our real world. They are only very abstract concepts built in some imaginary math space. 

That’s why they must be approximated by real tiny sets. 

As an example, let’s assume that the truth-value (T) of a proposition (P), in the propositional 
logic, is the hyperreal T(P) = 0.7* that means, in nonstandard analysis, according to Imamura [22]: 

“The interpretation of T(P) = 0.7* (right monad of 0.7 in your terminology): 

1. the truth value of P is strictly greater than and infinitely close to 0.7 (but its precise 
value is unknown); 

2. the truth value of P can be strictly greater than and infinitely close to 0.7; 

3. the truth value of P takes all hyperreals strictly greater than and infinitely close to 0.7 
simultaneously.” 

We prove by reductio ad absurdum that such a number does not exist in our real world. Let 
assume that 0.7*= w. Then w > 0.7, but on the set of continuous real numbers, in the interval (0.7, w] 
there exists a number v such that 0.7 < v < w, therefore v is closer to 0.7 than w, and thus w is not 
infinitely close to 0.7. Contradiction. Even Imamura acknowledges about 0.7* that “its value is 
unknown”. 
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And because they do not exist in our real world, we need to approximate/convert them with a 
given accuracy to the real world, therefore, instead of 0.7* we may take for example the tiony interval 
(0.7, 0.7001) with four decimals, or (0.7, 0.7000001), etc. 

In the same way one can prove that, for any real number a € R, its left monad, left monad closed 
to the right, right monad, right monad closed to the left, pierced binad, and unpierced binad do not 
exist in our real world. They are just abstract concepts available in abstract/imaginary math spaces. 


17. Nonstandard Unit Interval 


Imamura cites my work: 

“by “-a” one signifies a monad, i.e., a set of hyper-real numbers in non-standard analysis: 
(-a)={a-—x ER.| x is infinitesimal } , and similarly “b+” is a hyper monad: 
(b+) ={b+x ER.| xis infinitesimal } . ([5] p. 141; [6] p. 9)” 
But these are inaccurate, because my exact definitions of monads, since my 1998 first world 
neutrosophic publication {see [5], page 9; and [6], pages 385 - 386}, were: 
“Ca)={a-—x:x ER:* | x is infinitesimal }, and similarly “b+” is a hyper monad: 
(bt) ={b+x:x ER+*| x is infinitesimal }” 
Imamura says that: 
“The correct definitions are the following: 
(-a)={a-x ER.| x is positive infinitesimal }, 
(b+) ={b+x ER.| x is positive infinitesimal }.” 

I did not have a chance to see how my article was printed in Proceedings of the 3rd Conference of 
the European Society for Fuzzy Logic and Technology [7], that Imamura talks about, maybe there were 
some typos, but Imamura can check the Multiple Valued Logic / An International Journal [6], published 
in England in 2002 (ahead of the European Conference from 2003, that Imamura cites) by the 
prestigious Taylor & Francis Group Publishers, and clearly one sees that it is: R+* (so, x is a positive 
infinitesimal into the above formulas), therefore there is no error. 

Then Imamura continues: 

“Ambiguity of the definition of the nonstandard unit interval. Smarandache did not give 
any explicit definition of the notation JO, 1*[ in [5] (or the notation #0, 1+ in [6]). He 
only said: 

Then, we call ] -0, 1* [ a non-standard unit interval. Obviously, 0 and 1, and analogously 
non-standard numbers infinitely small but less than 0 or infinitely small but greater than 
1, belong to the non-standard unit interval. ([5] p. 141; [6] p. 9).” 

Concerning the notations I used for the nonstandard intervals, such as # 4 or ] [, it was 
imperative to employ notations that are different from the classical [ ] or ( ) intervals, since the 
extremes of the nonstandard unit interval were unclear, vague with respect to the real set. 

I thought it was easily understood that: 

10, 1f = (0) YO, 1] v (1). 

Or, using the previous neutrosophic inequalities, we may write: 

TO,1T ={x ER -O<nx<nT*}. 

Imamura says that: 

“Here -0 and 1* are particular real numbers defined in the previous paragraph: 
“0=0-€ and 1* =1+ €, where € isa fixed non-negative infinitesimal.” 
This is untrue, I never said that “e is a fixed non-negative infinitesimal”, ¢ was not fixed, I said 
that for any real numbers a and b {see again [5], page 9; and [6], pages 385 - 386}: 
“Ca)={a—x: x € Re | x is infinitesimal }, (b+)={b+x:x € R+* | x is infinitesimal }”. 
Therefore, once we replace a = 0 and b = 1, we get: 
(0) = {O—x: x € R,* | x is infinitesimal }, 


(1*)={ 14x: x € R,*| x is infinitesimal }. 
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Thinking out of box, inspired from the real world, was the first intent, i.e. allowing neutrosophic 
components (truth / indeterminacy / falsehood) values be outside of the classical (standard) unit real 
interval [0, 1] used in all previous (Boolean, multi-valued etc.) logics if needed in applications, so 
neutrosophic component values < 0 and > 1 had to occurs due to the Relative / Absolute stuff, with: 

O<nO and 1*>n1. 

Later on, in 2007, I found plenty of cases and real applications in Standard Neutrosophic Logic 
and Set (therefore, not using the Nonstandard Neutrosophic Logic and Set), and it was thus possible 
the extension of the neutrosophic set to Neutrosophic Overset (when some neutrosophic component is > 1), 
and to Neutrosophic Underset (when some neutrosophic component is < 0), and to Neutrosophic Offset (when 
some neutrosophic components are off the interval [0, 1], i.e. some neutrosophic component > 1 and some 
neutrosophic component < 0). Then, similar extensions to respectively Neutrosophic Over/Under/Off Logic, 
Measure, Probability, Statistics etc. [8, 17, 18, 19], extending the unit interval [0, 1] to 

[WO], with W<0<1<Q, 
where YW, O are standard real numbers. 


Imamura says, regarding the definition of neutrosophic logic that: 
“In this logic, each proposition takes a value of the form (T, L, F), where T, I, F are subsets 
of the nonstandard unit interval ]-0, 1*[ and represent all possible values of Truthness, 
Indeterminacy and Falsity of the proposition, respectively.” 

Unfortunately, this is not exactly how I defined it. 

In my first book {see [5], p. 12; or [6] pp. 386 — 387} it is stated: 

“Let T, I, F be real standard or non-standard subsets of ]-0, 1+“ 
meaning that T, I, F may also be “real standard” not only real non-standard. 


In The Free Online Dictionary of Computing, 1999-07-29, edited by Denis Howe from England, it is 
written: 
Neutrosophic Logic: 
<logic> (Or “Smarandache logic”) A generalization of fuzzy logic based on 
Neutrosophy. A proposition is t true, i indeterminate, and f false, where t, i, and f are real 
values from the ranges T, I, F, with no restriction on T, I, F, or the sum 
n=ttitf. 
Neutrosophic logic thus generalizes: 
e intuitionistic logic, which supports incomplete theories (for 0 <n < 100, 
0<tif < 100); 
e = fuzzy logic (for n= 100 and i= 0, and 0 < t,i,f < 100); 
e Boolean logic (for n=100 and i = 0, with tf either 0 or 100); 
e «multi-valued logic (for 0 < t,i,f < 100); 
e paraconsistent logic (for n > 100, with both t,f < 100); 
e = dialetheism, which says that some contradictions are true 
(for t = f = 100 and i = 0; some paradoxes can be denoted this way). 
Compared with all other logics, neutrosophic logic introduces a percentage of 
“indeterminacy” - due to unexpected parameters hidden in some propositions. It also 
allows each component t,i,f to “boil over” 100 or “freeze” under 0. For example, in some 
tautologies t > 100, called “overtrue”. 
["Neutrosophy / Neutrosophic probability, set, and logic", F. Smarandache, American Research Press, 1998]. 


As Denis Howe said in 1999, the neutrosophic components ¢, i, fare “real values from the ranges 

T, L, F”, not nonstandard values or nonstandard intervals. And this was because nonstandard 
ones were not important for the neutrosophic logic (the Relative/Absolute plaid no role in 
technological and scientific applications and future theories). 
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18. Formal Notations 


In my first version of the paper, I used informal notations. Let’s see them improved. 
Hyperreal Numbers are represented without parentheses (_ ) around them: 


“aA=a=a-€& 
0 
a=a+0O, which coincides with the real number a. 


ms 

ad’ =a=ateé 

Neutrosophic Hyperreal Numbers (that are indeterminate, alternative) are represented without 
braces, or with braces {}around them for discrete sets that may have one, two, or three elements: 

=) 

a=a-€,orat+0= {a—€é,or a+0} 

+0 

a=a+t+é,orat+0= {at+é,or a+0} 

—+ 

a=a-€é,or a+é={a-é,or a+é} 

—0+ 

a =da-—€,orat+0,or a+é={a—€&,or a+0,or até} 


For the monads and binads one just adds the parentheses around them: 


Monad Sets: a = [a).ca) = [a}.ca" = (a) 
Binad Sets: a} a} {a}, | 


19. Improved Definition of NonStandard Unit Interval 


e Formula of NonStandard Unit Interval 
-— -0 0 O+ -+ -OF + 


1-0,1*[=]0, I[= {aeR ,0<st(a) <1, _ {a,4,a,a,a,a,a,a€[0,1}} 
Proof of the above formula 


For 9<S!@)<! it does not matter what in(a) is, because St(a)+in(a) €, ]0,1[, this being a 


nonstandard interval. 


It is not necessarily to set any restriction on in(a) in this case, since d_ is the smallest hyperreal, 


+ 
while dis the greatest hyperreal in the set of seven types of hyperreals listed above. 


Let € bea positive infinitesimal, ¢ € R. 
Let a=0,and O be any possible hyperreal number associated to 0. 
m m = — + 
For st(Q) ) = 0, the smallest in(0.) may be —€, whence 0—€ =0e,,]0,1[; 
— + 


m 0 = oe + 
and if in(O ) is bigger (i.e. 0, or +€), of course 0+0=O06€,,]0,1[ and 0+ ¢€ =O0e, ]0,][. 
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—0 04+ -+ -0+ - + 
Then also any other nonstandard version of the number 0, suchas: 0,0,0, 0 €,,]0,1[. 


Let a=1, and 1 be any possible hyperreal number associate to 1. 
m m + =" 
For st( 1 ) = 1, the greatest in(1) may be +€, whence 1+ € =1e,,]0,1[, 
m 0 sab ab = Ss dp 
and if in(1) is smaller (i.e. 0, or —€), of course 1+O0=1e,,]0,1I[ and 1-e=1le,]0,][. 
-O 0+ —+ -O+ - + 
Then also any other nonstandard version of the number 1, suchas: 1,1,1, 1 €,]0,1[. 


Remark: 


This formula has to be updated if new types of hyperreals / monads / binads will be introduced 


e Example of Inclusion of Nonstandard Sets 


10, 1[€]O, 1[<]O, If 


e Partial Ordering on the Set of Hyperreals 
=+ —0+ 
Let a € R bea real number. Then there is no order between a and a,norbetweenaand a. 


Some nonstandard inequalities involving hyperreals: 
= 0 + 

a<n A<N a 

-0 = 0+ + 

ASN AN aAwSNa 

a -0 —+ —0+ 

aSN ASN ASNG 

- -+ + 


ASN ASN @ 


e Examples of Nonstandard Intervals 
-0 -00 
]a,al={a,a, a} 
=e - 0 + —-O 0+ -+ -0+ 


Ja, al= {a,a,a,a,a,a, a} 


20. Improved Definition of NonStandard Neutrosophic Logic 

In the nonstandard propositional calculus, a proposition P has degrees of truth (T), 
indeterminacy (I), and falsehood (F), such that T, I, F are nonstandard subsets of the nonstandard unit 
interval ]~0,1°[, or T,/,F cy] 0,1. 

Asa particular case one has when T, I, F are hyperreal or neutrosophic hyperreal numbers of the 
nonstandard unit interval ]0,1°[, or 7,7, F €,] 0,1. 


21. NonStandard Neutrosophic Operators 


Since the Hyprereal Set R* does not have a total order, in general we cannot use connectives 
(nonstandard conjunction, nonstandard disjunction, nonstandard negation, nonstandard 
implication, nonstandard equivalence, etc.) involving the operations of min/max or inf/sup, but we 
may use connectives involving addition, subtraction, scalar multiplication, multiplication, power, 
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and division operations dealing with nonstandard subsets or hyprereals from the nonstandard unit 


interval ] 0,1°[. See below operations with hyperreals, monads and binads. 


For any nonstandard subsets or hyperreal numbers, Ti, [1, F1, T2, Iz, F2, from the nonstandard unit 
interval |~0,1°[ one has: 
e NonStandard Neutrosophic Conjunction 

(T1, Li, F1) AN (T2, Lb, F2) =(T1 AE T2, 11 VE La, Fi WE F2) 


e NonStandard Neutrosophic Disjunction 
(T1, Li, F1) WN (T2, b, F2) =(T1 VE T2, In AE Lz, Fi AF F2) 


e NonStandard Neutrosophic Negation 
“'N (Ti, i, Fi) =(Fi, 1 — i Ti) 


e NonStandard Neutrosophic Implication 
(T1, li, F1) -n (T2, L, F2) = (F1, l*- Das T1) VN (T2, L, F2) = (Fi VE T2, = I, ) ME Iz, T1 NE F2) 


e NonStandard Neutrosophic Equivalence 
(T1, li, F1) wn (T2, 2, F2) means (T1, [1, F1) nw (T2, 12, F2) and (T2, bb, F2) +n (T1, hh, F1) 


Example of Fuzzy Conjunction: 
A AF B=AB 


Example of Fuzzy Disjunction: 
A VEB=A+B- AB 


More explanations about them follow. 


22. Approximations of the NonStandard Logical Operators/Connectives A,V, ,—, © 


Imamura’s critics of my first definition of the neutrosophic operators is history for over a quarter 
of century ago. He is attacking my paper with "errors... errors... paradoxes" etc., however my first 
operators were not kind of errors, but less accurate approximations of the aggregation with respect 
to the falsity component (F), but not with respect to the truth (T) and indeterminacy (I) ones that were 
correct. 

The representations of sets of monads and binads by tiny intervals were also approximations (=) 
with a desired accuracy (¢ > 0), from a classical (real) point of view, for the realnumber aeER: 


(-a)-{a)=(@-e.a 
(«°)-(4| ~(a,at+é) 
(-a*)-(4}=(@-e.ate) 


[«) ~(a-€,a] 
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0+ 
[a ]=taare) 


—0+ 
[a Jeta-eare) 


And by language abuse one denotes: 


0) 
fa) =a=[a,a] 


The representations of hyperreal numbers ( h = st(h) + in(h) ) by tiny numbers closed to their 
standard part ( st(h) ) were also approximations ( =) with a desired accuracy 
(<> 0), from a classical (real) point of view: 


a=a-€é,or a+é 


=) 

a=a-€é,or0 

0+ 

a=O,or at+é 

0+ 

a =a-€&,or0,or a+é€ 
0 

a=a 


All aggregations in fuzzy and fuzzy-extensions (that includes neutrosophic) logics and sets are 
approximations (not exact, as in classical logic), and they depend on each specific application and on 
the experts. Some experts/authors prefer ones, others prefer different operators. 

It is NOT A UNIQUE operator of fuzzy/neutrosophic conjunction, as it is in classical logic, but a 
class of many neutrosophic operators, which is called neutrosophic t-norm; similarly for 
fuzzy/neutrosophic disjunction, called neutrosophic t-conorm, fuzzy/neutrosophic negation, 
fuzzy/neutrosophic implication, fuzzy/neutrosophic equivalence, etc. 

All fuzzy, intuitionistic fuzzy, neutrosophic (and other fuzzy-extension) logic operators are 
inferential approximations, not written in stone. They are improved from application to application. 


23. Operations with monads, binads, and hyperreals 


In order to operate on them, it is easier to consider their real approximations to tiny intervals for 
the monads and binads, or to real numbers closed to the standard form of the hyperreal numbers, as 
in above section. 

For monads and binads: 


M,,My,M3 mM, ,My,M3 Xp 5X .X3 
a ° b =| acb |, where © is any of the well-defined arithmetic operation 


(addition, subtraction, multiplication, scalar multiplication, power, root, division). 
Where m,,m,,m, €{—,0,+}, but there are cases when some or all of the infinitesimal parts 


m,,™m,,m,may be discarded for a or for b or for both, if one has only monads, or closed monads, or 


pierced binads. If such mi is discarded, we consider it as m, =@, for i € {1,2,3}. 
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Always we do the classical operation aob, but the problem is: what are the infinitesimals 
%10%2 X3 


corresponding to the result acb } ie. what are X,,X,,x,; =? 


Of course the infinitesimals x, ,X,,%, € {—,0,+}, that represent respectively the left monad of 


acb, just the real number acb, or the right monad of acb. To find them, we need to move from 
R* to R using tiny approximations. 
One gets the similar result for hyperreal numbers as for monads and binads: 
MM ,Mz,M3 MMM 3X XQ 0X3 
ao b =aob 
e A Monad-Binad Example 
Let €,,€, >0 be tiny real numbers. 


Let’s prove that: 
= + —0+ 
We approximate the above monads by: 


—0+ 
(a—&,,a)+(b,b+6,)=(at+b—-é,at+bte,) = Go 


because, in the real interval (a+b— é,,a +b+ Ey) , one gets values smaller than a+b (whence 


the — on the top, standing for ‘left monad of atb’), equal to a+b (whence the 0 on the top, standing just 
for ‘the real number a+b’), and greater than a+b (whence the + on the top, standing for ‘right monad 
of atb’). 


e Numerical example 


at + 0+ 0+ 
(2}+(3)-(2#3)-(3) 
because (2) 4 3) ~ (2—0.1,2) + (3,3+ 0.2) = (5—0.1,5+0.2), and this interval is a little below 5, 


a little above 5, and also includes 5. 


For hyperreal numbers the result is similar: 
= op —O0+ 
a+b=a+b because 


4 
at+b=a—é,+b+é&,=at+b—€,+€,, where €,,€, are any tiny positive numbers, 
hence a+b—é&,+6, can be less than a+b, equal to atb, or greater than a+b by conveniently 


choosing the tiny positive numbers €,and &,,as: €, >&,,or €&,=&,,or &, <é€&, respectively. 


e More Examples of NonStandard Operations 


[a}+o-(a+5) 
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24. NonStandard Neutrosophic Operators (revisited) 


Let’s denote: 

Ar, An, Ap representing respectively the fuzzy conjunction, neutrosophic conjunction, and 
plithogenic conjunction; similarly 

Ve, Vn, Vp representing respectively the fuzzy disjunction, neutrosophic disjunction, and 
plithogenic disjunction, 

roy» p Tepresenting respectively the fuzzy negation, neutrosophic negation, and 
plithogenic negation, 


—F, —»N, —P representing respectively the fuzzy implication, neutrosophic implication, and 
plithogenic implication; and 

O,;.<y.<p representing respectively the fuzzy equivalence, neutrosophic equivalence, 
and plithogenic equivalence. 

I agree that my beginning neutrosophic operators (when I applied the same fuzzy t-norm, or the 
same fuzzy t-conorm, to all neutrosophic components T, I, F) were less accurate than others developed 
later by the neutrosophic community researchers. This was pointed out since 2002 partially corrected 
by Ashbacher [9] and confirmed in 2008 by Rivieccio [10] and fixed in 2010 by Wang, Smarandache, 
Zhang, and Sunderraman [25], much ahead of Imamura [1] in 2018. They observed that if on Tz and 
Tz one applies a fuzzy t-norm, on their opposites Fi and F2 one needs to apply the fuzzy t-conorm (the 
opposite of fuzzy t-norm), and reciprocally. 

About inferring Iz and Iz, some researchers combined them in the same directions as T1 and T>. 

Then: 


(T1, Li, F1) AN (T2, 12, F2) = (T1 AEF T2, In AF Lo, Fi VE F2), 
(T1, Li, F1) VN (T2, Lz, F2) =(T1 VE T2, In VE bo, Fi AE F2), 
(T1, h, F1) >n (T2, L, F2) = (F1, [1, T1) VN (T2, b, F2) = (F1VE Tz, VE b, T1A F F2); 
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others combined I: and [2 in the same direction as Fi and F2 (since both I and F are negatively 

qualitative neutrosophic components), the most used one: 
(T1, Li, F1) AN (T2, Lz, F2) = (T1 AF Tz, VE Lb, Fi VE F2), 
(T1, Li, F1) VN (T2, Lz, F2) = (T1 VE T2, In AF Le, Fi AE F2), 

(T1, li, F1) -n (T2, L, F2) = (F1, [, T1) VN (T2, b, F2) = (Fi VE Tz, HAE Lb, Ti AF F2). 

Now, applying the neutrosophic conjunction suggested by Imamura: 

“This causes some counterintuitive phenomena. Let A be a (true) proposition with 
value ({1},{0},{0}) and let B be a (false) proposition with value ({0},{0},{1}). 

Usually we expect that the falsity of the conjunction A A B is { 1 }. However, its 
actual falsity is { 0 }.” 

we get: 

(1, 0, 0) An (0, 0, 1) = (0, 0, 1), (50) 

which is correct (so the falsity is 1). 

Even more, recently, in an extension of neutrosophic set to plithogenic set [11] (which is a set 
whose each element is characterized by many attribute values), the degrees of contradiction c( , ) 
between the neutrosophic components T, I, F have been defined (in order to facilitate the design of 
the aggregation operators), as follows: c(T, F) = 1 (or 100%, because they are totally opposite), c(T, I) 
= c(F, I) =0.5 (or 50%, because they are only half opposite), then: 

(T1, Li, F1) Ap (T2, La, F2) = (T1 Ar T2, 0.5(L1AF Iz) + 0.5(11 Ve I2), Fi Ve F2), 

(T1, Li, F1) Ve (T2, b, F2) =(T1 Ve T2, 0.5(11 Ve 2) + 0.5(1AF I), F1 Ar F2). 

(T1, Li, F1) -n (T2, L, F2) = an (T1, Li, F1) Ww (T2, Lz, F2) = (Fi, L, T1) Vw (T2, Lo, F2) 

= (Fi Ve Tz, 0.5(11 Ve lo) + 0.5(1Ar 12), Ti Ar F2). 

For NonStandard Neutrosophic Logic, one replace all the above neutrosophic components T1, 1, 
F1, T2, Iz, F2 by hyperreal numbers, monads or binads from the nonstandard unit interval ]-0, 1+! and 
use the previous nonstandard operations. 


25. Application of NonStandard Neutrosophic Logic 


Assume two sources s1 and s2 provide information about the nonstandard truth value of a given 
proposition P: 


s,(P) = (T,(P),1,(P), F\(P)) = [1.04 02) 


s,(P) =(T,(P),1,(P), F,(P)) = [0'8.01603) 


Let’s use the below Fuzzy Conjunction: 
AAFB=AB 
and Fuzzy Disjunction: 
A VEB=A+B-AB 
We fusion the two sources (using the nonstandard neutrosophic conjunction): 
5,(P) Ay 8)(P)=(L(P) Ap TP) (P)V p Ly(P), FCP) Vp F(P)) 
+ 0 —+ + = 0- + 0 —+ + —+ + - -0 = —0 
= (1A, 0.8,0.4v ,, 0.6,0.2v ,,0.3) = (1x 0.8,0.44 0.6— 0.4 0.6,0.2+ 0.3— 0.2x 0.3) 
+ -O+ —+ - - + 0+ —0+ - = te 0+ 0+ 
=(0.8, 1 —0.24,0.5—0.06) = (0.8, 1 —0.24,0.5—0.06) =(0.80,0.76,0.44), 
which means that with respect to the two fusioned sources, the nonstandard neutrosophic 
degree of truth of the proposition P is tinnily above 0.8, its nonstandard neutrosophic degree of 
indeterminacy is tinnily below or above or equal to 0.76, and similarly its nonstandard neutrosophic 
degree of falsity is tinnily below or above or equal to 0.44. 
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Converting/approximating from hyperreal numbers to real numbers, with an accuracy €& = 
0.001, one gets: 
S,(P) Ay 5,(P) = ((0.8, 0.8 + 0.001), (0.76 — 0.001, 0.76 +0.001), (0.44 — 0.001, 0.44 + 0.001)) 


= ((0.800, 0.801), (0.759, 0.761), (0.439,0.441)) 


26. Open Statement 


In general, the Transfer Principle, from a non-neutrosophic field to a corresponding 
neutrosophic field, does not work. This conjecture is motivated by the fact that each neutrosophic 
field may have various types of indeterminacies. 


27. Conclusion 


We thank very much Dr. Takura Imamura for his interest and critics of Nonstandard Neutrosophic 
Logic, which eventually helped in improving it. {In the history of mathematics, critics on nonstandard 
analysis, in general, have been made by Paul Halmos, Errett Bishop, Alain Connes and others.} We 
hope we'll have more dialogues on the subject in the future. 

We introduced in this paper for the first time the Neutrosophic Hyperreals (that have an 
indeterminate form), and we improved the definitions of NonStandard Unit Interval and of 
NonStandard Neutrosophic Logic. 

We pointed out several errors and false statements by Imamura [21] with respect to the inf/sup 
of nonstandard subsets, also Imamura’s “rigorous definition of neutrosophic logic” is wrong and the 
same for his definition of nonstandard unit interval, and we proved that there is not a total order on 
the set of hyperreals (because of the newly introduced Neutrosophic Hyperreals that are 
indeterminate) therefore the transfer principle is questionable. We conjectured that: In general, the 
Transfer Principle, from a non-neutrosophic field to a corresponding neutrosophic field, does not 
work. 
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Abstract: Multiple attribute decision-making (MADM) problems often contain quantitative and 
qualitative information that is inconsistent, uncertain, and incomplete. However, existing 
evaluation methods can only perform quantitative or qualitative processing on all attribute data, 
which easily leads to some information loss. In order to deal with MADM problems more 
effectively, this paper proposes a single-valued neutrosophic linguistic neutrosophic element 
(SVNLNE), which consists of a single-valued neutrosophic number for quantitative expression and 
a linguistic neutrosophic number for qualitative description. This paper also provides the 
fundamental operations of SVNLNEs, the SvVNLNE score and accuracy functions for sorting the 
elements, and the SvNLNE weighted arithmetic averaging (GSVNLNEWAA) and geometric 
averaging (SVNLNEWGA) operators for information aggregation. Finally, some MADM 
approaches are developed based on the SYNLNEWAA and SVNLNEWGA operators, and their 
application and rationality are further illustrated by an investment case in the SVNLNE setting. 


Keywords: multi-attribute decision making; single-valued neutrosophic linguistic neutrosophic 
element; single-valued neutrosophic linguistic neutrosophic element weighted arithmetic 
averaging operator; single-valued neutrosophic linguistic neutrosophic element weighted 
geometric averaging operator 


1. Introduction 


In complex decision-making (DM) environments, conflicting quantitative and qualitative 
attribute data often need to be considered to optimize the selection of alternatives. Among them, 
quantitative information is usually expressed as numerical variables, while qualitative information 
is usually depicted as linguistic variables because linguistic items are more suitable to describe 
human cognition of objective things. In recent decades, many theories and methods on numerical 
and linguistic DM methods have been proposed for the DM problem. To handle uncertain and 
incomplete quantitative information, the fuzzy set [1] was firstly defined with a numerical 
membership degree. Then, the intuitionistic fuzzy set (IFS) [2] was presented by appending a 
numerical non-membership degree, and the interval-valued IFS [3] was represented by the 
interval-valued membership and non-membership degrees. Recently, for further comprehensive 
expression of the incomplete, uncertain and inconsistent data in DM problems, the simplified 
neutrosophic set (SNS) [4] that implied the definitions of single-valued neutrosophic set (SvNS) [5] 
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and interval neutrosophic set (IvNS) [6] was put forward as a subclass of neutrosophic set (NS) [7] 
by constraining the membership degrees of truth, indeterminacy and falsity in the standard range of 
[0,1]. Since then, various aggregation operators and multi-attribute DM (MADM) methods of 
SvNSs/IvNSs/SNSs have been presented [4,8-10], and some extended neutrosophic sets, such as the 
neutrosophic cubic set (NCS) [11], the simplified neutrosophic indeterminate set (SNIS) [12], the 
neutrosophic Z-numbers [13] and the consistency neutrosophic set (CNS) [14], have also been 
proposed for specific applications. However, the numerical variable-based DM methods described 
above are more suitable for dealing with quantitative information than qualitative information. 
Thus, in terms of human thinking and expression habits, the linguistic neutrosophic number (LNN) 
[15], which is generalized from the concepts of linguistic variable (LV) [16], interval linguistic 
variable (ILV) [17] and linguistic intuitionistic fuzzy number (LIFN) [18], was proposed as a new 
branch of NS [7] to represent incomplete, indeterminate and inconsistent qualitative information 
using linguistic membership degrees of truth, falsity and uncertainty. Then, various aggregation 
operators and MADM methods of LNNs have been presented for linguistic DM problems [19-21]. 
Other extended sets, such as the linguistic neutrosophic uncertain number (LNUN) [22], have also 
been introduced to satisfy special applications. Unfortunately, theories and methods based on 
linguistic variables are more suitable for solving qualitative DM problems than quantitative DM 
problems. 

In practical MADM applications, there is often quantitative and qualitative attribute 
information that needs to be evaluated together. However, existing DM methods can only make 
final decisions on a single type of information, but cannot handle multiple types of information. 
Especially for MADM problems with incomplete, inconsistent and indeterminate information, the 
single-valued neutrosophic number (SvVNN) is only used for quantitative processing, while the LNN 
is only used for qualitative processing. Therefore, to overcome the limitations of existing DM 
approaches and better satisfy the preferences of the evaluators, this paper defines the single-valued 
neutrosophic linguistic neutrosophic set/element (SvVNLNS/SVNLNE) as a combination of SVNN and 
LNN to uniformly describe quantitative and qualitative information and proposes the basic 
operational laws of SvNLNE. Then, this paper puts forward a SVNLNE weighted arithmetic 
averaging (SVNLNEWAA) operator and a SVNLNE weighted geometric averaging (GVNLNEWGA) 
operator, and further develops MADM approaches based on the presented operators in the SVNLNE 
setting. 

In the construction of the paper, the preliminaries of SVNNs and LNNs are first reviewed in 
Section 2. The concepts, the fundamental operations, and the score and accuracy functions of 
SvNLNSs are put forward in Section 3. Then, two aggregation operators of SVYNLNEWAA and 
SvNLNEWGA are presented and proved in Section 4. In Section 5, a new MADM method with 
SvNLNE information is developed by applying the proposed SYNLNEWAA and SVNLNEWGA 
operators. Finally, comparative analysis and conclusions are given in Sections 6 and 7, respectively. 


2. Preliminaries of SVNNs and LNNs 


This section introduces the concepts and operational relations of SVNNs and LNNs. 


2.1 SuUNNs 
Definition 1 [5]. Set E as a fixed universal set. Then, a SVNS H in E can be given by 


H ={(6,(7(6),U(8),V(6)))|o eek, 


Where <T(6), U(6), V(5)> is the SVNN for 6 € F satisfying the condition of T(6), U(6), V(d) € [0,1], and 
can simply be written as hs =<Ts, Us, Vs>. 

Definition 2 [5]. Assuming fs1 =<Ts1, Us1, Vo1> and hs2=<Ts2, Us2, Vs2> are two SVNNs and o > 0, there 
are the following relations: 
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(1) As, Oh, = Ta +755 —T5,T55U 5 U 59. Vs Vso ) ; 
(2) hs, @hy. = a Wane +U 5, —U 5,0 55.V 5, +V 59 =V Vo) 
(3) oh, =(1-(1- Tu)” USE); 


(4) Ag =(Tg,1-(1-U,,)" 1-(1-V,,)’). 


2.2 LNNs 


Definition 3 [15]. Set E as a fixed universal set and L = {Isl s =0, 1, ~, r} as a linguistic term set (LTS) 
whose odd cardinality is r + 1. Then, a linguistic neutrosophic set Z in E can be given by 


Z= {(6. (lia) -tuaytya)) SE E| ; 


where bi aytyayoAy si) is a LNN for 6 € E, containing the linguistic variables of truth, indeterminacy 


and falsity 1,(5)Jy5)s45)¢L . Then, the LNN (Lnlaeghia) can be simply denoted as 


Pa) ee 
Definition 4 [15]. Assuming z;, = (I Ly gb ) and 25) = (I Lod ) are two LNNs in L and o > 0, 


751? Ug? Ver 752? Us2 7 Vs2 


there exist the following relations: 


(1) 51 ® £52 = ( + t55 71752 Lissa oD iva } 
31 tt32— 


r r 


2) Zs, @Z5. =(L l l ; 
( 61 62 me ‘! oy sus, —“elee % ee it 


3. SVNLNSs 


Definition 5. Set E as a universal set and L = {/s| s =0, 1, -:, r} as a LTS with an odd cardinality r+ 1. 
Then, a SVNLNS H can be defined as 


H= {(5:(7(6).4(6).V(2)).(lgay2aayetan) 2 ¢ E} ; 
where <T(6), U(6), V(d)> for 6 € E is aSvNN depicted independently by the truth, indeterminacy and 
falsity numerical variables T(5), U(5), V(6) € [0, 1], and (I.,4)s/y.s)»4ys)) for 6 € E is a LNN described 
independently by the truth, indeterminacy and falsity linguistic variables /,(5).1,(5).l,(5) € L with 
2(6),u(6),v(5) € [0, r]. 

Then, the element (6. (T (5). (3), (8). (lec tyoy-4y0))) of H can be simply represented by 
E,= KigtaVey \eabsh, )) for Tay Us Ve-e (011,031 
SvNLNE. It is obvious that SVNLNS is composed of SVNNs and LNNs in E. 

Definition 6. Set &, = (CnstlaVaya te ee )) and. = (Bia UaaVenn telat sh )) as two 
SvNLNEs. Then there exist the following relations: 
(1) Src &2 & Tor S Tse, Us > Us, Var Voz, 1, SU, 1, 24,,,,and 1, 24,3 


7 Us, Us2 


eL, and 7, us, vs € [0, r], called 


T5 
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(2) &51= d32 = 1 C 2 and 1 D Sz, Le., Ta = Ts2 , Us = Us2, Vor= Vor, 1,, =1,,,; L,, =1,,,and |, =1,; 


TSI 


r r 


(3) fa Pn =[ aT —T 159, U 50 59. VaV5 ae (. ie) 


Pie : _Ys1%6 
Ug, +Ug2 — Voi tV52 


(4) $5, @ S52 -{ (ake +U 5, —U5,U 5.,V5, + V5 Vata) (baz! ahh Vs1% 5 )} 
(5) o&,, =| (1-(1-T,,)” .US,.Vs ( cai. seeds for o> 0; 

i ECCS 
(6) 3 = et -(1-U5,)” OMT gel at ga) for o>0. 


To compare SvNLNEs, the score and accuracy functions for SvNLNEs and their sorting 
approaches are given by the definitions below. 
Definition 7. Set € = (< T, U, V>, <Ir, lu, b>) as SVNLNE. Then, its score and accuracy functions are 


Fg=3( 2 eY eae) fone 10s AI; a) 
2 3 3r 


GA\s- |r - Vo =] for G(é) € [-1, 1]. (2) 


Definition 8. Let &,, = (Ta UaVin WAL ly cole )) and &,, (alas . Ue chazsbe)) be two 


SvNLNEs, then based on the score and accuracy values of F(és) and G(&«,) (¢ =1, 2), the ranking 
approaches are given below: 


(1) If F(€s1) > F(Es2), then &51 > €59; 
(2) If F(Es1) = F(Es2) and G(Es1) > G(s), then Es1 > E52; 
(3) If F(€s1) = F(Es2) and G(Ea1) = G(Es2), then €51 = E52. 


4, Aggregation Operators of SVNLNEs 


4.1 SoUNLNEWAA Operator 


Theorem 1. Set ap =((r., U. es, (I, Lgl \\(e= 1, 2, ++, n) as a collection of SVNLNEs. Then the 


Te Ug PV, 


SvNLNEWAA operator can be represented as 


u] 0 0 
(-Tfo-" Ty." Tl). 
c=l = al 


SVNLNEWAA(E,, €,,+-+,€,) = is eee = ; (3) 
l 


7 i 7 l ul 
Te oe Us ae Ve og 
rrT][a-) TIO. Ta" 
sel g=l gzl 


where o; € [0, 1] is the weight of ¢-(¢=1, 2, «++, 1) with we: =1. 


Proof. (1) It is straightforward that the theorem is valid when n = 1; 
(2) When n = 2, from the relation (5) of Definition 6, we can obtain 


va [(a-nnurveyt aplartan)} 
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pe c Bye ONS Cas "er ey ] | 


From the relation (3) of Definition 6, the SVNLNEWAA aggregation result is 
SVNLNEWAA(6,,é,) = 0,6, 2054, 


(-(1-%)" 41-(1-7,)* -[1-(-7)" 1-0-2)" Lusue vere), 


2 Oo, 2 o. 2 oO; 
earls spl ines I 


(3) Let = p, the aggregation result of SVNLNS is 


SVNLNEWAA(E, ,635°°+5$4.) = Doi FeSe 


= (1 = Wiae (1 ro i) ; Wie Tea : or 7 Tbe} ? abe} } 


(4) Let 7 = 2 + 1, the aggregation result of SVNLNS is 


ul 
SVNLNEWAACE,, €55°*+ 5 Ey) = > Feb. OF yar Euat 
g=l 


IPT (0-2,)° 1-0-1) TT 2)" (2.4) 


ra O3 o, H# Oo, o, 
S H+ 5 Past 
(I | .U; ues | ive vr 


Il 


. aly °. Mtl o, Ht), 6, 4 
OTIS 0-2 118 11S, cera is ] 


Thus, Theorem 1 is proved to be valid for any 7. 

Additionally, for the SVNLNE collection given by ¢. = (ru Va) Ab oh, i )) (c= 1, 2, ++, 0), 
the SYNLNEWAA operator implies some properties: 
(1) Idempotency: There is SYNLNEWAA(61, , +++, 9) = when ¢-= is satisfied for ¢= 1, 2, +++, 77. 
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(2) Boundedness: Assume & ={ (min(7,),max (U7 ),max(V, )).(min (i, ) ax(1,)emax(1,))) and 


S ¢ S 
é = { (max (7, min(U, ).min )).(max(Z, ).min(z, -min(1, ))) represent the minimum and 
maximum SvNLNEs for ¢= 1, 2,..., 7, then & < SVNLNEWAA(,,&,,---.&,) <e". 


(3) Monotonicity: There is SvNLNEWAA(é,,é,.---,é,)<SvNLNEWAA(&,é,--.€) when the 


condition of &. < ae is satisfied for ¢=1, 2, ++, 7. 
Proof. (1) Suppose €=(< 7 UY >, <1, Ll, 1). Since €,is equal to é for ¢= 1, 2, ---, 7, we can obtain 


SVNLNEWAA( 357-56, ) = doy Fe 


= (2 pe, 1 =((7,U,V),(L.1,. wee 


9° 8" 
(2) Because & is the minimum SvNLNE and €* is the maximum SVNLNE, &<&,<€* can be obtained. 


Hence, Dye < ae < Yee . According to the property (1), pa o,€ =& and 
>..0.6" =. Thus, & < SvNLNEWAA(E,,&,,---.€,)<&". 


(3) Since & <&' for ¢= 1,2, ..., 9, there exists pyeCae < Dee . Therefore, 


SvNLNEWAA(&,,&,,-++,€, ) $ SVNLNEWAA(& ,&,-+-.&,). 


The properties of the SVNLNEWAA operator are proved above. 


4.2 SoONLNEWGA Operator 
Theorem 2. Set ¢. aU OE, )) (¢ = 1, 2, ~, n) as a cluster of SVNLNEs, then the 


SVNLNEWGA operator is 


n oO, vi oO, 1 oO. 
(T1.7,7.1-T]!,d-u,)%.1-TT,d-¥,)%}, 
SVNLNEWGA(E,, €,,"++.€,) =|[)., a= , (4) 
" 


where o, € [0, 1] indicates the weight of E-with )°" o, =1. 


Proof. (1) When n = 1, the theorem 2 is obviously correct; 


(2) When n = 2, from the relation (6) of Definition 6, we can obtain 


és! (77 1-d-U,)" 1- von cael & ‘asael a) 
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: tee s-a-urs-aye Hay ap ) | 


From the relation (4) of Definition 6, the aggregation result is 
SVNLNEWGA(E,,é,) = &7' @ & 
7, T 1-(1-U,)* +1-0-U,)® -[1-d-U,)* |[1-d-U,)* ], 
( (I-V,)* +1--V,)* -[1-d-¥,)* ][1--¥,) ] } 


l ny! (1 \% li 
(2) (2) 

E r oT 
ge free] preps 


kee 2 6, 2 6, 
E22" 1-TT;d-9,)*.1-TT;d-¥,%)» 


l i ee ae 
on ares ater) 


(3) Let n = p, the aggregation result of SVNLNS is 


(1 re t- TE (1-0, 1- TE (ev) 
as 


sf 


os yl , \eo 
AT [-*) mT [=] 
(4) Let 7 = + 1, the aggregation result of SVNLNS is 

SVNLNEWGA(E,,2)5°++5E 4) = [142° ® Sa 


( coil \rl= TsO, yf HACE a 1" -[1-TT’,(1-u, yr |p-0-2,. ye i 
ae y° #1 (1SV a ye -|1-TT,(1-¥, y* |t-@-¥.0 yn | 


l oS 
Tle) 


Il 

QF 
re 

= [ 
iw 
+ 9 
———> 
a 


(aire 1-T0-u,)"1-T10-¥,)"), 


ll 
oe 
i 
ws 


(r. Ye? l 4. \s ne uv. \% 
a fa a i ke 
r ) eal lie [-] ia i [-5) 


Thus, Eq.(4) is proved to be valid for any 7. 


Additionally, for the group of SVNLNEs given by ¢. = (Cera re ob, oly, )) (c= 1, 2, ..., 0), 
there are some properties of the SVNLNEWGA operator: 
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(1) Idempotency: There is SvNLNEWGA(¢,,¢,,---,6,)=¢ when ¢-= fis satisfied for ¢=1, 2, ++, 7. 


(2) Boundedness: Assume g =((min( ),max(U, max V.)).(min (1, ),max(1 ).max(1,))) and 


uz 
ig Ss 


Et ={ (max(7;),min(U, ).min (V,)) (max (i. ),min (i, ),min (J, ))) represents the minimum and 
S S : c é 5 S$ 5 ¢ © 
maximum SvNLNEs for ¢= 1, 2, ..., 7, then ¢ <SvNLNEWGA(G,,6,,°°°.5,) SS" - 


(3 


wm 


Monotonicity: There is SvNLNEWGA(E,é,,---,é,)<SvNLNEWGA(E’.é',---.€) when the 
condition of € <& > (¢=1, 2, +, 1) is satisfied. 


Since the property proof of the SYNLNEWGA operator is similar to that of the SYVNLNEWAA 


operator, it is omitted here. 


5. MADM Method in the SVNLNE Setting 


In this section, by applying the SVNLNEWAA and SVNLNEWGA operators, a novel MADM 
method is developed to solve DM problems with quantitative and qualitative information. 

For a complex DM problem, m alternatives (given by R= {R1, Rz, R3, +++, Rm}) need to be evaluated 
on 7 attributes (given by S = {s1, sz, **+, sn}) in the SVNLNE setting, where the attribute types may be 


different. Assume each alternative is evaluated asaSvNLNE ¢,. = ((7,,.U ae ae hy ol, )) with 1 = 
1,2, ++, mand ¢=1, 2, *++, n. Then, all evaluated values can be further constructed as the SVNLNE 
decision matrix E= (Ei) mn. 

Then, MADM problems with SVNLNE information can be solved by the SYNLNEWAA and 
SvNLNEWGA operators along with the SVNLNE score and accuracy functions. Details about the 
new MADM method are given as below. 

Step 1. Standardize the initial evaluation data in the SVNLNE format. For instance, a quantitative 


attribute data denoted by the SVNN é = (<T, U, V>) can be converted into the SVNLNE é’= (<T, U, V>, 


<Itr, luxr, lver>), and a qualitative attribute data given by the LNN é = (<I:, Iu, >) can be transformed 


into the SVNLNE €’= (<t/r, u/r, v/r>, <Iz, lu, >). As a result, the initial decision matrix E= (&:,)m can be 


standardized as E'= (é.) 


mxn 


Step 2. Assume P = {01, 02, , On} is a weight vector that represents the importance of attributes S = { 


si, $2, “", Sq}, where o¢ is the weight of &.(¢= 1, 2, ~, n) with o¢ € [0, 1] and Se =1. Then, by 


applying the SVNLNEWAA operator, the aggregation result of € (=1,2. 4 mis 


( “TT. Ty y TT." A ) 


f = SvNLNEWAA( - 2 ae ee) - ) = pe 0.6, = 
Similarly, by applying the SYNLNEWGA operator, the aggregation result of € (c=1,2, ,m) is 
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128. 1-TT (1-8 x 1 Me te vale 
E, = SVNLNEWGA(é,,€,5-.€,)=[L_(€)° = 


Step 3: Get the score values of F (é) (c=1, 2, ~,m) by Eq. (1) and the accuracy values of G (é) (Zane 
m) by Eq. (2) if necessary. 


Step 4: Sort all the alternatives in descending order of the score and accuracy values, then the first 
one is optimal. 


Step 5: End. 


6. Example 


To illustrate the application of the raised MADM method in the SVNLNE environment, an 
example of investment decision is given in this section. This example is adapted from references 
[4,15] and contains both quantitative and qualitative attributes. 

A company needs to choose the best of the four alternatives 9 = {81, $2, 93, 94} that are engaged 
in electronic devices, weapons, clothing, and construction, respectively. Then, some experts are 
asked to comprehensively assess the options by considering the attributes E = {di, 02, 6, da}, where di 
is the environmental impact, d2 is the growth, & is the risk, and di is the possible return rate of the 
investment. The evaluation data can be given in any form of LNN, SvNN, or SVNLNE according to 
the attribute characteristics and the preferences of the evaluators. Among them, the qualitative 
information will be evaluated from the LTS L = {lo = very low, li = low, [2 = slight low, /3 = medium, la 
= slight high, Js = high, ls = very high} with the odd cardinality r + 1 = 7. Suppose the original 


evaluation matrix M= (€:,)m is established as 


((0.7,0.2,0.2),(lasts)) (Cse4ot)) ((lse424)) ((0.78,0.1,0.2)) 

((0.8,0.1,0.1),(Usl2.22)) ((lsehet)) ((les224))  ((0.8,0.2,0.3)) 
ooo ((0.75,0.2,0.1), (I4sl552,)) ((uslst) (esl t)) ((0.75,0.1,0.1)) | 

((0.9,0.1,0.1), (15.444) ((lssto22)) ((lasta-ts)) ((0.81,0.2,0.1)) 


According to the information standardization rules of SvNLNE, the matrix M can be 
standardized as 
((0.7,0.2,0.2), (lastis01)) 
((0.8,0.1,0.1), (15.0) 
a 0.75,0.2,041); (1.t.1) 
(0.9,0.1,0.1), (15.1.4) 


— 


0.83,0.17,0.17), (Is.4,5,)) 
0.83, 0.17, 0.33), (15+)! )) 
0.67,0.33,0.17),(I,s15»1,)) 
0.83, 0.33, 0.33), (Is.1,.1;)) 


—~ NM 


—_ =~. 


— 


( 
(( 
((0.83,0.5,0.17),(Is.434,))  ((0.78,0.1,0.2), (laes-4oe>412)) 
((1,0.33,0.17) : 1,44) ee nahce)) 
((1,0.17,0.17), Est )) ~~ ({0;75,0.1, 0.1), Cea; teedge)) 
{(0.67,0.33,0:5),(2, 2,30, )) ((0.81,0.2,0.1), (Lsesliostog)) 


Assuming the weight vector P = (0.25, 0.2, 0.25, 0.3) represents the attribute importance of E, the 


decision process using the SVNLNEWAA operator can be performed as below. 
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Step 1. By Eq. (3), the aggregated values of SYNLNEWAA for each alternative & (1 = 1, 2, 3, 4) can be 
obtained as 

&= (<0.7902, 0.197, 0.1842>, <4.7075,1.1291,1.0562>), 

&= (<1,0.1842,0.201>, <6,1.4937,1.6295>), 

&= (<1,0.1719,0.1258>, <6,1.1719,0.8579>), 

& = (<0.8186,0.2116,0.1902>, <4.7631,1.4428,1.297>). 

Step 2. By Eq. (1), the score values of F(&) (1 = 1, 2, 3, 4) can be further obtained as 

F(&) =0.8049, F(&) = 0.849, F(é) = 0.894, F(&) = 0.7923. 

Step 3. Since F(&) > F(&) > F(&) > F(&), the ranking of the four alternatives is 93> 92> 9) > 94. 
Therefore, 93 is the best choice. 

Similarly, the decision steps using the SVNLNEWGA operator can be carried out as below. 
Step 1’. By Eq. (4), the aggregated values of SVYNLNEWGA for each alternative %. (1 = 1, 2, 3, 4) can 
be obtained as 

&= (<0.7821,0.2571,0.1852>, <4.6358,1.4967,1.0609>), 

&= (<0.8528,0.2064,0.229>, <5.1695,1.5823,1.7082>), 

& = (<0.7872,0.1927,0.1306>, <4.5859,1.3721,0.8832>), 

& = (<0.7966,0.241, 0.2683>, <4.6886,1.5327,1.6932>). 

Step 2’. By Eq. (1), the score values of F(&) (1 = 1, 2, 3, 4) are 

F(&) = 0.781, F(&) = 0.7884, F(&) = 0.8087, F(&) = 0.7552. 

Step 3’. Since F(&) > F(&) > F(&)> F(&), the four alternatives are ranked as 93> 92> 91> 94. Thus, 93 is 
also the best choice. 

Obviously, the sorting results obtained by the above two operators are the same, and the best 
options are also the same. Thus, one can choose one of the two operators according to the actual 
needs. 

Different from the existing MADM approaches, the MADM method proposed in this paper 
handles the incomplete, inconsistent and uncertain data in the form of SVNLNE instead of SVNN or 
LNN, and uses two novel aggregation operators of SYNLNEWAA and SVYNLNEWGA. The SVNLNE 
composed of SVNN and LNN uses numerical and linguistic variables to represent the truth, 
uncertainty, and falsity membership degrees of fuzzy information. Hence, it can express mixed 
information of quantitative and qualitative attributes better than SVNN or LNN that can only depict 
quantitative or qualitative attribute information. Moreover, the proposed SVNLNEWAA and 
SvNLNEWGA operators can aggregate SVNNs and LNNs in addition to SVNLNEs, because SVNN 
and LNN are two special cases of SYNLNE when all attributes are quantitative or qualitative. And 
the proposed MADM method can handle DM problems in the SVNN and/or LNN setting, while the 
existing DM methods of SVNN and LNN cannot deal with DM problems under the SVNLNE 
environment. 

All in all, SVNLNE is the further generalization of SVYNN and LNN, and the MADM method 
based on the SYNLNEWAA and SVNLNEWGA operators offers a unified way for complex DM 
problems with both quantitative and qualitative attributes. 


7. Conclusions 


This paper originally defined the concept, fundamental operations, and score and accuracy 
functions of SVNLNE, and then developed the MADM method of the SVNLNE using the proposed 
SvVNLNEWAA and SVNLNEWGA operators. Finally, an investment case proved that the proposed 
MADM method can effectively solve MADM problems with the SVNLNEs that contain mixed-type 
or single-type attribute information, overcoming the shortcomings of traditional methods that can 


Wen-Hua Cui, Jun Ye, Jing-Jing Xue and Ke-Li Hu, Weighted aggregation operators of single-valued neutrosophic 
linguistic neutrosophic sets and their decision-making method 


Neutrosophic Sets and Systems, Vol. 51, 2022 31 


only handle single-type attribute data. The research results of this paper enrich the neutrosophic 
theory and MADM methods. 

The paper mainly contributes: (1) The presented SvNLNE can effectively express mixed 
quantitative and qualitative information for the first time; (2) The proposed SVYNLNEWAA and 
SvNLNEWGA operators can aggregate the hybrid information of SVNN and LNN; (3) The proposed 
MADM approach of SVNLNS can effectively solve complex DM problems containing qualitative 
and quantitative attributes, which cannot be satisfactorily processed by existing methods. 

Further research will concentrate on the similarity measures of SVNLNEs, the development of 
novel aggregation operators, and their applications such as pattern recognition and medical 
diagnosis in the SVNLNE environment. 
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Abstract. 

This manuscript comes as first attempt in building a new type of neutrosophic topological 
spaces, the aim is to shed the light on a new structure known as the n‘"-power set P”(X) of a set, 
this new kind of sets enables authors to create and built new topology spaces called Neutrosophic 
SuperHyper Topological Spaces and Neutrosophic SuperHyper Bi-Topological Spaces , the n‘"- 
power sets are the optimal representation for the applications in our real world. In this article, new 
concepts and theorems related to this new topologies have been discussed, which are pairwise 
neutrosophic open n‘"-power set, pairwise neutrosophic closed n‘"-power set, as well as, the 
closures and the interiors are defined with their properties. Many of relations for these concepts have 
been introduced. 

Keywords: n‘" -power set P"(X); Neutrosophic SuperHyper Topological Spaces (NSHTSs); 
Neutrosophic SuperHyper Bi-Topological Spaces (NSHBi-TSs). 


Introduction. 


The concepts of the neutrosophic n‘"-power set of a set, SuperHyperGraph and Pliothogenic 
n-SuperHyperGraph, SuperHyperAlgebra, n-ary (classical-/Neutro-/Anti-) HyperAlgebra have been 
firstly introduced by the father of neutrosophic theory F. Smarandache in 2016 [4]. As the 
introduction for Neutrosophic SuperHyper Topological Spaces which is until yet is fathomless 
branch of science, in this section we recalling the fundamental definitions of the neutrosophic logic 
with preliminaries of related n‘"-power set of a set. There is no doubt that the essential theory of 
neutrosophic was introduced and built by F. Smarandache in 1995 [5,6]. Any mathematician who 
tracking the trace of this knowledge will easily deduce that the neutrosophic theory was rapidly and 


broadly radiated through Neutrosophic Sets and Systems journal, and International Journal of 
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Neutrosophic Science, these two journals are very active and reputed journals indexed by dozens of 
repositories, encyclopedias, and identifications’ websites especially Scopus database. 
This manuscript has been organized as follow: 

The authors present some basic preliminaries in section 1, while section 2 has been dedicated 
to submit a new structure of neutrosophic topology called | Neutrosophic SuperHyper 
Topological Spaces, in this section and for the first time, this type of topology was discussed in details. 
The main core of this article is in section 3 which is contain definitions, theorems, and corollaries 
covered the new subject that introduced firstly in this paper which is named Neutrosophic 


SuperHyper Bi-Topological Spaces. The last section is the conclusion section. 


1. Preliminaries 


1.1. System of Sub-System of Sub-Sub-System and so on [1] 


A system may be a set, space, organization, association, team, city, region, country, etc. One consider 
both: the static and dynamic systems. 

With respect to various criteria, such as: political, religious, economic, military, educational, sportive, 
touristic, industrial, agricultural, etc. 

A system S is made up of several sub-systems S,,53,...,Sp, for integer p = 1; then each su-system 
Si, for i € {1,2,...,p} is composed of many sub-sub-systems $jz, Sj, ..., Sip,, for integer p; = 1; then 
for 


each sub-sub-systems Sj;, for j € {1,2, ...,p;} is composed sub-sub-sub-systems $jj1, Sij2, -.,5, 


jv ijp jr 
integers p;; and so on. 
The following example of systems made of Sub-Sub-Sub-Systems (four levels) 


i) Using a Tree-Graph Representation, one has: 


Level 1 


Level 3 


Level 4 
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ii) Using a Geometric Representation, one has: 
=) (y 


iii) Using an Algebraic Representation through pairs of braces {}, one has: 


P°(S) = S = {a,b,c,d,e,f,g,h, 
1 level of pairs of braces abcdef g hi Level 1 


P*(S) = {{a,b, c,d, e}, (f, 9, h}, {BD} 
Level 2 
2 level of pairs of braces 
i.e. a pair of braces {} inside, another Cran) @ 
{...} oJ 


pair of braces {}, or {... {...} ... Siésel BRclodad CCiMes 


P*(S) = P(P(S)) 
= {{ta, (b,c, d}, te3}, (G3, to, Ay}, (D3 


Level 3 


3 levels of pairs of braces 


P*(S) = P(P*(S)) 
= {{{a}, tb, ch {a}, fe} (1H, tg, hh, (BB 


4 levels of pairs of braces 4 level of closed curves 
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1.2 Definition of nth -Power of a set [1]: 


The n‘* -Power of a set was firstly introduced by F. Smarandache at (2016) [4] by: 


P"(S) as the n*" -PowerSet of the set S, for integer n > 1, is recursively defined as: 


P2(S) = P(P(S)), P3(S)=P (P(P(S))), .., P™(S) = P(P™-1(S)), where P°(S)=S, and P1(S) = 


P(S), ie. P°(S) € P*(S) © P2(S) C+ P®™-1(S) C PS). 

The n‘" -PowerSet of a Set is better reflect for our complex reality, since a set S (that may represent 
a group, a society, a country, a continent, etc.) of elements (such as: people, objects, and in general 
any items) is organized onto subsets P(S), which on their turns are also organized onto subsets of 


subsets, and so on, that is our world. 


13 Example 


Suppose that the set of the grandparents represents the power set P?(S) = P(P(S)), then the first 
offspring is the parents themselves which can be regarded as the power set P(S), and the second 
offspring is the non-empty set P°(S) = S, i.e. S = P°(S) € P*(S) € P?(S). 

The following medical case study would be appropriate to demonstrate the importance of the power 
set concept: 

There are many diseases and conditions that can be passed on through genes. Some of these 
diseases include Down syndrome, hemophilia, hypertension, sickle cell anemia, and cystic fibrosis. 
Most genetic diseases are a combination of mutations in multiple genes, often in combination with 
environmental factors. There are three groups of genetic diseases,each with their own 
causes: monogenetic diseases, multifactorial inherited diseases, and chromosomal abnormalities. 

The couple of husband can be represented as PowerSet P(S),it isimportant to 
know what P(S) have inherited a genetic disease from their parents (i.e. represented the non-empty 
set P°(S) =S as grandparents) and to remember that the above mentioned genetic diseases can 
be passed on to their descendants (i.e. the offspring which is mathematically denoted by the power 
set P?(S) = P(P(S)) .If S&P(S) are aware of possible diseases that can be inherited to P(S)& 
P?(S) respectively , contact a specialist and see what S & P(S) can do to help P(S)& P?(S) and avoid 
serious problems later. By working together with the help of family and doctor, the health risks can 
be avoided instead of taking their toll later. 


1.4 Neutrosophic HyperOperation and Neutrosophic HyperStructures 
[2]: 


In the classical HyperOperation and classical HyperStructures, the empty-set @ does not belong 
to the power set, (i.e. P.(H) = P(H)/{®}). Nonetheless, in the real world we encounter many 
situations when HyperOperation # is indeterminate, for example a#b=@ ( unknown, or 


undefined), or partially indeterminate, for example: a # b = { [0.2, 0.3], 6}. In our everyday life, there 
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are many more operations and lows that have some degrees of indeterminacy (vagueness, 
unclearness, unknowingness, contradiction, etc.), than those that are totally determined. That’s why 
in 2016 the scientists F. Smarandache have extended the classical HyperOperation to the 
Neutrosophic HyperOperation, by taking the whole power P(H) (that includes the empty-set @ as 
well), instead of . P,(H)(that does not include the empty-set @), as follow. 


1.4.1 Definition of Neutrosophic HyperOperation: 
Let U be a universe of discourse and H be anon-empty set, H C U. 
A Neutrosophic Binary HyperOperation #, is defined as follows: 
#,:H* > P(H), where H isa discrete or continuous set, and P(H) is the powerset of 


H that includes the empty-set @. 


1.4.2 A Neutrosophic m-ary HyperOperation #,, is defined as: 
#,:H™ — P(H), for integer m= 1. Similarly, for m= 1 one gets a Neutrosophic 


Unary HyperOperation. 


2. Neutrosophic SuperHyper Topological Spaces 


This section gives an original creativity neutrosophic mathematical structure for new notion 
named as Neutrosophic SuperHyper Topological Spaces (NSHTS) defined under a new kind of sets 


called neutrosophic n‘"-power set P™(X). 


2.1 Definition 


Let X be anon-empty set, P”(X) is the neutrosophic n‘’-power set of aset X, for integer n> 1. A 
Neutrosophic SuperHyper Topological space on P"(X) is a subfamily t”@“‘7°%P° of N(P"(X)), and 


satisfying the following axioms: 
1- The neutrosophic universal n‘"-power set 1pn(y) ,and the neutrosophic empty n‘"- 


power set Opry) both are belonging to r™°“{7°F0P°. 


neutrotopo neutrotopo 


2- Any arbitrary (finite on infinite) union of members of t belong to t 


3-  rreutrotopo is closed under finite intersection of members of 1”°“‘7?'°P° (i.e. the 


neutrotopo neutrotopo ) 


intersection of any finite number of members of t belongs to tT 


Then (r“!79FP°, P"(X)) is called Neutrosophic SuperHyper Topological Spaces (NSHTS). Because 
of the definition of (NSHTS) via neutrosophic n‘"-power open sets that commonly used in this 
manuscript, the family of neutrosophic sets t”°“‘7°'°P° of the n‘"-power sets are commonly called a 


(NSHTS) on the neutrosophic n‘"-power sets P”(X). 


Huda E. Khalid, Gonca D. G., Muslim A. Noah Zainal’ Neutrosophic SuperHyper Bi-Topological Spaces: Original Notions and 
New Insights” 


Neutrosophic Sets and Systems, Vol. 51, 2022 38 


A subpowerset P™*(C) © P™*(X) for integers m1 < m2 is to be closed in (t”°™"T°"P?, P(X) if its 


complement P™?(X)/P™1(C) is an open set. 


2.2 Numerical Example: 


What is the difference between P1(x) & P*(x) in the structured of the Neutrosophic SuperHyper 
topological spaces (r”@“!7°°P°, P"(X)), and how it effects on the distribution of the internal elements? 


take a look on the following example: 


Suppose X = {a,b,c} with the following 


T = {0.7,0.4} 
P(x) =4{a,T = 0.3,1 = 0.1,F = 0.6},{b,c} I = {0,0.3} 3, 
F = {0.4,0.3} 


T = {{0.7}, {0.4}} 
P2(x) = 4 {a,T = 0.3,1 = 0.1, F = 0.6}, {{b}, {c}} 1 = {0}, {0.3} 
F = {{0.4}, {0.3} 


For more details, we can see that In P*(x) the element a affected by its membership functions 
{0.3, 0.1, 0.6} directly, while the element(s) {b,c} has (have) two kinds of affected (directed affect) 
and (indirect affect) as follow: 
- The element b has a separate direct affect by its membership functions {0.7,0,0.4}, and 
the element c has a separate direct affect by its membership functions {0.4,0.3,0.3}. 
- The structured element {b,c} have common indirect affected by their membership 


functions {0.7,0.4}, {0,0.3}, {0.4,0.3}. 


This is a very harmonic with the previous example (1.3) stated in section one, by expressing 
the elements a,b as the parents (husband and wife), each one of them can affected separately by the 
inherited genes from their parents, also, they will crossing their parents’ gene to their offspring 
mutually and their descendants will be affected directly by their parents and indirectly by their 
grandparents. 

Then (1"°“/7°f0P P"(X)) is the Neutrosophic SuperHyper Topological spaces, where: 

qneutrotopo — {Opn xy, 1 pny), P?(x), P2(x)} 


2.3 Definition 


Let P"(X) be a neutrosophic n‘"-power set over a non-empty set X, the neutrosophic interior and 
the neutrosophic closure of P"(X) are respectively defined as: 

int™( P™(X)) =u {P™(X): P™(X) & P"(X), P™(X) € rreutretepe} | this means that for the same 
collection of the neutrosophic n‘”-power set P”(X), all P(X) given that m<n regarded as 


interior for P”(X). 
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el" (P™ CO) =n $Ph CO: PhO) S P"X), (PPG) Fe -rretiroterey 


2.4 Definition 


The following mathematical phrases are true for any two neutrosophic n1‘"-power _ set 
P™(¥1) and n2‘-power set P"*(Y2) on the neutrosophic n‘"-power set P”(X), given that 
n1,n2 <n, and that there is no restrictions on the relation between n, and n, : 

1- Tpnacyzy({x}) S Tn gy) Ex), [pnt (x}) S [pnzcyay ({x}), and Fenty ({x}) = 

F pn2cy2) ({x}), for integers n1,n2 > 1, and for all {x} © P"(X) iff P™*(¥1) S P”™*(Y2). 

2- P™(¥1) © P™2(¥2) and P”2(¥2) c P™(Y1) iff P"*(Y1) = P"2(Y2), given that n, = np. 

3- P™(Y1) n PP2(¥2) = 
(({x}, min{T pnt ¢y1) ({x}), Tpn2(y2y ({x}} , min{ Tpnay1) {X}), [pnzy2y ({xp}, max{F pn1y1) ({x}), Fpn2cy2) ({x})}) 
: {x} S P™(X)} 

4- P™(Y1) U P"2(¥2) = 
{({2e}, max{T prs cyay (23), Tpnaeyay(CXI)} max Ipna¢yay (EI), Lpmacyay (EXD)}, min{F pngy 1) (OB), Femara (CX) 
: {x} S P™(X)} 


In general, the union or the intersection of any arbitrary members of neutrosophic n“"-power set 
P™ (X) jie, are defined by: 

nN ; : : 
22 MCD = (03, inf {T pniggyy}, inf {Ipniqay } sup {Fpnigaay}) {x} S P*(X)} 


pe PEC) = Ex}, sup {7 pnigay} sup {Fong inf {Fontes}: 2} S P?OD}. 


5- The neutrosophic n‘"-power universal set P"(X) is denoted by 1pn:y) ,and it is exist if 
and only if the following conditions are holding together: 
Tencgxy) = Lpncxy, 1 pricy) = Apncxy, and F pny) = Opry. 

6- The neutrosophic n‘"-power empty set P(X) is denoted by Opn) , and it is exist if 
and only if the following conditions are holding together: 
Teng) = Oprcxy, Lemay) = Opry, and F pncxy = Lpncxy. 

7- Let P™(Y1) © P™(Y¥2), given that n,<n,, then the complementary of P™'(Y1) 
concerning to P”*(¥2) is defined as follow: 
P™(¥1) \ P™?(¥2) = {(|Tpnsey1y (Ox) — Tpnaqya) (23) |, [onary (Oe) — 
Ipn2cyz) ({x})I, 1px) — |Fpn1cy1) G2) = F pn2cyz) ({x})|)}. 


8- Clearly, the neutrosophic complement of 1pn(x) and Opn) are defined as: 


(1pn¢x))° = (Tp ¢x3) = Opncxy, 1 prc¢x3) = Oprcxy Percy = 1pncxy) = Oprxy, 
(pncx))® > (Tpn¢x3) = Lpncxy, I prcgxy) = Ipnrcxy, Feng) — Opncxy) = 1prx). 
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2.5 Proposition 


Let P™*(X), P™*(X), P"™?(X), and P™*(X) © N(P"(X)) without any restrictions on the 


relations between n,,72,73,n4, and n, then the following mathematical statements are true: 


i) Let P™*(X) © P™(X), and P”3(X) © P™(X), given that n, < n,,&n3 S< ny, this 
implies that P™*(X) Nn P™?(X) © P™*(X) MN P™(X), 
ii) (P™(X)°)° = P™(X), also if P™?(X)° © P™*(X)* = P™(X) © P™(X), 


iii) (P™(X) Nn P™2(X))° = P™(X) U PR2(X)¢, 
iv) (P™(X) U P™2(X))° = P™(X)E NM PP2(X)°. 


2.6 Definition 


Let X be a non-empty set, P”(X) is the n-power neutrosophic set of a set X, for integer 
n= 1. If a,B,y be real standard or non-standard subsets of ]~0,1*[ , then the neutrosophic n‘"- 
power set P”(Xqg,,) is called a neutrosophic n‘"- power point, and it is defined by: 
(pn), Bercy, Ver(xy)s if P(x) = P™(y) 


n —_ 
P* (apr) = (Opn, Opmxy 1pna), if P"(x) # P™(y) 


For x,y € X,and P'(xeey), P"™(y) S P"(X), here P"(y) is called the support of P"(%q,g,)- 


2.7 Definition 


Let P"'(X) € N(P"(X)), the belonging operation of the neutrosophic n‘"- power point 
P"(Xqpy) to P™(X) (ie. P"(%a,gy) € P™(X) ) is satisfied if and only if Tprigyy 2 @ Iprigyy) = 
B, F pnicfy3) < Ys 


2.8 Definition 


A sub-collection t; of neutrosophic n‘"- power set P"(X) on a non-empty set X is said to be 
Neutrosophic SuperHyper Supra Topological Space on X if the n‘"- power sets Opncyy, lpncyy © Tr , 
[ee] 
and UP™(X) Et, for {P™(X)}@, Et* . Then (t%,P"(X)) is called Neutrosophic SuperHyper 
iel 
Supra Topological Space on X. 


3 Neutrosophic SuperHyper Bi-Topological Spaces 


This section contains new concepts presents for the first time linking the concept of the 


neutrosophic n‘"- power sets with the traditional neutrosophic bi-topological spaces. 
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3.3 Definition 


Let (1,15?@", P"(X)), and (122"4?"", P"(X)) be two different Neutrosophic SuperHyper 
topological spaces on X. Then (1,15¢?%", r,2n4pair pn(X)) is called Neutrosophic SuperHyper Bi- 
Topological space (NSHBI-TS). 


3.4 Definition 


Let (1,54, 7,2"4PUr P™(X)) be a (NSHBI-TS). A collection of a neutrosophic n‘"- power 
set N = {({x}: Tpnegy3), [pncgxyy, Fpmcxy): {x} S P"(X)} over P"(X) is said to be a_ pairwise 
neutrosophic n‘"- power open set in (1,15'?%7, 7,24Pair p"(X)) if there exist a neutrosophic n‘”- 


1stpair 


power open set N, = {({x}: Tpn1(¢,3), [pn1(y3y, Fpmigyqy): {x} S P"(X)} in Ty and a neutrosophic 
n'- power open set Nz = {({x}: Tpn2 3), 1 pn2 gq)» F pn2(gqy) {x} S P™(X)} in 1,2"4?" such that N = 
N, UN = {tx}, Tem gay = Max{ T pna(g3),T pn2¢gy} Lpmgay = Max{I pra (G3), [pm Gey}, Feng = 


min{F pni¢,3), F pn2 (yd): {x} S P™(X)}. 


3.5 Definition 


Let (1,15°?%, 7,2ndpair p"(X)) be a (SHNBI-TS). A collection of a neutrosophic n“"- power 
set C = {({x}: Tpecgxyy, [peu F peg): {x} S P"(X)} over P”(X) is said to be a pairwise neutrosophic 


istpair |, 2ndpair pn(X)) if its neutrosophic complement is a pairwise 


n‘"- power closed set in (Tt, 
neutrosophic n‘"- power open set in (1,15?™, r,2"4?", P"(X)). Clearly, a neutrosophic n‘"- power 
set C over P(X) is a pairwise neutrosophic n‘"- power closed set in (1,15?%", 1,2"4P4r | pr(X)) 
if there exist aneutrosophic n‘"- power closed set C, = {({x}: T petty). 1 per cgxy)» Fpetgqy): {4} S P"(X)} 
in (1, 18tPair yc 
P'(X)} in (4,774PAT)C such that |= C=C, NC, = {fx}, Treg = min{ T perg), T pez}; 
Ipegxy) = min{Ipergy3), Ipe2qqaqy}, Fre ayy = Max{F per(y3), F pezcqqqy}): {4} S P"(X)}. Where (1;'°"")° = 
{(N)° S N(P"(X)): N & 7," i = 1st,2nd. The family of all pairwise neutrosophic n‘’- power 
open/closed sets in = (r,15'P%'", 7,2ndpair pncy)) is denoted by PN n™ POS in 


(i 1stpair i 2ndpair | pr (X)) / PNn?“? PCS in (i, 1stpair Te 2ndpair | pn (2); respectively. 


,and a neutrosophic n‘"- power closed set Cz = {({x}: T pc2 (gy) [pe2¢gqq» F pezcqqy): {23 S 


3.6 Theorem 


Let (1,54, 7,2"4P4r Pp” (X)) be Neutrosophic SuperHyper Bi-Topological space. Then, 
1. Opry, and 1pn(z) are pairwise neutrosophic n‘". power open/closed sets. 
2. Anarbitrary neutrosophic union of pairwise neutrosophic n‘"- power open sets 
is a pairwise neutrosophic n‘"- power open set. 
3. An arbitrary neutrosophic intersection of pairwise neutrosophic n‘"- power 


closed sets is a pairwise neutrosophic n‘"- power closed set. 
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Proof: 


1stpair 2ndpair 
1. Let Opn1(y), Opna (x) Cc Ty p ,T2 pP 


respectively, and ny+nz,=n, 
since Opni¢yy)UOpnay) = Opngy , hence Opry is a PN n™ POS in 
(GP ee PECK)... “Sumalanly,. “Apnay.« Gse cal SPN “PES 
inte; eee saad P"(X)). 

Qe Suppose {N; = ({x}: T pni gy) | pring» F pricy )it E 1} Cc 
PNn'POS in (7,15? 7,2"4Pair, P"(X)). Then each N, is a_ pairwise 
neutrosophic n‘” power open set for all i € / , this implies that there exist 
N} € 1,15P@ and N? € 122"4P4'r such that N;=N/UN/? for all ie! 
which implies that 


UN; _ U 1 =[0¥ lu ea 
ier ier U Ni] ie€l ie€l 


1stpair 2ndpair 


Now, since 1, and 1, are both Neutrosophic SuperHyper 


Topological Spaces on the neutrosophic n‘” power set P”"(X), then 
1 2 
Be a By een ariel E =| G T,2"4P4'r | Therefore, ies Nas a pairwise 
i 


iel iel 


neutrosophic n‘"- power open set. 


3. Itis immediate from the definition (3.3). 


3.7 Corollary 


Let (1,54, 7,2"4PUr Pp” (X)) be Neutrosophic SuperHyper Bi-Topological space. Then, the family 


of all pairwise neutrosophic n‘"- power open sets is a Neutrosophic SuperHyper Supra Topological 
Space (NSHSTS) on X. This (NSHSTS) is denoted by 133?"°. 


3.8 Theorem 


Let (Tg eee, Tp 


2ndpair pn 
Dp ,P 


1. 


3. 


(X)) be Neutrosophic SuperHyper Bi-Topological space. Then, 


Istpair. To 2ndpair _ 


Every 1 neutrosophic n‘"- power open set is a pairwise 


: : i i supra 
neutrosophic n‘"- power open set, i.e. T'S? U 1,2?4PA™ Cc TPG 


1stpair 2ndpair _ 


Every T, ,T2 neutrosophic n‘"- power closed set is a pairwise 
neutrosophic n‘"- power closed set, i.e. (t,15?™")© U (12274PUT)E © (TPB), 


1stpair 2ndpair supra _ 2ndpair suprayc _ 2ndpair)c 
If ty °5P™ © Ty*PPUr then Ti) = T2°"°P™™ and (ty,° )S = (tg* MPM), 


Proof. Straightforward. 
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Let (1,$5?%", 7,2"4PUr p"(X)) be Neutrosophic SuperHyper Bi-Topological space, and 
P"(X) € N(P"(X)).The pairwise neutrosophic closure of P"(X), denoted by clj(P"(X)) , is the 
neutrosophic intersection of all pairwise neutrosophic closed supra n‘”- power sets of P"(X), i.e., 
cl (P"(X)) =n {P™(X) € (rp4P"*)°: P"(X) © P™(X)}. It is clear that cl"(P"(X)) is the smallest 


airwise neutrosophic n‘"- power closed set containing P"(X). 
Pp Pp Pp & 


3.10 Theorem 


Let (1,4, 7,2"4PUr p"(X)) be Neutrosophic SuperHyper Bi-Topological space, and 
P™(X), P"2(X) € N(P"(X)), without restrictions on the relations between n1,n2,n. Then, the 
following mathematical statements are true: 

1, clB(Opntgy) = Opnigg, and clf(1pni.) = [pnigy, | = 1,2. 

2. P(X) S cly(P"(X)). 

3. P"(X) is a pairwise neutrosophic n‘”- power closed set if and only if 
cly(P"(X)) = P(X) . 

4. P™ (x) S P™ x) = clk (P™ (X))'S clk O™ OO). 

5, ch (e™ G0) U ch (P™ (x) S cihe™ on uP™ @)). 

6. cl} [clh(P™(X)] = clZ(P™ (X), i.e, clj(P™(X) is a pairwise neutrosophic n‘”- 


power closed set. 


Proof. Straightforward. 
3.11 Theorem 


Let (1,15?4", 7,2ndpair pn (X)) be Neutrosophic SuperHyper Bi-Topological space, and P"1(X) € 
N(P"(X)). Then, 
P™ (xa, g,y) € clp(P™(X)) = U (P™ (xa) A P"(X) # Opnagy, VU (P™(xa,p7)) € 


t2)(P™ (Xap), 
Where U (pe (x26) is any pairwise neutrosophic n‘"- power open set contains P"!(xqg) , and 


T7”“(P™ (xe py)) is the family of all pairwise neutrosophic supra n‘"- power open set contains 


Be (Xapy): 
Proof: 


Let P™ (xq p27) € cl@(P™(X)), and suppose that there exist U (P"(x.,¢7)) St (Pees), 


such that U (P""(x2,py)) 0 P”4(X) = Opn). Then P™*(X) © (U (P"*(xa,gy)))% thus clf(P"4(X)) © 
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Cc 
cp (U(P™(taay))) =(U(P™ (apy) which implies that clg(P™09) 0 U(P™(xepy)) = 


Opni(y) , this is a contradiction. hence U cee Gay) M P™(X) # Opnicyy. 


Conversely, assume that P™(xq¢,) € clR(P™(X)) , then P™(xqp,) € (clf(P™1(X)))° . Thus, 
(cl (P™ (X)))*° € 133?"" (P™!(xa,p)), therefore, by hypothesis, (cl}(P™(X)))* n P™(X) # Opnigy, 
this is a contradiction. Hence we get P"? Ca ec, (P"1(X)). 


3.12 Theorem 


Let (1,18? 7,2"4Palr p”(X)) be Neutrosophic SuperHyper Bi-Topological space. A 


neutrosophic n‘"- power set P”(X) over P”(X) isa pairwise neutrosophic n‘"- power closed set if 
and only if pe (xX) _ cl? asepair(P™* (x)) a) cl” andpair(P™* (x)). 


Proof: 


Suppose that P"1(X) is a pairwise neutrosophic n‘"-power closed set and P™(xy ¢ 
PP P Pp P BY 


P™(X). Then P"!(xa¢,) € clR( P™(X)). Thus, by theorem (3.9), there exists U (pe (xa) € 


ay3?7*(P"!(xq,g7)) such that U(P"(xapy)) MP" (X) = Opn). Again, since U(P"(xagy)) € 
is (Pe (xapy)) , then there exists P™'(X)e€7,)?%" and P™(X) €1,2"4P4T such that 
U(P™(xa,y)) = P(X) UP™(X) . consequently, (P™(X) U P™(X)) N P™(X) = Opnigy , this 
implies that P™(X)N P™(X) =Opmgy, and = P™?(X) N P™!(X) = Opniczy . Since P™(xepy) € 
U (Peas), then either PP (a5) € P™(X) or Pee) € P™(X), this implies that either 


P™ (x9) € cl” asepair(P™ (X)) or P™(xapy) € cl? anapair(P™*(X)) . Therefore, P™(xqy) ¢ 
cl? astpair(P™ (X))N cl 2ndpair(P™* (X)). Thus, cl? astpair(P™ (X)) cl anapair(P™* (X)) S P™ (xX). On 
the other hand, we have P”(X)¢ cl? asepair(P™* (xX)) nN cl? anapair(P™*(X)) . Hence, P™(X) = 
cl? astpair(P™ (x)) nN cl andpair (P™*)). 

Conversely, suppose that P™(X) = cl? astpair(P™ (xy) N cl andpair (P™(X)) . Since, 
cl? astpair(P™ (X)) is a neutrosophic n‘" -power closed set in (t,5?", P"(X)) , and 
cl* anapair(P™ (X)) is a neutrosophic n‘"-power closed set in (t22"4?"", P"(X)), so, by definition 
(3.3), cl” asepair(P™*(X)) nN cl anapair(P™*(X)) is a pairwise neutrosophic n‘"- power closed set in 


(1, 1stPair | 7, 2ndpair pn(X)), consequently, P™1(X) is a pairwise neutrosophic n‘"- power closed set. 


3.13 Corollary 
Let (1,18? 7,2"4P4lr P"(X)) be Neutrosophic SuperHyper Bi-Topological space. 
Then, cly(P"(X)) = cl? ssepair(P™*(X)) 9 cl” anapair(P"™(X)), ¥ P™(X) € N(P"(X)). 
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4 Conclusion 

The types of the topological spaces in neutrosophic theory are always changed 
depending upon the structure of the sets, in this article, the Neutrosophic SuperHyper 
Topological Spaces has been fathomed especially Neutrosophic SuperHyper Bi-Topological 
Spaces. The definitions of the neutrosophic interior and the neutrosophic closure of P”(X) 
have been presented. Also, the neutrosophic universal n‘”-power set P"(X) and the 
neutrosophic empty n‘’-power set P"(X) were discussed. The union and the intersection 
operations have been defined. As well as, the authors presented pairwise neutrosophic n‘"- 
power open set, pairwise neutrosophic closed n‘”- power set, many of theorems, 


propositions and examples to support the new notion. 
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Abstract: The main focus of this article is to discuss the concept of neutrosophic sets, neutrosophic 
soft sets , neutrosophic soft matrices theory and neutrosophic soft block matrix which are very 
useful and applicable in various situations involving uncertainties and imprecisions. Here different 
types of neutrosophic soft block matrices are studied and some operations on it along with some 


associated properties are discussed in details. 


Keywords: Neutrosophic sets; neutrosophic soft sets; neutrosophic soft matrix, neutrosophic soft 
block matrix 


1. Introduction 


In real life situations, most of the problems in economics, social science , environmental science 
and in many other cases information are vague, imprecise and insufficient. Fuzzy set [1], 


intuitionistic fuzzy set [2] etc are used as the tool to deal with such uncertainties. 


Later on Molodtsov[3], pointed out that these theories have their own difficulties and as such 
the novel concept of soft set theory was initiated. The theory of soft set has rich potential for solving 
problems in economics, social science and medical science etc. Maji .et.al [4, 5] have studied the 
theory of fuzzy soft set. Maji. et. al [6], have extended the theory of fuzzy soft set to intuitionistic 


fuzzy soft sets. 


Smarandhache [7], introduced the concept of neutrosiphic sets as a mathematical tool to deal 
with some situations involving impreciseness, inconsistencies and interminancy. It is expected that 
neutrosophic sets will produce more accurate result than those obtained by using fuzzy sets or 
intuitionistic fuzzy sets. Maji. et. al [8], have extended the theory of neutrosophic set to neutrosophic 


soft set. Maji. et. al [9] applied the theory of neutrosophic soft set in decision making process. 


In recent years several mathematicians have used this concept in different mathematical 
structures, which can be seen in the works of Deli et.al [10-12]. Later this very concept has been 
modified by Deli and Broumi [13] in developing the basic of neutrosophic soft matrices and its 
successful utilization in decision making process. The concept of intuitionistic neutrosophic sets was 
developed by Broumi and Smarandache [14] and some of its properties were discussed. Bera and 


Mahapatra [15] studied some algebraic structure of neutrosophic soft set. Various decision making 
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algorithms over neutrosophic soft set theory have been developed in the literature of neutrosophc 
set theory. Many researchers for example [16]have worked on applying neutrosophic sets invarious 
decision making processes. Many new development regarding neutrosophic sets and neutrosophic 
soft matrices are found in the works of [17-23] Neutrosophic soft block matrix is a neutrosophic soft 
matrix which is defined using smaller neutrosophic soft matrices. Some authors, as for example[24, 


25] have discussed neutrosophic soft block matrices. 


The main focus of this article is to deal with the concept of various types of neutrosophic soft 
block matrices and some operations on these matrices. The next section briefly introduces some 
definitions related to neutrosopphic set, neutrosophic soft set, neutrosophic soft matrix, 
neutrosophic soft block matrices and so on. Section 3 defines operations on neutrosophic soft 
matrices etc. Section 4 presents some special form of neutrosophic soft block matrices and some 


related properties. 


2. Preliminaries (proposed work with more details) 


Some basic definitions that are useful in subsequent sections of this article are discussed in this 


section. 
Definition 2.1: Neutrosophic sets (GSmarandache, 2005) 
Let U be the universe of discourse, The neutrosophic set A on the universe of discourse U_ is 


defined as A={< T (x), 1 ae); PF A (x)>:xeU} , where the characteristic functions 


T,1,F :U >[0,1] and O0<S7T+1+F <3"; TLF are neutrosophic components which defines 


the degree of membership, the degree of interminancy and the degree of non membership 
respectively. 

Definition 2.2: Neutrosophic soft set (Maji, 2013) 

Let U be an initial universe set and E is the set of parameters. Suppose P (U) denotes the collection of 


all neutrosophic subsets of U. Let A Cc E’.. A pair (F, E) is called neutrosophic soft set over U where F 
is a mapping givenby fF: E— PU) 
Definition 2.3: Neutrosophic soft Matrix (Deli.et.al, 2015) 


Let U ={u,,U,,U;,......U,,} be the universe set and E={x,,X,,X3,......¥,} be the set of 
parameters. Let ACE The set (F, A) is a neutrosophic soft set over U. Then the subset of UXE is 
uniquely defined by R, ={(u,e):e€ A,u € F,(e)} which is a relation form of (F, E). Now the 
relation Ra is characterized by truth membership function Tp, :UxE->[0,1] , interminancy 


membership function [, :UxE— [0,1] and falsity membership function F, R, UXE — [0,1] 
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where Tp, (u,e)eE[0,1] , J R, (u,e)€[0,1] and F, Ry (u,e) €[0,1] indicates truthfulness, 


interminancy and falsity. 


If 


(TE Fs__)=(Ta(um,en), [a(um,en), Fa(um,en)) and ai=(Ta(ui,ej), La(ui,e)), Fa(ui,e))) we can define a 


a, Ap a, 
~ a a a 
; 21 22 2 
matrix A, ,= i" 
ant an Ginn 


This is called neutrosophic soft matrix of order mxn corresponding to the neutrosophioc soft set 


(F,E) over U. 


Definition 2.4: Triangular neutrosophic soft matrix 


Triangular neutrosophic soft matrix is a special type of square neutrosophic soft matrix. A square 


neutrosophic soft matrix is called lower triangular if all the entries 4; =(0,0,1) for i<j, ij=1, 2, 


3,.....n and upper triangular if a, =(0,0,1) for i> j, ij=L, 2,3, ...... ym. 


Definition 2.5: Toeplitz neutrosophic soft matrix 

Toeplitz neutrosophic soft matrix is a square neutrosophic soft matrix of the form 
P P q P 

(Pl a Care iar F,,*) al ais 2} dane are F,,') 

ae re he (al veka) Dal sinter) el ih) 

Cl ek) Ol ak) Cal wha Cal ala) 

et ela) (Cae GAPE ae il ils) il ela) 


A= 


Definition 2.6: Zero neutrosophic soft matrix 

Zero neutrosophic soft matrix is neutrosophic soft matrix in which all the entries are of the form 
(0,0,1). 

Definition 2.7: Tridiagonal neutrosophic soft matrix 

Neutrosophic soft tridiagonal matrix is another special neutrosophic soft matrix which has non 
zero entries in the lower diagonal, main diagonal and upper diagonal and all other entries being 


(0.0.1). That isa Neutrosophic soft tridiagonal matrix A has the form 


BG, «. 0 

« | By Gy 

A= where A,,B,,C, are non zero entries in the lower, main and upper 
0 A B CG, 
0 O , 2B, 


diagonal respectively. 
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Definition 2.8:Neutrosofic soft block matrix (Uma.et.al,2017 & Dhar, 2020) 

A neutrosophic soft block matrix or a partitioned matrix is a neutrosophic soft matrix that is 
interpretated as having been broken into sections called blocks or submatrices. A neutrosophic soft 
block matrix can be visualized as the original neutrosophic soft matrix by drawing lines parallel to 
its rows and columns. These sub-matrices may be considered as the elements of the original 
matrices. Any neutrosophic soft matrix can be interpreted as a neutrosophic soft block matrix in one 
or more ways, with each interpretation defined by how its rows and columns are partitioned. 

For example 


(T id el) CE gl esl) : (Clare 30 i) gal? ree a -) 


Dr 
ll 


(Cage arte ore (Cierny ar i Cia Nagra aay Caer are ie 
Gare ares re) (Cells) . ok ets) (Cae Bee Ong a 


A= PB, P, 
Py Py 
where 
D -|(T4 Te 
eek wd ee Fi) ( el os Fi) | 


Py =| SE gee aa) (Trig t Aw Fa) | 


tO el sat): ETP) p [TOE OLED 

aan ful (doce Sri oy ame Seay coy | a Hae Co eg a Ce rs oe) 

Then 

m Bi ,,.| 

A= ie: is an example of neutrosophic soft block matrix or neutrosophic soft partitioned 
D1 OF 22..| 

matrix. 


So the neutrosophic soft matrix A is partitioned by the dotted lines dividing the neutrosophic soft 


matrix into neutrosophic soft sub-matrices P,, P, , P,,, P,», . The neutrosophic soft matrix A can be 
partitioned in several ways. 


Definition 2.9: Square neutrosophic soft block matrix 
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If the number of rows and the number of columns of a neutrosophic soft blocks are equal then the 


matrix is said to be square egies soft block matrix. 


Citi lP Fi) Ct; 12? F3) poh 13° fe Fi) (Ca 14> iy Fi) : Oem Ge 15? F3) Ce 16° Ts FE) | 
CE 21° Ts F) ( TS 1S, FS) a TS 1S, FA) 81S F) eS TS TS, FA) Ce ales 25> Fy) 
A= - 
Ci. pets A 18 Fe) : eh A) rs 1 FA) : 4 18, FS) (8,18, FA) 
(\“Cgdlatan esl) & Citak.) Aadasta) ot We tek)) gst hie) | 
or 
A= Ay Ar Ay; 
[4 A 23 | 


is a square fuzzy block matrix since all A, ”s are square blocks. 


Definition 2.10: Rectangular neutrosophic soft block matrix 
If the number of rows and the number of columns of blocks are unequal then the matrix is said to be 


rectangular neutrosophic soft block matrix .For example 


(T Hie dota S) ak wk >) : (rig in -) Care Fy im 

A= s ai 
(T el als 1") rar? ok A) : Lot aalos *) ae Pe) 
Cash sae aul ”) Cee ool ov Fy *) : Caer ia 3 FE :) Ca sal on FE) 


Is a rectangular neutrosophic soft block matrix. 


3. Operations on Neutrosophic Soft matrices 


3.1 Addition of neutrosophic soft matrices 


Let A= (TA 1 y) , B=((72 17 ae )] be two neutrosophic soft matrices. Then the max-min 


ii Ai > yoy? 


product of the two neutrosophic soft matricesA and B is denoted as A+ B is defined as 


A+B= [max(T" T,"), min(I;; i ), min(F’“ F; )] for alli andj. 


ij? y? ij? 


3.2 Max-min product of neutrosophic soft matrices 


Let A= (rT 1! F; y) , B=((72 17 1a )] be two neutrosophic soft matrices. Then the max-min 


ey? yr ug? 
product of the two neutrosophic soft matricesA and B is denoted as AB is defined as 


AB =[max min(T4 T,”), min max(/;; 


ye I; ), min max(F4 


Fe) ] for alli andj. 


ij? ij? 


3.3 Transpose of neutrosophic soft matrices 
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Let A= (7; Py i ; FE )] be two neutrosophic soft matrices. Then the transpose of this neutrosophic 


soft block matrix will be defined by denoted by A’ and is defined by A’ = (as I 2 F : y] 


3.4 Addition of neutrosophic soft block matrices 


Let A=] ..... , atntses and B=|..... bn, fiien be two neutrosophic soft block matrices in 


which the corresponding blocks are conformable for addition, then the addition of two neutrosophic 


soft block matrices can be defined as 


3.5 Multiplication of neutrosophic soft block matrices 


Let A,B be two neutrosophic soft block matrices which can be represented by 


Dr 
II 
Rr 
II 


A,B, + AyB,, + Ay By + ApBy 
provided that the blocks considered here are conformable for multiplication. 


3.5 Transpose of a neutrosophic soft block matrix 


be a neutrosophic soft block matrix, then the transpose of that neutrosophic soft block matrix is 


defined as 
qr are B, 
Bis, ees 


4. Some special types of neutrosophic soft block matrices 
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In this section, the intention is to discuss about various types of neutrosophic soft block matrices and 
the associative properties. 


4.1 Neutrosophic soft block triangular matrix 


Neutrosophic soft block triangular matrix is a special type of square neutrotrosophic soft matrix. 
Neutrosophic block triangular matrices can be of two forms such as upper triangular or lower 


triangular. 


4.1.1 Neutrosophic Soft Block upper triangular matrix 


Neutrosophic soft block upper triangular matrix is a neutrosophic soft matrix of the form 


~ xX YY Oh. ts 
= ~ |where X , Y and W are square neutrosophic soft matrices. 


O W 


4.1.2Neutrosophic Soft Block lower triangular matrix 


Neutrosophic soft block lower triangular matrix is a neutrosophic soft matrix of the form 


=| .  .|where X, Y and W sare square neutrosophic soft matrices. 


4.1.3 Properties of Neutrosophic Soft Block triangular matrix 


e Addition of two neutrosophic soft block upper triangular matrices of same order results in a 
neutrosophic soft block upper triangular matrix. 

e Product of two neutrosophic soft block upper triangular matrices is again a neutrosophic 
soft block upper triangular matrix. 

e Addition of two neutrosophic soft block lower triangular matrices results in a neutrosophic 
soft block upper triangular matrix. 

e Multiplication of two neutrosophic soft block lower triangular matrices of same order is 


again a neutrosophic soft block lower triangular matrix. 
4.2 Neutrosophic soft block diagonal matrix 
Neutrosophic soft block diagonal matrix is a square neutrosophic soft block matrix in which the 


main diagonal blocks are square neutrosophic soft matrices and all off diagonal blocks are zero 


neutrosophic soft matrices. Neutrosophic soft block diagonal matrix A has the following form 
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a ir ae 
oe VO Gain ee 
A= ; ; : ; where A; is a square neutrosophic soft block matrix for all 
0 0 A 


1j-1,23, 00. 


4.3 Neutrosophic soft block quasidiagonal matrix 
It is a neutrosophic soft block matrix whose diagonal blocks are square neutrosophic soft block 


matrices of different order and off diagonal blocks are zero neutrosophic soft block matrices. Thus 


D O .. O 

fs 0 Din as, 0 

A= is a quasidiagonal matrix whose diagonal blocks DD: i=1,2,3,.....m are 
0 0 .. D 


n 


square neutrosophic soft matrices of different orders. 


4.4 Neutrosophic soft block tridiagonal matrix 

Neutrosophic soft block tridiagonal matrix is another special neutrosophic soft block matrix 
which is just like the neutrosophic soft block diagonal matrix, a square neutrosophic soft matrix , 
having square neutrosophic soft matrices in the lower diagonal, main diagonal and upper diagonal 
with all other blocks being zero neutrosophic soft matrices. Neutrosophic soft block tridiagonal 


matrix A has the form 


B, C, 0 

se. (AL By iG; 0 

A= where A,,B,,C, are square neutrosophic soft block matrices in the 
OAS By oG; 


0: 0° Ay. cB, 
lower diagonal, main diagonal and upper diagonal respectively. 


4.4.1 Properties of Neutrosophic soft block tridiagonal matrix 


e Sum of two neutrosophic soft block tridiagonal matrices of same order is again a 


neutrosophic soft block tridiagonal matrix. 


B, C, = 0 Di <b, 0 
~ |A By, Cy... O & F OD, &£,... O 
Let A=| | F : and B=| ' ‘ : 
0 A B OC, Oe a. Dy Es 
0 O A, B, 0 O i D, 


Then from the definition of addition of two neutrosopic soft block matrices it can be obtained that 
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B,+D, C+, ia 0 
ree Ay ti Bs D5. Co Eye. 0 
0 Aya de!  uB Dy. See 
0 0 A, FE Bet D, 


which is obviously a tridiagonal neutrosophic soft block matrix. 


e Product of two neutrosophic soft block tridiagonal matrices is again a neutrosophic soft 
block up tridiagonal matrix. 
e Transpose of neutrosophic soft block tridiagonal matrix is again a neutrosophic soft 


tridiagonal matrix. 


BKC. ia D 
= = A, By yes 0) 
Example: Let be A neutrosophic soft block tridiagonal matrix A= then 
OAs | Be Ce 
Gi - 105 « es SB 
B, A ie 0 
~r C9 By. Ages 10 
Ae = which a neutrosophic soft block tridiagonal matrix is again 
0 Ci: Be, Ay 
OF 20. SB: 


4.5 Neutrosophic soft block toeplitz matrix 


Neutrosophic soft block tridiagonal matrix is another special neutrosophic soft block matrix, which 


contains blocks that are repeated down the diagonals of the matrix. The individual block elements of 


A, must also be Toeplitz matrices. Neutrosophic soft block toeplitz matrix A has the form 


A, Ay Ag Arg 

= Ay Ay Ay Ais 

A= where A; are square neutrosophic soft block matrices 
A, Ay Ay Ap 
Ay Ay An Au 

respectively. 


4.5.1Properties of neutrosophic soft block toepliz matrix 
e Addition of neutrosophic soft block toepliz matrices is again a neutrosophic soft block 


toepliz matrix provided the matrices are conformal for addition. 
e Transpose of a neutrosophic soft block toepliz matrix is again a neutrosophic soft block 


toepliz matrix. 


Example: If the above toepliz matrix A is considered then 
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A, Ay As Ay 
is Ay Ay Ay As, 

A; A, Ay, Ay 

A, A, A, A 


14 13 12 11 


this is again a neutrosophic soft toplitz matrix. 


8.1.3 Transportation 


If A, B be two neutrosophic soft block toeplitz matrices, then (A+B)' =A’ +B" 


Ay Ay Ay Aw B, By B., By, 
Le A= Ay, Ai Ay A, and B = B,, B, B, B, 
31 A,, A, Ap B;, B,, B, B, 
Ay A;, A,, A, By, B;, B, B, 
A, +B, A, +B, A; +B, Ayt+ Bi, 
Then A+B= A,, + By, A, +B, Ay + By A, + By 
A,, + B;, A,, +B, A, +B, A, +B, 
Ay + By A;, +B; A,, +B, A, +B, 
[ Ai, A, A; Ay, B, B,, B;, By, 
Then A’ = Ay A, A,, A, ner BR = Bi, B, B,, B;, 
Ay Ay A, Ay, B; B, B, B,, 
| Avs Ay Ap A, By B,; B, B, 
[ Ay + By, A,, +B, A,, + B;, Ay + By 
(A+B) = Ay + By, Ay, +A, A, +B, A,, + B;, = A’ + BT 
A+B, A, +B, A, +B, A,, +B, 
LA + By A+B, A, +B, A, +B, 


4.6 Neutrosophic soft Block Circulant Matrix 


A neutrosophic soft Block Circulant Matrix is a neutrosophic soft block matrix of the form 


Ay Ay wes A, 


where A, "s are nxn arbitrary matrics. 


4.6.1 Properties of Neutrosophic soft Block Circulant Matrix 
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If A and B be two neutrosophic block circulant matrices then A+B and AB is again a neutrosophic 


block circulant matrix. Again for block circulant matrices AB=BA. 


4.7 Direct sum of neutrosophic soft block matrices. 


If A,,A,,A,,,.......4, are square neutrosophic soft block matrices of order m,,m,,m,.......m, respectively. 


A, 0 0 
Cg: de P 0 A 0 

Then diag(A,,, A,,,Ag35-+-)A,,) = = 
0 0. A 


TP Ay +My +o sees +m, 
is called the direct sum of the square neutrosophic soft block matrix A,,, A,,,A,,,.......4, and it is 


expressed as A, @A,, @A,,@......0A, Of order m,+m,+m,+......+m,. 


4.7.1 Properties of direct sum 


The following algebraic properties are hold by neutrosophic soft block matrices: 


e Commutativity: Let A,B be two diagonal neutrosophic soft block matrices then 


Di 
(=) 
& 
(cx) 


Thus A@8&#B@A and hence it can be concluded that the direct sum of two neutrosophic soft block 


matrices are not commutative. 


e §6Associativity: Let A, B,C be three square neutrosophic soft block matrices. Then as 


obtained above 


A: 0 
A@B=\..... ae Heats = D(say) 
0 B 
Therefore 
i <8 A 0 0 
deonec-pec-| oP 0 B O| where A®B=D 
00 C 
Again 
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A®@(B@C)=AGE= ~|=|0 B OJ] where BOC=E 
OE eos. 62% 


Hence associative laws hold for neutrosophic soft block matrices. 
4.8 Mixed sum of neutrosophic soft block matrices 
Let A, B, C . D be four neutrosophic soft block matrices which are conformable for addition. Then 


By the definitions of addition and direct sum of neutrosophic soft block matrices it can be obtained 


that 


Then the following result holds: 
(A+B) ®(C+D)=(A®C)+(BOD) 
4.9 Multiplication of direct sum of neutrosophic soft block matrices 
If A, B, C ; D be four neutrosophic soft block matrices which are conformable for addition and 
multiplication then the mixed multiplication of direct sum is 
(A® B)(C @D) =(AC) @(BD) 
By the definition of direct sum and multiplication of neutrosophic soft block matrices 


yi oe NA ON Ae 0 
C@D)= : 7 
aonceo-[i Te 2 


e Transposition 


If A,B be two neutrosophic soft block matrices then the transportation of the direct sum of A and B 


(A@ By’ = = A’ ® B" 


5. Results 
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In the process it is found that different types of neutrosophic soft block matrices which are 
discussed here behave in the same way as the block matrices that exist in the literature. 


6. Applications 


Neutrosophic soft matrices having been broken into sections called blocks or partitioned are 
useful for cutting down calculations in the cases of problems which involves neutrosophic soft 
matrices. 


7. Conclusions 


Different types of neutrosophic soft block matrices as triangular, tridiagonal, quasidiagonal, 
circulant, toepliz are discussed. Some operations on neutrosophic soft block matrices which are also 
discussed in this article gives a clear indication that such operations produces almost similar results 
to those of classical matrices. Future research will be in the direction of finding determinants of 
neutrosophic soft block matrices. 
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Abstract 

This article aims to introduce some modern algebraic structures as hyper super matrices. The classical 
algebra and matrices cannot process higher-dimensional information with several levels of ambiguity and 
uncertainty. Hence, it is necessary to establish such superalgebraic structures that can organize and 
classify the uncertain and incomplete information floating in parallel higher dimensions as facts, events, 
or realities. To achieve the desired goal, a particular construction of Hypersoft Matrix (HS-Matrix) and 
Subjectively Whole Hyper-SuperSoft Matrix (SWHSS-Matrix) is offered in a plithogenic Fuzzy 
environment initially, and some aggregation operators are formulated. A Local-Global-Universal 
Combined Consciousness State Ranking Model is formulated as an application. As the classification of 
non-physical phenomena like state of physical health or Consciousness has not yet been addressed in the 
area of decision making therefor the proposed model will open a new dimension of classification of the 
non-physical part of the universe in which one can select the most suitable possible reality from several 
parallel realities which would be useful in the field of artificial intelligence. This model classifies the 
accumulated states of matter bodies (subjects). And gives a possible description of the Combined- 
Consciousness State of a Universe. In addition, it offers a local ranking by observing the information 
through several angles of vision, just like a human mind does, and a universal ranking by classifying the 
accumulated states. Furthermore, the final Global Ranking is achieved by constructing a percentage 
frequency-matrix and an authenticity measure of the order is offered. A numerical example is constructed 
to describe SWHSS-Matrix and LGU-Ranking Model. Some pie graphs are used to describe the individual 
states, accumulated states, and the ultimate accumulated universal state of all given subjects (a Combined 
Conscious State of Universe). 

Keywords: Subjectively-Whole-Hyper-Super-Soft-Matrix, Parallel-Dimensions, Attributive-Ranking, 
Local-Global-Universal-Ranking, Combined-Consciousness, Percentage-Frequency-Matrix, Pie-Graphs. 
1. Introduction 


As we know, the human brain has some factors of vagueness and precariousness in its judgments and 
inferences due to multiple opinions, and the complexity of the data, as attributes events, and information 
derived from its own environments. Scientists after taking into account this basic trait of the human mind 
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start arguing the dire need for some different mathematics that could possibly handle this vagueness factor. 
Some of the following theories developed gradually. Fuzzy set theory by Zadeh (1965) [1] Intuitionistic 
fuzzy set (IFS) theory by k.Atanassov [2] [3]. The cloud of vagueness is further extended by F. Smarandache, 
[4][5][6]. Some more recent extensions and modernizations of the neutrosophic set are presented in [7] [8] 
[9] [10] [11] [12]. In 1999 Molodtsove [13] introduced Soft Set, a soft set is a parameterized representation 
of subsets in which one can express multiple attributes and subjects in a unique parameterized formulation. 
Some further extensions of the soft set were provided in [14] [15] [16]. Later, in 2018, F.Smarandache [17] 
[18] introduced another expanded version of Softest known as the Hypersoft-Set and the Plithogenic 
Hypersoft-Set. In these sets, he extended the function of the combination of attributes to multi attributes 
and sub-attributes. He presented the basic definitions and addressed many open problems of the 
development of new literature, such as aggregation operators and MADM techniques. We are going to 
answer some of the open issues raised by Smarandache, S.Rana and co-authors "[19] extended the 
Plithogenic Hyper-Soft Set to Plithogenic Whole-Hyper-Soft Set by accumulating the memberships and 
providing both exterior and interior states of the part of Universe/Event/Reality/Information (a 
combination of Attributes, Sub Attributes, Subjects represented). We represented the Plithogenic Fuzzy 
Hyper-Soft set and the Plithogenic Fuzzy Whole Hyper-Soft set in a novel form of matrices in the fuzzy 
environment named as Plithogenic Fuzzy Hyper-Soft Matrix (PFHS-Matrix) and Plithogenic Fuzzy Whole 
Hyper-Soft Matrix and some local operators were established. Furthermore. In the next phase, S.Rana and 
co-authors "[20] further dilated the Plithogenic Whole MHyper-Soft Set to  Plithogenic 
Crisp/Fuzzy/Intuitionistic/Neutrosophic Subjective Hyper-Soft Set and represented them in the more 
dilated version of Soft-Matrix initially in the fuzzy environment termed as Plithogenic Subjective Hyper 
Super Soft-Matrix. Then developed a Local-Global Universal Subjective Ranking Model by using the new 
amplified expression of matrices. Some further literature on HyperSoft Set and Plithogency was established 
in [21-28]. In this article, in the first stage, we have further broadened those earlier introduced Plithogenic 
Fuzzy Whole Hyper Soft Set and Plithogenic Subjective Hyper-Soft Set to Plithogenic Attributive 
Subjectively Whole Hyper Soft Set (PASWHSS-Set) in the Fuzzy environment. we have formulated a new 
type of Matrix initially in a fuzzy environment named Plithogenic Subjectively Whole Hyper Super Soft 
Matrix (PSWHSS-Matrix). These advanced types of matrices are generated by the hybridization of hyper 
matrices and super matrices [29-32] These hypersoft matrices are sets/clusters of parallel layers of matrices 
representing clusters of parallel universes/ realities/ events/ information. These are such hyper-matrices 
(parallel layers of matrices) whose elements are also matrices. Thus, these matrices are tensors of rank three 
and four, respectively, having three and four indices of variations. Then later, we have formulated an LGU 
Combined-Consciousness State Ranking Model. The forte of this model is its classification of nonphysical 
phenomena. Thus, it will allow opening a new non-physical dimension of classification i.e. selecting one 
possibility out of multiple possibilities. Moreover, it offers a transparent ranking of attributes (states of 
subjects) and universes from micro-universe to macro-universe levels by observing them through 
numerous angles of vision in dissimilar environments of different ambiguity and hesitation levels. 
Furthermore, it will also furnish and formulate extreme and neutral values of these universes (sets of 
information, realities, events). This new model actually compacts the expanded Universe to a single lowest 
point. Finally, we have also anticipated producing a percentage authenticity measure of ranking, which is 
provided by using a frequency matrix. In the end, we have given an application of the Model using a 
numerical example. In this example, fuzzy linguistic scales are used to quantify the states of our subjects 
(bodies of matter known as individuals). The quantified states of subjects are attributes/sub-attributes 
known as individual fuzzy states or individual fuzzy memberships. Later, the aggregation operators are 
used to accumulate these states (subject-wise). The accumulated states are represented by fuzzy whole 
memberships. Initially, these states are accumulated at the local level using a single aggregation operator 
representing a viewpoint, and a local ordering of states would be achieved. The global ordering of states 


S.Rana, M. Saeed, F. Smarandache, LGU-Combined-Consciousness State Model 


Neutrosophic Sets and Systems, Vol. 51,2022 62 


would be achieved through the use of multiple aggregation operators. By the further accumulation of the 
already accumulated states, the universal states of accumulation and the universal order would be reached. 


Now the further query arises why we are specifically using hyper-Soft and Hyper-Super-Soft matrices for 
the expression of the Plithogenic Hyper-Soft Set and Plithogenic Attributive Hyper-Soft Set? The answer 
might be convincing that this Plithogenic Universe is so vast and expanded in its interior ( having Fuzzy, 
Intuitionistic Fuzzy, Neutrosophic, environments with memberships non-memberships, and 
indeterminacies) and in its exterior (managing many attributes, sub-attributes, and sub-sub-attributes 
concerning to its subjects). Therefore to organize and classify such highly scattered information we need to 
formulate some super algebraic structures like these Matrices. 


This article is organized into seven basic sections. After the (section-1) introduction, Section 2 summarises 
some related preliminaries. In Section 3 we introduce some fundamental new concepts and definitions of 
the Hypersoft set expression, the HS matrix, and the SWHSS matrix with examples in a plithogenic fuzzy 
environment. We use these new types of matrices to develop the LGU Combined-Consciousness State 
Ranking Model. While in Section 4 some local aggregation operators such as disjunction operators, 
conjunction operators, averaging operators and compliment operators for PFHS matrices are formulated. 
Section 5 describes the algorithm of the LGU Combined-Consciousness State Ranking Model in the 
plithogenic fuzzy environment In this Model, we would provide the classification of attributes (a non- 
physical phenomenon or states) at the local, Global and Universal levels. We offer the Universal ranking 
by classifying these already accumulated universal states. The Local Ranking is offered by observing the 
higher dimensional information through several angles of vision or states just like a human mind which 
possesses multiple layers of thought. These thoughts undergo and change their angles in order to achieve 
a precise or accurate status but before certain complex procedures of mind are applied upon them. Finally, 
mental thoughts hold their possibly best and desired status/angels depending upon certain complex 
procedures and environments. In order to learn the transparent Global Ranking, we have applied a 
Percentage-Frequency-Matrix by accumulating the states of the human mind (several angles of vision). 
Finally, to preserve transparency and accuracy, our model also provides the authenticity measure of the 
ordering. In Section 6 Application of the LGU-Combined-Consciousness State Ranking Model is presented 
and final combined universal states are offered. In Section 7 the flow of the model from individual states 
of subjects to their combined-universal states is described by pi graphs and some conclusions and open 
problems are discussed. 


2 Preliminaries 


This section, narrates some fundamental useful definitions of the hyper-soft set, Hyper matrices, and 
Super matrices. 


Definition 2.1 [17] (Hyper-soft set) 
Let U be the initial universe of discourse P(U) the power set of U. 
let Ay, Qz,...,Apy forn = 1 be n distinct attributes, whose corresponding attribute-values are respectively the sets 
Ay, A2,..-,An with Ai N A; = fori # j and i,j € {1,2,...,n}. 
Then the pair (F,A, X A X...X An) where, 
F:A, X AX...X Ay, > P(U), 
is called a hyper-soft set over U; 
Definition 2.2 [29] [30] (super-matrices) 
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A rectangular or square arrangements of numbers in rows and columns are known as matrices,or simply ordinary 

matrices, wheras a super-matrix is such matrix whose elements are matrices. These elements can be either scalars or 

matrices. 

ae bs Q42 
Az, Az2) 


az1 = 


3 -1 4 12 
5 7 | Az. = -1 6 | a is a super-matrix. 
—2 9 3 7 

Note: The elements of super-matrices are considered as sub-matrices i.e. A114, 12, A21,Q22 are submatrices of the 
super-matrix a. 

Definition 2.3 [31] [32] (Hyper-matrices) 

For ny,...,%q € N, a function f:(n4) X...x (ng) > F is a hyper-matrix, or d-hyper-matrix. Often ay,_.x4are used 


to denote the value f (Ky...Kq) of f at (ky...kq) and think of f (renamed as A) as specified by a d-dimensional 


table of values, writing A = [4s tale x, 
aK 


A 3-hypermatrix can be written on a (2-dimensional) piece of paper as a list of ordinary matrices, called slices. For 
example 


Q411 A421 131 + «Ani2 =A122 «A432 
A=|4211 4221 9231 + G212 A222 A232 
4311 4321 4331 - 4312 4322 4332 


3. Plithogenic Fuzzy HS-Matrix and Plithogenic Fuzzy SWHSS-Matrix 
This section, develops some literature about the plithogenic hypersoft set in the following manner. 


1. We introduce some basic new beliefs and definitions of expression of hypersoft set and HS- 
Matrix with examples. 


2. We introduce novel HS-matrix as SWHSS-Matrix in plithogenic Fuzzy environment. 
3. We portray the compact and expanded expressions of HS-Mtricx and SWHSS-Matrix. 
To develop an understanding of the literature, we give some new definitions. 


Definition 3.1 ( Plithogenic Fuzzy HyperSoft-Set (PFHS-Set)): Let U; be the initial universe of discourse P(U;) 
the power set of Ur. Ay is a combination of attributes/Sub-Attributes for some j = 1,2,3,...,N Attributes, 


k =1,2,3,...,L Sub-Attributes and x;i=1,2,3,..,..M are subjects under consideration then 
(Fr, Af, AS..., A$) is PFHS-Set represented by plithogenic fuzzy memberships 11,x(x;). 
ij 


where, Fp: At x AK x A& x...x A, >, P(Up ) is a mapping from a complex cross product of the attributes 
to the power set P(U;,). This PFHS-Set is represented as 


x4 (Hy ox) , 


x2 (re) , 
F= : 


xm (1s cw?) 


Definition 3.2 (Plithogenic Fuzzy HyperSoft-Matrix (PFHS-Matrix)): 
Let U; be the Fuzzy universe of discourse, P(U; ) be the power set of U;, Ay is a combination of 
attributes/sub-attributes for some j = 1,2,3,...,N attributes, k = 1,2,3,...,L sub-attributes and x,;i= 
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1,2,3,..., M are subjects under consideration then PFHS-Matrix, Fis = [eat (x) is amapping F;: A x Ak x 
ij 


A’ x...x Ai’ > P(Up), from a complex cross product of the attributes to the power set P(Uf)., 
Where “,«(x;) € [0,1] are fuzzy memberships s.t “,«(x;) +u,«(x%;) = 1. These Fuzzy memberships 
j j j 


Hale (2i) are the elements of PFHS-Matrix and are assigned for the Part of 


Universe/Reality/Event/Information, by decision-makers or concerned bodies through the linguistic 
scales. For further details, see ref. [28-31]. we may call these memberships the individual fuzzy 


memberships. 
We may write Fis simply as F.The compact form of PFHS-Matrix, is 
F = | ux)| (3.1) 
And an expanded form of PFHS-Matrix, is 
Aka. ak 
x4 Mak (%) Lyk (Co) eee Hak (x1) 
X2 Mak (%2) Hak Oa) 2 ae 4 Han (x2) 
F a . . . . . . (3.2) 
mM Mak(%m) Lyk (%m) . Hak (xu) 


Example 1: 
Consider the mapping F defined as, 
Fp: AK x AK x AK x...x AK >, P(Ug ) 
(taking some specific numeric values of A‘) 
Consider T = {x,,X2,X3}, is a subset of powerset P(U; ) and x; subjects for i = 1,2,3, are x1,X2,%3. The 
associated states of these subjects are Aj Attributes/Sub-Attributes for j = 1,2,3,4 and k = 1,2,3. To 
represent these states some fuzzy memberships would be assigned by the Concerned body, through the 
five-point linguistic scale (see ref. [28-31]) T 
The set representation of information is described as PFHS-Set as, 

x, (0.3,0.6,0.5,0.5), 

F,(A3, A}, A}, A2) = 4 x,(0.4,0.4,0.3,0.1), (3.3) 
x3 (0.6,0.3,0.4,0.7) 


And further organized and expressed in one layer of PFHS-Matrix F¥, 
Aj Az A3 Ag 


X1f0.3 06 0.5 0.5 
F=%*2104 0.4 03 0.1 (3.4) 
x310.6 0.3 0.4 0.7 


Where A? A> Aj Aj is a specific a combination of Attributes/Sub-Attributes representing states of 
subjects x1, X2,X3. Fy is representing a single layer out of multiple possible layers of PFHS-Matrix. For a 
more detailed description and applications, see [19] 

Example 2. Consider layered representation F = [Hat (x) fork =1, j =1,2,3,4 and i = 1,2,3, i.e (first 
level-layer) and for k = 2, j = 1,2,3,4 and i = 1,2,3, i.e (second level-layer). let T = {x,,x2,x3} be Subjects 
in PFHS-Set associated to given attribute the PFHS-Set is represented through fuzzy memberships as 
described bellow, 
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x, (0.3,0.6,0.3,0.5), 
F (At, A}, Al, Al) = 4 x,(0.4,0.5,0.2,0.1), (3.5) 
x3(0.6,0.2,0.3,0.7) 


x, (0.5,0.4,0.2,0.6) 
F(A?, A2, AZ, A2) = 4,x5(0.5,0.7,0.8,0.4), (3.6) 
x3(0.7,0.6,0.5,0.9) 


The matrix representation of this PFHS-Set F is described as PFHS-Matrix, 
0.3 0.6 03 0.5 

0.4 0.5 0.2 0 

0.6 0.2 0.3 0.7 

0.5 0.4 0.2 04 


F= (3.8) 


0.5 0.7 08 0.4 
0.7 0.6 05 0.9 


For further details, see ref.[20] 

Definition 3.3 (Plithogenic Fuzzy Subjectively-Whole Hyper-Super-Soft-Matrix (PFSWHSS-Matrix)): 

Let U; be the primary universe of discourse, in the Fuzzy situation and P(U;) be the power set of Ur. Let 
AAS AX are Ay N distinct attributes/subattributes for = 1,2,...N , k =1,2,...L is representing 


Bre) 
re) 


Fr: AK x AK x...x AK > P(Up) 
we may use a compact notation of PFSWHSS-Matrix, Fi, This matrix is expressed by both individual 


attribute values then PFSWHSS-Matrix is, F is mapping 


fuzzy memberships f,x(x;) (individual fuzzy states of subjects regarding each attribute) and the 
J 
aggregated fuzzy memberships O,e(X) (subject-wise aggregated states). In F/‘t=1,2,..0 is 


representing aggregation operators. In PFSWHSS-Matrix the fuzzy states (fuzzy memberships) of all 
given subjects are aggregated and then represented as for each attribute/sub-attribute. This PFSWHSS- 
Matrix handles not only a single combination of attributes/subattributes but rather multiple combinations 
of attributes/sub-attributes out of their complex cross products or in other words. This matrix F/i‘, has 
four indices of variation is a soft tensor of rank 4. We may write Fit as F for the simplification of notation. 
Four types of variation are presented in this PFSWHSS matrix. The first Variations on the index i = 
1,2,...M generate M rows of Matrix, the second variations on the index j = 1,2,...N generate N columns, 
and the third variations on k = 1,2,...L produces L combinations of rows and columns as parallel-layers 
of M x N matrices as hyperSoft Matrix. The fourth variation on t = 1,2,...P describes the P sets of 
Clusters. 


The representation of PFSWHS-Matrix in a compact form is, 
eas (x | 
F=|; ° : (3.9) 
[ao] 
[co 
F= ; 
ore) 
[co 


alone 


represents a single Layer of SWHSS-Matrix for k = 1 i.e an a universe. 


represents a single Layer of SWHSS-Matrix for k = 2 i.e an # universe. 
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The representation of PFSWHS-Matrix in an expanded form is, 


Hyt (x,) Hai (Hi) ess Hyn, (x,) 
Hyt (x2) Hai (%2) . . . Hays, (x2) 
bat mu) Bas (xm) Mat mu) 
[Oy (xX) oy (KY pee + Oy (Xx ) 

Myr (x) 43 (C2) eee Haz, (x,) 


Haz (x2) Maz (x2) sons Haz, %2) 


143m) Hag (Xu) 4g Cm) 
[oe (X) a (6.0 ae On (x)] 


Hae 1) Hai (%) son Hak (1) 
Hat %2) Hay (%2) sone Mat, 2) 


Ham) Hae (Xa) - + © Hae Cm) 
[OCD OX)... Oy OD] 


(3.10) 


May Oa) Max (1) sone Hag, (1) 
Hat (x2) Mas (2) sons Max, 2) 


Hat (xm) Ma(%m) . Uys, (xm) 
[oC ONO)... OX) 

Haz (x1) Mai)... Hy, (x1) 
Has (x2) a3 (x) . . . Haz, (x2) 


14g u) ee) 4g Cm) 
[oR CO ORO) . . . M2 (X)] 


Hat (x1) Hat (QW)... Hk, (x1) 
Hyl (x2) Hak (x) . . . gh (x2) 
at (mu) Hat (xm) ; Hak mu) 
[oC OX) © ©. Oy XD] 


This PFSWHS-Matrix exhibits both internal and subjective external states of the universe. The internal 
state of the universe, event, or reality is reflected by individual fuzzy memberships ,x(x;) whilst the 
i 


Subjectively exterior state of the universe, event, or reality is reflected through Subjectively aggregated 
memberships 0.,<(X) that is accumulated specifically for all given subjects at each attributive/sub- 
J 


attributive level. Therefore the PFSWHSS-Matrix would provide an attributive classification (non- 
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physical classification) through a subject-wise accumulation of states. The subjective aggregation is 
applied to fuzzy memberships 1,x(x;) at the index i, i.e at each specific sub-attributive level by applying 
ij 


several suitable aggregation operators. In the next section-4 for the construction of this PFSWHSS-Matrix, 
we have formulated some aggregation operators. The application of these operators and SWHSS-Matrix 
as LGU Combined-Consciousness State Ranking Model is presented in Section-5, whereas the application 
of this Whole Model is described in Sec-6, where the faculty ranking Model is represented. 


4 Local aggregation operators for the Construction of SWHSS-Matrix 

This section describes Local aggregation operators like disjunction operators, conjunction operators, 

Averaging operators, and Compliment-operator for PFHS-Matrix. By applying these local operators on 

the PFHS-Matrix the SWHSS-Matrix would be constructed. By utilizing Local disjunction, Local 

conjunction, and Local averaging operators, we would develop a combined (whole) memberships Ok (xX) 

J 

for PFSWSS-Matrix that would be presented in the last row-matrix of the. SWHSS-Matrix 

The general mathematical expression for SWHSS-Matrix F in the plithogenic fuzzy environment is given 

below. 

ae lu Ar (x)| 

t 

[a0] 


local operators, t = 1 is used for the Max-operator t = 2 for Min-operator, and t = 3 for the averaging- 


In this Matrix the last row of cumulative memberships OK (X) is framed by using three 
J 


operator. Furthermore, t = 4 is representing Compliment-operator. 
In SHWHS-Matrix 


Fy = [[# re) [ohe(xi)]| the last column of cumulative memberships 0.,x(x;) are obtained by using 


three local operators, t = 1 used for the Max-operator t = 2 is used to portray the Min-operator, and t = 
3 is used for the averaging-operator. Furthermore, t = 4 represents the compliment. 

These four operators are described as follows: 

4.1 Local-Disjunction-Operator for the construction of SWHSS-Matrix: 


U; (ug (x0) = Max (16d) = eX) , forsome k = | (4.1) 


This Max-operator reflects the optimal state of mind of the decision-maker. 
4.2 Local-Conjunction Operator for construction of SWHSS-Matrix: 


n; (1 =) = Min (Hs =) = On (X) , for some k = | (4.2) 


This Min-operator reflects the pessimistic state of mind of the decision-maker. 
4.3 Local-Averaging-Operator for construction of SWHSS-Matrix: 


J 


=( >) 
iB (160) == Oye X) , forsomek =1 (4.3) 


This averaging operator reflects the neutral state of mind of the decision-maker. 
4.4 Local Compliment for the construction of SWHSS-Matrix: 
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Max; (: _ HysCed) 


Cioc(F) = {Mins (: ~ Hyg) , forsomek =1 (4.4) 
1-H K(X) 
F ( ae 
Sr 


5. Algorithm of LGU Combined-Consciousness State Ranking Model 
This section, utilizes the local operators built in the previous section for the formulation of the LGU Combined- 
Consciousness State Ranking Model in the Fuzzy environment. 


In this model, we would provide the classification of attributes (a nonphysical phenomenon) at the local, 
Global, and Universal levels. We have called this Model the LGU Combined-Consciousness State Ranking 
Model. Some specialties of this LGU Combined-Consciousness State Ranking Model are mentioned to 


describe why this model would be preferred over previously developed MADM models 


1. 


The first and most important feature of this model is that it provides a ranking of the non- 
physical states of the universe. As we know, the classification of non-physical phenomena has not 
yet been addressed in the area of decision-making. This model will open a new dimension of 
classification of the non-physical part of the universe / event / reality / information, in which one 
can choose a possible reality from several parallel realities that would be useful in the field of 
artificial intelligence. 

The second peculiarity of this model is that it offers the classification of attributes by looking at 
them from multiple angles of visions. For example, the choice of the max operator is an 
expression of an optimistic perspective. In contrast to this, the choice of the Min-operator is an 
expression of the pessimistic point of view and the choice of the average-operator is an 
expression of a neutral point of view. The combination of all operators in one model offers a 
transparent decision that is made from multiple perspectives 

This model has the potential to offer a classification of attributes in numerous environments such 
as Fuzzy, Intuitionistic, Neutrosophic, or any other suitable environment required. Each 
environment has its own ambiguity or hesitation level. By choosing a particular environment, 
this model would be expanded to work on any level of uncertainty, hesitation, or ambiguity. 
This attributive/state ranking model offers the ranking from micro-universe to macro-universe 
stages i.e. from inner smaller cell to outer larger universe. 

Primarily, this Model delivers the internal ranking of attributes (states of subjects) named "Local 
Attributive ranking” (ranking of states) (classification of attributes/states of micro-universe) 

On the next stage, this Model offers an exterior classification of states named "Global Attributive 
Ranking." 

On a further extended level this Model offers the 3rd type of attributive ranking named 
"Universal Combined-Consciousness State Ranking (Classification of attributes of the macro- 
universe) 

This model also offers extreme values, as extreme behaviors, and neutral values, as neutral 
behavior of universes that would be helpful to find the optimal and neutral states of all kinds of 
universes/realities/events/information from their micro- to macro levels. 

At the final level, it provides a precise measure of the authenticity of classification by using the 
frequency matrix. 


Initially, we consider the case of the PFSWHSS-Matrix to rank the given attributes or states of subjects. 


These subjects with their all attributes/sub attributes are considered to be one universe. 
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Later, we can generalize this Model into Plithogenic Intuitionistic, Plithogenic Neutrosophic, and other 
multiple useful required environments agreeing the state of mind of the decision-makers. 
The Algorithm of the LGU Combined-Consciousness State Ranking Model is described below, 
Step 1. Construction of Universe: Consider the fuzzy universe of discourse U; = {x;} i = 1,2,3,..., M. 
Consider some attributes/sub-attributes and subjects need to be classified where attributes/sub-attributes 
are Ay j = 1,2,3,...,N and k = 1,2,...,L represents numeric values of attributes A; (parallel level layers), 
and concerned subjects are T = {x;} C Up where i can take some values from 1 to M such that Define 
mappings F and G such that, 

F: AK x Ak x AK x...x AX, > P(U) For some fixed k (leve-1) (5.1) 


G: Ak x AK x Ak x...x AX > P(U), For some different fixed k (level-2) (5.2) 
Step 2. Construction of PFHS-Matrix: Write the data or information (fuzzy-memberships) of PFHS-Set in 
the form of PFHS-Matrix B = [u alk (x)| . If there are some non-favorable attributes in the given 
Information, we may replace their memberships (1 ak (x;)) by non-membership (1 — wu ak (2:)) while the 
neutral and favorable attributes would be displayed by their fuzzy memberships. 


Step 3. Construction of PFSWHSS-Matrix: By using local aggregation operators constructed in Sec. -4 
formulate PFSWHSS-Matrix given as, 


[Hat (x | 
Ba, = : . 
or) 
Step 4. Local Attributive Ranking: The Local Attributive Ranking is the ranking of the accumulated states 
of matter bodies (subjects) that would be acquired by considering cumulative memberships Ok (X) of the 
J 


(5.3) 


last row of each layer of Ba,. 

The higher the membership value, the better the attribute / sub-attribute that corresponds to this 
membership. At this stage, the attributive classification of all layers or a selected layer would be provided 
according to the required situation. In addition, the process would eventually stop when the transparent 
local attributive ranking is obtained. If there are some ties or ambiguities in the local attributive ranking 
that would be eliminated in the next step of the global ranking, a more transparent ranking would be 
observed. 

Step 5. Global Attributive Ranking: Final global attribute ordering would be provided by using the 
Frequency Matrix, "F; i, and the percentage frequencies Matrix ty by combining the states of mind of the 
decision-makers. 


Ay fis fiz " x £ fin 

Ag for fo2 . 5 # fon 
ae re as (5.4)a 

An fut fz = . D fn 

Ay ft 12 ‘3 * . fin 

Ay foi foo - . is fon 
Bp te oy oe of ee (5.4)b 

Ay fina fz - . * fun 
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Where, f;; is the percentage frequency measure 
»_ Vis) 
fy = Loy) 


x 100 (5.4)c 


In F; j the values of the first column signify the frequency with which the 1st position is achieved, which 
is reached by some specific attributes. The elements of the column 2 represent the frequency of acquiring 
the second position and so on. Similarly the elements of F;; represent the percentage frequencies. To find 
out which attribute would be assigned the first position we consider the entries in the first column of Fj; 
the attribute corresponds to the highest value of the first column attains the first position and then we 
delete this column of the first position and the row associated with this attribute. This reduces the 
dimension of the matrix. Then, for the second position, add the remaining percentage frequencies of the 
first position into the next percentage frequencies of the second column and then look for the highest 
percentage frequency in the second column for the decision of the second position. 

Once the second position is determined, we delete the corresponding column and row of that position 
and continue the practice until the final position is allocated. 

This Percentage Frequency Matrix has a great potential to handle ties. 

Step 6. Authenticity measurement of the Global ranking: In the last step, we can check the authenticity 
by means of ratios. 


Percentage authenticity measure of j ,;, selected positions for i,, Attribute, 
Highest frequency of j-p position 


; a x 100 
Total frequency of j¢p;position 
eee (5.5) 
yo soy 


Step 7. Final Universal States (Combined Consciousness States) and Ranking: 

The final universal states (Combined Consciousness states) of Universes as final accumulated fuzzy 
memberships ,, are provided by using the disjunction operator, (t = 1) the conjunction operator, (t = 
2), and the average operator (t = 3) on already cumulative memberships of the last row of SWHSS-Matrix 
Ba,, These accumulated fuzzy memberships Q;; represent the final Universal State or the Combined 
Consciousness State of the universe. 

For a fixed k and t the universe with the greatest cumulative membership would be considered the better 
universe, and further order of the universes would be observed by arranging the 0, in descending order. 
To get the final ranking of the universal states and to obtain extreme and neutral accumulated states of 
the Universe/Reality/Event/Information, we would proceed as 

Taking t = 1,2,3 respectively on 2,, we would obtain the following extreme and neutral values. 


0, = max 4 (xX) (5.6) 

My = min |O%,0)| (67) 
%] 4K CO 

0,3 = aa (5.8) 


At this level 0;,, and Q,, would give the extreme (lowest and highest) states and 0,3 would give the 
neutral states of Universe/Reality/Event/Information as accumulated fuzzy memberships. 

The local order of the universes is obtained by arranging these cumulative memberships in descending 
order, and the global order is offered by using the same scenario of the frequency matrix (step-5). 
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5. Application of LGU Combined-Consciousness State Ranking Model 
Numerical Example: 
To achieve the purpose of non-physical classification, initially, we first develop two PFHS-Sets with a- 
Combination and £-Combination of attributes, i.e., for a and 6 universes. Then we represent it as PFHS- 
Matrix B, which consists of two layers that represent the mappings F and G that are used to parameterize 
a combination of attributes/subattributes. By assuming different or specific numerical values of k, 
consider a-Combination of attributes are parameterized by mapping F and 6-Combination of attributes 
by mapping G. The overall LGU Combined-Consciousness State Ranking is described by following the 
steps in the algorithm described in Section -5. 
Step 1. Construction of the Universe: Consider U be the set in five candidates of the mathematics department 
and out of these five only three have participated in consciousness quantification and classification 
experiment. let T be a set of these three candidates (subjects), T = {Peter, Aina, kitty}, (T c U). The elements 
of T are our subjects. The states of these subjects are Af attributes quantified through the fuzzy linguistic 
scales. The classification of these attributes is required. 
These Afattributes are organized in the following manner: 
Ar = Intelligence level with numeric values, k = 1,2 s.t 
Aj = very intelligent, At = moderate intelligent 
AX = Fous, with numeric values, k = 1,2 s.t 
Aj = Strong focus AS = Weak focus 
Ak = Observation with numeric values, k = 1,2 s.t 
A3 = Strong observation , AZ = weak observation 
Ak = Expression with numeric values k = 1,2 st 
A, = Strong expression, AZ = Weak expression 
F and G be the plithogenic fuzzy parameterizations of the combination of their states (attributes) such that 
F: Ak x AS x A x...x Aly > P(U) (choosing some of the numeric values of Aj, k = 1,2,...,L 
G: Af x Ak x A& x...x AK, > P(U) (choosing some other numeric values of A¥, k = 1,2,...,L 
Let these candidates of set T are our x;subjects, i = 1,2,3, and their states are attributed/sub-attribute 
represented Ay j = 1,2,3,4 and k = 1,2. We are looking for the best-reflected attribute among the given 
Combination of attributes (case of the local universe). The local universe of subjects and attributes for first 
level k = 1 is described as 
T = {Peter, Aina, kitty} = {x,, x2, x3} where x,,x2,x3 represent x; subjects under consideration, initially, 
we represent the combination of states of the first level for k = 1(combination of attributes that are 
parametrized by mapping F) 
1. Intelligence: j = 1, k = 1 (very intelligent) 
2. Focus: j = 2, k = 1 (strong focus) 
3. Observation: j = 3, k = 1 (strong observation) 
4. Expression: j = 4, k = 1 (strong expression) 
Now fuzzy memberships (fuzzy parameterization) are assigned by using fuzzy linguistic scales for details 
see ref. [33-36]. 
Let the Function F represents the fuzzy parameterization of the given combination of states/attributes s.t., 
F(A}, A}, A}, Al) = {x,(0.3,0.7,0.4,0.5), x, (0.4,0.5,0.4,0.1), x3(0.6,0.2,0.5,0.7)} (6.1) 
let us name the combination of attributes Aj, A}, A3,A4 as a Combination representing the first level for 
k=1 
Consider some other combination of states described for k = 2 These states are parametrized by mapping 
Gs.t G: AK x AK x AK x AK > P(U) 
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The local universe of subjects and attributes for second-level k = 2 is described below 
1. Intelligence j = 1, k = 2 (moderate intelligent) 
2. Focus: j = 2, k = 2 (weak focus) 
3. Observation: j = 3, k = 2 (weak observation) 
4. Expression: j = 3, k = 2 (weak expression) 
Let the function be G represent the fuzzy parametrization of the given combination of states/attributes s.t, 


G(A2, A2, A2, AZ) = {x;(0.5,0.0,0.2,0.6), x2 (0.6,0.7,0.8,0.5), x3(0.4,0.7,0.5,0.9)} 
(6.2) 
let us name the combination of attributes Aj, A}, A3,A4 as B Combination representing the second level for 
k=2 
Step 2. Construction of PFHS-Matrix: 
The first layer of PFHS-Matrix B = [Hu alk (x) is constructed by using the parametrized states given in Eq. 


6.1 for a combination (first level layer of PFHS-Matrix, k =1) and The second layer of PFHS-Matrix is 
constructed by using the parametrized states given in Eq. 6.2 for 8 combination (second level layer of 


PFHS-Matrix, k =2) and this information would be displayed in PFHS-Matrix as shown below. 
0.3 0.7 04 0.5 
04 05 04 0.1 
0.6 0.2 0.5 0.7 
0.5 0.0 0.2 05 


Be (6.3) 


0.6 0.7 0.8 0.5 
0.4 0.7 0.5 0.9 


Step 3. Construction of PPSWHSS-Matrix: 

The PFSWHSS-Matrix Ba, is constructed by using Eqs. (3.10 ), (4.1), (4.2), and (4.3) for information of (6.3) 
0.3 0.7 04 0.5 
04 05 04 O01 
0.6 0.2 0.5 0.7 


(6.4) 


0.6 0.2 05 0.7 

10.43 0.46 0.43 0.43] 
05 0.0 0.2 0.6 

0.6 0.7 08 0.5 

0.4 0.7 05 0.9 

[0.5 0.46 0.5 0.66] 


Step 4. Local Attributive/States Ranking: By,, provides The local order of states/attributes for @ 
Combination of attributes or a-universe i.e the first level-layer is obtained by observing the whole 
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memberships of (6.4) for first-level k = 1 and first aggregation operator (t = 1). See Eq.4.1 We observe 
here a tie between A} (O43 (X) = 0.7) and A} (gy (X) = 0.7) which would be removed in the next step of 


the Global States ranking using the Frequency-Matrix Fjj. 


Ai = Al > At > A} (6.5) 
Baye provides The local ordering of attributes for 6 Combination of attributes or -Universe (second 


level-layer obtained for k = 2) See Eq. 6.4 by using the first operator t = 1 (eq. 4.1) 


AZ > AZ > AZ > A? (6.6) 
Bay, provides the local ordering of attributes for a-Combination of attributes (@-Universe) by using the 
second operator t = 2 Eqs 6.4 and (4.2) 


Ai > Ai > A} > At (6.7) 
Similarly 
Bap provides the local ordering of attributes for 6 Combination of attributes (6-Universe ) by using the 
second operator t = 2 Eqs 6.4 and (4.2) 


Ai > A? > AZ > AB (6.8) 
By,,, provides the local ordering of attributes for a Combination of attributes (a-Universe) by using the 
third operator t = 3 Eqs 6.4 and (4.3) 


Ai > Al = A} = A} (6.9) 
Basp provides the local ordering of attributes for 6 Combination of attributes (6-Universe ) by using the 
third operator (t = 3) Eqs 6.4 and (4.3) 


Ai > A? = A? > AS (6.10) 
Step 5. Global States/Attributive Ranking: 
The frequency matrix F;; provides a final global ordering of attributes. In the frequency matrix Fj, which 
is a square matrix of frequencies of positions for first level-layer a-Universe, the columns of Fj; represents 
frequencies of positions, i.e., the entries of the first column represent the frequencies of attaining the first 
position by some attributes while a row of F;; represents the attributes. The Fj is constructed from Eq. 


(6.5), (6.7), (6.9), and (5.4)a, (5.4)b, (5.4)c 


ee 
Rg 
ll 
aN 
Ne 
PRNO 
Ss 
iS 


p 
0 
0 (6.11) 
0 
1 


Pi Pe P3 Pa 


F**=A2|66.7 0 33.3 0 (6.11)a 
A3/33.3 33.3 33.3 0 
A1!33.3 333 0 33.3 


The Global States ranking of attributes obtained from F;;“ is given below. 
Ai > Alt > Ab > Al (6.12) 
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The FE is constructed from Eq. (6.6), (6.8), (6.10), and (5.4)a, (5.4)b, (5.4)c 
e Pi P2 P3 Pz 
410 2 0 1 
FR=A3]0 0 1 2 (6.13) 
Aazj0 1 2 0 
ais 0 0 (OO 
a Pi P2 P3 b3 
Ai]0 = 66.7 0.0 = 33.3 
FP =A3|0 0.0 33.3 66.7 (6.13) 
Az|0 33.3 66.7 0 
4zi100 0 600 
The Global States ranking of attributes obtained from tg is given below. 
Ai > A? > AZ > AB (6.14) 


It is observed that the ties of local ranking are removed in the final global ranking 
Step 6. Authenticity measurement of the Global States Ranking: 
Percentage authenticity measure for first level a-universe is obtained by using Eq. (5.5) and (6.11)a 
Percentage authenticity of the first position for A} = 66.7% 
Percentage authenticity of the second position for At = 60% 
Percentage authenticity of the third position for A} = 50% 
Percentage authenticity of the fourth position for Aj = 100% 
Percentage authenticity measure for first level S-universe is obtained by using (5.5) and (6.13)a 
Percentage authenticity of the first position for Aj = 100% 
Percentage authenticity of the second position for A? = 66.7% 
Percentage authenticity of the third position for A} = 66.67% 
Percentage authenticity of the fourth position for A} = 66.7% 
Step 7. Final Universal States (Combined Consciousness States) and Ranking: 
we provide the final ordering of the universe by using all three aggregation operators. 
Maximum Combined Consciousness States (Universal Memberships) of a and B universes: 
taking k = 1,2 for a and f universes and fixing t = 1 (Max-operator) using Eqs. (6.4) and (5.6) 
01, = 0.7, 25, = 0.9 (6.15) 
We can see by using operator t = 1, 8 universe is better than @ universe. 
Minimum Combined consciousness States (Universal Memberships) of a and B universes: 
Taking k = 1,2 for a and $ universes and fixing t = 2 minimum universal memberships of all given 
Attributes with respect to subjects, are obtained using Eqs. (6.4) and (5.7) respectively. 
0, = 0.1, 2, = 0.0 (6.16) 
We observe by using the operator t = 2, 6 universe is better than @ universe. 
Neutral Combined Consciousness States (Universal Memberships) of a and B universes: 
similarly, taking k = 1,2 for a and f universes and fixing t = 3, we can provide average universal 
memberships of all given subjects with respect to attributes, using Eqs. (6.4) and (5.7) 
043 = 0.437, 2,3 = 0.53 (6.17) 
The Universal States ordering: By applying the frequency matrix analysis (Eqs. 6.15, 6.16, 6.17, and (5.4)a, 
(5.4)b, (5.4)c The ranking of the states of the universes is 
B(universe) > a(universe) (6.18) 
7. Pie graphs of the LGU Combined-Consciousness State Ranking Model 
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7.1 Pie graphs of the LGU Combined-Consciousness State Ranking Model for the a-Universe 
The pie graphs (Fig1-Fig 4) present the individual states (fuzzy memberships) of 3 subjects considering 
one attribute at a time for the a-Universe (for aggregation purposes, we use the averaging operator (t = 3) 


Individual states of x1,x2,x3 for A-1 Inidvidual states of x1,x2,x3 for A-2 


w” 


mxX-1 mxX-2 =x-3 mxX-1 mxX-2 =x-3 
Figure 1a (Individual states of A-1) Figure 2a (Individual states of A-2) 
Individual states of x1,x2,x3 for A-3 Individual states of x1,x2,x3 for A-4 


mxX-1 mxX-2 = x-3 mx-1 mxX-2 = x-3 


Figure 3a (Individual states of A-3) Figure 4a (Individual states of A-4) 
Fig. 5 represents the aggregated states of the three subjects ( a-Universe first level of aggregation) 
represented for each attribute. 
Fig 6 is representing the aggregated state of the whole universe that is obtained by aggregating the 


previous aggregated states of fig 5 by using the averaging operator ( a-Universe second level of 
aggregation) 


Aggregated states of x1,x2,x3 Universal aggregated state 


= Final Universal membership by t-3 


mA-1 BA2 8A-3 BA4 = Final Universal non-membership by t-3 


Figure 5a (Aggregated states) Figure 6a (Universal states) 
7.2 Pie graphs of the LGU Combined-Consciousness State Ranking Model for the B-Universe 
(Figlb-Fig 4b) pie graphs are presenting the individual states (fuzzy memberships) of 3 subjects by 
considering one attribute at a time for the -Universe (The aggregation operator used is the averaging 
operator (t = 3) 


S.Rana, M. Saeed, F. Smarandache, LGU-Combined-Consciousness State Model 


Neutrosophic Sets and Systems, Vol. 51,2022 76 


States of x1,x2,x3 for A-1 States of x1,x2,x3 for A-2 0 


oe 


mxX-1 mxX-2 =x-3 mxX-1 mxX-2 =x-3 


Figure 1b ( Aggregated States for A-1) Fig 2b ( Aggregated States for A-2) 


Individual states of x1,x2,x3 for A-3 Individual states of x1,x2,x3 for A-4 


® 


mx-1 mx-2 =x-3 mx-1 mxX-2 mx-3 


Figure 3b ( Aggregated States for A3) Figure 4b( Aggregated States for A-4) 
Fig 5b is representing aggregated states of the three subjects ( S-Universe first level of aggregation) 
represented for each attribute. 
Fig. 6b represents the aggregated state of the entire -Universe that is obtained by aggregating the previous 
aggregated states of Fig. 5b by using the averaging operator ( 6-Universe, the second level of aggregation) 


Aggregated states of x1,x2,x3 Universal aggregated state 


os | = Final Universa 


ership by t-3 
wA-11 mA-21 8 A-31 8 A41 = Final Universal non-membership by 
t-3 
Figure 5b (Aggregated states) Figure 6b (Aggregated states) 


8. Conclusion : 

1. We have observed the final global ordering obtained in Eq. (6.12 ) is the most frequently observed local 
ordering in all these ranking orders, which is also observed the same in the local ordering of 6 universe 
in Eq. (6.14) which shows the final global State ranking is most transparent and authentic Ranking. 

2. Expressions (6.15), (6.16), (6.17) provide the highest, lowest, and average states of universes, through 
final accumulative memberships. 

3. The Ordering of universes shows that on the Global Universal level, 6 universe is better than a 
universe. 
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4. these results of local and global ordering are also verified by the pie graphs 

1. Local ordering: we can observe local orders using these novel plithogenic hyper-supersoft matrices and 
local operators. Each operator reflects the state of mind of the decision-maker; for example, the Max 
operator reflects the optimal state of mind, the Min operator reflects the Passimistic state of mind, and the 
Average operator reflects the neutral state of mind. 
2. Global ordering: We can provide a global order by combining the results of all three rankings using the 
frequency matrix. These three rank orders are obtained from three aggregation operators that represent 
three states of the human mind. The ranking at the levels of global states will be transparent and impartial, 
taking into account three different states of the human mind 

3. Universal ordering: We can compare the universes by applying the max operator (t = 
1),the min operator (t = 2) and the average operator (t = 3) on cumulative memberships of the last 
row for each universe. The universe with the largest cumulative membership would be better, and further, 
a local ordering of the universes is obtained by arranging these cumulative memberships in descending 
order and the global ordering is offered by using the same scenario of the frequency matrix 
4. Extreme Universal Memberships: We can also find out the extreme values of these universes and can 
observe these attributes in the large universe made up of several smaller parallel universes. We can choose 
from among all universes the best-reflected attribute that is best in most universes. 
5. local and global ordering inside the universe: In this article, our focus is on the non-physical states of the 
subjects or universe. Local and global ordering We have offered a local and global ordering of states of 
subjects (Attributes, Sub-attributes) within a universe. 
6. local and global ordering of the Universe: Furthermore, a local and global ordering of states of the Universe 
is offered. The state of the universe is obtained by accumulating the states of all subjects of the given 
universe. 
7. Combined Consciousness of the Universe: The state of the universe is presented by the accumulated states 
of all its subjects. In this ranking model, the accumulated states of all subjects as a Combined 
Consciousness of the universe is offered in the form of universal memberships. 


9. Open problems: 

Now, let us list some of the open problems that could be addressed in future research. 

¢ In this article, we developed the LGU Combined Consciousness State Ranking Model in the plithogenic 
fuzzy environment. 

This model can be extended to other environments, such as intuitionistic environment, neutrosophic 
environment, or any other mixed environment according to the required conditions or states of mind of 
the decision-makers. 

¢ In addition, some other local operators can be used in the construction of the model according to the 
requirements of the relevant authorities. 

e Attributive and subjective ranking models can be constructed using the literature developed in this 
article. 
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Abstract: With the continuous advancement of science and technology, the decision-making 
environment faced by managers is increasingly complex, which puts forward higher 
requirements for managers. Due to the complexity of the multi-attribute decision-making 
problem, it is difficult for the decision-maker to make the correct choice. In addition, due to 
the influence of the educational background and limited knowledge of the managers, it is 
impossible to evaluate with simple statistical data. In essence, the location problem of low- 
carbon logistics parks isa MADM problem. Therefore, this paper establishes an optimization 
model to solve the multiple-attribute decision-making (MADM) problem with alternative 
preference and single-valued neutrosophic (SVN) information. Considering that the 
information of weight is unknown, a scientific model is built based on the minimum deviation 
method deriving the criterion weight. Furthermore, the above models and methods are 
extended to interval neutrosophic sets (INs). To verify the validity of the modified model, a 
numerical case for low-carbon logistics park site selection is taken as an example. Through 
the case study, we found that the method has strong operability and can make the most of the 


available information. 


Keywords: Multiple-attribute decision-making (MADM); single-valued neutrosophic sets 
(SVNSs); interval neutrosophic sets (INs); preference information; low-carbon logistics park 


site selection 


1. Introduction 


Decision makers (DMs) often have difficulty expressing their preferences accurately when 


presented with inaccurate, uncertain expression when solving MADM issues[1-5]. Fuzzy Sets 
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(FSs) [6]are considered to solve the MADM problems [7, 8]. Intuitionistic fuzzy sets (IFS)[9], as 
an extension, have subsequently been widely used in solving MCDM problems. Since IFSs 
consider both membership and non-membership, they are more flexible and practical than 
traditional FSs[10-14]. In some practical cases, membership, non-membership and hesitation of 
an element of IFSs may not be a specific figure. Therefore, it is extended to IVFS [15-20]. To 
represent uncertainty and inconsistency in information, Smarandache [21] introduced 
neutrosophic sets (NS) as an alternative to IFSs and IVIFSs. To facilitate practical application, 
the SVNS [22] and INS [23] were proposed as subclasses of NS, and then Ye [24] introduce‘ed 
SNS, SVNS and INS. According to the literature. NS is a generalization of FS, IFS, and IVIFS. 
In practice, SNS (SVNS and INS) are ideal for the expression of incomplete and uncertain 
information in practical applications. In recent years, SNSs (ins) and SVNSs (SVNSs) is the ideal 
choice for expressing incomplete, uncertain and inconsistent information. Sahin and Kucuk 
[25] gave the introduction of entropy measure of SVNSs. And correlation coefficient of SVNSs 
and the method of using SVNSs for decision making are introduced based on the preliminary 
knowledges. In a time-neutral environment, Broumi and Smarandache [26] built the correlation 
coefficients of INSs. While Zhang, Wang and Chen [27] developed INNWA operator and 
INNWG operator. Furthermore, Ye [28-32] introduced a similarity measure between SVNSs 
and INSs. Ye [33] examined interval-neutral MADM methods based on probability degree 
sequencing and ordered weighted aggregate operators. Ye and Jun [34] proposes an interval- 
neutral MADM with confidence information. Peng, Wang, Zhang and Chen [35] studied a 
transcendent approach to MADM problems with simplified neutral sets. With interval-value 
neutral sets, Zhang, Wang and Chen [36] devised a transcendent method to solve the MADM 
issues. In their paper, Tian, Zhang, Wang, Wang and Chen [37] examined the use of interval 
neutral set cross entropy. The SVNNWBM operator was proposed by Liu and Wang [38] using 
the Bonferroni mean, the WBM, and the normalized WBM. Liu, Chu, Li and Chen [39] 
combined Hamacher operator and generalized operator into NS, proposed the GNNHWA 
operator, GNNHOWA operator and GNNHHA operator. Zhao, Du and Guan [40] extended 
the GWA operator to work in line with the IVNS data. Liu and Wang [41] further proposed 
INPOWA operator. In their study, the preferred weighted average operator and priority 
weighted geometric operator for SNN [42] were then defined. Ye [43] proposed INWEA 
operator and DUNWEA operator based on exponential algorithm. Li, Liu and Chen [44] 


proposed some Heronian mean operators with SVNSs. 
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Knowledge explosion, information torrent, rapid technological change, rapid social 
change, rapid economic development, and so on, this is an era of change, but also an era of 
development. With the popularization of the Internet and the rapid development of the e- 
commerce industry, the way of shopping has gradually shifted from offline to online[45, 46]. 
Online shopping has become an indispensable part of contemporary people's lives, and the 
accompanying logistics system is an important part of it. support. The rapid development of 
SF Express, "Three Links and One Delivery" (Zhongtong, Shentong, Yuantong, Yunda Express), 
JD Logistics and other niche express delivery has driven economic growth, but their extensive 
logistics operations have also caused great damage to the environment. Influence. Logistics 
systems include a variety of activities, such as supplier production, transportation and 
distribution, that consume energy and emit carbon[47-50]. In the context of global warming 
and environmental deterioration, it is extremely urgent to develop low-carbon logistics[51-53]. 
Government departments have formulated a series of plans to implement them. The primary 
task of the logistics industry system from the perspective of low carbon is to carry out 
reasonable planning of logistics activities, build logistics parks and solve the problem of site 
selection of logistics parks[54-56]. The location of a low-carbon logistics park depends on 
factors such as the economic development of a certain place, market demand, low-carbon 
attributes of logistics and transportation routes, and whether carbon emissions meet 
environmental requirements[57-59]. In essence, the location problem of low-carbon logistics 
parks is a MADM problem. During the process of single valued neutral MADM with 
alternative preference information. The weights are not completely known or completely 
unknown. Nevertheless, none of the above methods are suitable for dealing with this situation. 
To overcome this limitation, it is necessary to find methods based on the minimum deviation 
method. The aim of this manuscript is to establish a method based on the least deviation 
method. We will introduce SVNSs in the next section of this paper. In Section 3, we build the 
MADM model under SVNSs, where the information about criterion weight is not completely 
known, and the attribute value and preference value of options are SVNNs. In Section 4, There 
is no complete information about criterion weight, and the attribute value and preference value 
are expressed as INNs. In Section 5, illustrative examples for low-carbon logistics park site 


selection are indicated. In Section 6, we summarize the full text. 


2. Preliminaries 
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Definition 1[60]. Assume W be a set with an element in a fixed set W, which is denoted by 


@.ANSs V in W isdefined by the function of truth-membership 7, (a) , indeterminacy- 
membership 2 (a ) and a falsity-membership function oO, (a ) . The functions 7, (a ) ; 
a (a) and oO, (a) are real standard or nonstandard subsets of |. ‘| , that’s, 


7,(@):W >] or] 2 (7):W > ] 01°] and 2(@):W >] or]. There is no 


restriction of 1, (a ) : go (a ) and C. (a ) , so 
O <supz, (w)+sup% (w)+supo, (7) <3°. 
Definition 2[22]. Let W be a collection in fixed set W, denoted byw. A SVNSsv in W is 


defined as follows: 
v={(o,z, (7),9(a),o, (o))w} (1) 


Where (x) , @& (a) and o,(a) are in the value of [0,1] , that is, 


1, (a):W —>[0,1],9 (7):W [0,1] and oO, (7):W [0,1]. And the sum of Z, (a), 


3(@) and o,(@) meets the condition 0<2,(7)+%(a)+o,(@)<3. Then a 


Vv 


simplification of V is represented by v = {(o.2, (a),9 (7),0, (a))|o € w} , which is a 


Vv 


SVNS. 


Vv 


For a SVNS \(a.2, (a). (a),0,(a))\a ew , the ordered triple components 


(x, (a) oF (a) 0, (a )) , are defined as a SVNN, and each SVNN can be expressed as 
v=(z,,2,,0,),where z, €[01],9, €[01],o, €[01], and 0<2,+9,40, <3. 
Definition 3[61]. Set v = (z,, a : o,) be a SVNN, ascore function yw is represented: 


2+2,-3,-a,) 
3 


vive! 


, w(v)e[0,1] (2) 

Definition 4[61]. Set v =(z,,.2,,0,) beaSVNN, an accuracy function 7 is represented: 
u(v)=2,-0,, x(v)e[-L]] . (3) 

Definition 5[61]. Let v=(z,,%,0,) and pw=(z,,9,,0,,) be two SVNNs, 


2+2,-9,-0,) 


yous : Pe da -<c,,) 


be the scores function, and let 


and y (4 
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u(v)=2,-0, and y(u)=2,—,, be the accuracy degrees, thenif y(v)<yw/(v), then 
v<yu;if w(v)=y(), then 
(1) ify(v)=y(v), then v= yp; (2)if w(v)<y(w), then v< yp. 
Definition 6[61]. Let v=(z,,9,,0,) and y=(z,,,9,,0,,) be two SVNNs, and some 
basic operations are defined: 
()v@yu=(z,+2,-72,1,,9,9,,0,0, ); 
(2)v@py=(z,2,,9,+9,-9,9,,0,+0,,-0,0, ); 


(4) (v)' =((2,)'.(G)' 1-(1-0,)'),a>0. 


Based on Definition 6, the following properties are derived. 


(3) av =(1-(1-2,)' (3) .(o,)'),4>0: 


Theorem 1[22]. Let v =(z,,3,,0,) and M= (419.0, ) be two SVNNs, J, /,,/, >0, 
then 

QvOeu=yOv; 

(2)v@yu=y"Sy; 

3)A(v@ yw) =AvOAu; 

(ven =(v)' @(u)': 

(5) Av BAv =(A,+A,)v; 

© (v} @v)* =)" 

Ay 

((v)") = (vy. 

Definition 7[61]. Let v, = (1, F408, )\(a =1,2,: 0) be a collection of SVNNs, and let 


SVNWA: O% > OQ, if 


SVNWA, (¥,,¥35°.%) = &(7,¥,) 


a=l 


(4) 


¢ 
where Y= (MeYorr Xe) be the weight of v,(@ =1,2,-++,8), and y, >0, ysl; 


a=l 


then SVNWA is called SVNWA operator. 
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Definition 8[25]. Let v=(z,,9,,0,) and =(,,,9,,0,,) be two SVNNs, then the 


Hamming distance is defined: 


a(v.a)=F( 


x, —,,|+ Bim: +|o,-0,]) (5) 


3. Models for SVN MADM issues 

(1) Let €= {E,sEr0" “, e,} be a discrete set of alternatives;(2) Let ¢ = Noses . AG be 
a set of attributes;3) Let v= (v,, Vert, V4) be subjective preference and 
v= (z,, > a Oy ) are SVSNs, which is subjective preference on alternative 
é, (a =1,2,---, ¢) (4) The criterion weights is incompletely known. Let 
i (YisYoots%p) eR be the weight of attributes, where 7,20, B=1,2,---,9 , 
pie Vee 1, R isa set of criterion weight, constructed by the following forms [62, 63], for 
a # BP: Form 1. A weak sequence: 7, = 7: Form 2. A strict sequence: 7, -—7%, 2,, €, >0 
Form 3. A sequence of differences: 7, — 7, 2Y7,-7 py for B#0O# p;Form 4. A sequence 
with multiples: 7,2%,%,; , OSm,S1 ; Form 5. An _ interval form: 
LS, S46, 46,08 6, <0, +6, <1. Suppose that V = (Vaz Ne = (Hig prs i is 
SVN decision matrix, 4 € [0,1], 2, € [0,1].o,, € [0,1] , O< apt higtOug <3, 
a =1,2,---,, B=1,2,-°:,Q. 


Definition 9161]. Let V=(Vig), =(HupsIipsFap),., 18 the SVN matrix, 


v= (v Vio tteV, ) be the attribute values for alternative €,,a =1,2,--+,@, then we call 


ai? 2" ap 


Ve =(t49+Fq) =SVNWA, (VaiVa29"" Vag) 
Q 
= Blrvte)=[!-T]0-20)" (95) (0~)" 


? 
pal p=l 
T . . . . 
the overall value of €,, where 7 = (7, Py rataare 4 a) is the criterion attributes. 


(6) 


2 
B=l 
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On the premise that the attribute weight is known, we can aggregate the weighted values 
into a total value through Eq. (6). According to the overall attribute value, we can make a final 
ranking of possible solutions, and finally choose the most suitable solution. 

If the attribute weight information of the decision model is unknown, to reflect the 
subjective preference and objective information of the DM at the same time, the optimization 
decision model is established. However, there are some differences between DM's subjective 
preference and objective information. To make decision-making more scientific and reasonable, 
the selection of attribute weight vector should minimize the total deviation between objective 
information and DM subjective preference. 


For 7, € 7, the deviation of alternative €, to DM’s subjective preference is defined as 


follows: 


Ka (1) =K (Vag Va) V2.0 = 120° B=12,°9. (7) 


Then K, ( Y ) denote the deviation of €, to DM’s subjective preference value V, . 


According to the above analysis, we must select the criterion weight vector to minimize 


all deviations of possible solutions. To this end, we establish a linear programming model: 


min K()= D> Ku (=D KV he) 


(M-1) : 
Subject to ae Ye =v, 29, 


iF 


If the attribute weight information is completely unknown, another programming model 


acs) 
I 
_— 
N 
s 


3 


Q, 


+ 


Kap — Ty, +|Oap =O; 


where K(VagsVq) =+( 7 =| 


3 


is established: 


The Lagrange function is constructed as follows: 
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G,—-3 


+ ap Ve 


+ 


LyA)=3 >>| 


1 B=1 


Mag — Ty, Cup —O,, 


4 


a pe ae 

\y B ie >» y B = (8) 

a= 6\ on 
where A is the Lagrange multiplier. 


Differentiating Eq. (8) and setting these partial derivatives equal to zero: 


OL no 
on (|p H, \+) 3-3, |+1o.,-9, )+ Ar, =0 
Vp a a a 
ae (9) 
2 
—=) y,-1=0 
oy d : 
By solving Eq. (9), we get the attribute weights: 
pa Hap —T,, +|9., =e. +a =O) 
72 oe 10 
7p = (10) 
>I ( Rigg Thy gg | Og | 
B=l 
By standardizing Vs ( BH=1,2,-°:, 2) be a unit, we have 
¢ 
> (leas -™, +19, -9,|+ Oo, 
=e (11) 
>> (Fea -*, +19,,-9, |+1ou -9,, 


We propose a practical method to solve MADM with alternative preference and SVNs. 


(Procedure one) 


Step 1. Let V =(Vip) = (Za aces Jap a SVN matrix, 7 =(HsYor""sY%p)be the 


9XD 


criterion weight, where 7, € [0,1] , B=1,2,-++,9, y isaset of the known weight 
information. Let Vv = (vi.V2.7%,) be subjective preference, V, = (z, ye, ) are 


SVNNs, which are subjective preference values on alternatives €, (a =1,2,--:, ¢) : 


Step 2. By solving the model (M-1), the partially known index values of the weight information 


are obtained. 


Step 3. Utilize the weight ¥=(MeVor Vo) and Eq. (7), we obtain the V, of 


E,(@=1,2,-++,). 
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Step 4. Obtain the scores y(v,) of Vv, (a =1, 2,-++,9) to rank all the solutions 
é (a =1, 2,-++,9) . Then we calculate the xv.) and x(V,) , and then rank the 
alternatives through v (v,) and y (v | . 

Step 5. Rank solutions €, (a =, 2,+++,0) and select the best one through y(v,) and 
UV, ) (a =1,2,-++,8). 

Step 6. End. 

4. Models for INS MADM problems 


Definition 10[23]. Let W be a collection with element in fix setW, denoted by @ . An INSs 


V in W is defined as follows: 

7 ={(o.7,(7).9(2),0;(@))}o ew} (12) 
where 7,(@), 3,(@)and o,,(@), which are interval values in the value of [0,1], that is, 
z, (a) [0.1], (a) [0.1] and ¢,(7)c[0.1] 
0<sup(x,())+sup( 9, ())+sup(o,()) <3. 

For a INSs {(a,7,(@),9,(@),0;(@))|o eW} , the ordered triple components 


Vv 


(x,(@).9,(@),0;(@)), are described as an INNs, and each INN can be expressed as 
¥=(4;,5,,6,)=([a¥ 27 ],[ 9% |. 67.67 ]}) ine: 
[ aa; |c[ou],] HH |< [ol]. 6.67 |c[Onl], and0< #7 +97 +67 <3. 

Definition 11[64]. Let 7 =([ #27 ],[ 9°,9 |,.[63.67 ]) bean INN, a score function y 


is represented: 


em asian oe Js (2424; - 9 - or) seceall AG 


Definition 12[64]. Let o=([a¥ 27 ],[ OH |. [67.67 ]) be an INN, an accuracy 


function y is represented: 


y (vj) ( €[- 1]. (14) 
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Tang [64] gave an order relation between two INNs. 


Definition 13[64]. Let v= (Ea #5 || 9 |, [6% .67]) and 

a=([at a) |, 9% |.[e% 67 ]) be two INNs, 

oe a Ae - 9 sca). 
(4; +#;)-(6F +65) 


be the scores of V and f/ , respectively, and let v (v)= 


x( p= Ebi) 185 +64) be the accuracy degrees of V and fi , then if 
y(V)<y(f2), then V< f;if y(V)=y(f), then 

(2) if y(V)=y(f), then V =f; (2)if 7(V)< x(f), then fi< fi. 

Definition 141271. Let 1, =([at ay |. [9.9 |e a7 J) and 
¥,=((4.4].[ 2.9 | [ee ]} be two INNs, and some basic operations are 


defined: 


| 7% 4 7X ZX 7% et a oe ae ee 

Kee a [aan ee Ody re ey eee, ae ee 

Mae @x gx gray |] [ex ex xy xy 
ea FHF, 116 Oy 30% a, | 

[ ~X ~X ny ny 

[Ae eo 3 its | 


(2) 7, @Y, =| [BY +H% — GG BY +H HG |, |; 


| 6 +6 G6 Gf +6, - 616 | 
ji-(1- ary a-(1-ay’ |, 

ll (me Va: Pome VA A A A 
(ay (RY [lary ay | 
(ay CY [AY 


(4)(¥,) =] - 


(3) Av, = >0; 


Theorem 2[27]. Let v= (Ea Fe HF | 6s 6 |) and 


0, =([4.42 [209 | [e627 ]) be two INNs, 4,4,,4, > 0, then 
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()¥, Ov, =¥, OF; 
(2) V, @V, =V, @V,; 
(3) A(¥, @¥,)=A¥, @Ay,; 
(4) (¥, @y,)’ = (v,)" @(V, y ; 
(5) AV, BAY, =(A,+4,)¥,; 
(6) (Vv, y @(Vv,)" =e (¥, yes 
aN An ae ae 
(1)((%,)") =. 
Definition 15[27]. Let = Vy = (ap. |. [5 |.[67.65 ])(B =1,2,--,@) 


(B =1,2,:--, 9) be acollection of INNs, and let INWA:Q° > Q, if 


rua)" TU ay" | Een tes)” 


where y=(7;,7)""s7%) be the criterion weight, and 7, >0, yy, =1, then INWA is 
a 

called INWA operator. 

Definition 16164]. Let 0, =([at ay [9H ].e%.67 J) and 

¥,=((4..4)].[ 2.9 ][e3.62]) be two INNs, then the normalized Hamming 

distance between 0, =([ar ay ].[ 99 |,.[o%,67 J) and 

¥, =((42.47],[ 28 | [ese ]) is defines: 


{et ae |+ [at - 27] +|9% - 9] + 
eS eae ee ae 06) 
3 — 3|+|6, —6; +|é - 65 


Let € , ¢ and y _ be presented as in_ section 3. Suppose _ that 


V=(Pop),., = ([Fao- Fes || Ko-Hep | LS zp-Fep ]), isthe | INN matrix, 
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[#254 [c[01], [R,8Jc[OpLoio'le[ qd. 0s tip+H, +62, <3, 
a=1,2,---,¢, B=1,2,---,@ . The subjective preference information on alternatives is 


known, andv, = (Ea i; i [ ae il |e Aros }) are INNs, which is subjective preference 


values on alternative €, (a =1,2,-+-, a) ; 


ais ceas 7 (x _ ~X -~Y Qx qy ~X ~Y ; 
Definition 17[27]. Let V = (Vag i = ([ Ap. Aap |o[ Hp Hp | S2-Se0 ]) is the INN 
matrix, V, = (7 V ytVag) be the vector of attribute values for €,,a =1,2,--+,@, then we 


al’?"a 


call 


=INWA, (¥41,025°**sVag) = B(% Map ) (17) 


T 
the overall value of € , where vy = (7 Ve xt ttn Y, zi is the criterion weight. 


When the attribute weight information is completely known, aggregate all the weighted 
attribute values corresponding to each alternative into a whole using Eq. (17). 

If the decision model is difficult to obtain attribute weight, sometimes the criterion weight 
information is completely unknown. To reflect the subjective preference and objective 
information of decision-makers, an optimization model is established to obtain the weight of 
attributes. However, there are some differences between DM's subjective preference and 
objective information. To make the decision more reasonable, the selection of criterion weight 
vector is to minimize the total deviation between objective information and DM subjective 
preference. 

The least deviation method was used to calculate the difference between DM's subjective 


preference and objective information. For the ¢, € ¢, the deviation of alternative €, toDM’s 


subjective preference is described as follows: 


K, (1) =K (Vag sVy)%ps@ =1,2,-+-49, B=1,2,--.9. (18) 
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92 
Let K, (7) = SK, (7) = Vk (Pah )7pe =1,2,---,@ Based on the above analysis, we 
Bal Bal 


must choose weights to minimize all deviations from all alternatives. To this end, we 


establish a linear programming model: 
: o @ o ee 
min K(7)= > Kap (7) = UK (Van Va) 0 
(M-3) a=l B=l a=l B=l 
Subject to Depa le =hY_ 20,8 =1,2,-,9 


~X ~X ~Y ~Y xX Qx 
oe 1| Zoe — 25, |+|\Fap — 25, +)2, — 
where K(VapsVa) - 6 QY _ qv x x y y 
+ ay — +|62, —O; +|6%, —O; 


By solving the model (M-3), we get the y= ( Mtoe Yo), which is used as attributes 


weight. 


If the information about criterion weights is completely unknown, we build another 


programming model: 


a=| B=1 
142 Laie eS +|fag — 7; +97, - 92 ee 
(M-4) Sige gt 2 8 |ule* we +|67 wy} |78 
EN ab ea | ap Stal [mee Oe 
en 8 
St. Dap = bY p 20,8 =1,2-.9 
To solve this model, we build the Lagrange function: 
~X ~X ~Y ~Y Qx Qx 
1 Da) Zap — 2, + \Fap — Be, | +} Sip — 9. |+ Ale 
L(r.A)= 7d ets] 1] as) 
: a x is eS = B B 
6 21 pal |e, - +|6%,- 6% |+ 6-5; 12\ 4a 


where / is the Lagrange multiplier. 


Differentiating Eq. (19) with respect to 7, ( B=1,2,-°°, ?) and J, and setting these partial 


derivatives equal to zero, 


aL ; AX, — Hx \+\At1, — 7; |+|9%, -— 

——= ; : Ay, =0 

Grp tail +|91, -H |+|63,-63 +4, a2 |} i 
one 

ae et 

aA drs 
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By solving Eq. (20), we get the attribute weights 


(21) 


j 2) be a unit, we have 


By normalizing y, =1,2 
y & Vp 
~X ~X Y ~Y Qx X 
3 Tig ~ 1; \+ lag — Fy, +183 = + 
QY Vg ~X xX ~Y ~Y 
a=l| Fig — 9; +63, O; |+|Ox, - Sy, ' 
Wj eX axl ley ey | gx  gxla ce 
yy Bap Hy.) aa 9, |" ap a, 
pal aal\ |, — FF |+|62, - 6% |+|Fry - Gy, 


Based on the above model, a practical method is proposed to solve INN-MADM with 


alternative preference information. The method includes the following steps 


(Procedure two) 
o 3 - 50 om be an INN matrix, where 
ab [6 ag? Pap | ip 


Step 1. Let V=(H9),.=([4 Wagitt, a [ ap? 
for €,€€ with respect to ¢,€¢, 


7 = xXx Y ~ ¥ 

Vag =| Ay ap ficg |» | Fo Sep | ke Cap? Gp | 

Pade oY ) be the weight of attributes, where 7, [ | B=1,2 

which is constructed by the forms 1-5. Let V =(V,,V,,""', be subjective preference 
y V2 J P 


V,= (Ea a ] ES a ] G o ])are INNs, which are subjective preference on 


alternatives €, (a =1,2,---, ¢) . 
Step 2. By solving the model (M-3), the partially known index values of the weight is obtained 


If the criterion weight is unknown, then we can obtain the criterion weights by Eq. (22) 
=1,2,-- -o) ; 


Step 3. Utilize v (WsYosto%p) and Eq. (17), we obtainthe V, of € (a 1,2 
a) to rank all the alternatives 


Step 4. Compute out the scores y( ) of Vv (a L2 
e. (@=1, 2,-++,0) then rank the alternatives €, and &, through x( ) and 
x (¥,) 
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Step 5. Rank all the alternatives €, (a =1,2,+-, m) and select the best one(s) throughy (Vv, ) 


and y(V,,) (a =1,2,-++,). 


Step 6. End. 


5. Case Study 


With the expansion of the e-commerce Internet, online shopping has been enthusiastically 
sought after by people, and the logistics industry has also risen rapidly. Logistics promotes 
economic growth and is increasingly prominent in the national economic status. However, as 
an indispensable part of the logistics industry, logistics parks have many difficult problems. 
Usually occupies a large scale, and the construction investment cost is high. Once completed, 
it is not easy to relocate, and today's environmental problems are becoming more and more 
serious. The basic criteria for planning and building a low-carbon logistics park It is "low 
energy consumption, high efficiency”. The location problem of low-carbon logistics parks can 
be regarded as a MADM problem. Generally, multiple decision-makers give corresponding 
evaluations to a limited number of alternatives under the influence of different factors, and use 
scientific decision-making methods to evaluate the relevant ones. The evaluation information 
is processed, so as to sort the different alternatives and make a reasonable choice. In this section, 
we apply the constructed model to a real-world example, taking the low-carbon logistics park 


site selection as an example. Through market research, a panel of five possible low-carbon 


logistics park sites €, (a =1,2,3, 4,5) was selected. The experts selected four indexes to 
evaluate five low-carbon logistics park sites: © ¢, is transportation and warehousing 
investments; @)¢,is regional goods material turnover; @)¢, is land use; @¢,is degree of 


environmental protection. Five possible low-carbon logistics park sites €, (a =], 2,3,4,5) 


will use the SVNNs by the decision maker under the above four attributes, as listed in the 
following matrix. 
[(0.5,0.8, 0.1) (0.6, 0.3, 0.3) (0.3, 0.60.1) (0.5,0.7,0.2) | 
(0.7, 0.2, 0.1) (0.7, 0.2; 0.2) (0.7, 0.2, 0.4) (0.8,0.2,0.1) 
V= (0.6, 0.7, 0.2) (0.5, 0.7, 0.3) (0.5, 0.3, 0.1) (0.6,0.3,0.2) 
(0.8, 0.1, 0.3) (0.6, 0.3, 0.4) (0.3, 0.4, 0.2) (0.5,0.6,0.1) 
(0.6, 0.4, 0.4) (0.4, 0.8, 0.1) (0.7, 0.6, 0.1) (0.5,0.8,0.2) 


DMs’ subjective preference value on alternative: 
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7, =(0.6,0.5,0.2), %, =(0.7,0.2,0.1),% =(0.3,0.4,0.3) 
¥, =(0.9,0.3,0.2),¥, =(0.5,0.6,0.4) 


Next, developed method is used to select the best location of low-carbon logistics park. 


Case 1: Criterion weight information is known as follows: 

y= {0.18 <y, <0.23,0.20< v, < 0.24,0.25 < v, < 0.30, 

4 
0.25<y, <0.33,7, 20,8 =12,3,4,) 5.7%) = i 

Step 1. The single-objective programming model is obtained as follows: 

min K(y) = 0.63337, + 0.66677, + 0.83337, +0.7000y, 
Solving this model, we get the weight of attributes: 7 = (0.2300 0.2400 0.2500 0.2800 id 
Step 2. Utilize the weight vy = ( Vig toes Yo) and by Eq. (6), we obtain the V, of the low- 
carbon logistics park site €, (a =1,2,:°-, p) : 


V, = (0.4845, 0.5667,0.1581),7, = (0.7322, 0.2000, 0.1670) 
(0.5538, 0.4468, 0.1854), 7, = (0.5824, 0.3040, 0.2135) 
(0.5633, 0.6348, 0.1670) 


V3 


II 


V; 
Step 3. Calculate the scores y (v,) of V, (a =1,2,+, p) 


v (V,) =0.5866,y (V,) = 0.7884, y (V,) = 0.6406 
y (¥,) = 0.6883,y (V¥,) = 0.5872 


Step 4. Rank all the low-carbon logistics park sites €, (a =1, 2,3, 4,5) through y(Vv.,) 
(a =], 2,°7,5):& > &, > &, > &, > &,, and thus the most desirable low-carbon logistics park 
site is €;. 

Case 2: When the weight is unknown, we use another method to get the optimal location 


of low-carbon logistics park. 


Step 1. Get the weight of attributes: 


y =(0.2235 0.2353 0.2941 0.2471 )' 
Step 2. Utilize the y= ( pete mee Yo) and Eq. (6), we obtain the overall values V,, of the 


low-carbon logistics park site €, (a =1,2,--:, p) : 
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V,= (0.4762, 0.5647,0.1537),¥, = (0.7286, 0.2000, 0.1770) 
Vz = (0.5498, 0.4425,0.1794),v, = (0.5732, 0.303 1,0.2172) 
Vz = (0.5727, 0.6296, 0.1618) 
Step 3. Compute out the scores y(V,) (a =1,2,---, p) of V, (a =1,2,-5+, ) : 
y(V,) = 0.5860, y(V,) = 0.7839, y (V,) = 0.6426 
y(V,) = 0.6843, y(v;) = 0.5938 


Step 4. Rank all the solutions through y (V,, ) 16, > €, > & > €, > €,, and thus the most 


desirable low-carbon logistics park site is €, . 
If the five possible low-carbon logistics park sites €, (a =1,2,3,4, 5) are to be evaluated 


using the INNs;, as listed in the following matrix. 


([0.5, 0.6], [0.8, 0.9], [0.1,0.2]) ([0.6, 0.7], [0.3, 0.4], [0.3, 0.4] 
([0.7, 0.9], [0.2, 0.3], [0.1,0.2]) ([0.7, 0.8], [0.1, 0.2], [0.2, 0.3] 

V=| ([0.6, 0.7], [0.7, 0.8], [0.2, 0.3]) ([0.5, 0.6], [0.7, 0.8], [0.3, 0.4] 
( 

( 


—@™— 


([0.8, 0.9], [0.1, 0.2], [0.3,0.4]) ([0.6, 0.7], [0.3, 0.4], [0.4, 0.5] 
| ([0.6. 0.7]. [0.4, 0.5], [0.4, 0.5]) ([0.4, 0.5], [0.8, 0.9], [0.1, 0.2] 
([0.3, 0.4], [0.6, 0.7], [0.1,0.2]) ([0.5, 0.6], [0.7, 0.8], [0.1, 0.2] 
([0.7, 0.9], [0.2, 0.3], [0.4,0.5]) ([0.8, 0.9], [0.2, 0.3], [0.1, 0.2] 
( 
( 


—" 


as 

) 
[0.5, 0.6], [0.3, 0.4], [0.1,0.2]) ([0.6, 0.7], [0.3, 0.4], [0.2, 0.3] 
[0.3, 0.4], [0.4, 0.5], [0.2, 0.3]) ([0.5, 0.6], [0.6, 0.7], [0.1, 0.2] 
([0.7, 0.8], [0.6, 0.7], [0.1,0.2]) ([0.5, 0.6], [0.8, 0.9], [0.2, 0.3] 


DM's subjective preference value on alternative is: 
¥, = ([0.6,0.7],[0.5,0.6],[0.2,0.3]), 7, =([0.7,0.8],[0.2, 0.3], [0.1,0.2]) 
¥, =([0.3,0.4],[0.4,0.5],[0.3,0.4]),7, =([0.9,1.0],[0.3, 0.4],[0.2,0.3]) 
¥, =([0.5,0.6],[0.6,0.7],[0.4,0.5]) 

Case 1: The attribute weights are partially known, 
y ={0.18< 7, $0.23,0.20< A, <0.24,0.25 < 7, < 0.30, 
0.25<y, <0.33,7,20,8=12,34, 4.7%) = i 
Step 1. Establish the ingle-objective programming model: 
min K(y)=0.6500y, + 0.7000y, +0.85007, +0.7333y, 


Xinrui Xu, Dexue Deng, Cun Wei, Location Selection of Low-carbon Logistics Park Based on the Neutrosophic Numbers Multiple 
Attribute Decision Making 


Neutrosophic Sets and Systems, Vol. 51, 2022 97 


Solving this model, we get the weight of attributes: 
y =(0.2300 0.2400 0.2500 0.2800 i 

Step 2. Utilize the ¥=(%,72,"7,7,) and Eq. (17), we obtain the V, of the low-carbon 

logistics park sites €, (@ =1,2,-+-,¢). 

[0.4845, 0.5168], [0.5667,0.6731],[0.1302, 0.2362]) 

0.7322, 0.8556],[0.1693,0.2722],[0.1670,0.2772]) 

0.5538, 0.6323], | 0.4468, 0.5540],[0.1854, 0.2905] 


| 
| 
[0.5824,0.6960],[0.3040, 0.4218], [0.2135, 0.3234] 
; = (0.5633, 0.4059], [0.6348, 0.7383], [0.1670, 0.2766] 


os 
»=( 
ia ) 
al ; ) 
; ) 


Step 3. Calculate the scoresy (7,.) of €, (a =1,2,---, ) 


y (V,) = 0.5658, y (7, ) = 0.7837,y (%,) = 0.6183 
y (¥,) = 0.6693, y (V7, ) = 0.5254 


Step 4. Rank all the low-carbon logistics park sites €, (a =1,2,3,4, 5) through scoresy (v,.) 
(a=1,2,-,5)of V, (@ =1,2,-++,0):& > & > €; > & > €5, and most desirable alternative is 
Bos 

Case 2: If attribute weights are completely unknown, we utilize an alternative approach to 


obtain the best low-carbon logistics park sites. 


Step 1. Utilize the Eq. (22) to get the weight of attributes: 


y =(0.2216 0.2386 0.2898 0.2500 ia 
Step 2. Utilize the y= ( Vis toes Yo) and Eq. (17), we obtain theV,, of the low-carbon 


logistics park site & 


a 


(a =1,2,---,¢). 

[0.4774, 0.5169 ],[0.5633, 0.6696] ,[0.1300, 0.2360]) 
0.7289, 0.8546], [0.1695,0.2723],[0.1763,0.2873]) 

0.5499, 0.6328], [0.4431,0.5503],[0.1802,0.2857]) 

JL 

IL 


0.5734, 0.6960 0.3040, 0.4209], | [0. 2171,0.3264 1) 
0.5714, 0.4078], 0.6312, 0.7346], | [0. 1617,0.2712 1) 


? 


= 
»=([ 
= 
o=([ 
s=([ 
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Step 3. Calculate the scores of V, (a =1,2,---, ¢) : 


y (¥,) = 0.5659, y (7) = 0.7797, (7%, ) = 0.6206, 
y (¥,) = 0.6668, y (¥,) = 0.5301 


Step 4. Rank all the low-carbon logistics park sites €, (a = 1,2,3, 4,5) through y(V,): 


&, > &, > &, > €&, > €;, and thus the most optimal low-carbon logistics park site is €, . 


6. Conclusion 


Under the background of increasingly standardized logistics market and increasingly fierce 
market competition, there is an increasing demand for establishing and improving logistics functions 
and information-based logistics centers. In order to respond to the new needs of economic and social 
development and advocate the concept of green, low-carbon and sustainable development, low- 
carbon logistics is the only way for the development of the logistics industry. The planning and 
construction of logistics parks are considered to be an important part of promoting the development 
of modern logistics. In the planning process of the logistics park, the layout and location function are 
the important basic parts that affect the overall development of the logistics park. Choosing a 
reasonable location is particularly important for building a logistics center. One of the most important 
parts of logistics park planning is the quantitative optimization of the logistics park location problem. 
In recent years, the location theory has developed rapidly, and there are many types of locations. The 
rapid development of the location theory of logistics parks is attributed to the informatization of 
today's science and technology, which provides a powerful tool for feasibility analysis and rational 
decision-making. The logistics park location problem is also regarded as a MADM problem. In this 
manuscript, we studied the SVN-MADM problem with alternative preference information. In the 
fuzzy background, the weight information of indicators is often uncertain, and based on this, the 
minimum deviation method is used to determine the weight of indicators. On the other hand, in the 
process of MADM, in order to obtain comprehensive evaluation information, The SVNWA operator 
is used to aggregate all decision information. Calculate the value of the scoring function and the 
accuracy function and rank the alternatives. On the basis of guaranteeing the validity, the calculation 
steps are relatively simple, thus realizing the operability. Furthermore, the above models and 
methods are extended to INNs. Finally, illustrative examples for low-carbon logistics park site 
selection demonstrates the extension of the model from theory to practical application. The 
constructed models and methods can be applied to other MADM problems, such as investment risk 
assessment, selection of commodity suppliers, selection of factory locations, etc. In the future 
research, we shall continue to focus on the detailed research of decision-making methods and 
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aggregation operators by fusing TODIM method[65-67], QUALIFLEX method [68-71], ARAS method 
[72-75], WASPAS method [76-79], Maclaurin symmetric mean (MSM) [80], Muirhead mean (MM) [81- 
84] and power average (PA) [85, 86] operators to Neutrosophic numbers and propose some new 


MAGDM methods. 
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Abstract: Road traffic management has been a serious concern in the transportation sector for many 
years now. The explosion of the number of cars along with the inability of creating new high- 
capacity road infrastructures in big cities makes mitigating this danger a problem for the scientific 
research community. Traffic congestion contributes to increased pollution, economic loss, and a 
general deterioration in the quality of life. As a result, researchers are being asked to cope with the 
complexity of establishing effective and smooth traffic flow. However, as in traffic congestion 
control, real-world decision-making problems are always fraught with uncertainty and 
indeterminacy. The neutrosophic environment has been applied successfully to deal with these 
problems and recently, researchers tried to use various neutrosophic approaches to tackle the traffic 
congestion problem. This paper provides a brief overview of the most recently used neutrosophic 
techniques to handle traffic congestion and transportation problems in general. The aim of the 
investigation is to Summarize the available neutrosophic traffic flow problems and their progress 
to enable future researchers to differentiate the major problems to be manipulated and identify 
conditions to be optimized. 


Keywords: Road traffic control; Intelligent Traffic Management System; Neutrosophic 
environment; Neutrosophic logic; Neutrosophic approaches. 


1. Introduction 


Transport researchers have long worked to improve traffic management on urban roads. 
Congestion is a critical issue affecting negatively road users and traffic controllers. Despite the 
important attempts and research that have been made to minimize traffic congestion, this serious 
problem continues to worsen [1]. The direct reason for this is the slow development of transportation 
systems and road capacity as well as the explosive growth of urban and rural population rates, which 
causes an increase in vehicle demand and hence the vehicles’ number on the roads. Thus, traffic 
congestion is a serious matter that should be urgently addressed in order to offer a safe and healthy 
environment for people [1]. 
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In order to manage the traffic flow, the road traffic management system takes various real-time 

decisions [3]. As existing practical situation traffic flow parameters involve vagueness due to several 
uncontrolled factors so that the developed models unable to tackle such conditions [4]. For instance, 
the number of vehicles in a specific lane in real-time is always unknown precisely. Furthermore, the 
non-recurrent traffic congestion sources, which are special incidents that happen suddenly as shown 
in Figure 1, cannot be accurately managed. This gives rise for the use of fuzzy logic controllers in 
traffic management endeavor. The concept of fuzzy set, which is initialized by Zadeh in 1965 [5], has 
been widely applied in problems that include uncertainty and vagueness since it imitates human 
perception and thinking based on linguistic information. 
Neutrosophic concept was initialized by Florentin Smarandache in 1995 as an extension of the fuzzy 
logic and its derivatives. It goes beyond the fuzzy set and fuzzy logic by expressing the false 
membership information and beyond the intuitionistic fuzzy set and intuitionistic fuzzy logic by 
handling the indeterminacy of information. Neutrosophic logic is a logic in which each proposition 
is estimated to have a degree of truth (T), a degree of indeterminacy (neutrality) (I), and a degree of 
falsity (F). It can then handle the uncertainty and impreciseness related to the road traffic flow that 
the fuzzy logic may fail to properly address. 

The forthcoming part of the study is arranged as follows. In Section 2, an introduction of the 
basic concepts that we focus on in this paper is provided. In Section 3, some of the available methods 
in the scientific literature that tackle road traffic problems based on the Neutrosophic sets are 
presented. In Section 4, a comparative analysis is provided for the different presented methods. 
Finally, section 5, introduces the main challenges and future perspectives and concludes our brief 


review. 


Heavy snow. Public works, 

Heavy rain. construction 
Foggy and 

weather maintenance 


activities. 
® 


Figure 1: Non-recurrent traffic congestion sources. 


2. Basic concepts 


This section introduces some of the fundamental principles covered in this paper as shown in 


Figure 2. 
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Neutrosophic Set 


interval Neutrosophic Set 

interval valued intuitionistic fuzzy Set 
intuitionistic fuzzy Set 

Furry Set 


Classical Set 


Figure 2: Relationship between classical, fuzzy, intuitionistic fuzzy, interval-valued intuitionistic 


fuzzy, interval neutrosophic sets, and neutrosophic sets. 


2.1 Fuzzy set (FS) 


When we encounter vagueness in our daily life activities fuzzy theory is the right tool to overcome 
it. It is often applicable transportation engineering and planning. In classical set theory if an element 
belongs to a set its membership degree is simply 1 and if it does not belong to a set its membership 
degree is 0. In contrast, in the theory of vagueness the degree to which the element belongs to a set is 
not clearly known, instead we use values in the interval [0,1]. This type of set is called fuzzy sets. So, 


a fuzzy set is identified by its membership degree alone. 


2.2 Intuitionistic fuzzy set (IFS) 


Let X be the universe of discourse. A set A €X that can be written in the form A= 
{(X, Ua (x), Ua, (X),); x © X is called an intuitionistic fuzzy set where, [a (x), Ug (x) are degree of 
acceptance and degree of rejection of the element x in A respectively are each subsets of [0,1] such 
that, 0 < wu, (x) +v, (x) < 1.In addition, for A in X ,m,4(x) = 1 - way (x) — vy (x) is called the 
intuitionistic fuzzy set index or the degree of indeterminacy of x€ X and foreveryx €X,0<S m, $1. 


2.3 Neutrosophic logic 


In Neutrosophic logic each statement has a truth degree (T), an indeterminacy degree (neutrality) (I), 
and a falsity degree(F), where T, I, F € [0, 1] and 0 < T+I+F <3. The degrees T, I, F are nondependent 


to each other. 


2.4 Single valued neutrosophic set (SVNS) 


If in a set A every member of A has a degree of belongingness (lq (x)), a degree of indeterminacy 
(vq (x)) and a degree of non-belongingness (w, (x)), with ba (x), Ua (x), Wa (x) € [0,1],then the set 
is asingle valued neutrosophic set and x = x(t, (x), Ug (x), @, (x)) is a single valued neutrosophic 
element of A such that we have the following relations between the three degrees 

O < wy (4), Vag (X), Wy (x) S Land 
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0 < wy (X)+v,y (x) +o, (x) S$ 3 Vx EX 


2.5 Interval valued neutrosophic set 


If in a set A every member of A has a degree of belongingness |, (x), a degree of indeterminacy 


va (x) and a degree of non-belongingness wa (x), with [ta (x), Vg (x), Wa (x) are all elements of the 
closed interval [0,1], and wa (x) = [HaG0, 7,0], va = [va@),Ta@)], 4 (%) = [wa(%), Gq C0] are 


respectively upper and lower degree of belongingness , upper and lower degree of indeterminacy 


and upper and lower degree non-belongingness , then A is an interval valued neutrosophic set. 
2.1 Soft Set 


Neutrosophic sets may be combined with other types of sets to get another hybrid structure which 
can be applicable in transport engineering. One of such type of set is a soft set which is initiated for 
the first time by Molodtsov in 1999 and defined as follows. 

Let X be a universe of discourse and P be a set of parameters. Let P (X) denote the power set of X 
and A € P. A combination (F,A) is called a soft set over X, where F is a mapping given by F: A~P 
(X). In other words, a soft set over U is a parameterized family of subsets of the universe X. For e €A, 
F (e) may be considered as the set of e-approximate elements of the soft set (F, A). Clearly, a soft set 


is not a set in a classical sense. 


3. The Application of Neutrosophic Theory in Intelligent Traffic Management Systems 


This section outlines some of the suggested Neutrosophic logic-based solutions for managing traffic 


flow and transportation problems in general. Table 1 summarizes these approaches. 


Jun Ye introduced in [6] the neutrosophic linear equations, the neutrosophic matrix and the 
neutrosophic matrix operations relying on the Neutrosophic Numbers concept. Then, he chose the 
traffic flow case study to apply the neutrosophic linear equations system in a real scenario and 


demonstrate its efficiency in handling the indeterminacy problem of a real environment. 


For traffic management, El Bendadi et al. suggested in [7] two clustering strategies namely, Credal 
C-Means clustering (CCM) and Neutrosophic C-Means clustering (NCM). When overlapping items 
are found, both proposed techniques have a comparable propensity to construct a novel cluster that 
determines the imprecision object. The indeterminacy cluster is interpreted differently by each 
approach. The CCM algorithm forms a number of meta-cluster that is proportionate to the number 
of singleton clusters, while the NCM approach represents all indeterminate items with a single 


indeterminacy cluster. 


In [8], Muhammad Akram created a traffic-monitoring road network model based on the notion of 
bipolar neutrosophic planar graphs. The suggested approach may be used to compute and track the 
yearly accident proportion. The overall number of accidents can be reduced by monitoring and 


installing additional security measures. 
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Nagarajan et al. studied in [9] a triangular interval type-2 Schweizer, Sklar weighted arithmetic 
(TIT2SSWA) operator, a triangular interval type-2 Schweizer and Sklar weighted geometric 
(TIT2SSWG) operator based on Schweizer and Sklar triangular norms. Afterward, the validity of 
these operators was examined based on a numerical example, and then an interval neutrosophic 
Schweizer and Sklar weighted arithmetic (INSSWA) and interval neutrosophic Schweizer and Sklar 
weighted geometric (INSSWG) operators were proposed in order to extend these operators to an 
interval neutrosophic environment. Moreover, a new traffic flow approach is introduced based on 
the presented operators as well as an improved score function. The score function was used to 
analyze the traffic flow based on TIT2SSWA and INSSWA operators as well as TIT2SSWG and 
INSSWG operators. Both used methods identified the same intersection as the more congested one. 
In another paper [10], Nagarajan et al. used the Gauss Jordan method to examine the flow of traffic 
in a neutrosophic environment and under various indeterminacy ranges. 

In another paper, Nagarajan et al. proposed [11] Dombi Single valued Neutrosophic Graph and 
Dombi Interval-valued Neutrosophic Graph. Furthermore, the Cartesian product and composition of 
the suggested graphs were extracted and then verified with the numerical example. The 
Neutrosophic Controllers' importance and their use in managing traffic are theoretically emphasized. 
It has been pointed out that the triangular norms T Norm and T-Conorm can be utilized rather than 
minimum and maximum operations in control systems like traffic management systems. Finally, the 
pros and cons of some fuzzy logic methods and neutrosophic logic methods have been discussed. 
Finally, In another paper, Nagarajan et al. [12] examined the traffic flow control in a neutrosophic 
environment under diverse ranges of indeterminacy and then proposed a road traffic study based on 


Crisp, Fuzzy, and Neutrosophic. 


Phillip Smith introduced in [13] a Multiple Attribute Decision-Making (MADM) method for picking 
out sustainable public transportation systems under uncertainty, which means using incomplete 
information involving single-valued neutrosophic sets (SVNSs) which means in turn a generalization 
of a classical set, a fuzzy set, and an intuitionistic fuzzy set. In the context of the Public Transit 
Sustainable Mobility Analysis Tool (PTSMAT) SVNSs and SVNS connectives are demonstrated and 
used with a composite (multiple attributes) sustainability index. The results of the presented case 
study of PISMAT for the UBC Corridor study in Vancouver, Canada are identical to those of the 
original study despite the fact that neutrosophic formalism opens a wide range of possibilities for 
recognition of uncertainty in sustainability assessment. The results of the presented case study of 
PTSMAT for the UBC Corridor study in Vancouver, Canada are similar to those obtained in the 
original study despite the fact that to recognize the uncertainty in sustainability assessment, 


neutrosophic formalism opens a wide range of possibilities. 


In [14], R. Sujatha et al. used Fuzzy Cognitive Map and Induced Fuzzy Cognitive Map to examine 


road traffic flow patterns at a congested intersection in Chennai, India's biggest city. 


A new emergency transport model that simulates emergency transport from the logistics center to 
each incident area as well as between incident locations was created by Lin Lu and Xiaochun Luo in 


[15]. The emergency transshipment problem was transformed into a multiattribute decision-making 
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problem using the SVNS concept in indeterminate and uncertain circumstances. The suggested 
technique was applied in an emergency operation scenario to rank and select effective transportation 
routes. 

In developing countries, to control traffic flow at signaled crossroads, The fixed-time traffic light 
control method is used. However, this method does not allow congested intersections to identify their 
level of congestion and therefore allows vehicles to cross the intersection. To deal with this challenge, 
road managers must set their opinions and create an intelligent automated decision-making system 
to replace them. The manager’s decision process might be analyzed utilizing the approach of Interval- 
Valued Neutrosophic Soft Set (IVNSS) theory to take advantage of fuzziness in traffic flow and 
determine efficient timings and optimal phase change. Enalkachew Teshome Ayele et al. [16] 
suggested an IVNSS traffic management system that can ameliorate traffic congestion control. It 
evaluates the different phases and timings of the traffic light based on the real-time traffic density at 
the intersection rather than a fixed phase and duration. 

Under neutrosophic statistics, Muhammad Aslam created a control chart for neutrosophic 
exponentially weighted moving average (NEWMA) using recurrent sampling in [17]. To track traffic 
collisions on the highway (RTC), the author employed a NEWMA chart. The proposed NEWMA 
chart goes beyond the previously proposed control charts for tracking the RTC, according to a 
simulated study and a real-world example. According to the comparative study, the presented 
NEWMA chart might be utilized to successfully regulate RTC. The new chart will allow changes in 


accidents and injuries to be detected faster than previous charts. 


In [18], Rayees et al. identified four different kinds of Plithogenic hypersoft sets (PHSS) relying on 
the application-specific features number used, the type of alternatives, or the degree of attribute value 
appurtenance. These four PHSS categories cover the fuzzy and neutrosophic situations that may have 
neutrosophic applications in symmetry. They then proposed a new multi-criteria decision-making 
(MCDM) technique based on PHSS (TOPSIS) as an extension of the method for order preference by 
similarity to an ideal solution. Uncertainty complicates a variety of real-world MCDM scenarios, 
necessitating the division of each selection criterion or attribute into attribute values and the 
independent evaluation of all options against each attribute value. The suggested PHSS-based 
TOPSIS may be utilized to tackle real MCDM challenges that are precisely defined by the PHSS notion 
depending on the provided criteria. The proposed PHSS-based TOPSIS resolves a parking space 
Choosing issue in a fuzzy neutrosophic environment in a real-world application, and it is verified by 


comparing it to fuzzy TOPSIS. 


In [19], Simic et al. expanded the CRITIC and MABAC approaches to type-2 neutrosophic sets for the 
selection of public transportation pricing systems, and Pamucar et al. proposed in [20] a hybrid model 
that comprised fuzzy FUCOM and neutrosophic fuzzy MARCOS for assessing alternative fuel 


vehicles for sustainable road transportation in the United States. 


For controlling road accidents and injuries when the smoothing constant is uncertain Muhammad 
Aslam and Mohammed Albassam [21] proposed an S2N NEWMA control chart to track road 
accidents and injuries by employing repeated sampling. The tables and control chart figures are 


generated using the neutrosophic Monte Carlo simulation. This chart identifies changes in accidents 
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and injuries quicker than prior charts, lowering and pinpointing the causes of traffic accidents and 


injuries. 


In [22], M. Abdel-Basset et al. stated that autonomous vehicles play an important role in the intelligent 
transportation system; nonetheless, these vehicles pose a number of risks. As a result, anovel hybrid 
model is proposed for recognizing these hazards. This process contains uncertainty and foggy data. 
The neutrosophic hypothesis is used to deal with uncertainty. The neutrosophic theory provides 
three membership functions: true, indeterminacy, and false (T, I, F). In this study, the concept of 
MCDM is combined with neutrosophic theory since autonomous vehicles have several contradictory 
criteria. First, the Analytic Hierarchy Process defines the weights of criteria (AHP). Second, to assess 
the dangers of autonomous cars, approaches such as Multi-Attributive Border Approximation Area 
Comparison (MABAC) and Preference Ranking Organization Method for Enrichment Evaluations II 
are utilized (PROMETHEE II). In the case study, ten distinct choices were used. An understanding 
and a sensitivity analysis of this process in an uncertain environment are given to demonstrate the 


robustness of the suggested model. 


In [23], F. Xiao et al. introduced a method that ameliorates the multi-valued neutrosophic 
MULTIMOORA method relying on prospect theory. The suggested approach is utilized to select a 
suitable subway building scheme. Firstly, Multi-valued neutrosophic sets (MVNNs) were utilized to 
offer evaluations of subway building. Secondly, the IGMVNWHM operator is added, which takes 
into account the inputs interactions. Thirdly, a new distance measure between two MVNNs is 
determined. The fourth approach is an IMVN-PT-MULTIMOORA technique. 


Nasrullah Khan et al. presented in this article [24] neutrosophic multiple dependent state sampling 
control chart for the neutrosophic EWMA statistic. The control chart coefficients were set by the 
neutrosophic statistical interval method for different process settings. The neutrosophic average run 
lengths and the neutrosophic standard deviation have been estimated by the Monte Carlo simulation 
to verify the efficiency of the suggested chart. A comparison of this chart with existing charts has 
been done. As result, this chart is comparatively robust in monitoring the incomplete, and unclear 
quality characteristics. However, the production process should adhere to the normal distribution, 
which represents a limitation of this study. The presented chart could be used in the chemical, 


packing, and electronic industries. 


In [25], Fayed et al. introduced a robust occupancy detection system that relies on a novel fusion 
approach for merging heterogeneous sensor data that significantly enhances occupancy detection 


efficiency. The suggested method is suitable for use in traffic management. 


Table 1. An overview of the most Neutrosophic approaches that deal with the problem of road 


traffic congestion 


Year Ref Scope Contributions and Methods Topics 


used 


2017 Jun Ye[6] TrafficFlow A_ traffic flow problem * Neutrosophic Numbers and 


application example is Their Operational Laws. 
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offered to demonstrate the 
application and efficacy of 
employing the system of 
neutrosophic linear equations 
to solve the indeterminate 


traffic flow problem. 


* Neutrosophic Linear Equations 
and Neutrosophic Matrices. 

« A Neutrosophic Linear 
Equations System Solving. 

" A Traffic Flow Problem 
Application. 


2018 El Road Safety The Credal C-means (CCM) *® CCM working Principle. 
Bendadi and Neutrosophic C-means *NCM working Principle. 
et al. [7] (NCM) algorithms describe = Comparison of the CCM and 
the credal clustering and NCM algorithms for different 
neutrosophic clustering datasets based on different 
respectively. To demonstrate criteria namely, error rate, 
their behavior and efficacy, imprecision rate, intra class 
real-world road safety data inertia. 
were tested and their results 
compared. 
Muham _ Traffic Some applications of bipolar * Bipolar Neutrosophic Graphs. 
mad Monitoring neutrosophic graphs were #* Applications to MCDM. 
Akram described. * Bipolar Neutrosophic Planar 
[8] Graphs. 
* Applications of Neutrosophic 
Planar Graphs. 
* Bipolar Neutrosophic Line 
Graphs. 
* Application of Bipolar 
Neutrosophic Line Graphs. 
2019 Nagaraja TrafficFlow Tocontrol trafficflowthathas * Basic concepts of a traffic 
net al. [9] been analyzed by control system, fuzzy logic’ 
determining the intersection role, output methods from 
with more vehicles, an fuzzy linguistic terms and 
improved score function for _ structure of the fuzzy control 
interval neutrosophic system. 
numbers (INNs) is proposed. * Operational laws. 
* Neutrosophic perspective. 
" Traffic flow using proposed 
operators. 
Nagaraja TrafficFlow MATLAB’ is used to #® Bipolar Neutrosophic Line 
n et Control investigate traffic flow Graphs. 
al.[10] control in a neutrosophic # Basic concept: Single Valued 


environment using Gauss 


Jordan method. 


Neutrosophic Set, Gauss 
Jordan Method. 
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* Description of the proposed 


methodology 
Nagaraja ‘Traffic Dombi Single valued = Basic Concepts: Graph, Fuzzy 
n et Control Neutrosophic Graph and Graph, Dombi Fuzzy Graph, 
al.[11] Dombi Interval valued Single Valued Neutrosophic 
Neutrosophic Graph have — Graph, Interval Valued 
been suggested. As well as Neutrosophic Graph, 
the theoretical significance of | Triangular Norms, Dombi 
Neutrosophic Controllers Triangular Norms, Hamacher 
and their application in traffic | Triangular Norms, Dombi and 
control management. Hamacher Triangular Norms 
Special Cases, Standard 
Products of graphs, 
Neutrosophic Controllers. 

* Proposed Dombi Interval 
Valued Neutrosophic Graph. 

* Traffic Control Comparison 
based on divers types of set 
and Graph theory. 

Nagaraja TrafficFlow The Jordan approach is used = Neutrosophic number. 
n et in this study to evaluate * Application: at analyzing the 
al.[12] traffic flow control in a traffic flow 
neutrosophic environment. 
Phillip Transportati A multi-attribute decision- = Neutrosophic sets. 
Smith on making method for selecting * Single-valued neutrosophic 
[13] Sustainabilit | sustainable public averages. 
y transportation systems in the * Score functions 
Assessment uncertainty, represented by #® Cross-entropy. 
SVNSs and their = Application to sustainable 
connectives. transport. 
R Sujatha Crowded Some traffic | congestion Fundamental concepts of 
etal. [14] junction causes are unknown and _ Fuzzy Cognitive Maps and 
in Chennai indeterminate, Thus, Neutrosophic Cognitive Maps. 
Neutrosophic Cognitive = Description of the traffic 
Maps is employed in this congestion problem. 
paper to identify asolution. | " Comparison of expert’ opinion. 
2020 Lin Lu _ Emergency In confusing and uncertain = Methods: The Basic Concept of 
and Transportati environments, the SVNS is  Single-Valued Neutrosophic 
Xiaochun onProblem — used to turn the emergency _ Set. 
Luo [15] transshipment problem into a 
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multiattribute decision- 


making problem. 


= Anew emergency transport 


model is presented. 


Enalkach Trafficlight To manage both phase # Preliminary concepts: Soft Set, 
ew Control change and green time Single valued neutrosophic set, 
Teshome extension / termination based _ Interval Valued Neutrosophic 
Ayele on the traffic circumstances at _ Set. 
[16] any time, an algorithm is = The proposed two stage IVNSS 
proposed in this paper. traffic light control model and 
its verification. 
Muham ~~ Road traffic | The suggested Neutrosophic ® Neutrosophic EWMA chart 
mad crashes Exponentially Weighted _ using repetitive sampling. 
Aslam monitoring Moving Average (NEWMA) #* Comparative study based on 
[17] chart is used to monitor traffic | Road Traffic Crashes 
accidents. simulation data. 
* Using real-time data to 
monitor road traffic accidents. 
Muham Solve In a real-world application, * The Four Classifications of 
mad a parking the suggested Plithogenic PHSS. 
Rayees problem fuzzy hypersoft set (PHSS)- = The Proposed PHSS-Based 
Ahmad based TOPSIS solves a TOPSIS Applied to a Parking 
[18] parking place _ selection _Issue. 
problem in a __ fuzzy 
neutrosophic environment. 
2021 Simic et Public The public transport services ~ 
al. [19] transportatio pricing is a complicated 
n pricing problem that authorities must 
system handle since numerous 
selection elements must be observed 
when deciding on a pricing 
scheme. A two-stage hybrid 
MCDM model based on type- 
2  neutrosophic numbers 
(T2NNs) is presented to offer 
researchers and practitioners 
a simple and__ flexible 
decision-making tool. 
Assessment The goal of this research is to =" AFV assessment methodology. 
Pamucar  ofalternative create a multi-criteria = Case study in the New Jersey. 
etal. [20] fuelvehicles decision-making (MCDM) 
for framework that combine 
sustainable fuzzy FUCOM and 
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Muham 
mad 
Aslam 
and 
Moham 
med 
Albassa 
m [21] 
M. 
Abdel- 
Basset et 
al. [22] 


Fei 
et al. [23] 


Xiao 


Nasrulla 
h_ Khan 
[24] 


road 
transportatio 


n 


Reducing 
and 
identifying 
the causes of 
traffic 
accidents 


and injuries 


Risk 
Management 
in 
Autonomous 
Vehicles 


Traffic flow 
and its 
application 
in a multi- 


valued way 


Tracking 
Traffic 
Accidents 


and Injuries 


neutrosophic 
MARCOS 
various Alternative 
Vehicles (AFVs) 


sustainable transportation. 


fuzzy 
for prioritizing 
Fuel 


for 


The use of a neutrosophic 
statistical approach for road 
safety. 


To represent and _ handle 
uncertainty and incomplete 
risk information consistently 
and reliably, the proposed 
model combines the single- 


valued neutrosophic sets, the 


AHP, MABAC, and 
PROMETHEE II 
methodologies. 

This paper improves the 
multi-valued —neutrosophic 
MULTIMOORA method. 


The Use of Neutrosophic 
Weighted 


Moving Average Statistics in 


Exponentially 


Tracking Road Accidents and 


Injuries 
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" The Proposed S2N -NEW M A 
Chart. 
* The Proposed Control Chart 


* Neutrosophic linguistic 
information. 

* Suggested hybrid MCDM 
approach. 


" Preliminaries: Multi-valued 
neutrosophic sets (MVNNs), 
Heronian Mean (HM) 
operators, The MULTIMOORA 
method, Prospect theory. 

* IGMVNWHM operator, 
Distance measure between two 

MVNNs and IMVN-PT- 

MULTIMOORA method. 

Solution framework for MVN- 

MCGDM problem. 


Methodology of the Proposed 
Chart. 

" The Proposed NEWMA X-Bar 
Control Chart Based 
on Multiple Dependent State 
Sampling. 

* The Proposed Neutrosophic 
Control Chart Simulation 
Study. 
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2022. Noha S. Improving The suggested approach =® The efficient occupancy 


Fayed occupancy addresses sensor data detection system and its 
[25] Detection uncertainty using —_ evaluation. 
system. Neutrosophy. It also 


enhances reliability by 
combining data from various 
sensors. Training and testing 
time is decreased since it only 
employs one feature created 
by fusing input from many 


sensors. 


4, Comparative Analysis 
Table 2 below gives a comparative analysis of the different neutrosophic methods used recently in 
the literature for traffic management and transportation system improvement in general, in order to 


understand each method's key role, advantages, and limitations. 


Table 2. Comparison of different neutrosophic methods used for traffic management. 


Types Advantages Limitations 
Neutrosophic Sets = Inneutrosophic theory, we use * Calculations errors can't 
neutrosophic numbers -> a + Ib be rounded up and down. 


where a, Db € R. 

» Addresses uncertainty as well as 
uncertainty caused by unpredictable 
environmental disturbances 

« The Neutrosophic set presents the 
degrees of membership, 
indeterminacy, and non-membership 
of the element x € S. For instance: 
14(0.5,0.1,0.4) € S means probability of 
50% ‘x’ belong to the set S 10% 'x' is 
not in S and 40% is undecided. 


« The operations are entirely different. 


Interval Valued * Adaptability and flexibility. =" Can't handle criterion 
Neutrosophic Sets " handles more uncertainty and incomplete weight 
indeterminacy. information. 


= Calculations errors can be rounded 
up and down. 

* Can handle problems with one 
number or a group of numbers in the 


real unit interval. 
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Neutrosophic 
Graphs 

Interval Valued 
Neutrosophic 
Graphs 

Dombi 
Neutrosophic 
Graphs 

Dombi Interval 
Valued 
Neutrosophic 
Graphs 

Type 2 fuzzy and 
interval 
neutrosophic 
Single valued 


neutrosophic _ sets 
(SVNSs) 


Neutrosophic 


Cognitive Maps 


Neutrosophic 
Markov 


An optimized output is possible if 
the paths and the terminal points are 


uncertain. 


Can address additional uncertainty 
discovered in terminal points 


(vertices) and paths (edges). 


Can handle indeterminacy. 


Can handle uncertainty well for 


interval values. 


Based on a rule that fully accepts 
uncertainties. 


Adaptability. 


Can handle uncertain and 


inconsistent information. 


Provide the ability to treat the relation 
between two vertices as 


indeterminate. 


Can handle the occurred 
indeterminacy in a system. 

The neutrosophic Markov chain's 
equilibrium state demonstrates the 
ability of traffic states transitions 
accurately in order to predict the 


traffic. 


Can’t deal with more 


uncertainty. 


Can't handle incomplete 
criterion weight 


information. 


Can’t handle uncertainty 


for interval values. 


Can't handle incomplete 
criterion weight 


information. 


The membership functions 
are fuzzy thus 
computational complexity 
is high. 


* Not flexible and 
practical than interval 
valued neutrosophic 


sets 


«= No comparative work 
has been done with 
respect to the existing 
models in relation to 
waiting time 

« Applicability for other 
types of traffic 


junction is not clear 


Applicable only for T- 
shaped traffic junction 
Applicability for other 
types of traffic junction is 


not clear 
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* Regarding the stability of traffic 
states, verification of ergodicity can 


be achieved in a minimum of steps. 


Interval valued = Applied parameterization tools in «" The model is not 

neutrosophic _ soft which others techniques lack validated. 

sets =" The method is verified with * Other parameters like 
numerical example pedestrian movements 


and emission of pollutants 


are not considered 


5. Conclusion and Future Challenges 


For many years, road traffic control has been a major problem in the transportation field. Traffic jam 
adds to increased pollution and an overall decline in life quality. Real-world decision-making 
challenges, such as controlling traffic congestion, are always vague and indeterminate. Therefore, the 
neutrosophic environment has been effectively used to address these problems, and lately, 
researchers attempted to employ several neutrosophic techniques to address transportation 
problems. 

In this paper, we have conducted a brief review that deal with the use of neutrosophic logic in the 
field of traffic control. The review concentrated on several methods for describing and optimizing 
traffic flow. The review looked at several traffic management approaches in a neutrosophic 
environment and analyzed the benefits and limitations of the offered models. Many research 
conducted comparisons with real data sets and demonstrated the benefits of using neutrosophic sets 
and neutrosophic logic. 

According to the literature review, there are still unresolved concerns and issues that need to be 
addressed in future investigations. The issues include (i) controlling a large number of junctions at 
the same time to maintain uninterrupted traffic flow, especially during traffic jams, (ii) A comparative 
study between the developed models and the existing models should be made to test the efficiency 
of the developed model with respect to the average vehicle delay which is the major measure of 
effectiveness for the flow of traffic at traffic junction. (iii) The theory of neutrosophic sets is currently 
advancing quickly. However, there is a problem in determining membership, falsity and 
indeterminacy degrees in in traffic flow parameters. The nature of determining those degrees is 
extremely individual. The cause of these challenges might be the theory's parameterization tool's 
inadequacy. (v) No approach for analyzing the stability of neutrosophic controller systems has yet 
been created. (vi) The majority of neutrosophic logic-based results that deliver increased performance 


are simulation-based. 
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Abstract: The intention to study the idea of Generalized Topological Spaces by means of 
Neutrosophic sets leads to develop this article. In this write up we launch new ideas on 
4n-Topological Spaces. We study some of its characteristics and behaviours of An-a-irresolute 
function, An-semi-irresolute function and An-pre-irresolute function. Also we discuss the 


above for contra An-irresolute functions and derived some relations between them. 


2010 Mathematics Subject Classification: 54A05, 54B05, 54D10 


Keywords: An-a-irresolute function, ANn-semi-irresolute function, An-pre-irresolute 
function, contra An-a-irresolute function, contra AN-semi-irresolute function, contra 


An-pre-irresolute function. 


1. Introduction 

Zadeh [16] initiated fuzzy set theory in 1965 that deals with uncertainty in real life 
situations. Chang [2] designed fuzzy topology that gave a special note to the field of 
topology in 1968. Attanassov [1] in 1983, see the sights of intuitionistic fuzzy sets by 
considering both membership and non-membership of the elements. In 1997, Coker [4] 
worked on Intuitionistic fuzzy sets by extending the concepts of fuzziness and found a 
place for Intuitionistic fuzzy topological space. 

Smarandache [5] to [7] & [14] introduced Neutrosophic set which is a generalization of 
fuzzy set and intuitionistic fuzzy set. This is a strong tool to discuss about the existence of 
incomplete, indeterminate and inconsistent information in the real life situation. 
Smarandache focused his observations en route for the degree of indeterminacy that 
directed into Neutrosophic Sets (NS). Soon after, Salama and Albowi [10] familiarized 


Neutrosophic Topological Spaces (NTS). Further, Salama, Smarandache and Valeri Kromov 
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[11] presented the continuous (Cts) functions in NTS. In [3], irresolute functions was 
introduced and analysed by Crossley and Hildebrand in Topological Spaces. Further, Vijaya [13] 
and Santhi [12] investigated the properties of A-a-irresolute function and contra 4-a-irresolute 
function in Generalized Topological Spaces. In addition to that, properties of a-irresolute 
function and contra a-irresolute function in Nano Topological Spaces was look over by 
Yuvarani and et. al., [15]. By keeping all these works as a motivation, in 2020, Raksha Ben, 


Hari Siva Annam [8] & [9] contrived An-Topological Space and deliberated its properties. 


In this disquisition, we explore our perception of An-a-irresolute function, 
An-semi-irresolute function, An-pre-irresolute function, contra An-a-irresolute function, 
contra An-semi-irresolute function, contra AN-pre-irresolute function and we have scrutinized 
about some of their basic properties. At every place the novel notions have been validated with 


apposite paradigms. 


2. Prerequisites 


2.1. Definition [10] 

Let Q be a non-empty fixed set. A NS, E = {( w, Me(w), Ir(w), Ne(w)) : @ € OQ} where Me(w), 
Ie (w) and Ne (w) represents the degree of membership, indeterminacy and non-membership 
functions respectively of every element w € Q. 
2.2. Remark [10] 

A NS, E can be recognized as a structured triple E = {( @w, Me(q@), In(w), Ne(w)) : w € O} in 
]-0,1*[on Q. 
2.3. Remark [10] 

The NS, On and 1n in Q is defined as 


Pi: Guan 0 ee OT 
(P2) On={(w,0,1,1):w EQ} 
5). OSC S010 seEO} 
iy Owa((o,0)0,0)ie en} 
(Ps) In={(@, 1,0,0):@€Q} 
(Py WN iw 120.1) eo} 
(Pa: Inet, 10) se eG} 
(Py We etd ewe Oh 


2.4. Definition [10] 
If E={( Me(w), Ie(w), Ne(w)) }, then the complement of E on Q is 
(Ps) E’ ={(w, 1- Me(w), 1 -Ie(w) and 1 - Ne(w)) : @ € QO} 
(Pio)  E’={( w, Ne(w), Ie(w) and Me(w)) : w € O} 
(Pu) FE’ ={(@, Ne(w), 1 - Ie(w) and Me(w)) : w € O} 
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2.5. Definition [10] 
Let Q be a non-empty set and let E = {( w, Me(w), Iz(w), Ne(w)) : @ € QO} and F = {{ w, Mr(w), Ir 
(w), Nr(w)):@ € QO}. Then 
(i) EOF Mz(w)<Mr(@), Ie(@) <Ir(w), Ne(w) 2 Nr(w),V w €Q 
(ii) ESF Me(w)<Mr(w), Ie(w) > Ir(w), Ne(w) > Nr(w),V @ €Q 
2.6. Definition [10] 
Let Q be a non-empty set and E = {( w, Me(w), Ie(w), Ne(@)) : @ € O}, F = {( w, Mr(@), Ir (w), 
Nr (w)) : @ € O} are NSs. Then, 
) ENF= («, Me(@) AMr(@), Ie(w) V Ir (@), Ne (w) VNe(w 
) ENF= («, Me(@) AMr(w), Ie (w) AT (w), Ne () V Ne (co 
(Pus) EUF= («, Me() VMr(w), Ie(@) AIe(w), Ne(w) ANF (@ 
) EUF= («, Me(@) VMr(@), Ie(w) V Ir (@), Ne (@) ANr (cw 


)) 
)) 
)) 
)) 
2.7. Definition [9] 
Let 0 # >. A family of Neutrosophic subsets of O is An-topology if it satisfies 
(A1) On € AN (Az) E:U E2 € An for any E1, E2 € An. 
2.8. Remark [9] 
Members of An-topology are An-Open Sets (An-OS) and their complements are An-Closed Sets 
(An-CS). 
2.9. Definition [9] 
Let (Q, AN) be a An-TS and E = {( w, Me(w), Ie(w), Ne(w) ) } be a NS in Q. Then 
An-Closure (E) = [) {F: E & F, Fis An-CS} 
An-Interior (E)= U {G: G SE, G is An-OS} 
2.10. Definition [8] 
ANS, E in An-TS is said to be 
(i) An-Semi-Open Set (An-SOS) if E & An-Cl(An-Int(E)), 
(ii) AN-Pre-Open Set (An-POS) if E & An-Int(An-C1(E)), 
(iii) AN-a-Open Set (An-aOS) if E & An-Int(An-Cl(An-Int(E))). 
2.11. Lemma [8] 
Every An- aOS is AN-SOS and An-POS. 
2.12. Definition [8] 
Let the function h: (Q1, t1) > (Q2, t2) is defined to be An-Cts (resp. An-SCts, An-PCts, AN-aCts) if 
the inverse image of AN-CS in (Oz, T2) is a AN-CS (resp. AN-SCS, AN-PCS, An-aCS) in (Q1, 71). 
3. An-Irresolute Functions 
3.1. Definition 
Let (Qu, t1) and (Q2, 12) be AN-TSs. Then h: Oi Qz2 is said to be a An-a-irresolute function 
(resp. An-semi-irresolute, AN-pre-irresolute) if the inverse image of every An-aOS (resp. 
An-SOS, An-POS) in (Q2, t2) is an An-aOS (resp. An-SOS, An-POS) in (Q1, 71). 
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3.2. Example 
Let h: (Qi, t1) > (Q2, t2) be defined as h(p) =s and h(q) =r, where 1 = {p, g} and Q2 = {r, s}, 
u1 = {On, A, B}, t2 = {On, C, D}. 


(i) A= ((0.2, 0.8, 0.9), (0.1, 0.7, 0.8), B= ( (0.3, 0.5, 0.6), (0.4, 0.6, 0.7)), 
C= ( (0.1, 0.7, 0.8), (0.2, 0.8, 0.9)), D= ( (0.4, 0.6, 0.7), (0.3, 0.5, 0.6)), 
G= ((0.3, 0.7, 0.8), (0.2, 0.6, 0.7)), H= ( (0.2, 0.6, 0.7), (0.3, 0.7, 0.8)) . 


Here {On, A, B, G} and {0n, C, D, H} are An-aOS of (Q1, 71) and (Q2, t2) respectively. Hence, his a 


An-a-irresolute function. 


(ii) A= ( (0.3, 0.7, 0.8), (0.2, 0.6, 0.8), B= ( (0.4, 0.6, 0.7), (0.5, 0.5, 0.6), 
C= ((0.5, 0.5, 0.6), (0.4, 0.6, 0.7) >, D= ( (0.2, 0.6, 0.8), (0.3, 0.7, 0.8)), 
G= ((0.3, 0.7, 0.8), (0.4, 0.5, 0.7) >, H= ( (04, 0.5, 0.7), (0.3, 0.7, 0.8)) . 


Here {On, A, B, G} and {0n, C, D, H} are An-SOS of (Q1, 11) and (Oz, 2) respectively. Therefore, h 


is a AN-Semi-irresolute function. 


(iii) A= ( (0.3, 0.8, 0.9), (0.4, 0.7, 0.6)), B= ( (04, 0.6, 0.7), (0.5, 0.6, 0.6)), 
C= ((0.5, 0.6, 0.6), (0.4, 0.6, 0.7)), D= ( (0.4, 0.7, 0.6), (0.3, 0.8, 0.9)) , 
G= (0.2, 0.9, 0.9), (0.3, 0.8, 0.9)), H= ( (0.3, 0.7, 0.8), (0.5, 0.5, 0.6)), 
I= ( (0.3, 0.8, 0.9), (0.2, 0.9, 0.9)), T= (0.5, 0.5, 0.6), (0.3, 0.7, 0.8)) . 


Here {0n, A, B, G, H} and {0n, C, D, I, J} are AN-POS of (Q1, 1) and (Qz, tz) respectively and so his 

a An-pre-irresolute function. 
3.3. Theorem 

Let (Q, t) bea An-TS andE € QO. Then Eis An-aOS iff it is AN-SOS and An-POS. 
Proof: 

If E is An-aOS, then by Lemma 2.11, E is An-SOS and An-POS. Conversely if E is An-SOS 
and An-POS, then E © An-Cl(An-Int(E)) and E © An-Int(An-CI(E)). Therefore An-Int(An-CI(E)) & 
An-Int(An-Cl(An-Cl(An-Int(E)))) == = An-Int(An-Cl(An-Int(E))). That is = An-Int(An-Cl(E)) 
An-Int(An-Cl(An-Int(E))). Also E © An-Int(An-Cl(E)) © An-Int(An-Cl(An-Int(E))) implies E 
An-Int(An-Cl(An-Int(E))). Thus E is An-aOS. 

3.4. Theorem 


In 


In 


Let h: Qi 2 be a function, where (Q1, 11) and (Q2, 12) be An-TSs. Then the succeeding 
are equivalent. 

(i) his An-a-irresolute. 

(ii) h(E) is An-aCS in (Qu, 11), for every An-aCS E in (Q2, 72). 

(iii) h(An-aCl(E)) CG An-aCl(h(E)) Vo EGQh:. 

(iv) An-aCl(h(E)) G hl (An-aCl(E)) Vo EGQ2. 

(v) hl (An-alnt(E)) C An-alnt(h(E)) Vo EGQ:. 


(vi) his An-a-irresolute for every w € (Q1, 71). 
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Proof 

(i) implies (ii) It is obvious. 

(ii) implies (iii) Let E CG Qn. In that case, An-aCl(h(E)) is a AN-aCS of (Oz, ). By (ii), 
h-\(An-aCl(h(E))) is a AnaCS in (Qi, 7), and An-aCl(E) CG AnaCl(hh(E)) ¢ 
An-aCl(h-1(AN-aCl(h(E)))) = h-l(An-aCl(h(E))). So h(An-aCl(E)) © An-aCl(h(E)). 

(iii) implies (iv) LetE CG Q2. By (iii), h(AN-aCl(h“(E))) GAn-aCl(hh-1(E)) C An-aCl(E). 
So An-aCl(h-1(E)) Ch! (An-aCl(E)). 

(iv) implies (v) Let E CG Q2. By (iv), h(An-aCl(Q2-E)) D An-aCl(h-'(Q2-E)) 


An-aCl(Oi- he (E)). Since Qi-An-aCl(Qi-E) = An-alnt(E), subsequently h-1(An-alnt(E)) 

h-1(O2-An-aC1(O2-E)) = On - hel(An-aCl(O2-E)) © Or - An-aCl(O1 — h-1(E)) = An-alnt(h-1(E)). 
(v) implies (vi) Let E be any An-aOS of (Q2, 12), subsequently E = An-alnt(E). By (v), h1(E) 

= h'(An-alnt(E)) C An-alnt(h(E)) C h(E). So, h(E) = An-alnt(h1(E)). Thus, h(E) is a 


An-aOS of (Q:1, T1). Therefore, h is An-a-irresolute. 

(i) implies (vi) Let h be An-a-irresolute, w€ (Qi, 11) and any An-aOS E of (Q2, 7), 93 
h(w) C E. Then w €h1(E) = An-alnt(h1(E)). Let F = h-1(E) followed by F is a An-aOS of (Q1, 71) 
and so h(F) = hh'(E) Cc E. Thus, h is An-a-irresolute for each w € (M1, T1). 

(vi) implies (i) Let E be a An-aOS of (Q2, 72), weEh(E). Then h(w)€E. By hypothesis 
there exists a An-aOS F of (Oi, 1) 9 weF and h(F)CE. Thus weF Ch'1(h(F)) Ch(E) and 
wm € F = An-alnt(F) C An-alnt(h(E)) = h(E) C An-alnt(h(E)). Hence h(E) = 
An-alnt(f-1(E)). Thus, h is An-a-irresolute. 

3.5. Theorem 

Let h: QOi—>Q2 be a bijective function, where (Q:, 11) and (Q2, 12) be An-TSs. Then h is 
An-a-irresolute iff An-aInt(h(E)) Gh(An-aInt(E)) Vo E © Qui. 

Proof 

Let E CGC Q:. By Theorem 3.4 and since h is bijective, h“4(An-alnt(h(E))) C 
An-alnt(h+(h(E))) = An-alnt(E). So, hh(An-alnt(h(E))) GC h(An-alnt(E)). Consequently 
An-alnt(h(E)) Ch(An-alnt(E)). 

Conversely, let E be a An-aOS of (Q2, ™). Then E = An-alnt(E). By hypothesis, 
h(An-alnt(h+(E))) > An-alnt(h(h1(E))) = An-alnt(E) = E implies hth(an-alnt(h(E))) Dh-4(E). 
Since h is bijective, An-alnt(h(E)) = hth(An-alnt(h-(E))) Dh4(E). 

Hence h'1(E) = An-alnt(h1(E)). So h(E) is An-aOS of (Qi, 11). Thus, h is An-a-irresolute. 
3.6. Lemma 

Let (Q, t) be a An-TS and EC. Then An-alnt(E) = E () An-Int((An-Cl(An-Int(E))), 4x-aCl(E) = 
EU an-Cl(An-Int(An-Cl(E))). 

3.7. Lemma 
Let (Q, tT) be a An-TS, then 
(i) An-aCl(E) C ANCI(E) V E Cc Q. 
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(ii) AN-CI(E) = An-aCl(E) V E © QO where E is An-aOS. 
Proof 

(i) Let E C Q. Since An-Int(E) CAn-alnt(E), U-An-Int(E) D> U-An-alnt(E). Hence An-aCl(E) 
© An-Cl(E). 

(ii) Let E be any An-aOS of (Q, 1), then E C An Int(An-Cl(An-Int(E))). Then Av-Cl(E) 
C An-Cl(An-Int(An-Cl(An-Int(E)))) = An-Cl(An-Int(E)) CG An-Cl(An-Int(An-Cl(E))). So, AN-CU(E) GC EU 
An-Cl(An-Int(An-Cl(E))). By Lemma 3.6, An-CI(E) CG An-aCl(E). By (i), An-aCK(E) GC An-CI(E), 
therefore An-Cl(E) = An-aCl(E). 

3.8. Theorem 

Let h: Qi>Q2 be a An-a-irresolute function, where (Q:, 11) and (Q2, 12) be An-TSs. Then 
An-Cl(h+(E)) Ch-1(An-CI(E)) for every An-OS E of Q2. 

Proof 

Let E be any An-OS of Q2. Since h is An-a-irresolute and by Lemma 3.7, An-aCl(h1(E)) = 
An-Cl(h(E)). By Theorem 3.4, An-aCl(h(E)) GC h'(An-aCl(E)) and by Lemma_ 3.7, 
h(An-aCl(E)) CG bh (An-CI(E)). Then An-aCl(h(E)) CG bh (An-CI(E)). Therefore 
An-Cl(h(E)) Gh(An-CL(E)). 

3.9. Theorem 

Let (Qi, 1) and (Q2, 12) be An-TSs and h: Oi—>Q2 is An-semi-irresolute iff h(E) is AN-SCS in 
Qi, V An-SCS E of Q2. 

Proof 

If h is An-semi-irresolute, then for every An-SOS F of Q2, h1(F) is AN-SOS in Qi. If E is 
any An-SCS of Q2, then Q2 - E is An-SOS. As a consequence, h+(Q2 — E) is An-SOS but h-1(Q2 — E) 
= Qi-h'(E) so that h(E) is An-SCS in Qu. 

Conversely, if, for all An-SCS E of Q2, h4(E) is An-SCS in Qi and if F is any An-SOS of Qz, 
then Q2-F is An-SCS. Also h-!(Q2-F) = Oi-h1(F) is An-SCS in Oi. Accordingly h"(F) is An-SOS in 
Qi. Asa result, h is An-semi-irresolute. 

3.10. Theorem 

If hi: (Qu, 1) > (Q2, tT) is An-semi-irresolute and hz: (Q2, %) > (Qs, 13) is 
An-semi-irresolute, then h2ehi : (Qi, 11) > (Qs, 73) is AN-semi-irresolute. 

Proof 

If E ¢ Qs is An-SOS, then h2'!(E) is An-SOS in Q2 because hz is An-semi-irresolute. 
Consequently since hi is An-semi-irresolute, hi(h21(E)) = (h2°h1)(E) is An-SOS in Qu1. 
Hence h2ch1 is An-semi-irresolute. 

3.11. Example (h2°h1 is An-semi-irresolute F> hi & hzis An-semi-irresolute) 

Let hi: (Qi, 71) > (Q2, 12) be defined by hi(p) =s, hi(q) =r and he: (Q2, 12) — (Qs, 73) be 

defined by h2(r) = u and ha(s) = v where Q: = {p, q}, Q2 = {r, s} and Os = {u, v}. Let ti = {On, A, B}, 


Santhi P, Yuvarani A and Vijaya S, Irresolute and its Contra Functions in Generalized Neutrosophic Topological 
Spaces 


Neutrosophic Sets and Systems, Vol. 51, 2022 129 


12 = {On, C, D} and 73 = {On, E, F}. Now, {0n, A, B, G}, {On, C, D, H} and {On, E, F, I} are An-SOS of 
(Q1, 11), (Q2, T2) and (O3, t3) respectively, where 
A= ( (0.3, 0.7, 0.8), (0.2, 0.6, 0.8)), B= ( (0.4, 0.6, 0.7), (0.5, 0.5, 0.6)), 
C= ( (0.8, 0.4, 0.2), (0.8, 0.3, 0.3)), D= ( (0.6, 0.5, 0.5), (0.7, 0.4, 0.4)), 
E= ( (0.2, 0.6, 0.8), (0.3, 0.7, 0.8)), F= ( (0.5, 0.5, 0.6), (0.4, 0.6, 0.7)), 
G= ( (0.3, 0.7, 0.8), (0.4, 0.5, 0.7)) , H= ( (0.7, 0.5, 0.4), (0.8, 0.3, 0.3)), 
T= ( (0.4, 0.5, 0.7), (0.3, 0.7, 0.8)) . 
Here, h2ohi: O1 > Os defined by h2°hi (p) = v and hz2chi(q) = u is An-semi-irresolute, but 
hi and hz are not An-semi-irresolute. 
3.12. Corollary 
Let (Qu, 71), (Q2, T2) and (Q3, 13) be AN-TSs. If hi: Oi Q2 and hz: Q2>Qs3 are An-a-irresolute 
then h2 chi: Qi Qs is An-a-irresolute. 
Proof 
Let E is An-aOS in (Qs3, 73). Since hz is An-a-irresolute, h21(E) is An-aOS in (Q2, 12). Also 
since hi is An-a-irresolute, hi! (h21(E)) = (h2°h1)1(E) is An-aOS in (Q1, 11). Therefore h2° hi is 
An-a-irresolute. 
3.13. Corollary 
If hi: (Qi, t1) > (Q2, %) is An-a-irresolute (resp. An-semi-irresolute, An-pre-irresolute) 
and ha: (Q2, 12) > (Qs, 73) is AN-aCts (resp. AN-SCts, AN-PCts) then h2e hi: (Q1, 11) > (Qs, 13) is 
An-aCts (resp. An-SCts, AN-PCts). 
Proof 
Let E is An-OS in (Q3, 13). Since hz is An-aCts (resp. An-SCts, AN-PCts), h21(E) is AN-~OS 
(resp. An-SOS, An-POS) in (Q2, 12). Also since hi is An-a-irresolute (resp. An-semi-irresolute, 
An-pre-irresolute), hi! (h2!(E)) = (h2ohi)1(E) is An-aOS (resp. An-SOS, An-POS) in (Q1, 7). 
Therefore h20h1 is An-aCts (resp. ANn-SCts, An-PCts). 
3.14. Theorem 
Let (Q1, t1) and (Q2, 12) be AN-TSs. If h: Qi 2 is An-semi-irresolute and An-pre-irresolute 
then h is An-a-irresolute. 
Proof 
Let E is An-aOS in (Q2, 12), then by Theorem 3.3, E is An-SOS and An-POS. Since h is 
An-semi-irresolute and An-pre-irresolute, h(E) is An-SOS and An-POS. Therefore h(E) is 
An-aOS. Hence h is An-a-irresolute. 
3.15. Theorem 
Let (Qi, t1) and (Q2, 12) be An-TSs. A function h: Qi >Q2 is An-aCts iff it is AN-SCts and 
An-PCts. 
Proof 
It is clear from Theorem 3.3. 
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4. Contra An-Irresolute Functions 
4.1. Definition 
Let (Qi, 11) and (Q2, t2) be An-TSs. Then h: Qi—Q2 is said to be contra An-a-irresolute (resp. 
contra An-semi-irresolute, contra An-pre-irresolute) if the inverse image of every An-aOS 
(resp. An-SOS, An-POS) in (Qz, t2) is a AN-aCS (resp. AN-SCS, AN-PCS) in (Q1, 71). 
4.2. Example 
(i) Let h: (Qu, 1) > (Q2, t) be defined as h(s) = u and h(t) = v, where Q: = {s, t} and Q2 = {u, 
v}, t1={On, A, B}, t2 = {On, C, D}. 
A= ( (0.2, 0.8, 0.9), (0.1, 0.7, 0.8)) , B= ( (0.3, 0.5, 0.6), (0.4, 0.6, 0.7)), 
C= ( (0.8, 0.3, 0.1), (0.9, 0.2, 0.2)), D= ( (0.7, 0.4, 0.4), (0.6, 0.5, 0.3)) , 
G= ( (0.3, 0.7, 0.8), (0.2, 0.6, 0.7)), H= ( (0.7, 0.4, 0.2), (0.8, 0.3, 0.3)) . 
Here, {A’, B’, G’, 1n} are An-aCS of (O1, 11) and {O0n, C, D, H} are An-aOS of (Q2, 7). 
Consequently, his contra An-a-irresolute function. 
(ii) Let h: (Qi, 11) > (Oz, 12) be defined as h(p) = v, h(q) = w and h(r) = u, where 1: = {p, q, 
r} and Q2 = {u, v, w}, t: = {On, A, B}, t2 = {On, C, D}. 
A= ( (0.2, 0.6, 0.8), (0.1, 0.7, 0.9), (0.2, 0.8, 0.9)), B= ( (0.3, 0.4, 0.7), (0.2, 0.5, 0.8), (0.4, 0.6, 0.7)), 
C= (0.9, 0.3, 0.1), (0.9, 0.2, 0.2), (0.8, 0.4, 0.2)) , D= ( (0.8, 0.5, 0.2), (0.7, 0.4, 0.4), (0.7, 0.6, 0.3)) , 
G= ( (0.3, 0.5, 0.7), (0.2, 0.6, 0.9), (0.3, 0.7, 0.8)), H= ( (0.9, 0.4, 0.2), (0.8, 0.3, 0.3), (0.7, 0.5, 0.3)) . 
Here, {A’, B’, G’, 1n} are AN-SCS of (Q1, T1) and {On, C, D, H} are An-SOS of (Q2, t2). Hence h is 
contra An-semi-irresolute function. 
(iii) Let h : (Ox, 1) > (Q2, t2) be defined as h(p) = w, h(q) = u and h(r) = v, where Q: = {p, q, 
r} and Q2 = {u, v, w}, t: = {On, A, B}, t2 = {On, C, D}. 
A= ( (0.2, 0.7, 0.7), (0.3, 0.7, 0.8), (0.1, 0.8, 0.8)), B= ( (0.3, 0.7, 0.6), (0.4, 0.6, 0.7), (0.2, 0.7, 0.8)), 
C= ( (0.9, 0.1, 0.1), (0.8, 0.2, 0.2), (0.8, 0.3, 0.2)), D= ( (0.8, 0.3, 0.2), (0.6, 0.3, 0.3), (0.7, 0.4, 0.4)), 
G= ( (0.2, 0.8, 0.8), (0.2, 0.7, 0.8), (0.1, 0.9, 0.9)), H= (0.8, 0.2, 0.1), (0.7, 0.3, 0.2), (0.8, 0.3, 0.3)) . 
Here, {A’, B’, G’, Ln} are AN-PCS of (Q1, 11) and {On, C, D, H} are An-POS of (Q2, T). That's why h 
is contra An-pre-irresolute function. 
4.3. Theorem 
Let (Q1, t1) and (Q2, 12) be An-TSs. Then h: Qi—>Qz is contra An-a-irresolute iff for every 
An-aCS E of Q2, h(E) is AN-aOS in Q1. 
Proof 
If his contra An-a-irresolute, then for each An-aOS F of Q2, h1(F) is An-aCSin Qi. If Eis 
any An-aCS of Oz, then O2 - Eis An-aOS. Thus h?(Q2 - E) is An-aCS but h1(Q2 - E) = Oi - h(E) 
so that h'!(E) is An-aOS in Q1. 
Conversely, if, for all An-aCS E of Q2, h(E) is An-aOS in Qi and if F is any An-aOS of Oz, 
then Q2 — F is An-aCS. Also, h-(Q2 - F) = Qi — h(F) is An-aOS. Thus h1(F) is An-aCS in Q1. 
Hence h is contra An-a-irresolute. 
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4.4. Corollary 

Let (Qu, 1) and (Q2, t2) be An-TSs. Then h: Qi Q2 is contra An-semi-irresolute (contra 
An-pre-irresolute) iff for every AN-SCS (An-PCS) E of Q2, h4(E) is An-SOS (An-POS) in Q1. 
Proof 

If h is contra An-semi-irresolute (contra An-pre-irresolute), then for each An-SOS (An-POS) 
F of Q2, h-1(F) is AN-SCS (An-PCS) in Q1. If E is any AN-SCS (An-PCS) of Qz2, then Q2 — E is An-SOS 
(An-POS). Thus h-1(Q2 - E) is AN-SCS (An-PCS) but h1(Q2 - E) = Qi - h(E) so that h1(E) is 
An-SOS (An-POS) in O1. 

Conversely, if, for all AN-SCS (ANn-PCS) E of Q2, h-1(E) is AN-SOS (AnN-POS) in Qu: and if F is 
any An-SOS (An-POS) of OQ2, then Q2 — F is An-SCS (AN-PCS). Also, h'1(Q2 — F) = Qi — h1(F) is 
An-SOS (An-POS). Thus h-!(F) is An-SCS (An-PCS) in Qi. Hence h is contra An-semi-irresolute 
(contra An-pre-irresolute). 

4.5. Theorem 

Let (Qi, 1), (Q2, Tt) and (Qs3, 13) be An-TSs. If hi: Qu->Q2 and hz: Qe> Qs are contra 
An-semi-irresolute functions, then h20° hi: Oi Qs is An-semi-irresolute. 

Proof 

If E c Z is An-SOS, then h21(E) is An-SCS in Q2 because hz is contra An-semi-irresolute. 
Consequently, since hiis contra An-semi-irresolute, hi-'(h21(E)) = (h2 °h1)1(E) is An-SOS in 1. 
Hence hzoh1 is An-semi-irresolute. 

4.6. Example (h2° hi is An-semi-irresolute ¥ hi & hzis contra An-semi-irresolute) 

Let hi: (Qi, t1) > (Q2, t2) be defined by hi(/) = q, hi(m) = 1, hi(n) = pand ha: (Oz, t2) > (Qs3, 73) 
be defined by h2(p) = v, h2(q) = w and ha(r) = u where Q: = {/, m, n}, Q2 = {p, q, r} and Qs = {u, v, w}. 
Let t1 = {On, A, B}, t2 = {ON, C, D} and 13 = {On, E, F}. Here, {On, A, B, G}, {On, C, D, H} and {0n, E, F, I} 
are An-SOS of (Q1, 71), (Q2, T2) and (Q3, t3) where 
A= ( (0.2, 0.6, 0.8), (0.1, 0.7, 0.9), (0.2, 0.8, 0.9)), B= ( (0.3, 0.4, 0.7), (0.2, 0.5, 0.8), (0.4, 0.6, 0.7)), 


C= (0.2, 0.8, 0.9), (0.2, 0.6, 0.8), (0.1, 0.7,0.9)), D= (0.4, 0.6, 0.7), (0.3, 0.4, 0.7), (0.2, 0.5, 0.8)), 
E= ( (0.1, 0.7, 0.9), (0.2, 0.8, 0.9), (0.2, 0.6,0.8)),  F= ((0.2, 0.5, 0.8), (0.4, 0.6, 0.7), (0.3, 0.4, 0.7)), 
G= (0.3, 0.5, 0.7), (0.2, 0.6, 0.9), (0.3, 0.7,0.8)), H-= ((0.3,0.7, 0.8), (0.3, 0.5, 0.7), (0.2, 0.6, 0.9)), 
I= ( (0.2, 0.6, 0.9), (0.3, 0.7, 0.8), (0.3, 0.5, 0.7)) . 


Here, h2°h1i: Qi Qs: which is defined by h2°hi(l) = w, h2ohi(m) = u and hzehi(n) = v is 
An-semi-irresolute , but hi and h2 are not contra AN-semi-irresolute. 
4.7. Corollary 

Let (Q1, t1), (Q2, tT) and (Qs, 13) be An-TSs. If hi: Qi->Q2 and he: Qo> Qs are contra 
An-a-irresolute (contra An-pre-irresolute) functions, then h2°hi: Qi Qs: is a An-a-irresolute 


(An-pre-irresolute) function. 
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4.8. Theorem 

Let (Q1, t1) and (Q2, t2) be An-TSs. If h: Qi>Q2 is contra An-a-irresolute, then it is contra 
An-aCts. 

Proof 

Let E be any An-OS in Q2. Then E is An-a@OS in Q2. Since h is contra An-a-irresolute, h(E) 
is a An-aCS in Qi. It shows that h is contra An-aCts function. 
4.9. Theorem 

Let (Qu, 11), (Q2, T2) and (Qs, 13) be AN-TSs. If hi: Qi>Q2 is contra An-a-irresolute and hz: 
Qo Oz is contra An-aCts, then h2°hi: Oi > QO; is An-aCts. 

Proof 

Let E ¢ Q3 is An-OS. Since hz is contra An-aCts, h21(E) is AN-aCS in Oz. Consequently, 
since hi is contra An-a-irresolute, hi-'(h21(E)) = (h2°h1)-1(E) is An-aOS in Qi, by Theorem 4.3. 
Hence h2 chi is An-aCts. 

4.10. Corollary 

Let (Qi, 71), (Q2, T2) and (Q3, 13) be An-TSs, and hi: Qi->Q2 and hz: Q2e> QO3 be two functions. 
Then if hi is contra An-semi-irresolute (contra An-pre-irresolute) and hz is contra An-SCts 
(contra AN-PCts), then h2° hi: Oi Qs is An-SCts (AN-PCts). 

4.11. Theorem 

Let (Qi, 11) and (Q2, 1) be An-TSs. If h: Oi>Q2 is contra An-semi-irresolute and contra 
An-pre-irresolute, then h is contra An-a-irresolute. 

Proof 

Let E is An-aOS in (Q2, 72), then by Theorem 3.3, E is AN-SOS and An-POS. Since h is contra 
An-semi-irresolute and contra An-pre-irresolute, h(E) is An-SCS and An-PCS. Therefore h-!(E) 
is An-aCS. Hence h is contra An-a-irresolute. 

5. Conclusion 

In this confab, we instigated An-a-irresolute function, AN-semi-irresolute function and 
An-pre-irresolute function on An-TS. Subsequently, we have analyzed its various 
properties. Followed by this, the new postulations of contra An-a-irresolute function, 
contra An-semi-irresolute function and contra An-pre-irresolute function were put forth on 
ANn-TS and their features were probed along with illustrations. 

ANn-TS idea can be further developed and extended in the actual life applications such 
as medical field, robotics, machine learning, neural networks, natural image sensing, 
speech recognition, and so on. 

In future, it provokes to apply these perceptions in further extensions of AN-TS such as 
almost continuity and its unique characteristics in Gn-TSs along with some separation 
axioms related to Gn-TSs. Also, this concept may be extended to Intuitionistic Fuzzy and 


Neutrosophic Fixed Point Theory. 
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Abstract: The main objective of this article is to introduce the notion of minimal structure (in short 
M-structure) and grill in neutrosophic topological space (in short N-T-space). Besides, we establish 
its relation with some existing notions on different types of open sets in N-T-space, and investigate 
some basic properties of the class of M-structure and grill in NT-space. Further, we furnish some 
suitable examples of M-structure and grill via NT-space. 


Keywords: Neutrosophic Set; M-structure; Neutrosophic Topology; Neutrosophic Grill Topology. 


1. Introduction: The concept of fuzzy set (in short F-set) theory was grounded by Zadeh [29] in 1965. 
Uncertainty plays an important role in our everyday life problems. Zadeh [29] associated the 
membership value with the elements to control the uncertainty. It was not sufficient to control 
uncertainty, so Atanaosv [3] added non-membership value along with the membership value, and 
introduced the notion of intuitionistic fuzzy set (in short IF-set). Still it was difficult to handle some 
real world problems under uncertainty, in particular for problems on decision making. In order to 
overcome this difficulty, Smarandache [24] considered the elements with truth-membership, 
indeterminacy-membership and false-membership values, and grounded the idea of neutrosophic 
set (in short N-set) theory in 1998. Till now, the concept of N-set has been applied in many branches 
of science and technology. 

The notions of N-T-space was first grounded by Salama and Alblowi [22], followed by Salama 
and Alblowi [23], Iswaraya and Bageerathi [15], who studied the concept of neutrosophic semi-open 
set (in short NSO-set) and neutrosophic semi-closed set (in short NSC-set). Arokiarani et al. [2] 


studied some new notations and mappings via N-T-spaces. Iswarya and Bageerathi [15] established 
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the notion of neutrosophic semi-open sets via neutrosophic topological space. Afterwards, Rao and 
Srinivasa [21] introduced and studied neutrosophic pre-open set (in short NPO-set) and 
neutrosophic pre-closed set (in short NPC-set) via N-T-space. Das and Pramanik [7] grounded the 
notion of generalized neutrosophicx b-open set via neutrosophic topological space. Later on, Das 
and Pramanik [8] introduced the notion of neutrosophic $-open set and neutrosophic #-continuous 
function via neutrosophic topological space. Recently, Das and Tripathy [11] presented the notion of 
neutrosophic simply b-open set via neutrosophic topological space. Thereafter, Das and Tripathy 
[13] introduced the idea of pairwise neutrosophic b-open sets via N-T-space. Parimala et al. [19] 
introduced the notion of neutrosophic nano ideal topological space. Later on Parimala et al. [20] 
grounded the idea of neutrosophic ap~-homomorphism via neutrosophic topological spaces. 

Makai et al. [16] introduced and studied the concept of minimal structure (in short M-structure) 
via topological space. It is found to have useful applications and the notion was investigated by 
Madok [17]. The notion of minimal structure in a fuzzy topological space was introduce by 
Alimohammady and Roohi [1] and further investigated by Tripathy and Debnath [27] and others. 

In this article, we introduce the idea of minimal structure and grill via N-T-spaces. We establish 
its relation with some existing notions on several types of open sets via N-T-spaces. Besides, we 
investigate some basic properties of the class of minimal structures and grill via N-T-spaces. Further, 
we furnish some suitable examples on minimal structures and grill via N-T-spaces. 

The rest of the paper is divided into following sections: 

In section 2, we provide some definitions and results those are very useful for the preparation of 
the main results of this article. In section 3, we introduce the concept of M-structure and gril via 
NT-spaces, and proved some basic results on them. In section 4, we introduce an operator ( )* on 
M-structure via NT-spaces, and established several interesting results based on it. Finally, in section 


5, we conclude the work done in this article. 


2. Preliminaries & Definitions: 

In this section, we provide some existing results on neutrosophic set and neutrosophic topology 
those are relevant to main results of this article. 
Definition 2.1.[24] Suppose that G be a fixed set. Then W, an N-set over G is a set contains triplet 
having truth, indeterminacy and false membership values that can be characterized independently, 
denoted by Tw, Iw, Fwin the unit interval [0, 1]. 
We denote the N-set W as follows: 

W=({(r, Tw(r), Iw(r), Ew(r)): re G}, where Tw(n), Iw(r), Fw(r)e [0, 1], for all re G. 

Since, no restriction on the values of Tw(r), Iw(r) and Fw(r) is imposed, so we have 


0 < Tw(r) + I(r) + Fw(r) $3, for all reG. 
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Example 2.1. Suppose that G=(b, c} be a fixed set. Clearly, W={(b,0.4,0.8,0.7), (c,0.2,0.8,0.7)} is an N-set 


over G. 


Definition 2.2.[24] Suppose that W = {(r, Tw(r), Iw(r), Fw(r)): reG} be an N-set over G. Then, W- i.e., 
the complement of W is defined by W°= {(r, 1-Tw(r), 1-Iw(r), 1-Fw(r)): re G). 


Example 2.2. Suppose that G=(b, c} be a fixed set. Let W={(b,0.5,0.5,0.7), (c,0.5,0.7,0.8)} be an N-set 
over G. Then, the complement of W is W={(0,0.5,0.5,0.3), (c,0.5,0.3,0.2)}. 


Definition 2.3.[24] An N-set W = {(r, Tw(r), Iw(r), Fw(r)): reG} is called a subset of an N-set L = {(r, 
Tu(r), In(r), Fu(r)): re G} (i.e., WL) if and only if Tw(r) < T(r), Iw(r) 2 IL(r), Fw(r) 2 Fi(r), foreach re G. 


Example 2.3. Suppose that G={b, c} be a fixed set. Let M={(b,0.5,0.5,0.7), (c,0.5,0.7,0.8)} and 
W={(b,0.7,0.2,0.5), (c,0.9,0.5,0.3)} be two N-sets over iG. Clearly, McW. 


Definition 2.4.[24] Assume that W = {(r, Tw(r), Iw(r), Fw(r)): reG} and L={(r, T(r), In(r), Fx(r)): reG} be 
any two N-sets over a fixed set G. Then, their intersection and union are defined as follows: 

WAL = {(r, Tx(r)ATi(1), In(r)VI(r), En(r)VEu(r)): reG}, 

WUL = {(r, Ty(r)VT1(r), In(r)ali(r), Ex(r)Fi(r)): reG}. 


Example 2.4. Suppose that G=(b, c} be a fixed set. Let W={(0,0.5,0.5,0.7), (c,0.5,0.7,0.8)} and M= 
{(b,0.7,0.2,0.5), (c,0.9,0.5,0.3)} be two N-sets over G. Then, WUM={(b,0.7,0.2,0.5), (c,0.9,0.5,0.3)} and 
WaAM={(b,0.5,0.5,0.7), (c,0.5,0.7,0.8)}. 


Definition 2.5.[22] The null N-set (0x) and absolute N-set (1y) over G are represented as follows: 
(i) On ={(r, 0, 0, 1) : reG}; 

(ii) On ={(r, 0, 1, 0) : reG}; 

(iii) On ={(r, 0, 1, 1) : reG}; 

(iv) On ={(r, 0, 0, 0) : reG}; 

(v) In ={(r, 1, 0, 1): reG}; 

(vi) In ={(r, 1, 1, 0): reG}; 

(vii) 1n ={(r, 1, 0, 0) : reG}; 

(viii) 1n ={(r, 1, 1, 1) : reG}. 

Clearly, Ovcl1n. We have, for any N-set W, On CWC 1y. 

Throughout the article, we will use On ={(r, 0, 1, 1): reG} and 1n ={(r, 1, 0, 0): reG}. 
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Definition 2.6.[22] Assume that G be a fixed set. Then t, a family of N-sets over Gis called an N-T on 
G if the following condition holds: 
(1) On, INET; 
(it) W1, W2et > Widwret; 
(iii) (Wi: teA}Ct > VieaWie Tt. 

Then, the pair (G t) is called an N-T-space. If Wet, then W is called an neutrosophic open set (in 
short N-O-set) in (G t), and the complement of W is called an neutrosophic closed set (in short 


N-C-set) in (G, 1). 


Example 2.5. Suppose that W, E and Z be three N-sets over a fixed set G={p, q} such that: 
W={(p,0.7,0.5,0.7), (q,0.5,0.1,0.5): p, qeG}; 

E={(p,0.6,0.9,0.8), (q,0.5,0.3,0.8): p, qéG}; 

Z={(p,0.5,1.0,0.8), (4,0.4,0.4,0.9): p, qeG}. 

Then, the collection t={On, ly, W, E, Z} forms a neutrosophic topology on G. Here, On, 1n, W, E, Z are 
NOSs in (G, t), and their complements 1n, On, W={(p,0.3,0.5,0.3), (g,0.5,0.9,0.5): p, qe Gi E={(p,0.4,0.1, 
0.2), (q,0.5,0.7,0.2): p, qe G} and Z={(p,0.5,0.0,0.2), (q,0.6,0.6,0.1): p, qe G} are NCSs in (G, 1). 


The neutrosophic interior and neutrosophic closure of an N-set are defined as follows: 
Definition 2.7.[22] Assume that t be an N-T on G. Suppose that W be an N-set over G. Then, 
(i) neutrosophic interior (in short Nin) of Wis the union of all N-O-sets in (G, 1) those are contained in 
W, ie., Nin(W) = UE : E is an N-O-set in G such that EcW}; 
(ii) neutrosophic closure (in short Na) of Wis the intersection of all N-C-sets in (G, 1) those containing 
W, ie., Na(W) = O{F : Fis an N-C-set in G such that WcF}. 

Clearly Nin(W) is the largest N-O-set contained in W, and Nc(W) is the smallest N-C-set 


containing W. 


Example 2.6. Suppose that (G, t) be an NT-space as shown in Example 2.5. Suppose that 
U={(p,0.5,0.5,0.7), (4,0.5,0.7,0.8)} be an N-set over G. Then, Nin(U)=On and Na(U)={(p,0.5,0.0,0.2), 
(q,0.6,0.6,0.1)}. 


Proposition 2.1.[22] For any N-set B in (G, 1), we have the following: 
(i) Nint(B°) = (Ne(B))% 
(ii) Na(B*) = (Nint(B))°. 


Definition 2.2.[21] Suppose that (G, t) be an N-T-space, and W be an N-set over G. Then, W is called 
(i) NSO-set if and only if Wc Na(Nin(W)); 
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(ii) NPO-set if and only if Wc Nint(Na(W)). 
The collection of all NSO sets and NPO sets in (G, t) are denoted by NSO(t) and NPO(t). 


Example 2.7. Suppose that G={a, b} be a fixed set. Clearly, (G, t) is an NT-space, where t={On, 1n, {(a, 
0.3,0.3,0.4), (b,0.4,0.4,0.3): a, beG}, {(a,0.4,0.1,0.4), (b,0.5,0.3,0.1): a, beG}}. Then, the N-set Q={(a,0.6, 
0.1,0.4), (b,0.9,0.2,0.1): a, beG} is an NSO set, and P={(a,0.3,0.2,0.9), (b,0.3,0.3,0.4): a, beG} is an NPO 
set in (e T). 


Definition 2.8.[2] Assume that (G, t) be an N-T-space. Then W, an N-set over G is called an 
neutrosophic b-open set (in short N-b-O-set) in (G, t) if and only if Wc Nint(Na(W))UNa(Nint(W)). 

An N-set G is called an neutrosophic b-closed set (in short N-b-C-set) in (G, t) if and only if its 
complement is an N-b-O-set in (G, 1). The collection of all neutrosophic b-open sets in (G, T) is 


denoted by N-b-O(t). 


Example 2.8. Suppose that (G, t) be an NT-space as shown in Example 2.7. Then, the neutrosophic 
set P={(a,0.3,0.2,0.9), (b,0.3,0.3,0.4): a, beG} is an neutrosophic b-open set in G T). 


3. Minimal Structure in Neutrosophic Topological Space 

In this section, we procure the notions of M-structure and grill in N-T-space. 

Definition 3.1. A family M of neutrosophic subsets of Gi, Mc P(G), where P(G) is the collection of 
all N-sets defined over G is said to be a M-structure on G if Owand 1nbelong to M. By (G, M), we 
denote the neutrosophic minimal space (in short N-M-space). The members of M are called 


neutrosophic minimal-open (in short N-m-O) subset of G. 


Example 3.1. Let W, E and Z be three neutrosophic sets over a fixed set G=({b, c} such that: 
W={(b,0.7,0.5,0.7), (c,0.5,0.1,0.5): b, ceG}; 

E={(b,0.6,0.9,0.8), (c,0.5,0.3,0.8): b, ceG}; 

Z=((b,0.5,1.0,0.8), (c,0.4,0.4,0.9): b, ceG}. 

Clearly, the collection M={0n, 1n, W, E, Z} forms a neutrosophic minimal structure on G, and the pair 


(G, M) isa neutrosophic minimal structure space. 


Definition 3.2. The complement of N-m-O set W is an neutrosophic m-closed set (in short N-m-C 


set) in (G, M). 


Example 3.2. Let us consider a neutrosophic minimal structure space as shown in Example 3.1. Here, 


On, ln, W, E, Z are neutrosophic minimal open sets in c M), and (On)°= 1n, (1n)* = On, We = 
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{(b,0.3,0.5,0.3), (c,0.5,0.9,0.5)}, E°={(b,0.4,0.1,0.2), (c, 0.5,0.7,0.2)}, Ze = {(b,0.5,0.0,0.2), (c,0.6,0.6,0.1)} are 


neutrosophic minimal closed sets in (G, M). 


Example 3.3. From the above definitions, it is clear that NPO-sets, NSO-sets, N-a-O-sets, N-b-O-sets 


are N-m-O sets. 


Example 3.4. Let W, E and Z be three neutrosophic sets over a non-empty set G ={b, c} such that: 
W={(0,0.7,0.5,0.7), (c,0.5,0.5,0.1) : b, ceX}; 
E={(b,0.6,0.8,0.9), (c,0.5,0.8,0.3) : b, ceX}; 
Z={(b,0.5,0.8,1.0), (c,0.4,0.9,0.4) : b, ceX}. 

Here, the family t={0n, 1x, W, E, Z} forms a neutrosophic topology on X, and so (G, tT) isa 
neutrosophic topological space. Suppose M = tT UNPO(t)UNSO(r)UN-b-O(t), then (G, M) is a 
neutrosophic minimal structure. Now, from the above it is clear that, every neutrosophic pre-open 
sets, neutrosophic semi-open sets, neutrosophic b-open sets in (G, Tt) are neutrosophic m-open sets in 
(G, M). Further, it is also seen that, every neutrosophic m-open set in (G, M) is also a neutrosophic 


pre-open set, neutrosophic semi-open set, neutrosophic b-open set in (G, 7). 


Remark 3.1. We can define neutrosophic minimal interior (in short Nmint), neutrosophic minimal 


closure (in short Nm) etc. in an N-M-space as we have define in the previous section. 


Example 3.5. Suppose that (G, M) be a neutrosophic minimal structure space as shown in Example 
3.1. Then, the neutrosophic minimal interior of D={(b,0.2,0.6,0.4), (c,0.4,0.9,0.7)} is Nm-in(D)={(b,0,1,1), 
(c,0,1,1)}, and the neutrosophic minimal closure of D={(b,0.2,0.6,0.4), (c,0.4,0.9,0.7)} is Nim-ca(D)={(b,0.3, 
0.5,0.3), (c,0.5,0.9,0.5)} respectively. 


In view of the definitions given in this article, we state the following result without proof. 

Theorem 3.1. Suppose that (G M) be an N-M-space. Then, for any N-sets S and R over G, the 
following holds: 

(i) (Nmei(S))= Nmne(S9) and (Nmint(S))= Nme(S*). 

(ii) Nme(S)=S if and only if S is an N-m-C set in (G, M). 

(iti) Nmin(S)=S if and only if S is an N-m-O set in (G, M). 

(iv) SCR => Nonet(S)CNmet(R) and Nmin(S)CNmint(R). 

(v7) SCNme(S) and Nmint(S)cS. 

(vi) Ninct(Nmci(S))=Nmei(S) and Niint(Nimint(S))=Ninin(S). 
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Theorem 3.2. Assume that (G, M) be an N-M-space. Suppose that M satisfies the property B. Then, 
for an neutrosophic subset S of G, the followings hold: 

(i) Se Mif and only if Ninin(S)=A. 

(ii) S is N-m-C set if and only if Nmc(S)=S. 

(iii) Nmin(S)e M and Nme(S) is an N-m-C set. 


Definition 3.3. An N-M-structure M on a non-empty set G is said to be have property B if the union 


of only family of neutrosophic subsets belonging M belongs to M. 


Example 3.6. Suppose that R, E and Y be three neutrosophic sets over a fixed set G={b, c} such that: 
R={(b,0.8,0.5,0.8), (c,0.6,0.1,0.6): b, ceG}; 
E={(b,0.7,0.9,0.9), (c,0.6,0.3,0.9): b, ceG}; 
Y={(b,0.6,1.0,0.9), (c,0.5,0.4,1.0): b, ceG}. 

Here, the collection M={0n, 1n, R, E, Y} forms a N-M-structure on G, and so the pair (GS M) isa 
neutrosophic minimal structure space. Clearly, the N-M-structure on G satisfied the property B 


which was stated in Definition 3.3. 


Definition 3.4. An N-M-structure (G, M) satisfies the property J if the finite intersection of N-m-O 


sets is an N-m-O set. 


Example 3.7. Let us consider a N-M-structure M on G as shown in Example 3.6. Clearly, the 
N-M-structure M on G satisfied the property j which was stated in Definition 3.4. 


Remark 3.2. If a N-M-structure M on G is a neutrosophic topology on G, then M satisfied the 


property j which was stated in Definition 3.4. 


Definition 3.5. A family G (ON¢G) of N-sets over G is called a grill on G if G satisfies the following 
condition: 

(i) SEG and SCR => REG; 

(ii) S, Ro Gand SUREG >SeG or REG. 


Example 3.8. Suppose that G = {b, c} be a fixed set. Then, the collection M={1n, {(b,0.9,0.0,0.0), 
(c,0.9,0.0,0.0)}, {(b,0.8,0.0,0.0), (c,0.8,0.0,0.0)}} forms a grill on G: 


Remark 3.3. Since OvNéG, so G is not a N-M-structure on G. An N-M-structure with a grill is called as 


a neutrosophic grill minimal space (in short N-G-M-space), denoted by (G, M, G). 
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4. ()’-Operator on Neutrosophic Minimal Structure: 
Definition 4.1. Suppose that (G, M, G) be an N-G-M-space. A function ( )*™: P(G) > P(G) called as 
neutrosophic minimal local function (N-M-L-function) is defined by 

()*™ ={xeG: SAUeM, for all UeM(x)}. 


Now we discuss about some properties of the neutrosophic minimal local function ()*™ in (G, M, G). 


Definition 4.2. Assume that (G, M, G) be a N-G-M-space. Then, the boundary of a N-set S over Gis 
defined by (0S)*™ = (S)*™m (S9)*™, 


We state the following two results without prove in view of the above definitions. 
Proposition 4.1. Suppose that CG M, G) be a N-G-M-space. Then, the following holds: 
(1) (On)*™ = On; 

(ii) (S)*™ = On, if SEG; 

(iti) (S)*™? < (S)*™2, where P and Q are neutrosophic grill on G with PcQ. 


Proposition 4.2. Suppose that P(G) be the collection of all neutrosophic sets defined over G. Assume 
that (c M, G) be a N-G-M-space. Then, for SeP(G), 

(7) (S)*™ = SU(ES)"™; 

(it) (S)*™ = AneaFn, where {Fn}nca is the collection of all ( )*™-closed sets in (G, M, G). 


Theorem 4.1. Assume that (G, M, G) be a N-G-M-space. Then, the following holds: 

(i) S, Re P(G) and ScR = (S)*™  (R)*™; 

(ii) For ScG, Nma($)*™ < (5)*?5 

(iii) For ScG, (S)*™ is a N-m-C set; 

(iv) For ScG, (S)*™  Nmei(S); 

(v) For ScG, [(5)*"] *™< (S)*™. 

Proof. (i) Assume that SCR and xe(S)*™. Then, for all WeM, we have by definition, that UNSeG. 
Thus by definition of neutrosophic grill we have UNReG. Hence, xe(R)*™. Therefore, (S)*™ c (R)*™. 
(ii) Assume that x¢Nc(S), for some S eG. Then by a known result there exists an UxeM such that 
UxAS = On €G. Therefore, x¢(S)*™. Hence, we have (S)*™ © Nmci(S). 

(iii) Assume that xeNma(S)*™ and UeM(x), then Ur(S)*™ 4 On. Next, let ye Ur(S)*™. Then, we have 
yeU and ye(S)*™. Therefore, UNSeEG, which implies xe(S)*™. 

Thus, we have Nmc(S)*™ ¢ (S)*™. 

(iv) Suppose that S <P(G). Then, we have (S)*™ © Noei(S)*™ and Noei(S)*™= (S)*™. Thus, we have for 
any (S)*™ = Nina(S)*™, since Ninci(S)*™ is an N-m-C set, so (S)*™ is an N-m-C set. 
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(v) Suppose that S €P(G). Then from (iv) we have Nmci(S)*™ < (S)*™, Further on considering (S)*™ is 
place of S, from (vi) we have ((S)*™)*™ C Nmca(S)*™. Hence, from these two inclusion we have 


((Sy*mym c (S)™. 


Theorem 4.2. Assume that (G, M, G) be a N-G-M-space. Suppose that (G, M) satisfies the property J. 
Then, the following holds: 

(i) (SUR)*™ = (S)*™ U (R)*™, for S, RM; 

(ii) (SAR)*™ c (S)*™ A (R)*™, for $, RCM. 

Proof. (i) We have S c SUR, R c SUR. Thus, we have (S)*™ c (SUR)*™ and (R)*™ ¢ (SUR)*™. This 
implies, (S)*™ U (R)*™ c (SUR)*™ (1) 
Suppose that x ¢(S)*™U(R)*™. Therefore there exists U1, U2 ¢ M(x) such that UinS¢G, U2znRE«G. This 
implies, (UNS) U (U2nR)¢G. 

Now, U1, U2 € M(x) > Uinuze M(x) and (SUR) A (UiNU2) c (UNS) VU (L2AR) EG. 

Therefore, x¢(SUR)*™. Thus, we have (SUR)*™ c (S)*™ U (R)*™ (2) 
From (1) and (2) we have, (SUR)*™ = (S)*™U (R)*™. 

(ii) We have SOR c S and SOR c R. This implies, (SAR)*™c (S)*™ and (SAR)*™c (R)*™. Therefore, 
(SAR)*™ & (S)*" 9 (R)*. 


Theorem 4.3. Suppose that (G, M, G) bea N-G-M-space. Assume that (G, M) satisfies the property J. 
Then, the following holds: 
(i) For WcM and ScG, Wn(S)*™= Wa(Was)*; 
(ii) For $, RG, [(S)*™ \(R) **] = [(S\R)*™ \(R)*]; 
(iii) For S, R CG, with R¢G. (SUR)*™ = (S)*™= (S\R)*™. 
Proof. (i) It is known that (WAS) c S. 
Now, (WS) c S 
= (WS) c (S)*" 
=> Wa(Wr\(S))*™ c Wr\(S))*™ (3) 
Assume that xeWr\(S)*™ and VeM(x). 
Then, we have WAVeM(x) and xe(S)*™ implies (WAV) 7 SEG. 
Thus, (WS) 7 VeG. Thus, we have xe(WS)*™, which implies xeWa(Wns)*™. 
Hence, (WaAS)*™ c WaA(Was)*™ (4) 
From (3) and (4), we have Wn(S)*™ = WaA(WaS)*™. 
(ii) We have, 
(Sy*™=[(S\R) U (SAR) *™ 
=(S\R)*"U (SAR)*™ [by part (1)] 
C[(S\R)*U (RY), 
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Thus, we have [(S)*™\(R)*™] c [(S\ R)*™U (R)*™]. 

We have, S\R cS > (S\R)*™ c (S)*™. This implies, [(S\R)*™\(R)*™] < [(S)*™\(R)*™]. 
Hence, we have [(S)*™\(R) *™] = [(S\R)*™\(R)*7]. 

(iii) By Theorem 4.4 (i), we have for S, R cG, (SUR)*™ = (S)*™ U (R)*™, 

Further the earlier result we have R¢G implies (R)*™ = On, so (S)*™ U (R)*™= (S)*™.- 
We have, S\R c S = (S\R)*™ c (S)*™, by part (iii) we have, 

[(S)*™ \(R)*™] < (S\R)*™, since (R)*™= On implies (S) *™c (S\R)*™. 

Thus, we have (S)*™=(S\ R)*™. 


Definition 4.3. Suppose that (G, M, G) be an N-G-M-space. Then, the mapping Nemo: P(G)—>P(G) is 
define by Nemc(S) = SU(S)*™, for all SEP(G). 


Theorem 4.4. The mapping Nama: P(G)->P(G) satisfies the Kuratowski closure axioms. 
Proof. We have, Nemc(On) = On U (On)*™= On U On = On. By the definition of Ncmc, we have for all 
SEP(G), Name(S) = $ U (S)*™ 2 S. 
Further, we have 
Namce(SUR) = (SUR) U (SUR)*™ 
= ((SUR) U ((S)*™ U (R)*™) [by Theorem 4.3] 
= (SU(S)*™) U (RU(R)*™) = Nemo(S) U Name(R). 
Suppose that SEP(G). Then, we have 
Namo(Nemo(S)) = Nemo(SU(S)*™) 
= [(SU(S)™)] V [(SU(S)""]P™ 
= [(SU(S)*™)] V [(S) eu (SP) [by Theorem 4.3] 
= SU(S)*™ 


Hence, the mapping Name satisfies the Kuratowski closure axioms. 


5. Conclusions: In this article, we have introduced the notion of minimal structure and grill via 
N-T-spaces. Besides, we have established its relation with some existing notions on several types of 
open sets via N-T-spaces, and investigated some basic properties of the class of minimal structures 
and grill via N-T-spaces. Further, we have furnished some suitable examples on minimal structures 
and grill via N-T-spaces. In the future, it is hoped that the notion of minimal structures and grill on 
N-T-spaces can also be applied in neutrosophic supra topological space [5], quadripartitioned 
neutrosophic topological space [6], pentapartitioned neutrosophic topological space [12], 
neutrosophic bitopological space [18], neutrosophic tri-topological space [10], neutrosophic soft 
topological space [9], neutrosophic multiset topological space [14], multiset mixed topological space 


[4], etc. 
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Abstract 

Quadripartitioned neutrosophic set is a mathematical tool, which is the extension of neutrosophic 
set and n-valued neutrosophic refined logic for dealing with real-life problems. A generalization of 
the notion of quadripartitioned neutrosophic set is introduced. The new notion is called the Interval 
Quadripartitioned Neutrosophic set (IQNS). The interval quadripartitioned neutrosophic set is 
developed by combining the quadripartitioned neutrosophic set and interval neutrosophic set. 
Several set theoretic operations of IQNSs, namely, inclusion, complement, and intersection are 
defined. Various properties of set-theoretic operators of IQNS are established. 

Keywords: Neutrosophic set, Single valued neutrosophic set, Interval neutrosophic set, 


quadripartitioned neutrosophic set, Interval quadripartitioned neutrosophic set 


1. Introduction 


Chatterjee et al. [1] defined Quadripartitioned Single Valued Neutrosophic Set (QSVNS) by utilizing 
the concept of Single Valued Neutrosophic Set (SVNS) [2], four valued logic [3] and n- valued 
refined logic [4] that involves degrees of truth, falsity, unknown and contradiction membership. 
Chatterjee et al. [5] investigated interval-valued possibility quadripartitioned single valued 
neutrosophic soft sets by generalizing the possibility intuitionistic fuzzy soft set [6]. 

No investigation regarding Interval Quadripartitioned Neutrosophic Set (IQNS) is reported in 
the literature. The motivation of the present work comes from the works of Chatterjee et al. [1, 5]. 
The notion of IQNS is developed by combining the concept of QSVNS and Interval Neutrosophic Set 
(INS) [7]. The proposed structure is a generalization of existing theories of INS and QSVNS. 

The organization of the remainder of the paper is presented in table 1. 


Table 1. Outline of the paper 


Section Content 
2 Some preliminary results. 
3 The concept of JIQNS and 


set-theoretic operations over IQNS 
are introduced. 


4 Conclusion and scope of further 


research are presented. 
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2. Preliminary 


Definition 2.1. Assume that a set W is fixed. An NS [8] H over W is defined as: 


H ={w, (1, (w), L, (w).R, (w)) :w €W} where T,,,1,,,F, :W >] 0,17. and 


“O<T, (w)+1,(w)+5,(w) <3°- 
Definition 2.2. Assume that a set W is fixed. An SVNS [2] H over W is defined as: 


H ={w, (T,,(w), 1, (w)..R, (w)): w e W} where T,,,1,,,F, :W [0,1] and 


O<T, (w)+Iy (w)+K, (w) <3. 
Definition 2.3. Let a set W be fixed. An INS [7] H over W is defined as: 
H ={(w,(T,(w), L,0w), Ry, (w)): w e W} 


where for each we W, T,,(w), 1, (w), F,(w) <[0,1] are the degrees of membership functions of truth, 
indeterminacy, and falsity and 
T,, (w) = [inf T,, (w), sup T,, (w)], L, (w) = [inf I, (w), sup I, (w)]), FR, (w) =[inf F, (w), sup K, (w)]and 
0 <supT,, (w)+supI,,(w)+supF,(w) <3. 
H can be expressed as: 
H = {w, (inf T,, (w), sup T,, (w)], [inf 1,,(w), sup 1,,(w)]), inf K,(w),supF,(w)]): w € W} 
2.4. Letaset W be fixed. AQSVNS_ [1] H over W is defined as: 


H= {(w, Tx(w), Cx(w), Ux(w), Fu(w)): weW}, where for each point we W, Tx(w), Cx(w), Ux(w), 
Fu(w) — [0,1] are the degrees of membership functions of truth, contradiction, ignorance, and 
falsity and 

0<sup Tx(w) + sup Cx(w) + sup Un(w) + sup Fu(w) <4. 

3. The Basic Theory of IONSs 

Definition 3.1. IONS 

Let W be a fixed set. Then, an IQNS over W is denoted by H and defined as follows: 


H= {(w, Tx(w), Cx(w), Ux(w), Fu(w)): weW}, where for each point we W, Tx(w), Cx(w), Ux(w), 
Fu(w) <[0, 1] are the degrees of membership functions of truth, contradiction, ignorance, and falsity 
and Tx(w)= [inf Tu(w, sup Tu(w)] , Cx(w) =[inf Cx(w), sup Cu(w)] Ux,(w) = [inf Un(w), sup Un(w)], 
Fu(w) = [inf Fu(w), sup Fu(w)] c [0, 1] and 

0<sup Tx(w) + sup Cx(w) + sup Un(w) + sup Fu(w) <4. 


An IQNS in R'is illustrated in Figure 1. 
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A sup Fi(w) 
Tu(w) inf Fu(w) 
Cu(w) 
Un(w) 
Fu(w) 
ae sup Ty(w) 
ea inf Ty(w) 
sup Cy(w) 
inf Cu(w) 
— eae id sup Ux(w) 
‘Se, See eee et inf Us(w) 
0 > 


Figure 1. Illustration of an IQNS in R! 


Example 3.1. Suppose that W = [w1, w2, ws], where w1, w2, and ws present respectively the 


capability, trustworthiness, and price. The values of w1, wz, and waare in [0, 1]. 


They are obtained 


from the questionnaire of some domain experts, their option could be degree of truth (good), 


degree of contradiction, degree of ignorance, and degree of false (poor). Hi is an IQNS of W defined 


by 


Hi = {[0.5, 0.7], [0.15, 0.2], [0.2, 0.4], [0.2, 0.3]}/wi + {[0.55, 0.85], [0.25, 0.35], [0.15, 0.25], [0.2, 0.3]}/w2+ 


[0.65, 0.85], [0.2, 0.35], [0.1, 0.25], [0.15, 0.25]}/ ws 
H2 is an IPNS of W defined by 


He = {[0.6, 0.8], [0.1, 0.2], [0.1, 0.25], [0.15, 0.3]}/wi + {[0.6, 0.9], [0.25, 0.3], [0.1, 0.2], [0.1, 0.3]}/w2+ [0.5, 


0.7], [0.1, 0.2], [0.15, 0.25], [0.1; 0.2]}/ ws 
Definition 3.2. An IQNS His said to be empty (null) denoted by O iff 


inf TH(w)= sup Tu(w) = 0, inf Ca(w)= sup Cx(w) = 0, , inf Us(w) = sup Un(w)= 1, inf Fu(w)= sup Fu(w) 


=1, 


0 = {[0, OJ, [0, 0], (1, 11,01. 17} 


Definition 3.3. An IQNS H is said to be unity denoted by 1 iff 


inf Tu(w) = sup Tx(w) = 1, inf Cx(w) = sup Cx(w) = 1, inf Un(w) = sup Un(w) = 0, 
inf Fu(w)= sup Fu(w) = 0 
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1 ={[1,1],[1,1],[0,0],[0, 01} 


Also, we have 0 =(0,0,1,1) and 1 = (1,1,0,0) 


Definition 3.4. (Containment ) Let H, and H,be any two IONS over W, H, is said to be 
contained inH,, denoted by H, CH, iff 


forany weEW, 


inf T,, (w)s inf T,, (w), sup T, _(w) SsupT,, (w), 
ace _(w) <inf Ch _(w), supC,, (w) < supC,, _(w), 
inf Ue _ (w) > inf we _(w), sup U,, (Ww) = supU,, _(w), 
inf F, “(W) > inf F, Cw), sup EF, (Ww) > supF, (w), 


Definition 3.5. Any two IQNSs Hi: and H2are equal iff H, CH,and H, >H, 

Definition 3.6. (Complement) Let H={(w,T,,(w),C,(w), U,,(w),F,(w)):w<¢W} be an IQNS. 

The complement of H is denoted by H’ and defined as: 

T,,.(w) = F, (w), Cy(w) = U,,(w), U,.(w) =C,(w), Fy (w) = T,,(w) 

H' = {(w, [inf F, (w), sup F, (w)], [inf U,, (w), sup U,, (w)], [inf C,, (w), sup C,, (w)], [inf T,, (w), sup T,, (w)]): w e W} 


Example 3.2. Consider an IONS H of the form: 
= {[0.35, 0.75], [0.2, 0.25], [0.2, 0.3], [0.2, 0.4]}/wi + {[0.55, 0.85], [0.2, 0.3], [0.15, 0.25], [0.2, 0.35] }/w2+ 
[0.75, 0.85], [0.15, 0.25], [0.15, 0.25], [0.1, 0.25]}/ ws 
Then, complement of 
== {[0.2, 0.4], [0.2, 0.3], [0.2, 0.25], [0.35, 0.75)}/wi + {[0.2, 0.35], [0.15, 0.25], [0.2, 0.3], [0.55, 
0.85]}/w2+ [0.1, 0.25], [0.15, 0.25], [0.15, 0.25], [0.75, 0.85]}/ ws 
Definition 3.7.( Intersection) 
The intersection of any two IQNSs Hi and H2 is an IQNS, denoted as H3and presented as: 
H3= Hin He 


{(w, [ing T,, (Ww), sup T,, (w)],[inf C,, (w), supC,, (w)L, [inf U,, (w),sup U,, w)], 
[inf F,, (w), supF., (wy): we W}. ° ° 


{(w,[min(inf T,, (w), infT,, (w)),min(sup T,, (w), supT,, (w))], 

_ [min(inf C,, (w), inf C,, (w)), min(sup C,, (w), supC,, (w))], 

~ [max(inf U,, (w), inf Us (w))], max(sup U, (w), sup U,, (w))], 
[max(inf F,, (w), inf F., (w), max(supF,, (w), supF., (w))) :weW} 


Example 3.3. Let Hi and H2 be the IQNSs defined in Example 3.1. 

Then, H, AH, ={[0.5, 0.7], [0.1, 0.2], [0.2, 0.4], [0.2, 0.3]}/wi + {[0.55, 0.85], [0.25, 0.3], [0.15, 0.25], [0.2, 
0.3]}/w2+ [0.5, 0.7], [0.1, 0.2], [0.15, 0.25], [0.15, 0.25]}/ ws 

Definition 3.8. (Union) The union of any two IQNSs H, and H, is an IQNS denoted as H3,and 


presented as: 
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H, =H, VH, 

{(w, [inf T, (w),supT,, (w)], [inf Cy, (w),supC,, (w)], [inf U,, (w),sup U,, w)], 

[inf Fy, (w),sup Fy, (w)]): w ¢ W}.}. 

= {(w, [max (inf Ty, (w), inf Ty, (w)), max(sup Ty, (w), sup Ty, (w))], [max (inf Cy, (w),inf Cy, (w)), max(sup Cy, (w),supC,,, (w))], 
[min(inf U,, (w),inf U,, (w)),min(sup U, (w),sup Up, (w))],[min(inf F, (w),inf F, (w)), min(sup F, (w),sup F, (w))]): w ¢ W}. 


Example 3.4. Let H, and H, be the IQNSs in example 3.1. Then 
H, UH, ={[0.6, 0.8], [0.15, 0.2], [0.1, 0.25], [0.15, 0.3]}/wi+ {[0.6, 0.9], [0.25, 0.35], [0.1, 0.2], 


[0.1, 0.3]}/w2+ [0.65, 0.85], [0.2, 0.35], [0.1, 0.25], [0.1, 0.2]}/ ws 


Theorem 3.1 Let H, and H, be any two IQNSs over W defined by 
H, ={(w, Ty (w), Cy (w), Gy (Ww), Uy (w), Ry (w))) : w € W},i =1,2, and 
T,, (W),Cy, (W),G,, (w), Uy, (W), B, (w))] C0, 1],1 = 1,2. 


Then 
(a)H, UH, =H, VH, 
(b)H, NH, =H, OH, 


Proof. (a): 


H, VH, = {(w,[max(inf Th, (w), inf Tu, (w)), max(sup Tu, (w), sup Tu, (w))], 

[max(inf Cy, (w), inf Cy, (w)), max(sup Cy, (w), sup Cy, (w))], 

[min(inf Un, (w), inf Uy, (w)), min(sup Un, (w), sup U4, (w))], 

[min(inf F,, (w), inf Fi, (w)), min(sup F,, (w), sup Fi, (w))): we Ww} 

= {w,[max(inf Tu, (w), inf Ty, (w)), max(sup T, (w), sup T, (w))], [max(Gnf Cy, (w), inf Cy, (w)), max(sup Cy, (w), sup Cy, (w))], 
[min(inf Un, (w), inf Un, (w)), min(sup U4, (w), sup Uy, (w))], [minGinf i, (w), inf Fi, (w)), min(sup Fy, (w), sup F,, (w))]: w e W} 
=H, VH, 


Proof. (b): 


H, OH, = {(w, fmin(dinf Ty, (w), inf Th, (w)),min(sup T,,, (w),supT,,, (w))], 
[min(inf Cy, (w), inf Cy, (w)), min(supC,,, (w), sup Cy, (w))], 

[max(inf Un, (w), inf Un, (w)), max(sup Un, (w), sup UL, (w))], 

[max (inf Fi, (w), inf Fi, (w)), max(sup Fi, (w), sup Fi, (w))])): we W}. 

= {(w,[min(Ginf T,, _ (Ww), inf T,, Ow), min(sup T,, , (Ww), sup T,, (w))], 

[min(inf C,, _ (Ww), inf Cy, (ww) min(sup C,, _ (Ww), ‘supCy, “wh 

[max(inf U,, _(w), inf U, (Ww) max(sup U,, _ OW), supU,, (Ww), 

[max(inf F, OW), inf F, (Ww), max(sup F, (w), sup F, (wD): Vwe W}. 
=H,OH, 


Theorem 3.2. For any two IPNS, H,,andH,: 
(a) H, U(A, OH,) =H, 
(b) H, ACH, UH,) =H, 


Proof .(a): 
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H, U(H, OH,)= 

{w, ([inf T,, _(w), sup T,, (w)], linf C,, _(w),supC,, (w))), [[inf U,, _(w), sup U,,, (w)], [inf Fi, (w), sup F, (w)]):w e W} 
U{(w, [min(inf T,, _(w), ‘inf T, _(W)), min(supT,, (w), sup T,, _(w))], 

[min(inf C,, (Ww), inf C,, (w)), ‘min(supC,, (Ww), supC, (w))h 

[max(inf U,, (Ww), inf Uz _(w)), max(sup U,, Ow), sup U,, (w))I, 

[max(inf F, (w), inf F, “(w)), max(supF, (w), sup F, wD): weW}. 

={w, ({max(inf T,, (w), min(inf T,, Ow), inf T, _(w))), max(sup T,, (w), min(sup T,, _(w), sup T,, (w)))I, 

[max(inf C,, OW), min(inf C,, (Ww), inf C, (w)), max(supC,, (WwW), ‘min(supC,, Ow), supC,, _(w)))D, 

[min(inf (U,, OW), max(inf U,, (WwW), inf U, _(W)))s min(sup U,, (Ww), max(sup U,, (Ww), sup U, _(w)))], 

[min(inf (F, (w), max(inf F, Ow), inf F, (w))). min(sup F, (w), max(sup F,, (w), sup F, _(w)))): wew} 

={w, ({inf T,, _(w), sup T,, (w)], [inf C,, (w), supC,, (w)]), [[inf U,, OW), sup U, Cw), [inf F, _(w), sup F, (w)]): w e W} 
=H, 


Proof (b): 
H, O(H, VH,) 
= {w, ({inf Ty, (w), sup T, (w)], [inf C,, (w),supC,, (w)]), 
[inf Uj, (w), sup U,, Cw), [inf F,, (w), sup Fy, (w))):w e Wi 
{(w, [max (inf Ty, (w), inf Ty, (w)),max(sup Ty, (w),sup Ty, (w))], 
[max (inf Cy, (w), inf C,,, (w)), max(supC,, (w),supC,, (w))], 
[min(inf Un, (w), inf Uy, (w)), min(sup U,, (w), sup U,, (w))I, 
[min(Ginf Fi, (w), inf F,, (w)), min(sup F,, (w), sup F,, (w))]): w « W} 
= {w, [min (inf Ty, (w), max(inf Ty, (w), inf Ty, (w))), min (sup T,,, (W),max(sup T,, (w), sup T,,, (w)))I, 
[min (inf C,, (w), max (inf Cy, (w), inf Cy, (W))), min (sup C,,, (w), max(supC,, (w),supC,, (w)))], 
[max (inf Uy, Ow), min(inf Uy, Ow), inf Uj), (w))), max (sup U,, (w), min(sup U,, (w), sup U,,, (w)))I, 
[max (inf Fy, (w), min(inf Fy, (w), inf Fu, (w))), max (sup Fy, (w), min(sup Fy, (w),sup Fu, (w)))] 
= {w, ({inf Ty, (w), sup Ty, (w)], [inf C,, (w),supCy, (w)]),[ [inf Uy, Ow), sup Uy, (w)], [inf F,, (w), sup F, (w)]): we W} 
=H, 


Theorem 3.3. For any IPNS Hi: 


(a)H, UH, =H, 
(b)H, AH, =H, 
Proof. (a): 


H, VH, ={w, ({inf Ty, (W), sup Ty, (w)], [inf C,, (w), sup Cy, (w)]), [inf U,, Cw), sup U,, (w)I, 

[inf F,, (w), sup F, (w)]): w < W} U{w, (inf T,,, (w), sup Ty, (w)], [inf C,, (w),supC,, (w)]), 

[inf U,, (w), sup U,, (w)], [inf F,, (w), sup RK, (w)]): w e W} 

= {w, ({max(inf Ty, (w), inf T,, (w)),max(sup T,, (w),supT,, (w))], 

[max(inf C,, (w), Gnf C,, (w))),max(sup T,, (w),supC,, (w)]), 

[min(inf U,, (w),inf U,, (w)),(min(sup U,, (w), (sup U,, (w))], 

[minGinf Fi, (w), inf F,, (w)), min(sup F,, (w), sup F, (w))]): w « W} 

= {w,(linf T,, (w),supT,, (w)], [inf C,, (w),supC,, (w)]),linf U,, (w),sup U,, (w)],linf K, (w),sup, (w)])): w e W} 
= H, 


Proof. (b): 
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H, OH, ={w, ((inf Ty, (w), sup Ty, (w)], [inf Cy, (w), sup Cy, (w)]), [inf Un, (w), sup Un, (w)], 
[inf K, (w), sup, (w)]): w e W} q{w, (lint T,, (w),supT,, (w)],[inf C,, (w),supC,, (w)]), 
[inf Un, (w), sup Un, (w)], [inf Fi, (w), sup Fy, (w)]): w e W} 


{ (w, [min(inf Th, (w), inf Th, (w)), min(sup Th, (w), sup Th, (w))], 

[min(inf Cy, (w), inf Cy, (w)), min(sup Cy, (w), sup Cy, (w))], 

[max(inf Un, (w), inf Un, (w)), max(sup Un, (w), sup Un, (w))], 

[max (inf Fi, (w), inf Fi, (w)), max(sup Fi, (w), sup Fi, (w))]):weW}. 

== {w, ({inf Th, (w), sup T,, (w)], inf Cy, (w),supC,, (w)]), [inf Un, (w), sup Un, (w)], inf Fi, (w), sup Fy, (w)])): we W} 


1 


Theorem 3.4 For any IQNS H,, 


Proof. (a): 
H, a0 
= {w, ([inf T,,, (w), sup T,,, (w)], [inf C,, (w), supC,, (w)]), [inf U,, (w), sup U,,, (w)], [inf F,, (w), sup, (w)])): w e W} 
(0, 0],[0, 0], [1 1, [1, U0, 11} 
= {(w,[min(inf T,, (w),0), min(supT,, (w),0)], 
[min(inf Cy, (w), 0), min(sup Cy, (w),0)], 
[max (inf Un, (w), 1), max(sup Uy, (w), 1], 
[max (inf Fi, (w), 1), max(sup Fi, (w),1]): we W} 
= {(w,[0,0)],[0,0)],[1,1],[1, 1): we W} 
=0 
Proof. (b): 
H, vi 
= {w, ([inf T,, (w),supT,, (w)], [inf C,, (w),supC,, (w))),[inf U,, (w),sup U,, (w)], [inf F, (w), sup F, (w)]): w < W} 
ATL 1,0, [0,0], [0,0] } 
= {(w, [max(inf Ty, (w), 1), max(sup Ty, (w), 1))],[max(nf Cy, (w), 1), max(supC,, (w), 1)], [minGnf Un, (w),0), min(sup Un, (w),0)], 
[min(inf Fy, (w),0)), min(sup F,, (w),0)]): we W} 
= {w((1, 1, (1, 11,[0,0],[0, 0],[0,0]): w e W} 
=i 
Theorem 3.5. For any IQNS H,, 


(a)H, V0 =H, 
(b)H, A1=H, 


Proof. (a): 
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H, VO 

= {w, ([inf Ty, (w), sup Ty, (w)], [inf Cy, (w),supC,, (w)]), finf Uy, (w), sup Un, (w)], [inf Fy, (w), sup Fu, (w)]): we W} 
U{LO, 0}, [0,0], (1, 1,011} 

= {(w,[max(inf T,, (w),0),max(supT,, (w),0))], [max(inf C,, (w),0),max(supC,, (w),0)], 

[minGinf U,, (w),1),min(sup U,, (w),D],[minGnf F, (w),1)), min(supF, (w),D]):w « W} 

={w,([inf T, (w),supT,, (w)],[inf C,, (w),supC,, (w)]),[inf U,, (w),sup U,, (w)],[inf F, (w), sup F, (w)]): we W} 
=H, 

H, fall 

= {w, ([inf T,, (w),supT,, (w)],[inf C,, (w),supC,, (w))),linf U,, (w),sup U,, (w)],[inf F, (w),sup FR, (w)}): we W} 
XO, 1,[1,1,[0, 0],[0,0]} 

= {(w, [minGnf T,, (w),1),min(sup T,, (w),1)],[minGnf C,, (w),1, min(supC,, (w), D], 

[max(inf U,, (w),0),max(sup U,, (w),0)])[max(inf F, (w),0),max(sup F, (w),0)]): we W} 

= {w, ([inf T,, (w),supT,, (w)],[inf C,, (w),supC,, (w)]),linf U,, (w),sup U,, (w)],[inf F, (w),sup KR, (w)]): we W 

= H, 


Theorem 3.6. For any IQNS H,, (H/)'=H, 

Let H, ={w, ([inf Ty, (w), sup Ty, (w)], [inf Cy, (w), sup Cy, (w)]), inf Un, (w), sup Un, (w)], [inf Fy, (w), sup Fy, (w)]): w e W} 
H, ={w, (linf F, (w),supF, (w)], [inf Uy, (w),sup Uy, (w)}Linf C,, (w),supC,, (w)), lint Ty, (w),supT,, (w)]):w © W} 
-.(H,)' = (w, inf T,, (w),sup Ty, (w)} inf C,, (w),supC,, (w)).Linf Uy, (w),sup U,, (w)} Lint Fy, (w),sup F, (wy): w €W) 
=H, 


Theorem 3.7. For any two IONSs, H, and H, : 


(a)(H, VH,)' =H/ OH, 

(b)(H, AH,)' =H, UH,’ 

Proof. (a): 

H, VH, = {(w,[max(inf T,, (w),inf T,, (w)),max(sup T,, (w), sup T,, (w))I, 
[max (inf Cy, (w), inf Cy, (w)), max(supC,, (w), sup Cy, (w))], 

[min(inf Un, (w), inf Uy, (w)), min(sup Un, (w), sup Un, (w))], 

{min(inf Fy, (w), inf Fu, (w)), min(sup Fi, (w), sup Fu, (w))], 


. (H, VH,)' = {(w, [minGnf Fi, (w), inf Fi, (w)), min(sup Fi, (w), sup Fi, (w))], 
[min(inf Un, (w), inf Un, (w)), min(sup Ux, (w), sup Un, (w))], 

[max(inf Cy, (w), inf Cy, (w)), max(sup Cy, (w), sup Cy, (w))], 

[max (inf Fi, (w), inf Ty, (w)), max(sup T,, (w),sup Ty, (w))]): we W} (1) 
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Hi OH; = {w, (lint R, (w),supF, (w)], finf U,, (w),sup U,, (w)). [inf C,, (w),supC,, (w)), Lint T,, (w),sup T, 
(tw. (Lint B,, (w),sup R,, (w)], [inf U,,, (w),sup U,,, (w)]. [inf C,,, (w), sup Cy, (w))), linf T, (w),supT,, 


= {(w, [min(@inf F, (w),inf K, (w)), min(sup F, (w),supF, (w))I, 
[minGinf U,, (w), inf U,, (w)), min(sup U,, (w),sup U,,, (w))], 
[max(inf Cy, (w), inf Cy, (w)), max(sup Cy, (w), sup Cy, (w))], 
[max(inf F, (w),inf T,,, (w)),max(supT,, (w),supT,, (w))]): w < W} (2) 


Therefore from (1) and (2), (H, UH,)’ =H AH, 
Proof. (b): 


(A, OH,) ={(w, [minGnf Ty, (w), inf Ty, (w)), min(sup T,,, (w),sup Ty, (w))], 
[min(inf Cy, (w), inf Cy, (w)),min(sup C,, (w), supC,, (w))I, 

[max (inf Un, (w), inf U,, (w)), max(sup U,, (w),sup U,, (w))I, 

[max (inf Fy, (w), inf F,, (w)),max(supF, (w),sup Fi, (w))]): w € Ww}. 

.(H, OH,)’ = {(w, [max(inf F, (w), inf Fi, (w)),max(sup K, (w), sup F,, (w))]), 
[max (inf Un, (w), inf U,, (w)), max(sup U,, (w),sup U,, (w))I, 

[min(inf Cy, (w), inf Cy, (w)),min(sup C,, (w), supC,, (w))I, 

[minGinf Ty, (w), inf Ty, (w)),min(sup T,,, (w), sup T,, (w))]): w e W} (3) 


Now 


H; UH; = {w, (inf RK, (w), sup Fy, (w)], [inf Uy, (w),sup Uy, (w)], [inf Cu, (w), sup Cy, (w)]), [inf Tu, (w), sup Ty, (w))):weW}U 
{w, ({inf Fi, (w), sup Fy, (w)], [inf Uy, (w), sup Uy, (w)], [inf Cu, (w),supCy,, (w)]), [inf Th, (w), sup T,,, (w)]): we W} 

= {w, ([max(inf Fi, (w), inf Fi, (w)), max(sup Fi, (w)], sup Fi, (w)], [max(inf Un, (w), inf Un, (w)), max(sup Un, (w), sup Un, (w))], 

[ min (inf Cy, (w), inf Cu, (w)), min (supCy, (w),supCy,, (w))],[ min (inf Ty, (w), inf Ty, (w)), min (sup Ty, (w), sup Ty, (w)))): we W} 


Therefore, from (3) and (4), (H, AH,)' =H, UH,’ 
Theorem 3.9. For any two IPNS H1, Hz, 
Heh, Hy eH, 


Proof. 


H,cH,S 

inf Ty ‘(w) <inf T, (w), sup T, (w) <supT, (Ww), 
inf Cy _(w) <inf Ch (Ww), supC,, _(w) < supC,, Ae) 
inf U,, _(w) > inf Ui, _(w), supU,, (w) = sup Uy, (w), 
= F, “(w) 2 inf F, (Ww), sup F, (w) 2 supF, (w), 


inf Fi, (w) <inf Fi, (w), sup Fu, (w) <sup Fi, (w), 
inf U, _(w) <inf U, (Ww), sup U,, _(w) <supU, (Ww), 
inf C,, “(w) <inf C,, (Ww), supC,, (w) <supC,, (w) 
inf T,, H “inf T,, , supT, _(w) = supT,, _(w) 


S 
Hi cH, 


=~ 


(wy): we W} 
(w)):w eW} 


4) 


Note: Proposed IQNS can also be called as Interval Quadripartitioned Single Valued Neutrosophic 


Set (IQSVNS). 
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4. Conclusions 

In this paper, the notion of IONS is introduced by combining the QSVNS and INS. The notion of 
inclusion, complement, intersection, union of IQNSs are defined. Some of the properties of IQNSs, 
are established. In the future, the logic system based on the truth-value based IQNSs will be 
investigated and the theory can be used to solve real-life problems in the areas such as information 
fusion, bioinformatics, web intelligence, etc. Further it is hoped that the proposed IQNS is 
applicable in neutrosophic decision making [9-11]and graph theory dealing with uncertainty [12-14], 


etc. 
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Abstract: 

In this article, we procure the concept of single-valued pentapartitioned neutrosophic Lie (in 
short SVPN-Lie) algebra under single-valued pentapartitioned neutrosophic set (in short SVPN-set) 
environment. Besides, we study the notion of SVPN-Lie ideal of SVPN-Lie algebra, and produce 


several interesting results on SVPN-Lie algebra and SVPN-Lie ideal. 


Keywords: Lie-ideal; Lie-algebra; Neutrosophic Set; SVPN-set; SVPN-Lie ideal. 
1. Introduction: 

In nineteenth century, Sophus Lie grounded the concept of Lie groups. Sophus Lie also 
discovered the notion of Lie algebra. Thereafter, Humphreys [30] introduced the concept of 
representation theory of Lie algebra in 1972. In 2003, Coelho and Nunes [10] proposed an application 
of Lie algebra to mobile robot control. Till now, the concept of Lie theory has been applied in 
mathematics, physics, continuum mechanics, cosmology and life sciences. The problems of 
computer vision can also be solved by using the idea of Lie algebra. In 1965, Zadeh [40] grounded 
the notion of Fuzzy Set (in short FS) theory. Afterwards, Yehia [38] presented the concept of 
Fuzzy-Lie ideals and Fuzzy-Lie sub-algebra of Lie algebra in 1996. Later on, Yehia [39] also studied 
the adjoint representation of Fuzzy-Lie algebra. In 1998, Kim and Lee [31] further studied the 
Fuzzy-Lie ideals and Fuzzy-Lie sub-algebra. The notion of anti-Fuzzy-Lie ideals of Lie algebra was 
studied by Akram [1]. Later on, Akram [4] studied the concept of generalized Fuzzy-Lie sub-algebra 
in 2008. The concept of Fuzzy-Lie ideals of Lie algebra with the interval-valued membership 


function was studied by Akram [5]. In 1986, Atanassov [8] grounded the idea of Intuitionistic Fuzzy 


Suman Das, Rakhal Das, Bimal Shil, Binod Chandra Tripathy, Lie-Algebra of Single-Valued Pentapartitioned 
Neutrosophic Set. 


Neutrosophic Sets and Systems, Vol. 51, 2022 158 


Set (in short IFS) theory by introducing the idea of non-membership of a mathematical expression. 
Afterwards, Akram and Shum [7] grounded the concept of Lie algebra on IFSs. The notion of 
Intuitionistic (S, T)-Fuzzy-Lie ideals was studied by Akram [2]. In 2008, Akram [3] further 
established several results on Intuitionistic Fuzzy-Lie ideals of Lie algebra. 

In 1998, Smarandache [36] grounded the idea of neutrosophic set (in short NS) by introducing the 
indeterminacy membership function of mathematical expression. Later on, Wang et al. [37] defined 
single-valued neutrosophic set (in short SVNS) as a generalization of FS and IFS. In 2020, Das et al. 
[14] proposed a multi-criteria decision making algorithm via SVNS environment. Thereafter, Akram 
et al. [6] introduced the concept of Lie-Algebra on SVNSs in 2019. Afterwards, Das and Hassan [15] 
grounded the notion of d-ideals on NS. In 2016, Chatterjee et al. [9] presented the idea of 
single-valued quadripartitioned neutrosophic set (in short SVQN-set) be extending the notion of 
SVNS. Later on, Mallick and Pramanik [33] grounded the notion of SVPN-set by splitting the 
indeterminacy membership function into three different membership functions namely 
contradiction, ignorance and unknown membership functions. Recently, Das et al. [13] studied the 
concept of Q-Ideals on SVPN-sets. 

In this article, we procure the idea of SVPN-Lie ideal of SVPN-Lie algebra. Further, we produce 
several interesting results on SVPN-Lie algebra and SVPN-Lie ideal. 

Research gap: No investigation on SVPN-Lie algebra and SVPN-Lie ideal has been reported in 
the recent literature. 

Motivation: To explore the unexplored research, we introduce the notion of SVPN-Lie algebra 
and SVPN-Lie ideal. 

The remaining part of this article has been organized as follows: 

In section-2, we recall some basic definitions and results on SVNS, Lie algebra, Lie ideal, SVN-Lie 
algebra, SVN-Lie ideal and SVPN-set those are useful for the preparation of the main results of this 
article. Section-3 introduces the idea of SVPN-Lie algebra and SVPN-Lie ideal. In this section, we 
also formulate several interesting results on them. Section-4 represents the concluding remarks on 


the work done in this article. 


2. Some Relevant Results: 

Definition 2.1.[30] Assume that Q be a field, and L be a vector space on Q. Consider an operation 
LxL — L defined by (a, b) — [a, b], for all a, b € L. Then, L is called Lie algebra if the following 
properties hold: 

(i) [a, b] is a bilinear, 

(ii) [a, a] = 0, for alla EL, 

(iii) [[a, b], c] + [[b, c], a] + [[¢, a], b] = 0, for all a,b, c € L. 


Definition 2.2.[40] A Fuzzy Set (in short FS) W over a universe of discourse I is defined as follows: 
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W = {(1, Tw(n)) : 0 € TH, 
where Tw(n) is the truth-membership value of each nell such that 0 < Tw(n) < 1. 
Definition 2.3.[38] A FS W = {(n, Tw()): n € L} is called a Fuzzy Lie ideal (in short F-L-Ideal) of a Lie 
algebra L if and only if the following three conditions hold: 
(i) Tw(q + 1) 2 min { Tw(q), Tw); 
(ii) Tw(aq) = Tw(q); 
(iii) Tw([q, r]) 2 Tw(q), for all g, re L, and a €Q. 
Definition 2.4.[8] An intuitionistic fuzzy set (in short IFS) W over a fixed set I is defined as follows: 
W = {(n, Tw(n), Iw(n)) : 1 € TH, 
where Tw, Iw are the membership and non-membership functions from W to [0, 1], and so 0 < Tw(n) + 
Iw(n) < 2, for all n eT. 
Definition 2.5.[7] An IFS W = {(q, Tw(q), Iw(q)) : q € L} on Lie algebra L is called an Intuitionistic 
Fuzzy Lie (in short IF-Lie) algebra if the following condition holds: 
(i) Tw(q + r) 2 min {Tw(q), Tw(r)} and Iw(q + r) < max {Iw(q), Iw(r)}; 
(ii) Tw(aq) = Tw(q) and Iw(aq) < In(q); 
(iii) Tw([q, r]) 2 min {Tw(q), Tw(r)} and Iw([q, r]) < max {Iw(q), Iw(r)}, for all q, r EL, and a€Q. 
Definition 2.6.[37] An Single-Valued Neutrosophic Set (in short SVNS) W over II is defined as 
follows: 
W = {(n, Tw(n), Iw(n), Fw(n)) :n € TH}, 
where Tw, Iw, Fw are truth, indeterminacy and falsity membership mappings from W to [0, 1], and so 
0 < Tw(n) + Iw(n) + Fw(n) $3, for all yell. 
Definition 2.7.[37] Assume that Y = {(c, Ty(c), Iv(c), Fy(c)) : c ¢ TI} be an SVNS over I. Then, the sets 
W(Ty,a)={ceIl:Ty(c)2a}, W(Iy,a)={ceIT:Iv(c)sa}, W(Fy,a)={ceIL:Fy(c)sa} are respectively called T-level 
a-cut, I-level a-cut, F-level a-cut of Y. 
Definition 2.8.[6] An SVNS W={(q, Tw(q), Iw(q), Fw(q)) : qeL} over a Lie algebra L is called an 
Single-Valued Neutrosophic Lie (in short SVN-Lie) algebra if the following condition holds: 
(i) Tw(q +x) 2 min (Tw(q), Tw(x)}, In(q + x) 2 min {Iw(q), Iw(x)} and Fw(q + r) < max {Ew(q), Fw(x)}; 
(if) Tw(aq) = Tw(q), Iw(aq) > Iw(q) and Fw(aq) < Fw(q); 
(iii) Tw({q, r]) > min {Tw(q), Tw(x)}, Iw({q, r}) 2 min {Iw(q), Iw(x)} and Fw({q, r]) < max {Fw(q), Fw(x)}, for 
all g, r EL, and aeéQ. 
Example 2.1. Suppose that F = R be the set of all real number. Suppose that L = R’ = {(a, b,c): a,b, cE 
R} be the set of all three-dimensional real vectors. Then, L forms a Lie algebra. We define 
R$ x R? > R$ 
[a,b] ~axb, 
where ‘x’ is the usual cross product. Now, we define an SVNS N = (TN, In, Fn) : R° = [0, 1] x [0, 1] = [0, 
1] by 
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0.9, a=b=c=0 
Tr(a, b, c) = fos a=b=0,c 40, 
0.1, a#b4#cz40 


0.9, a=b=c=0 
In(a, b, c) = fos a=b=0,c 40, 
0.1, axb #c 40 


0.1, a=b=c=0 
and F(a, b, c) = ne a=b=0,c #0. 
0.9, a#b #c 40 


Then, N = (Tn, In, Fn) is an SVN-Lie algebra of L. 

Definition 2.9.[6] Suppose that L be a Lie algebra over a field Q. An SVNS W={(q, Tw(q), Iw(q), 
Fw(q)):qeL} on L is called an SVN-Lie ideal if the following conditions hold: 

(i) Tw(r+q) > min {Tw(r), Tw(q)}, Iw(r+q) > min {Iw(r), Iw(q)} and Fw(r+q) < max {Fw(x), Fw(q)}; 

(ii) Tw(0.q) > Tw(q), In(aq) > Iw(q) and Fw(aq) < Fw(q); 

(iii) Tw({z, q]) = Tw(x), Lw({x, q]) 2 Iw(r) and Fw([r, q]) < Fw(2), for all r, q €L. 

Example 2.2. Suppose that F = R be the set of all real number. Suppose that L = R° = {(a, b,c): a,b, cE 
R} be the set of all three-dimensional real vectors which forms a Lie algebra. Now, we define an 
SVNS N = (Tn, IN, Fn) : R? = [0, 1] x [0, 1] x [0, 1] (*’ is the usual cross product) by 


0.9, a=b=c=0 
Tr(a, b, c) = fos a=b=0,c 40, 
0.9, axb4#cz40 


0.9, a=b=c=0 
In(a, b, c) = fos a=b=0,c 40, 
0.9, azb#c 40 


0.9, a=b=c=0 
and F(a, b, c) = fos a=b=0,c #0. 
0.9, a#b #c 40 


Then, N is an SVN-Lie ideal of L. 

Remark 2.1. Every SVN-Lie algebra may not be an SVN-Lie ideal. This follows from the following 
example. 

Example 2.3. Let us consider an SVNS N = (Tn, In, Fn) over the field L = R as defined in Example 2.1. 
Then, the SVNS N = {(TN(x, y, Z), IN(x, y, Z), FN(x, y, Z)) : (x,y, Z) © R?} is an SVN-Lie algebra of L, but 
it is not an SVN-Lie ideal of L, because 

Tn([(1, 0, 0), (0, 0, 1)]) = TN(O,-1, 0) = 0.1 & 0.4 i-e., Tn([(1, 0, 0), (0, 0, 1)]) & T(0, 0, 1), 

In([(1, 0, 0), (0, 0, 1)]) = Cn(0,-1, 0) = 0.1 & 04 ie., Cn([(1, 0, 0), (0, 0, 1)]) & Cn(0, 0, 1), 

Fn([(1, 0, 0), (0, 0, 1)]) = Fn(0,-1, 0) =0.9 £€ 0.4 i.e., Fr([(1, 0, 0), (0, 0, 1)]) £ Fx(O, 0, 1). 

Remark 2.2.[6] Let W={(q, Tw(q), Iw(q), Fw(q)):qeL} be an SVN-Lie algebra on a Lie algebra L. Then, 
(i) Tw(0) = Tw(q), Lw(0) > In(q), Fw(0) < Fw(q); 

(ii) Tw(-q) 2 Tw(q), Iw(-q) 2 Iw(q), Fw(-q) < Fw(q), for all q €L. 
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Definition 2.10.[9] Suppose that IT be a universal set. Then, an Single-Valued Quadripartitioned 
Neutrosophic Set (in short SVQN-set) W over I is defined as follows: 
W = {(n, Tw(n), Cw(n), Gw(n), Fw(n)) = 0 € TI, 

where Tw(n), Cw(n), Gw(n) and Fw(n) (€[0, 1]) are the truth, contradiction, ignorance and false 
membership values of each nell. So, 0 < Tw(n) + Cw(n) + Gw(n) + Fw(n) ¥ 4, for all nell. 
Definition 2.11.[9] Assume that W = {(n, Tw(n), Cw(y), Gw(n), Fw()) : 1 € T} and E = {(n, Te(n), Ce(n), 
Ge(n), Fe(n)) : 7 € I} be two SVQN-sets over a fixed set IT. Then, 
(i) WcE if and only if Tw(n) < Te(n), Cw(n) < Ce(n), Gw(n) 2 Ge(n), Fw(n) 2 Fe(n), Yn el, 
(ii) WUE = {(n, max {Tw(n), Te(n)}, max {Cw(n), Ce(n)}, min {Gw(n), Ge(n)}, min {Fw(n), Fe(n)}) : nT, 
(iii) WOE = {(1, min (Tw(n), Te(n)}, min (Cw(n), Ce(m)}, max {Gw(n), Ge(n)}, max {Fw(n), Fe(n)}) : nel, 
(iv) We= {(n, Fw(n), Gw(n), Cw(n), Tw(n)) : ne}. 
Definition 2.12.[33] Suppose that II be a fixed set. Then, an Single-Valued Pentapartitioned 
Neutrosophic Set (in short SVPN-set) W over IT is defined by: 

W = {(n, Tw(n), Cw(n), Gw(n), Uw(n), Fw(n)) : 1 € TH}, 
where Tw(n), Cw(n), Gw(n), Uw) and Fw(n) (€[0, 1]) are the truth, contradiction, ignorance, 
unknown and false membership values of each nell. So, 0 < Tw(n)+Cw(n)+Gw(n)tUw(n)+Fw(n)s 4, 
for all nell. 
Definition 2.13.[33] Assume that W={(n, Tw(n), Cw(n), Gw(n), Uw(n), Fw(n)) : nel} and E={(n, Te(n), 
Ce(n), Ge(n), Ue(n), Fe(n)) : yeT} be two SVPN-sets over a fixed set II. Then, 
(i) WcE if and only if Tw(n)<Tx(n), Cw(n)<Ce(n), Gw(n)2Gx(n), Uw(n)2U x(n), F(n)2Ee(n), Wel, 
(ii) WUE = {(n, max {Tw(n), Te(n)}, max {(Cw(m), Ce(n)}, min {Gw(n), Ge(n)}, min {Uw(n), Ue(n)}, min 
{Fw(n), Fe(n)}) : nell. 
(iti) WOE = {(n, min {Tw(n), Te(n)}, min {Cw(n), Ce(n)}, max {Gw(n), Ge(n)}, max {Uw(n), Ux(n)}, max 
(Fw(n), Fe(n)}) : nell. 
(iv) We= {(n, Fw(n), Uw(n), 1-Gw(n), Cw(n), Tw(n)) : nel. 


3. SVPN-Lie Ideal of SVPN-Lie Algebra: 

In this section, we procure the notion of SVPN-Lie ideal of SVPN-Lie algebra. Besides, we study 
different properties of SVPN-Lie ideal, and formulate several results on it. 
Definition 3.1. Let L be a Lie algebra on a field Q. Then, an SVPN-set W = {(q, Tw(n), Cw(n), Gw(n), 
Uw(n), Fw(n)) : n € L} over L is called an SVPN-Lie algebra if the following conditions hold: 
(i) Tw(nt8) 2 min {Tw(n), Tw(8)}, Cw(n+d) 2 min {Cw(n), Cw(d)}, Gw(ntd) < max {Gw(n), Gw(d)}, 
Uw(n+5) < max {Uw(n), Uw(S)} and Fw(n+8) < max {Fw(n), Fw(5)}; 
(ii) Tw(an) 2 Tw(n), Cam) 2 Cw(n), Gam) < Gw(n), Uw(an) < Uw(n) and Fw(om) < Fw(n); 
(iti) Tw([n, 8]) 2 min {Tw(n), Tw(8)}, Cw([n, 8]) 2 min (Cw(n), Cw(d)}, Gw([n, 6]) < max {Gw(n), Gw(d)}, 
Uw([n, 5]) $ max {Uw(n), Uw(d)} and Fw([n, 5]) < max {Fw(n), Fw(6)}, for all n, 6 EL, and a €Q. 
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Example 3.1. Suppose that F = R be the set of all real number. Suppose that L = R> = {(a, b, c): a, b, c 
ER} be the set of all three-dimensional real vectors. Then, L forms a Lie algebra. We define 
R3 x R? > RS 
[a, b] > ax b, 
where ‘x’ is the usual cross product. Now, we define an SVPN-set N = (TN, Cn, Gn, UN, Fn) : R? = [0, 
1] = [0, 1] x [0, 1] by 
9, a=b=c=0 


nh a=b=0,c 40, 
0.1, a#zb#cz0 


Tr(a, b, c) 


0.1, a#b #c 40 


1,a=b=c=0 
ieee as 
0.9, a#zb #c 40 


Gn(a, b, c) 


0.1, a=b=c= 
0.4,a=b=0,c 40, 
0.9, a#b#c 40 


0.9, a=b=c=0 
Cy(a, b, c) = jos a=b=0,c #0, 
Un(a, b, c) = 


0.1, a=b=c=0 
and F(a, b, c) = , a=b=0,c #0. 
0.9, a#b #c 40 


Then, N = (Tn, Cn, Gn, UN, Fn) is an SVPN-Lie algebra of L. 

Definition 3.2. Let L be a Lie algebra on a field Q. Then, an SVPN-set W = {(n, Tw(n), Cw(n), Gw(n), 
Uw(n), Fw(n)) : nell} over L is called an SVPN-Lie ideal if the following condition holds: 

(i) Tw(ntd) 2 min {Tw(n), Tw(S)}, Cw(n+8) 2 min {Cw(n), Cw(d)}, Gw(ntd) < max {Gw(n), Gw(d)}, 
Uw(n+8) < max {Uw(n), Uw(5)} and Fw(n+8) < max {Fw(n), Fw(S)}; 

(ii) Tw(an) 2 Tw(n), Cam) 2 Cw(n), G(am) < Gw(n), Uw(am) < Uw(n) and Fw(om) < Fw(n); 

(iii) Tw([n, 8]) = Tw(n), Cw({n, 8]) 2 Cw(n), G({n, 8]) < Gun), Uw([n, 8]) < Uw(n) and Fw([n, 8]) < Fw(n), 
for all n, 5EL, and acQ. 

Example 3.2. Suppose that F = R be the set of all real number. Suppose that L = R’ = {(a, b,c): a,b, cE 
R} be the set of all three-dimensional real vectors which forms a Lie algebra. Now, we define an 
SVNS N = (Tn, Cn, Gn, UN, Fn) : R3 > [0, 1] x [0, 1] x [0, 1] (*’ is the usual cross product) by 


0.9, a=b=c=0 
Tn(a, b, c) = fos a=b=0,c 40, 
0.9, axb4#cz40 


0.9, a=b=c=0 
Cy(a, b, c) = fos a=b=0,c #0, 
0.9, axb #c 40 
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0.9, a=b=c=0 
Gn(a, b, c) = fos a=b=0,c <0, 
0.9, axb 4c +0 


0.9, a=b=c=0 
Un(a, b, c) = fos a=b=0,c 40 
0.9, axb#c 40 


0.9, a=b=c=0 
and F(a, b, c) = fos a=b=0,c #0. 
0.9, a#b #c 40 


Then, N = (Tn, Cn, Gn, Un, Fn) is an SVPN-Lie ideal of L. 

Remark 3.1. Every SVPN-Lie algebra may not be an SVPN-Lie ideal. This follows from the following 
example. 

Example 3.3. Let N = (TN, Cn, Gn, UN, Fn) be an SVPN-set over the field L = R as defined in Example 
3.1. Then, the SVPN-set N = {(TN(x, y, Z), C(x, y, 2), GN(x, y, Z), UN(x, y, 2), FN(x, y, Z)) : (x,y, Z) € R3} 
is an SVPN-Lie algebra of L, but it is not an SVPN-Lie ideal of L, because 

Tn([(1, 0, 0), (0, 0, 1)]) = TN(O,-1, 0) =0.1 & 0.4 i.e., Tn([(1, 0, 0), (0, 0, 1)]) & TN(O, 0, 1), 

Cn([(1, 0, 0), (0, 0, 1)]) = Cn(0,-1, 0) = 0.1 & 04 i-e., Cn([(1, 0, 0), (0, 0, 1)]) & Cn(0, 0, 1), 

Gn([(1, 0, 0), (0, 0, 1)]) = Gn(0,-1, 0) = 0.9 € 0.4 ie., Gr([(1, 0, 0), (0, 0, 1)]) # Gn(0, 0, 1), 

Un([(1, 0, 0), (0, 0, 1)]) = Un(0,-1, 0) = 0.9 ¢ 0.4ie., Un([(1, 0, 0), (0, 0, 1)]) £ Un(O, 0, 1) 

Fn([(1, 0, 0), (0, 0, 1)]) = Fn(0,-1, 0) = 0.9 £€ 0.4 i.e., Fn([(1, 0, 0), (0, 0, 1)]) £ FN(O, 0, 1). 

Theorem 3.1. Suppose that {W;:i € A} be the family of SVPN-Lie ideals on a Lie-Algebra L. Then, 
their intersection NWi = {(n, ATy,(n), ACn,(n), VGn,(n), VUn,(n), VFn,()) : n€L} is also an SVPN-Lie 
ideal of L. 

Proof. Suppose that {W, : i € A} be the family of SVPN-Lie ideals on a Lie-Algebra L. It is known 
that, NWi = {(n, ATy,(n), AC, (M), VGn, (0), VU, (0), VF, (n)) : neL}. 

Now, 

(i) ATy (148) = min (Ty, (143) : iA) > min {min {Ty,(n), Ty,(8)} 4A} > min (ATy,(n), AT, (8)], 

ACy, (148) = min (Cy,(n+3) : ie} > min {min {Cy,(n), Cy,(B)) sie} > min (ACy,(n), ACN, (DL 

VGw, (+8) = max {Gy,(1+8) : ie A} S$ max {max {Gy,(n), Gy, (5)} : ie A} $ max {VGy,(n), VGn, (5), 
VUn, (+8) = max {Un, (+5) : ig A} S$ max {max {Un,(n), Un, (5)} : ig A} S$ max {VUN,(n), VUN, (5)}, 
VF, (+5) = max {Fy, (+5) : ig A} < max {max {Fy,(n), Fn,(5)} : ie A} S$ max {VFy,(), VFn,(5)}- 
(ii) ATy,(om) = min {Ty,(om) : iA} > min {Ty,(n) eA} > ATy,(n), 

ACy, (om) = min {Cy,(am) :i€A} > min {Cy,(n) : eA} > ACy, (1), 

VGn, (om) = max {Gy, (on) : eA} $ max {Gy,(n) : iA} < VGy,(n), 

VUy, (om) = max {Uy, (am) :i€A} < max {Uy,(n) :1€A} < Wy, (1), 

VFy, (an) = max {Fy, (an) : ic A} S$ max {Fy,(n) : ic A} S VFy,(n)- 

(iii) ATy, (0, 8]) = min (Ty, ([n, 8) sie} 2 min (Ty,(n) sid} > ATy,(n), 
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ACy, (In, 5]) = min {Cy,([n, 5]) : ic A} 2 min {Cy, (9) : ic A} 2 AC, (N), 


In, 5]) 
VGn, (fn, 81) = max {Gy, (In, 8]) : ie} S max {Gy,(n) : iA} < VGu,(n), 
WUy, (E11 8]) = max (Uy, ([n, 8]) iA} < max (Uy,(n) : 1A} < WUy,(n), 
VFy, (In, 8]) = max {Fy,([n, 3]) : i¢ A} S max (Fy,(n) :i€A} < VFy,(n)- 
Therefore, NWi= {(n, ATy, (0), ACn,(), VGn, (0), VUn,(n), VFn,(n)) : n€L} is an SVPN-Lie ideal of L. 
Theorem 3.2. Assume that W = {(n, Tw(n), Cw(n), Gw(n), Uw(n), Fw(n)) : neL} be an SVPN-Lie algebra 
on a Lie algebra L. Then, 
(i) Tw(0) = Tw(8), Cw(0) = Cw(5), Gw(0) < Gw(8), Uw(0) < Uw(8), Fw(0) < Fw(8); 
(ii) Tw(-6) = Tw(8), Cw(-8) = Cw(8), Gw(-8) < Gw(8), Uw(-8) < Uw(5), Fw(-8) < Fw(8), for all 6 € L. 
Proof. The proof is so easy, so omitted. 
Lemma 3.1. Every SVPN-Lie ideal is also an SVPN-Lie algebra. 
Theorem 3.3. Suppose that W = {(6, Tw(8), Cw(8), Gw(8), Uw(d), Fw(5)) : 6€L} be an SVPN-Lie ideal of 
a Lie-Algebra L. Then, the following holds: 
(i) Tw(0) = Tw(S), Cw(0) = Cw(S), Gw(0) < Gw(6), Uw(0) < Uw(s), Fw(0) < Fw(6); 
Gi) Tw([6, n]) 2 maxtTw(S), Tw()}; Cw([8, n]) 2 max{Cw(S), Cw(m)t; Gw([S, n]) < min{Gw (9), 
Gw(n)}; Uw(L5, n}) <min{Uw(d), Uw(n)}; Fw(l8, nl) <min{Fw(8), Fw(n)}; 
(ii) Tw(LS, n]) = Tw, 8]) = Tw(ln, 8); Cw(l8 nl) = CwClS, 8) = Cwll, 6); Gw(5 nl) = GwCI6, 5]) 
= Gw([n, 8); Uw(ls n)) = UwCls, 8]) = Uwlln, 5); Fw(S nl) = Fw(-Is, 6]) = Fw([n, 6), for all 6, ne L. 
Proof. The proofs are straightforward, so omitted. 
Definition 3.3. Assume that W = {(n, Tw(n), Cw(n), Gw(n), Uw(n), Fw(n)) : neL} be an SVPN-set over a 
Lie-Algebra L. Suppose that a, 8, y, 6, 4 € [0, 1]. Then, the sets L(Tw, a) = {neL : Tw(n)2a}, L(Cw, B) = 
{neL : Cw(n)28}, L(Gw, y) = ineL : Gw(n)sy}, L(Uw, 8) = (neL : Uw(n)sd}, L(Ew, A) = {neL : Fw(n)<A} 
are called T-level a-cut, C-level B-cut, G-level y-cut, U-level 6-cut and F-level A-cut of W respectively. 
Definition 3.4. Suppose that L be a Lie-Algebra. Assume that W = {(n, Tw(n), Cw(n), Gw(n), Uw(n), 
Fw(n)) : neL} be an SVPN-set over L. Suppose that a, 8, y, 6, 4 € [0, 1]. Then, (a, B, y, 6, A)-level 
subset of W is defined by: 

L(a, B, y, 6, 4) = {NEL : Tw(n) 2 a, Cw(n) 2 B, Gw(n) s y, Uw(n) $6, Fw(n) < 5}. 

Remark 3.2. Suppose that L be a Lie-Algebra. If W = {(n, Tw(n), Cw(n), Gw(n), Uw(n), Fw(n)) : neL} be 
an SVPN-set over L, then L(a, 8, y, 6, 4) = L(Tw, a) A L(Cw, B) 7 L(Gw, y) A L(Uw, 8) 0 L(Fw, A). 
Proposition 3.1. Suppose that L be a Lie-Algebra. An SVPN-set W = {(n, Tw(n), Cw(n), Gw(n), Uw(n), 
Fw(n)) : neL} is an SVPN-Lie ideal of L if and only if L(a, B, y, 6, A) is a Lie-Ideal of L for every a, B, y, 
6, A € [0, 1]. 
Proof. The proof is straightforward, so omitted. 
Theorem 3.4. Let L be a Lie-Algebra. Assume that W = {(n, Tw(n), Cw(n), Gw(n), Uw(n), Fw(m)) : ne L} 
be an SVPN-Lie ideal of L. Let au, 61, y1, 61, A1, a2, Bz, v2, 52, A2 € [0, 1]. Then, L(a1, B1, y1, 61, A1) = L(a2, 


Bz, v2, 2, A2) if and only if a1= a2, Bi = Bz, y1= yz, 61= 82, A1 = A2. 
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Proof. Suppose that L be a Lie-Algebra. Let W = {(n, Tw(n), Cw(n), Gw(n), Uw(n), Fw(n)) : neL} be an 
SVPN-Lie ideal of L. Let a1, 1, 1, 81, 1, a2, B2, y2, 62, A2 € [0, 1] such that L(a1, 1, y1, 61, A1) = L(ax, Be, 
v2, 52, A2). Therefore, {nEL : Tw(n) 2 cu, Cw(n) 2 B1, Gw(n) § y1, Uw(n) ¥ 61, Fw(n) s Aa} = {neEL : Tw(n) = 


02, Cw(n) 2 B2, Gw(n) $ y2, Uw(n) s 2, Fw(n) $ A2}. This is possible only when a1= a2, Bi = Bz, y1= v2, 61 


82, A1 = A2. Therefore, L(a1, B1, y1, 61, A1) = L(a2, B2, y2, 62, A2) implies a1= a2, B1 = Bz, Y1= y2, 61= 62, A1 = Az. 


Conversely, let a1= a2, B1 = Bz, y1= 2, 61= 82, Ai = A2. 
Now, L(a1, B1, 1, 61, A1) 
= {neL : Tw(n) 2 a1, Cw(n) 2 61, Gw(n) ¥ y1, Uw(n) < 81, Fw(n) § Ai} 


= {neL : Tw() 2 a2, Cw(n) 2 Bz, Gw(n) $ v2, Uw(n) ¥ 82, Fw(n) < A2} 
= L(a2, Be, v2, 82, A2) 


Therefore, a1= a2, 61 = Bz, yi= yz, 61= 82, A1 = A2 implies L(a1, B1, y1, 61, A1) = L(a2, Bz, y2, 62, 42). 
Definition 3.5. Assume that Li and L2 be two Lie-Algebras on a common field ©. Suppose that f be a 
bijective mapping from L1 to L2. If M = {(n, Tm(n), Cm(y), Gu(n), Um(n), Fu(n)) : ne L} be an SVPN-set 
in Lz, then f-1(M) defined by f-1(M) = {(n, f-*(Tu(n)), £2 (Cu(n)), f° (Gun), £* (Um(n)), 
f~*(Fm(n))) : nEL} is also an SVPN-set in Li. 

Theorem 3.5. Assume that Li and Lz be two Lie-Algebras on a common field Q. Suppose that f be an 
onto homomorphism from L: to Lz. If M = {(n, Tm(n), Cu(n), Gau(n), Um(n), Fu(n)) : neL} is an 
SVPN-Lie ideal of Lz, then f~*(M) = {(n, f-*(Tm(n)), £*(Cu(n)), (Gum), F*(Um(n)), £*(Fu(n))) 
: n€L} is also an SVPN-Lie ideal of Li. 

Proof. The proof is so easy, so omitted. 

Proposition 3.2. Suppose that L1 and L2 be two Lie-Algebras. Let f be an epimorphism from Li to L2. 
If M = {(y, Tm(n), Cm(y), Gm(n), Um(n), Fu(n)) : neL} be an SVPN-Lie ideal of L2, then f~1(M‘) = 
(f~1(M))° is also an SVPN-Lie ideal of Li. 

Proof. The proof is straightforward, so omitted. 

Theorem 3.6. Suppose that Li and L2 be two Lie-Algebras. Let f be an epimorphism from Li to Lz. If 
M = {(n, Tm(y), Cu(n), Gmu(n), Um(n), Fu(n)) : neL} be an SVPN-Lie ideal of L2, then f~1(M) = {(n, 
f~*(Tm(n)), £7*(Cm(n)), £72(Gu(n)), £7*(Um(n)), £72(Fm())) : nL} is also an SVPN-Lie ideal of Li. 
Proof. The proof is directly holds from Definitions 3.2 and Definition 3.5. 

Definition 3.6. Let us consider two Lie-Algebras Li and L2. Let f be a mapping from a L: to Lz. If W = 
{(n, Tw(n), Cw(n), Gw(n), Uw(n), Fw()) : ne L} be an SVPN-set in L1, then the image of W = {(n, Tw(n), 
Cw(n), Gw(n), Uw(n), Fw()) : ne L} under f denoted by f(W) is an SVPN-set in L2, defined as follows: 


if f-1 
F(Tw)()=f vette) Tw(u), eS Rae ae eee er 
O, otherwise 
if f-1 
F(Cw))=-f vetton Cw), EO) eee Pane Nee Us 
0, otherwise 
. . -1 
f(Gw) (r)= ies vert Gw(U), SR in , for each r€ Lz, 
1, otherwise 
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; aoe 
f(UUw) (= ee ver) Uw(u), re ee 8 , for each r€ Lz, 
1, otherwise 
. . -1 
f(Fw) (= ee uet*¢r) Fw Cu), ae, ies , for each r€é Lz. 
1, otherwise 


Theorem 3.7. Let us consider two Lie-Algebras Li and L2. Suppose that f be an epimorphism from 
Li to Lz. If W = {(n, Tw(), Cw(y), Gwin), Uw(n), Fw(n)) : neL} is an SVPN-Lie ideal in Li, then the 
image of W = {(n, Tw(n), Cw(n), Gw(n), Uw(n), Fw(n)) : neL} i-e., (W) is also an SVPN-Lie ideal in L2. 

Proof. The proof is directly holds from Definition 3.2 and Definition 3.6. 

Definition 3.7. Let us consider two Lie-Algebras Li and Lz Suppose that f be an onto 
homomorphism from Li to Lz. Let M = {(n, Tm(y), Cm(y), Gu(n), Um(n), Fu(n)) : ne L} be an SVPN-set 
in Lo Then, we define L' = {(,Tu(n),Cu(@), Gun), UM@), Fu(n)) ne Li} in Li by 
Tu(n) = Tu(f()) » Cun) = Cu(f™)), Gu) = Gu(F@)), Um) = Um(f@)), Fa@) = 
Fu(f(m)), for all néLi. Clearly, L' is an SVPN-set in Li. 

Theorem 3.8. Suppose that Li and Lz be two Lie-Algebras on a common field Q. Assume that f be an 
onto homomorphism from L: to L2 If M = {(n, Tau(n), Cm(y), Gun), Um(n), Fu(n)) : neL2} is an 
SVPN-Lie ideal of Lz, then Lf = {(n, Thm), Chm), GR), UL), Fu): ne Li} is also an 
SVPN-Lie ideal of Li. 

Proof. Suppose that Li and Lz be two Lie-Algebras on a common field Q. Assume that n, 6 € Li and 
a€ QO. Then, we have 

(i) TN( + 8) 

=Ty(f(m + 8)) 

=Ty(f(n) + £(8)) 

>min{Ty(f(m)), Ty(F(S))} 

=min{Ty(n), Ty (8) }, 

Cyn + 8) 

=Cy(f(n +8) 

=Cy(F(n) + £(5)) 

>min{Cy(f(m)), Cy(F(S))} 

=min{Cy(n), Cn(8)}, 

Gh(n + 8) 

=Gy (Fm + 8)) 

=Gn(f(n) + £(8)) 

<max{Gy(f(m)), G(F(S))} 

=max{Gy(n), Gy(S)}, 

Un(n + 8) 

=Un(f(m + 8)) 

=Un(f(n) + £8) 
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<max{Uy(f()), Un (F(S))} 

=max{Un(n), Un(8)}, 

Fy(y + 8) 

=Fy(f(m + 8)) 

=Fy (F(n) + £(5)) 

<max{Fy(f()), Fu(F(S))} 

=max{Fy (1), Fn(8)}, 

(ii) Ty(an) = Ty(Fan)) = Tw(af(n)) = Tw(F)) = Twn), 
Cy (an) = Cy(F(an)) = Cy (afm) = Cn (F)) = Cnn), 
Guan) = G(af(n)) = Gy(af(n)) < G(fm)) = Gyn), 
Uf(an) = Un(af(n)) = Un(af(n)) < Un(f™m)) = ULC), 
FR (an) = Fy(af(n)) = Fy(af(n)) < Fn(f)) = FA). 
(iii) TA (In, 8]) = Ty (FCI, 8])) = TyF@), ()D = Tw(f)) = THC), 


CnC, 8)) = Cn (F([n, 8) = Cu (FC), (8) = CnC) = CH), 
Gy(In, 8) = Gw(F(n, 8) = Gu (F), FO) S Gun) = GYM), 
Un (In, 8) = Un(F(In, 8D) = Un (Fn), £8))) < Un(F(n)) = Un(nd, 


Fy([n,8]) = Fr (fn, 8])) = Fn (fn), £6)]) < Fu (f()) = FN(n)- 

Therefore, L' = {(, Tun), Cun), Gun), Umm), Fu(n)) : neLi} satisfies all the conditions 
for being an SVPN-Lie ideal of Li. Hence, L' is an SVPN-Lie ideal of Li. 

Theorem 3.9. Assume that Li and Lz be two Lie-Algebras on a common field Q. Suppose that f be an 
onto homomorphism from L: to Lz. Then, L‘={(w, Ti, (w), Ch, Cw), Ghy Cw), UL Cw), Fy (w)): we Lifis 
an SVPN-Lie ideal of Li iff M={(w, Tm(w), Cm(w), Gu(w), Um(w), Fu(w)) : weL} is an SVPN-Lie ideal 
of Lz. 

Proof. The sufficiency of this theorem directly follows from the previous theorem. 

Now, we just need to prove the necessity part of this theorem. Since, the mapping f is a onto 
mapping, so for any w, q € Lz there are wi, qi € Lz such that w = f(w,),q = f(q,). Therefore, 
Ty(w) = Tu(wi), Tw(Q) = Twa), Cw(w) = CnOwa), Cw(a) = Cn(Gi), Gn(w) = GNOwi), Gw(q) = 
Gu(qi), Un(w) = Un (wi), Un (q) = Un (Gi), F(w) = Fn(wi), Fw(@) = Fn(ai)- 

Now, 

(i) TN(w + q) 

Tw(Fws) + fq.) 

= Ty(f(w: + 41)) 

= Ty(Wi + 41) 

min{Ty(w1), Tr(a) } 

= min{Ty(w), Ty(q)}, 

Cx(w + q) 


IV 
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= Cy(f(w,) + f(qi)) 

= Cy(f(w; + q1)) 

= Cy(wi + q:1) 

> min{Cy(w,),Cn(qi)} 

= min{Cy(w), Cy(@)}, 

Gn(w + q) 

= Gy(f(w1) + f(a.) 

= Gy (Fwy + q1)) 

= Gy(wi + qi) 

< max{Gh(w,), Gy(qi)} 

= max{Gy(w), Gn(q)}, 

Un(w + q) 

= Un(f(w,) + f(qi)) 

= Un(f(w1 + 41)) 

= Un(W, + a1) 

< max{Uy(w,), Un(ai)} 

= max{Uy(w), Un(q)}, 

Fx(w + q) 

= Fy(f(w,) + f(qi)) 

= Fy(f(w; ar q1)) 

= Fy(w; + qi) 

< max{Fy(w,), Fy(qi)} 

= max{Fy(w), Fy(q)}- 

(ii) Ty (aw)=Ty (af(w,))=Tn (f(aw,))=T§ (fCaw,))=Th (w1)=T (Ww), 

Cy (aw)=Cy (af(w,))=Cy (f(aw,) )=Ch (F(aw,))=Ch (w,)=Cy (Ww), 

Gy (aw) =Gy (fw) Gy (Flaw) )=Gh (Flaw, ))<Gh (ws )=Gy (w), 

Un (aw)=Uy (axf(w,) )=Un (F(aw,) )=US (f(aw,))<Uf (w,)=Uy (w), 

Fy (aw) =Fry (af(w;))=Fy (Faw, ))=Fp (F(aw,)) SFR (wi )=Fy (Ww). 

(iii) Ty(Lw, q])=Ty(EfGw1), Fa) D=Ty (Fw, a1]))=Tw lw a1) 2Ty (wi )=Tn Ow), 
Cy (Lw, q])=Cr CLFCw:), Far) D=Cn (Fw, aa) )=Ch Cw, as 2 Cy (wi )=Cy (w), 
Gy ([w, q])=Gn([FCw1), £41) D=Gn (FCW, ai]))=Gh (wi, ai 1)<Gy (w1)=Gn(w), 
Un (Ew, a)=Un ([FCw1), C1) =Un (FCW, 41 )))=U4 Ewa, a1] SU (wi)=Un (w), 
Fy (Lw, q])=F([fCw1), fq.) D=Frn(fwi, a1) )=Fn(lwa, ai])SFn(wi)=Fnw), 
Therefore, Lf = {(w, Ty (w), Cy (w), Gy (w), Uy (w), Fy (w)) : weLi} satisfies all the conditions 


for being an SVPN-Lie ideal of Lz. 
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Novelty: 


Conclusions: 

In this article, we introduced the notion of SVPN-Lie ideal of SVPN-Lie algebra. Besides, we 
formulated several interesting results on SVPN-Lie ideal and SVPN-Lie algebra. Further, we furnish 
few illustrative examples. 

In the future, we hope that based on the current study many new notions namely single-valued 
pentapartitioned neutrosophic anti-Lie ideal, single-valued pentapartitioned neutrosophic Lie 


topology can also be introduce. 
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Abstract: Multi-objective assignment problems (MOAPs) emerge in a wide range of real-world 
scenarios, from everyday activities to large-scale industrial operations. In this study, a MOAP with 
fuzzy parameters is investigated, and the fuzziness is represented by a Type-2 fuzzy logic system. 
Because the T2FLS is more efficient in dealing with the uncertainty of a decision-making process, the 
current problem's many parameters are represented by Type-2 trapezoidal fuzzy numbers 
(T2TpFNs). T2TpFNs are first reduced to Type-1 fuzzy numbers, then to crisp numbers. Finally, the 
neutrosophic compromise programming technique (NCPT) is applied to produce a problem 
compromise solution. A numerical problem is used to demonstrate the validity and applicability of 
the NCPT for the current MOAP. Furthermore, a comparison of NCPT to other techniques such as 
FPT and IFPT shows its superiority. 


Keywords: Multi-objective Optimization; Assignment Problem; Type-2 Fuzzy Logic; Neutrosophic 
Programming; Fuzzy Goal Programming; Intuitionistic Fuzzy Programming. 


1. Introduction 


An (AP) is a combinatorial discrete optimization decision making problem arising in operations 
research and project management. It is an indispensable part of human resource project management, 
one of the main project management areas. It includes selection, development and 
management/control of the project team. In literature, the assignment problem has also been called 
the maximum weight matching problem. It has a wide range of applications in many real-life projects 
related to, for instance, education [16], production planning in telecommunication [67], rail transport 
[70] and medicine [74]. A classical assignment problem deals with allocating n tasks to n agents so 
that each agent is assigned to a single task and only one agent performs each task to optimize a pre- 
defined objective. This may involve maximizing efficiency or minimizing assignment cost or 
execution time of the tasks. 

Generally, a cost-minimizing assignment problem (CMAP) aims to find an assignment 
schedule that minimizes the total assignment cost. A time minimizing assignment problem (TMAP), 
also known as a bottleneck assignment problem, focuses on minimizing the overall execution time of 
all the tasks. The first polynomial-time algorithm, viz., Hungarian algorithm for solving a CMAP, was 
proposed by Kuhn [33] in 1955. Later, Ravindran and Ramaswamy [60] used the Hungarian approach 
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to solve a single objective bottleneck assignment problem. Various researchers have discussed a 
number of variants of the CMAP as well as the TMAP [11,47,53,66,69,76]. Bogomolnaia and Moulin 
[11] discussed a random assignment problem with a unique solution in which probabilistic serial 
assignment has been characterized by efficiency in an ordinal sense and envy-freeness. Maxon and 
Bhadury [47] discussed a multi-period assignment problem with repetitive tasks and tried to integrate 
a human aspect into their analysis. Nuass [53] suggested an optimizing and heuristics approach for 
solving generalized assignment problems. Sasaki [66] discussed axiomatic characterizations like 
consistency and monotonicity of the core of assignment problems in his research. Sourd [69] 
addressed a persistent assignment problem to solve scheduling problems with periodic cost 
functions. Vatow and Orden [76] discussed a personnel assignment problem. A number of books are 
also available in the literature that discuss assignment problems and their variants thoroughly 
[12,22,51,72]. 

While making strategic planning decisions in many real-life situations related to economics, 
science and engineering, often there is a suggested need to optimize more than one objective 
simultaneously. It gives rise to multiobjective optimization problems (MOOPs). In MOOPs, the 
multiple objectives are mostly conflicting in nature, and therefore, a single optimal solution may or 
may not exist. One has to search for trade-off/compromising solution(s) that involves a loss in one of 
the objective values in return for the gains in the others. It is easy to determine the superiority of a 
solution over the others in a single objective optimization problem, but in a MOOP, compromising 
solutions’ consistency is determined by the concept of dominance. Therefore, these compromising 
solutions form the so-called Pareto frontier of the problem and are called Pareto optimal solutions 
that give rise to non-dominated points of the problem in its criteria space. Likewise, depending upon 
various market segments in this competitive world, a business industry might choose a strategy to as- 
sign various jobs to various agents in such a way that some objectives are optimized simultaneously. 
These objectives may either involve minimizing total assignment cost or that of the overall execution 
time or both at a time. For instance, many business firms either follow low-cost strategies or follow 
better responsiveness and customer service rules. Assignment problems in which both these factors 
are taken into account become time-cost trade-off problems as the solution providing the lowest cost 
may not provide the least time as well. Such problems fall in the category of bi- 
objective/multiobjective assignment problems. These problems have been investigated intensively in 
literature by many researchers [1,6,7,19,23,30,48,55,57,75,77]. Adiche etal. [1] proposed a hybrid 
algorithm for solving MOAPs. Bao et al. [6] studied the 0-1 programming method to transform and 
solve a MOAP by transforming it to a single objective assignment problem (SOAP). Geetha et al. [19] 
discussed the cost-time trade-off in a multicriteria assignment problem, whereas Hammadi [23] 
solved a MOAP using a tabu search algorithm. Yadaiah et al. [77] discussed an assignment problem 
with multiple objectives viz., time-cost-quality using the Hungarian algorithm. Furthermore, in 
several real-world optimization issues, the decision-makers are not always able to assign precise 
values to the problem's many parameters. 


Only a vague information may be available based on abrupt changes in the environmental 
conditions, sudden breakdown of machinery, changes in government policies like complete or partial 
lockdown in the concerned region (specifically, in the epidemic/pandemic scenario like Covid-19) that 
may result in sudden shortage of products with high demand or an increase in demand of the newly 
launched products etc. This vagueness may also be based on past experiences and knowledge about 
the related situations. Thus, there is uncertainty in the values of parameters which may be very large 
as well. The theory behind fuzzy techniques is based on the notion of relative graded membership, 
inspired by human perception and cognition processes. It can deal with information arising from 
cognition and computational perception that is partially true, imprecise or without sharp boundaries. 
In 1965, Lotfi A. Zadeh[80] published his first famous research paper on fuzzy sets. Since then, 
various computational optimization techniques based on fuzzy logic have been developed for pattern 
recognition and identifying, optimizing, controlling, and developing intelligent decision-making 
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systems. It can also provide an effective means for conflict resolution of multiple criteria and assess 
the available options in a better way. Later, Zadeh [81] also discussed the concept of a linguistic 
variable and its application to approximate reasoning. 

Assignment problems performed in turbulent times (e.g., economic crisis, pandemic, risks 
etc.) may also have complex parameter estimation that leads to the discussion of these problems in a 
fuzzy environment. Researchers have thoroughly discussed various SOAPs/MOAPs and _ their 
variants under fuzziness [9,13,14,17,25,26,33,37,38,39,40,41,42,43,44,49,59,61,65,71]. Biswas and 
Pramanik [9] discussed a MOAP in the context of military affairs with fuzzy costs as trapezoidal 
fuzzy numbers. To transform their problem into a crisp single objective assignment problem, they 
applied Yager’s ranking method. Chen [13] proposed a fuzzy assignment paradigm that treated all 
individuals as having the same abilities. De and Yadav [14] proposed an algorithm to solve a MOAP 
with exponential (nonlinear) membership using an interactive fuzzy goal programming approach 
whereas Feng and Yang [17] discussed a bi-objective assignment problem and constructed a chance- 
constrained goal programming model for the problem. Huang et al. [25] discussed a fuzzy 
multicriteria decision-making approach for solving a bi-objective personnel assignment problem 
whereas Huang and Zhang [26] developed a mathematical model for a fuzzy assignment problem 
(FAP) with a set of qualification constraints. Then, they designed a tabu search algorithm based on 
fuzzy simulation to solve the problem. Kagade and Bajaj [31] solved a MOAP with cost coefficients of 
the objective functions as interval values. Li et al. [40] discussed FAPs and presented a metric 
uncertainty model of concentrated quantification value. The convergence of the solution algorithm 
developed by combining genetic algorithm and assignment problems has been analyzed using 
Markov chain theory. Lin and Wen [41] also considered an FAP with assignment costs as fuzzy 
numbers and proposed a methodology that reduces the problem, either to a linear fractional 
programming problem or to a bottleneck assignment problem. They used a labelling algorithm to 
solve the related linear fractional programming problem. Lin et al. [42] studied an FAP and 
performed advanced sensitivity analysis viz., Type II and Type III sensitivity analysis. Type II 
sensitivity analysis determined the range of perturbation so that the optimal solution remains optimal 
whereas Type III sensitivity analysis determined the range for which the rate at which the optimal 
value function changes remains unchanged. Liu and Gao [43] designed a genetic algorithm to solve 
the fuzzy weighted balance equilibrium multi-job assignment problem whereas Liu and Li [44] 
presented a fuzzy quadratic assignment problem with three penalty costs and developed a hybrid 
genetic algorithm to solve the problem. Mukherjee and Basu [49] proposed a fuzzy ranking method 
for solving assignment problems with fuzzy costs. Pramanik and Biswas [59] studied a MOAP in 
which time, costs and inefficiency were represented by generalized trapezoidal fuzzy numbers and 
developed a priority-based fuzzy goal programming method. A traffic assignment based on fuzzy 
choices has been discussed by Ridwan [61]. Sakawa et al. [65] used interactive fuzzy programming 
for the linear and linear fractional programming workforce and production assignment problems. 
Tada and Ishii [71] also discussed a bi-objective FAP. For some other fuzzy models of the assignment 
problem and its variants, one may refer to the works of Gupta and Mehlavat [21], Jose and Kuriakose 
[28], Majumdar and Bhunia[46], Mukherjee and Basu [50], Nirmala and Anju [54], Pandian and 
Kavitha [56]and Thorani and Shankar [73], Yang and Liu [78], Ye and Xu [79]. 

Generally, in fuzzy optimization theory, Type-1 fuzzy set (T1FS) is employed that represents 
the uncertainty of the parameters by the membership functions which are crisp numbers lying in the 
interval [0, 1]. From the beginning, one of the major issues with the T1FS is that it cannot handle the 
uncertainty of the parameters efficiently, specifically, in situations where there is further uncertainty 
associated with the membership functions of the parameters. There is a need to depict such 
uncertainties by fuzzy sets that have blur boundaries. Then, a Type-2 fuzzy set (T2FS) came into 
existence. Membership functions of T2FS are three dimensional that allow some additional degrees of 
freedom to manage these uncertainties in a better way. In recent years, researchers have discussed 
various decision-making problems using T2FS [15,20,27,29,34,35,36,45,52]. The problem studied in 
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this paper is a MOAP with fuzzy parameters, represented by T2TpFNs. Firstly, a two-stage 
defuzzification process is used to convert these T2TpFNs to equivalent crisp values and then, the 
neutrosophic logic is applied to solve the problem. The definition of neutrosophic logic and the 
related literature review is provided in the next subsection. 


1.1 Literature Review on Neutrosophic Logic 


As mentioned in the previous section, the theory behind fuzzy techniques is based on the notion of 
relative graded membership, i.e., the degree of belongingness of a parameter in an interval or a fuzzy 
set. Nevertheless, sometimes it is important to discuss the non-belongingness or non-membership of 
that parameter to cater a more realistic scenario. Atanassov [5] proposed a generalization of fuzzy 
sets viz, intuitionistic fuzzy logic that incorporates both the aforementioned factors. In this approach, 
two different real numbers representing the degree of truth and degree of falsehood are associated 
with each parameter. However, a half-true expression in this logic is not always half false; there may 
be some hesitation degree as well. Many researchers have developed a number of intuitionistic fuzzy 
programming approaches which gained significant popularity among the existing multiobjective 
optimization techniques. Angelov [3,4] first discussed optimization in an intuitionistic fuzzy 
environment. Later on, various researchers discussed this technique to study assignment problems as 
well. Jose and Kuriakose [28] presented an algorithm for solving an assignment model in an 
intuitionistic fuzzy context. Mukherjee and Basu [50] solved an intuitionistic fuzzy assignment 
problem using similarity measures and score functions. Roy et al. [63] presented a new approach for 
solving intuitionistic fuzzy multiobjective transportation problems in which supply, demand and 
transportation costs are considered as intuitionistic fuzzy numbers. But certain real-world situations 
involve another factor called indeterminacy. In such problems, the indeterministic feature of 
ambiguous data plays an essential role in making a rational decision outside the reach of intuitionistic 
fuzzy set theory. Each membership function of the neutrosophic set is precisely quantified and 
independent. One obtains better and more refined results whenever the optimization is carried out in 
a neutrosophic or generalized neutrosophic setting. Many researchers have applied neutrosophic 
logic to solve various multiobjective optimization problems [2,18,32,58,62,64,82]. Aggarwal et al. [2] 
thoroughly discussed neutrosophic modelling and control. Freen et al. [18] discussed multiobjective 
nonlinear four-valued refined neutrosophic optimization. Kamal et al. [32] considered a 
multiobjective nonlinear selective maintenance allocation of system reliability and used a 
neutrosophic fuzzy goal programming approach to get the optimal solution. 

Pintu and Tapan [58] presented a multiobjective nonlinear programming problem based on 
the neutrosophic optimization technique and discussed its application in the Riser Design problem. 
Rizk-Allah [62] also discussed a multiobjective transportation model under a neutrosophic 
environment. Sahin and Muhammed [64] studied a multicriteria neutrosophic group decision-making 
method based on TOPSIS for supplier selection. Zhang et al. [82] discussed neutrosophic interval sets 
and their applications in multicriteria decision-making problems. Next subsection discusses the 
motivation behind the present study. 


1.2 Study Motivation 


This paper aims to present an efficient algorithmic solution procedure based on neutrosophic logic for 
a MOAP with conflicting objectives viz., assignment cost and execution time in which T2TpFNs are 
used to represent these parameters. Using the output processor of T2FS these T2TpFNs are initially 
reduced to Type-1 fuzzy numbers and then to crisp numbers. The proposed solution procedure is 
named as Neutrosophic compromise programming technique (NCPT). The selection of T2FS for the 
present study is due to the fact that its membership functions allow some additional degrees of 
freedom to manage the uncertainties/vagueness in the parameters (here, time and cost) in a better 
way. However, the advantage of neutrosophic logic, as mentioned in the previous subsection, is that 
it offers a neutral perspective to decide the best possible compromise solution(s) of a MOOP. It is 
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shown that NCPT is the best solution technique for dealing for dealing with inaccurate, missing, and 
inconsistent information of the present MOAP when compared to the available solution techniques 
viz., fuzzy and Intuitionistic fuzzy programming techniques. This comparison has been done with the 
help of a numerical problem. LINGO software, created by LINDO Systems Inc., is used for all 
calculation-based frameworks. 

The rest of the paper is structured as follows: In Section 2, mathematical statement of the present 
MOATP is given. It explains the basic as well as the fuzzy model of the problem viz., “Model 1” and 
“Model 2”, respectively. Section 3 discusses some basic mathematical preliminaries related to fuzzy, 
intuitionistic fuzzy and neutrosophic sets. Section 4 discusses the defuzzification process of T2TpFNs. 
In Section 5, three different solution techniques that are applied to the present MOAP have been 
discussed in detail. In Section 6, some real-world applications of the present MOAP are given. The 
efficacy of the proposed NCPT solution technique for a MOAP instance is addressed in Section 7. 
Section 8 discusses the performance and outcome of the proposed solution technique. It also provides 
its comparative study with the other two solution techniques. Advantage of using the NCPT solution 
technique instead of other commonly used techniques has been addressed in Section 9. Section 10 
provides conclusion and the future aspects of the present study. 


2. Mathematical Statement of MOAP 


Nomenclature 


Indices: 
i - Index for n workers, (i=1, 2,..., 1) 
j- Index for n tasks, (j=1,2,..., 1) 
Decision Variable: 


x ij-Binary variable that takes the values 1 and 0 if j taskis assigned and not assigned to 7" worker, 
respectively. Equivalently, 
_|l,if j” task isassigned to i" worker 
— ( , otherwise 
Parameters: 


c ij ~ Assignment cost of j'" task to the i" worker 


f;, -execution time when i worker performs j'” task 


Model 1: 
The mathematical formulation of a MOAP with the above-mentioned parameters is as follows: 


Min Z, = Yc %; 


i=l j=l 


Min Z, = yy, 


i=l j=l 


Subject to 
yx, =], i=1,2,...,n 
jel 
yx, =). PSTD nah 
i=l 
x, =Oorl, i=1,2,...n, J =12,...,n. 
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In Model 1, time ( a ) and cost ( a ) parameters are assumed to be T2TpFNs. 


Model 2: 
Min Z, = ye 
i=l j=l 
Min Z, = tae 
i=l j=l 
Subject to 


Model(1) 


3. Mathematical Preliminaries 
Some basic definitions of fuzzy, intuitionistic fuzzy and neutrosophic set are discussed. 


Definition 3.1 Fuzzy Set or Type I Fuzzy Set (T1FS) [10] 


A fuzzy set C is defined on the set Y of real numbers. Its membership function Mey) can be 


characterized as: 
Me? Y €(0, 1];0 < u(y) <1, 


Thus, a T1FS can be defined as: C = (y.ue(9) rye y} 


Definition 3.2 Defuzzification of T1FS [10] 


Defuzzification is a process of transforming a fuzzy inference into a crisp output. For a Type-1 fuzzy 
number (T1FN) also, there exists an associated crisp quantity which is called defuzzified form of that 


TIEN. Let C = (C,,C,,C3,C,) be a Type-1 Trapezoidal Fuzzy Number (T1TrFN). Using probability 


density function, defuzzified value of C canbe computed as: 


| 2 
VES ete oes fae) 
>) Gt C6 = 6, 


Definition 3.3 Type-2 Fuzzy Set (T2FS) [10] 


Generalization of interval-valued fuzzy sets is known as T2FS, if the intervals are fuzzy. A T2FScan be 
expressed in four TIFS. . That means four membership functions of a T2FS are T1FSs, which depict the 
uncertainty of T2FS in a justified manner. Therefore, a membership function of T2FS is of the form 
Ma: Y — x({0, 1]) where 7([0, 1]) denotes the set of all TIFSs defined on the interval [0, 1]. 


Definition 3.4 Type-1 Trapezoidal Fuzzy Number (T1TrFN) [10] 


ATITrPEN C = (C,,C5,C3,C,) on Y with the membership function can be defined as: 


amet if CYS, 

ool 

1 if ¢C,5y Sc, 
M-(y) = = 

ase it 6,5 y SG 

ee 

0 if y<c, or y>c, 
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Definition 3.5 Type-2 Trapezoidal Fuzzy Number (T2TpFN) [10] 


A T2TpFN C can be expressed in four TITpFNs: C= (Cis C3, OF Cy) 

nm LoL OR OR a LoL OR ORY pf LoL OR OR 
Where, C, =(€)',€9 Cp €) ) , Cy =(€55C9 3p Cz), Cy = (C509 C9 5 C3 ) 
and C, = (cy, oe C0, ) represent TITpFNs. 


Now, primary membership functions H=(y) of € can be defined as: 


(uty, Hay) 1s) Hay) ) iG 7a vse, 
HAY) =)( LY) B30) 3,0) BE) ) ife; Sy Sehuy 
0 otherwise 
where 
So re 
> 
iyy=see—ct *°! ; (j=0,1, 2,3; i=1,2,3,4) 
0 i<j 
ch-y ._, 
eh’ 
hi(Y) =} C. — C6 ; (7 =90, 1, 2,3; i=1, 2, 3, 4) 
0 i<j 


Secondary membership function Hz (y) of & can be defined as: 


L 
Lt — L(y) ; 7 ; 
if my) S MS 15) 
a (¥)— By) : . 
1 if wy) < MS My, 
IP My f¥) SMS Hy) ee Eos 

Ha (y)— be L e 
a a <= e ) 
HY) — 150) 
0 otherwise 

and 
Ue fty(Y) 
lj 
: f Aj) SHS Ay,0) 
fy (Y)- A) : : 
“fp AR rk 

1 = if yO) SHS My) ie SVS, 

Hao if 2° i 
: if AS (y)< us Ai) 
fs) ~ £50) . , 
0 otherwise 


4. Defuzzification Technique of a TZTpFN 


Since G and f, in model 1 are assumed T2TpFN, therefore under this section, the defuzzification 


process of T2TpFNs is discussed. From definition 3.5, T2TpFN can be defined by four T1TpFNs and 
for each point of the universe of discourse of the T2TpFN, a T1TpFN corresponds as a secondary 
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membership function. Therefore, a technique that defuzzifies a TITpFN would be sufficient to 
provide a defuzzified value of the T2TpFN. The present defuzzification technique is divided into two 
stages. Stage-1 reduces T2TpFN into its equivalent T1TpFNs; however, Stage-2 defuzzifies these 
T1ITpFNs to get the crisp values of the associated T2TpFN. 


Stage 1. 
LetC = (C,, Cy Cx C,) be a T2TpFN where C; = Cac ee 1=1,2,3,4 denotes a 
TITpFN. The membership function of a T1TpFN C ,; can be defined as: 


L 
VOC; so OL fe 
a ifc; Sy<o 
Cy —C; 
se OL R 
i ike, = VSG, 
fe ONS 2 
ci —y PaaS R 
RR if cy Syse; 
Cc; —Co 
0 otherwise 


-(y) o 
Then, the probability density function ~ “ 2 corresponding to the TITpEN C;, can be stated as: 


2(y-ct . 
(ct Date m ct) ie Sy eo, 
oO Si 0 id | eae 
2 
ite, Hye" 
fe )=4 (eg Hef - eg -e7) : °  (=1,2,3,4) 
2(c; — y) sieeleuae Sook 
R R R R L L Wey SVSC; 
ke. €4 eg HE, ey Ce) 
0 otherwise 


Now, calculate the expected value E(Yq ) of Y< as E(Y~ ) = y fz (y) dy . This value is noted as the 


—00 


defuzzified value V(C,) of the TITpFN C, for all! e{1,2,3,4} Le., 
~ 4 Ay-c)y : 2(c* - y)y 

V(C,) = E(Y.. ) = rr 

“ leaded 5 Ua er carer : litt ea 

1 
= FFE et” HEI CY? (eld? eh ef C49] 
0 i 0 i 
1 LoL R_R 
C6 Se 


R “—) foralli=1, 2, 3,4. 


=—(ci+cr+ce4+c% + ——-. 
3 CG HCC Se, 


Thus, the T2TpFN based on the defuzzified values V(C,) of the T1TpFNs C. for all i’s, can be 


defined as: C = (V(C,),V(C,), V(C;), V(C,) ) 
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1 cick —ckcR 1 od a 
Bye 3k Gp pope 1% ~ MG LoL RR 209 ~ Cy Cy 
3 Cc +Cy +Co +C; + 7 7 3 Cy Co + Co +Cy + 5 


R L R R L L 
Co FC, —C, —Co Co FC, —Cy —Co 


i eee 3 Raj eR el ead 
Che, =, Cy ly CC, 


1 Fei Or Meet or cP 1 GG =Cre. 
3[ 3 to Feo +5 + 7 v 03 malt cyte tcf t+ce+ 4°0 Ow4 
Stage 2. 


TITpFNs are further defuzzified at this stage to generate the final defuzzified version of the T2TpFN 


as follows: pv(¢) = u vc, y+ vic, )+ VC, )+ vic, yee VC, ) VC) HWANG) V(C4)) 
s (V(C,)+V(E,)-V(E,)-ViC,) 


i3 Coon, Cec. 


The same procedure can be followed for T2TpFNs ti to obtain their crisp values. 


After the above defuzzification procedure, the resultant MOAP model finally takes the form 
Model 3: 


, V(c,)+VC,)+ Vie.) +V(C,) 

= yy 3 4 VEY E)-VEGIVE) |, 
(V(é,)+V(E,)-V(E,)-VE,) 

VG) +tV(G)+ VG)+VG) 
(VE)V(E)-VR)V EY) |x, 

"(VG@)+VG)-VG)-VG) 


y 
N 
ll 
NU 
a 

ll 


Subject to; 


x4 = Corl, 2=12....n,. 7 Sl 250m: 


5. Methodology 


In this section, we discuss three different solution techniques viz., 

(i) Neutrosophic compromise programming technique 

(ii) Fuzzy programming technique 

(iii) Intuitionistic fuzzy programming. 
The method of transforming a multiobjective optimization problem into a related single-objective 
optimization problem is also discussed for all the suggested approaches. 
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5.1 Neutrosophic Compromise Programming Technique (NCPT) 


The extended version of the fuzzy and intuitionistic fuzzy sets has been classified as a neutrosophic 
set (NS) (defined below) with an additional membership function called indeterminacy. In some 
specific real-life decision-making problems, there are many cases in which decision-makers have 
indeterminacy or unbiased reasoning in decision-making. The principles of indeterminacy often lie 
between those of Truth and Lies. Literally, neutrosophic means neutral thought or awareness of 
indeterminacy, therefore, a NS has three distinct membership features viz., truth, indeterminacy and 
falsehood. On the other hand, in a fuzzy set, we maximize the degree of membership function which 
indicates that the element belongs to that set. In contrast, in an intuitionistic fuzzy set, two types of 
membership functions viz., the degree of membership (also known as the degree of truth) and the 
degree of non-membership (also known as the degree of falsehood) of an element, are considered. To 
be more specific, an NS maximizes the degree of truth and indeterminacy while decreasing the degree 
of falsehood. A NS represents a major touchstone in a decision-making process where the decision- 
maker can be entirely satisfied (with truth), partly satisfied (with indeterminacy) and dissatisfied 
(with falsehood). In any decision-making problem, these factors increase the strength of making the 
right decision or achieving an optimal solution. Since for MOOPs with conflicting objectives, the 
challenge of finding the best solution using classical approaches is a significantly complicated issue, 
the NCPT would be a useful technique for achieving the best compromise solution due to its 
aforementioned features. 
Definition 5.1 Neutrosophic Set [63] 
Let y be the universe of discourse and y € Y . A neutrosophic set (NS) P over Y is the set of triplets 
consisting of a truth membership function T, (y), indeterminacy membership function J, (y) and a 
false membership function F,, (y), for y € Y . Mathematically; 

P={<y,T,(y),1 p(y), Fp) >ly €¥} 
Here,7,(y),1p(y) and F,(y)are real non-standard or standard functions with range ]0 1°, 
1.e., T,, (y) :Y >]0- J [ I, (y) -Y. >| 0° ma [ and Ee, (y) :Y >|] Qo nual . Assume that 


O° <supT,(y)+sup/, (y)+sup F(y) <3° 
Now, the general formulation of a MOOP can be defined as: 
Minimize {Z,(x),Z>(x),....Z,(x)} 
Subject to 
Bm (X) Sb, (x), m=1,2,...,M 
K20, ba 12,. ah 
where, Z)(x);/ =1,2,3,..., L denotes the Ith objective function, g,,(x);m=1,2,3,...,M denotes the 


constraints and X denotes the decision variables. In 1970, Bellman and Zadeh [8] introduced the 
definitions of fuzzy decision (D), fuzzy goal (G) and fuzzy constraint (C) that are useful for solving 
any real-life optimization problems under uncertainty. Consequently, a fuzzy decision set is 


described as: D=GOC 


On the same lines, a neutrosophic decision set Dy , with neutrosophic goal setG, and neutrosophic 
constraints C,,,can be defined as follows: 


Dy = {15 G) Ons Cn) = OT (),1 2), Fy 0D) 


where 
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NEE EG Pe (2) 

T, (x) = min xeXx, 
TO Gi 
I iL bail. 

I, (x) = max Gee ae) xeX, 
PCT Ot on 
F _F ee 

F(x) = max i ae a) eX, 
FO 5) te) 


Here 7,,(x), I(x) and F,,(x)are the truth, indeterminacy and false membership functions, 


respectively, defined under the neutrosophic decision D y . 


To find the compromise solutions for a multiobjective decision making optimization issue, 
membership functions are created for each objective function and the lower and upper bounds are 


calculated as L; and U, respectively, by solving them individually under the stated constraints: 


U,= max{Z, (X)}and L, = min{Z, (X)} for all /=1,2,..., 2 (1) 
Further, upper and lower bounds for ha objectives under the NS can be determined as follows: 
U : =U,, L = L, for truth membership function (2) 
U i = iL +4a,, i 7 iB for indeterminacy membership function (3) 
UP aU L; =L; +b, for false membership function (4) 


where @, and 0, are predetermined real values assigned by the decision-makers that lie in the 
interval (0, 1). Further, the linear membership function T(Z 1 (x))of truth, I 1 (Zz; (x)) of 


indeterminacy and F;(Z,(%)) of falsity under the neutrosophic environment can be constructed as 


follows: 
1 if Z,(x)< Li, 
TZ =| AO pip czy <u} 6) 
0 _ if Z,(x) =U; 
1 if Z,(x) < L; 
TAZ) = via) if Li <Z,(x) <U/ (6) 
0 _ PLaeu: 
0 EZOSE. 
F,((Z,(x)) = Zh if lL SZ,@)sU; (7) 
1 —_ FZ (H20; 


It should be noted here that ue Zz by ,Vl=1,2...., L. 
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if U ~ = p ,V /=1,2.,..., L, the membership value will be assumed to be 1. 


Since the development of achievement functions helps to achieve the highest level or degree 
of satisfaction based on the priorities of the decision-makers, we also define a specific achievement 
variable for each membership function. The decision-maker may establish a target in a decision- 
making process to attain the maximum possible degree of satisfaction for the truth and indeterminacy 
membership functions while minimizing the degree of untruth as much as possible. After considering 
the linear membership of truth, indeterminacy and falsehood under neutrosophic nature, the 
mathematical expression of the neutrosophic compromise programming problem is given as 


Pi: 


iecl 


gale 


Subject to 

7, (Z,(x)) 2 1,(Z,(x)) 

TAZ Oh ZG) 
0<T7,(Z,(x))+1,(Z,(x))+ F(Z, (x)) $3 


By using auxiliary parameters, the above problem P:ican be transformed into a new problem, say, P2 
as follows 
P2: 


Max @ 

Max ~ 

Min vy 

Subject to 

T,(Z;(x))2a 

I, (Z,(x))2 B 

F(Z, (x) <7 

a>B, azy, O<v+P+ys3 
y,B.y € [01] 


Here Q, B and y are the auxiliary variables for the truth, indeterminacy and false membership 


functions, respectively. Further, the above problem P2 can be expressed in the purest form as the 
problem Psas follows 
Ps: 


Murshid Kamal, Prabhjot Kaur, Irfan Al, A Neutrosophic Compromise Programming Technique to Solve Multi-Objective 
Assignment Problem with T2TpF Ns 


Neutrosophic Sets and Systems, Vol. 51, 2022 184 


Max (x) =a+P-y 
Subject to; 
Z,(x)+(U; -L;)a<U/ 
Z,(x)+(U; -L,)B <U; 
Z,(x)-(Uf -Lf)y <1 
a>Pp,azy, 0<v+Bt+ys3 
y Boy [01] 
Based on the above formulations of a neutrosophic compromise programming technique, 
Model 2 of the present MOAP can be presented as a neutrosophic programming model in the 


following manner: 
Model 4: 


Max ¢(x) =a + B-y 
Subject to; 

: ogi Lt aye) 
DL X5|, VEVE)-VEIVE)_ fay pH UT -Lasuy 
pages (V(e3) + V (C4) —-V(E,) — Ven) 
nny V(cy) +V (Cn) + V(C3) +V (C4) 
Ys], VEVE)-VGVE)_ fay p+ Ul -LY But 
PLFA |" (V(E3) + V(Eq) -V(E) VE) 


| V(E,) + V(Eq) + V(Ex) +V(E4) 


n ney ee ee 7 
2s , VEVVE:)-VEGIVEs) xy -(Uf -L{)y<Lf 
LIAL | (V (63) + V(Eq4) -V(E,) - VE) 


ihe V(t) + V(t) + V(R) +V (44) 
23), VOVG)VEVGY) hy 


HCl si, 0203 


EEE VG EVV Gav) 


n n 1 me a - ~ 
De _LOVE)-VEVE)_ bey + (U3 -L5)B<U4 


PIII" |" (VG)+VG)-VG)-VG) 


. V(t) + V(t) + VR) +V (44) 
23), VOVG)VGVG) py 
UI (VG) +V(B)-VG)-VG) 


V(h) +V() + WG) +V G4) | 


xy =1, i=1,2,..,n, ee aly eT 2s 
1 i=l 

a>B,a2zy, O<y+Bt+ys3 

Boy € [0,1], Xii0 =Oorl, 
The following steps will be followed to discuss the present MOAP using NCPT. 
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Step 1. Formulate a MOAP under an uncertain environment as given by Model 2. 

Step 2. Convert each fuzzy parameter of this problem into a crisp number using the defuzzification 
method discussed in Section 4. 

Step 3. Calculate the best and worst solutions corresponding to each objective function under the 
given set of constraints using optimization software LINGO and create a payoff matrix (refer to Table 
5)s 

Step 4. Determine the upper U, and lower L, bound, respectively, of each objectives using equation 
(1). 

Step 5. With the help of these U, and L, values, find the upper and lower bound for all the 


membership functions (truth, indeterminacy and falsehood) using equations (2)-(4). 

Step 6. Construct the linear membership function for the truth, indeterminacy and falsehood using 
equations (5)-(7). 

Step 7. Construct the neutrosophic problem as problem P2 and transform it into problem P3. 

Step 8. Solve the MOAP model as Model 4 and obtain the compromise solution using the 
Optimization Software Packages LINGO 16.0. 


5.2 Fuzzy Programming Technique (FPT) 


The problems involving undefined and imprecise parameters with multiple objectives are known to 
be typical mathematical problems. The fuzzy programming technique (FPT) is an effective and 
versatile solution technique for such a problem. Zimmermann [83] developed it in 1978, specifically to 
tackle MOOPs. A fuzzy programming model aims to optimize multiple objectives simultaneously, by 
reducing deviations from the goal features. Fuzzy programming needs the decision-makers to set a 
level of expectation for each target which is challenging as several uncertainties must also be 
considered in nature. 

The general mathematical formulation of a fuzzy programming problem with / objectives and j 
constraints, with i decision variables, can be described as: 


Maximize 2 
Subject to: 
Asu(x), V1 
g(x) <0, j =1,2,...,n 
x,20, 1=1,2,....m 
The following steps of the fuzzy programming technique can solve the MOAP given by Model 2. 


Step 1. Find the optimal value of each objective function of the MOAP subject to the given set of 
constraints by ignoring all other objectives (use the optimization software LINGO). 


Step 2. Calculate the best U, and worst L, values for each objective function separately and create a 


payoff matrix (Table 5). 
Step 3. Define the membership function for each objective using equations (8) and (9) given below 
(refer [78]). 


Membership function {,(Z;(X)) for [th objective function of minimization type 


1 if Z(x)<L, 
UZ, : 

Hy (Z, (x) = nnn y LZ, os, (8) 
0 f ZA(oH2U, 


Membership function for /th objective function of the maximization type 
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1 if Z,(x)2U, 
Z (x) -L . 

HZ, (x)= oe if L,<Z,(x)<U, (9) 
0 if Z,(x)SL, 


where L, and U, are the lower and upper bounds of the objective functions. 


Finally, the MOAP can be defined as a fuzzy programming model as 
Model 5: 
Maximize / 


subjectto: 
V(E,)+V(E,) + V(E,)+V(E,) 
(V(E,)V(E,)-V(e,) V(E,)) |x, 


1 
i=l 3 Ea a as me ne 
(V(c,)+V(c,) -Vic,) -V(c, ) 
V(i,)+V(G) + Vi) +V(G,) 
AsmsVY=]  VEVE)-VEVEY sy 


* (VG) +VG) -VG)-VG) 


Model(1) 


Step 4. Solve this crisp MOAP above and obtain the compromise solution using the Optimization 
Software Package LINGO 16.0. 


5.3 Intuitionistic Fuzzy Programming Technique (IFPT) 


The intuitionistic fuzzy set theory is an alternative for defining a fuzzy set if the available knowledge 
is insufficient to describe an imprecise theory using a traditional fuzzy set. The degree of membership 
and non-membership for the objective functions and their limitations are concurrent and taken into 
account in such a way that the sum of both is either less than or equal to one. 

The general mathematical formulation of a MOOP in the context of intuitionistic fuzzy programming 
is as follows: 


Maximize a—£ 


Subject to 

U(Z,(x))2 a, x (Z,(x))< BV a 
a+P<l, a> B, B=0, 

8, (x) $0, gas eee 

x, 20, i=1,2,...,.m 


where L, (Z,(x)) and Xi (Z, (x)) are the membership and non-membership functions of the /th 
objective and @ f are their aspiration levels. 


The following steps explain finding a compromise solution to the problem given by (10) using IFPT. 
Step 1.Find the optimal value of each objective function of the MOOP subject to the given set of 
constraints by ignoring all other objectives, using the optimization software LINGO. 


Step 2. Calculate the best U, and worst L, values for each objective function separately and create a 


payoff matrix (Table 5). 
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Step 3. Construct the membership and non-membership functions £,(Z,(x)) and y,(Z,(x)) 


respectively, of lth objective function, for all values of |, using equations (11) and (12) given as 


1 if Z,(x)<L, 
U,-Z 
H(Z,(x)) = oes if L,<Z,(x)<U, (11) 
ea! 
0 f° Z(o2u, 
and 
0 if Z(x)<L, 
Z -L 
XZ, (x) = aa if L,<Z,(x) SU, (12) 
i aa 
1 if Z,(x)2U, 


Now, Model 2 of the present MOAP can be defined using IFPT as follows: 
Model 6: 


Maximize (a — f) 
Subject to; 


si VE.) +V(E,) + VE) +VE,) 
it Das 4 (V(c,) V(c,) -V(e,) V(e,)) Ke pea, 


I VE) HVE) -VE&)-VE) 


V(i,)+V() + VG)+VG,) 


nfS3!|warvay-vaavey fe, fxe 
(VG)+V@)-VG)-VG) 
ae VE.) +V(E,) + VE) +V(G,) 
41) La £13} 4 VGIVG) VE VED) x, S2B 
- (VG) +VE,)-VE)-VE) 
Sg VG +V GE) + VB)+AVG) 
Xs =| (V@IVE)-VEIV(E)) |x, SB 
— (V(i,) +V(f,) -V(E,) -V(B) 
Model(1), 


at+Psl, a2, B20, x, =Oorl 


Step 4. Solve this crisp model of the present MOAP by using the Optimization Software Packages 
LINGO 16.0 and obtain a compromise solution. 
A flow chart of the proposed optimization procedure using all the techniques mentioned above is 


given in Figure 1. 
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Formulate the MOAP with cost 
and time parameters as T2TpFNs 


Transform these parameters into their equivalent 


crisp values using the defuzzification procedure 


Use Lingo optimization software to 


solve the associated crisp model 


Obtain a compromise solution 


Figure 1. Flow chart for the optimization procedure 


6. Real-World Applications 


The present MOAP aims to minimize execution time and assignment cost, simultaneously. It finds its 
applications in many business scenarios where the quickest possible delivery of its product is as 
important as its financial budget. Generally, a quick mode of transportation may result in high 
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transportation charges which mean that the objectives are conflicting in nature. So, the objective is to 
find such an assignment schedule that provides the best compromising solution to the problem. There 
may be many managerial implications of the present problem, but to quote some of them, consider 
the following real-life scenarios 

(1) In an FMCG (fast-moving consumable goods) industry, due to the limited shelf life of the 
goods, it is important to deliver the products to the destinations as soon as possible. 
However, at the same time, the supply chain management team of the industry works to 
minimize the logistics cost. Therefore, it is important to find a way of transporting goods to 
minimize both objectives, simultaneously. 

(2) In the commercial industry, road transportation is an extremely methodical way of hauling 
goods among various locations to improve the efficiency and growth of a business. Therefore, 
the use of heavy goods vehicles (HGVs) is an indispensable part of any business. Consider an 
industrial project of manufacturing some HGVs in minimum time and budget. For 
manufacturing various parts of an HGV in terms of both execution time and cost, quotations 
from various manufacturing units are taken. Then, an assignment schedule is looked for so 
that all the parts are produced in the minimum time and in the minimum budget so that a 
cost-efficient HGV is manufactured well in time. There are numerous other real-world 
situations of this kind that may give rise to the present MOAP. 


7. Numerical Illustration 


Consider an industrial manufacturing problem that uses third party operations. The product that the 
industry manufactures requires four major semi-finished parts. These semi-finished parts are finished 
and assembled to form the final product by the industry itself. All of these parts can be manufactured 
by any of the four different third party manufacturing units, which have imprecise values of the 
manufacturing time and cost corresponding to each part. The industry's objective is to assign the task 
of manufacturing four semi-finished parts to four third party manufacturing units so that all the parts 
are manufactured in the minimum time and with the least financial burden. 

Here, the first objective Z, denotes the total manufacturing cost (in $), and the second 


objective Z, denotes the total manufacturing time (in minutes) of all the four semi-finished parts. 


Table 1 shows the key attributes of the problem. The imprecise manufacturing costs and times quoted 
by all the third party manufacturing units for manufacturing each semi-finished part are given as 
T2TpFNs in Table 2 and Table 3, respectively. The two-phase defuzzification process (discussed in 
Section 4) is used to achieve a crisp value of each of these imprecise T2TpFNs. The crisp values 
corresponding to Stage 1 and Stage 2 of the defuzzification process are summarized in Table 4. Table 
5 provides the best and worst values of both the objective functions, achieved by solving each of them 
individually under a given set of constraints. 


Table 1. Main attributes of the problem 


Number of third party manufacturing units ( 1) 


Number of tasks ( J ) 4 
Table 2. Imprecise manufacturing costs as T2TpFNs 

Z ; Task 1 Task 2 Task 3 Task 4 
[(38,40,42,46); [(43,45,46,49); [(51,53,55,58); [(65,67,69,72); 

Manufacturing (35,40,42,48); (41,45,46,54); (49,53,55,60); (62,67,69,74); 

unit 1 (32,40,42,48); (38,45,46,56); (46,53,55,64); (60,67,69,78); 
(31,40,42,55)] (36,45,46,59)] (44,53,55,67)] (59,67,69,80)] 

Manufacturing [(35,37,39,43); [(69,71,73,76); [(66,68,70,74); [(77,79,82,86); 

unit 2 (32,37,39,45); (67,71,73,80); (62,68,70,77); (74,79,82,89); 
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(29,37,39,49); (65,71,73,83); (60,68,70,81); (72,79,82,94); 
(28,37,39,54)] (62,71,73,85)] (57,68,70,85)] (68,79,82,97)] 
[(89,91,94,98); [(83,85,86,88); [(96,98,100,104); [(61,63,64,67); 
Manufacturing (87,91,94,102); (82,85,86,91); (94,98,100,107); (58,63,64,71); 
unit 3 (85,91,94,106); (80,85,86,94); (91,98,100,110); (56,63,64,75); 
(83,91,94,109)] (77,85,86,98)] (88,98,100,114)] (53,63,64,79)] 
[(58,60,63,67); [(35,38, 40,43); [(56,58,60,64); [(73,75,77,81); 
Manufacturing (56,60,63,71); (33,38,40,44); (54,58,60,68); (70,75,77,84); 
unit 4 (53,60,63,74); (32,38,40,45); (51,58,60,70); (68,75,77,87); 
(51,60,63,78)] (30,38,40,49)] (49,58,60,74)] (65,75,77,89)] 
Table 3. Imprecise manufacturing times asT2TpFNs 

Li; Task 1 Task 2 Task 3 Task 4 
[(218,220,222,225); [(242,245,246,249); [(211,209,215,218);  [(225,227,229,233); 
Manufacturing  (216,220,222,227);  (240,245,246,252);  (209,213,215,220); (224,227,229,235); 
unit 1 (213,220,222,231);  (237,245,246,255);  (206,213,215,224);  (221,227,229,239); 
(210,220,222,234)]  (234,245,246,259)]  (203,213,215,227)] —— (217,227,229,244)] 
[(262,264,266,270);  [(250,252,254,257);  [(231,233,234,237); _[(255,257,259,262); 
_- (260,264,266,273);  (248,252,254,260);  (228,233,234,240);  (252,257,259,264); 

Manufacturing 

(257,264,266,275);  (245,252,254,264);  226,233,234,244); —- (249,257,259,267); 
ee (254,264,266,276)]  (241,252,254,267)]  223,233,234,247)] —«(247,257,259,270)] 
[(278,280,281,284);  [(283,285,287,290); [(295,297,299,303); _ [(288,290,292,295); 
Manufacturing — (275,280,281,286);  (280,285,287,292);  (292,297,299,306); _ (285,290,292,298); 
unit 3 (273,280,281,289);  (277,285,287,294);  (290,297,299,309);  (283,290,292,301); 
(270,280,281,293)] _ (274,285,287,298)] _ (287,297,299,314)] __ (280,290,292,303)] 
[(242,244,246,249); [(285,287,289,292); [(257,259,261,265); _ [(273,275,277,282); 
Manufacturing  (240,244,246,253);  (283,287,289,295);  (255,259,261,268); — (271,275,277,285); 
unit 4 (238,244,246,257);  (281,287,289,297);  (253,259,261,270);  (269,275,277,288); 
(236,244,246,261)]  (279,287,289,303)]  (251,259,261,274)] — (267,275,277,303)] 


Table 4. Crisp values of the manufacturing costs and times obtained by the two-stage defuzzification 


process 
Z, (Cost) Z, (Time) 
oF VE,) DVGE,) | t, Vii.) DV(i,) 
C,, (41.60,41.31,41.63,42.28) 41.73 t, ; (221.29,221.30,221.63,221.64) 221.46 
Ci, (45.80,46.78,46.47,46.47) 46.35 t rp) (245.50,245.80,245.82,246.15) 245.82 
Ci, (54.29,54.30,54.63,54.96) 54.55 bis (214.29,214.30,214.63,214.64) 214.46 
Ci, (68.29,68.00,68.63,68.95) 68.46 by (228.60,228.92,229.26,229.60) 229.09 
C,, (38.60,38.11,38.63,39.92) 38.87 ce (265.60,265.93,265.63,265.00) 265.51 
C55 (72.29,72.93,73.26,72.96) 72.83 tS (253.29,253.61,253.95,253.64) 253.64 
C,; (69.60,69.31,69.95,70.28) 69.78 t,, (233.80,233.82,233.47,234.48) 235.95 
C54 (81.08,81.11,82.06,81.77) 81.50 Eo, (258.29,258.00,258.01,258.32) 258.20 
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om (93.08,93.60,94.37,94.71) 93.93  t,  (280.80,280.50,280.82,281.15) 280.81 
Cy (86.31,86.56,85.79,85.81) 86.12 ty, —— (286.29,286.00,285.68,286.09) 286.31 
C33 (99.60,99.43,99.95,100.28) 99.80 fy, —— (298.60,298.00,298.62,299.60) 298.94 
Cy, — (63.80,64.14,64.80,65.32) 64.52 3,  (291.29,291.31,291.63,291.32) —- 291.41 
C4, (62.08,62.72,62.75,63.40) 62.73 ty, (244.07,244.91,243.31,243.45) 243.96 
Cy __(39.00,38.88,38.68,39.20) 38.79 ty -~—«(287.62,287.59,287.09,289.01) 288.11 
Cy, (69.60,60.25,59.63,59.92) 59.94  t,, —— (259.97,260.32,260.74,261.01) 260.50 
C4, (76.60,76.62,76.95,76.64) 76.72  t,, (275.98,276.08,276.58,276.96) 276.40 


The T2TpFN defuzzification process is divided into two stages. In stage I, the defuzzification 
technique transforms T2TpFN to T1TpEFN, and in stage II, the TITpFNs were again used to obtain the 
defuzzified value of TZTpFN. 

Now, using the above available data in Table 2 and 3, the MOAP (Model 2) with Type 2 fuzzy 
parameters can be described as follows: 

Stage I. 
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Min Z, = 
| ABAD aaah VEE) AT a5 ao tanga rene 
3 38+40—42-46)' 3 35+ 40-42-48 
Lap dge dd ug | A ean ay aay ee hl tee 
3 32+ 40-42-46)" 3 31+40—42—55 
IAs eag tag udog SO | pa aoe dpaea Ot 
me 43+45—46—49 J’ 3 41+ 45—46—54 
F385 AS ede SOE Os), 19 45 gag eg eo NOP 
3 38+ 45-46-56) 3 36+ 45 — 46-59 
sd isieesesausgese kOe | Eig aaspeggue =O) 
als 51+53—55—58 49+53—55— =| 
D Aepasseactg ome ek : A SSG 55g, sok 
3 46453-55-64) 3 444 53-55-67 
Lea cerepja 77e Ol oO | peer eee 
ne 65+67-69-72) 3 62+ 67-69-74 
14 
AGO RG TS GOR TR Ee EY Al sper agbtgg Oe 
3 60+67-69-78) 3 59 + 67-69-80 
135.5 97 4-90 4.434 35%37=39*43) L994 30 4 304.45 4 328373945 
[3 35+37-39-43)' 3 32437—39—45 
X91 
thg 457 enothay se ee | El gelesen dg, Seed eee 
3 29437-3949)’ 3 28 +37 39-54 
7 69+ 71+ 73+ 76+ ceed EEL 6747147348040. 1 3%80 
[3 69+71-73-76)' 3 674+71-73-80 
X92 
- 654714734834 Oe JONES hd Sega 7aees ¢ Oo Be 
3 65+71-73-83) 3 624+71-73-85 
- 66+ 68+ 70+ 74+ eee j : Ore Os 
3 66+68-70-74)° 3 62+ 68-70-77 
X93 
di 60+ 68+ 70+ 81+ ee 5 (57-684 70485 OAS) 
3 60+68-70-81)' 3 57+68—70—85 
day eevee Bene | T apgg 995 esog I eee 
ales 77+79 82-86} 3 T4479 82-89 
X94 
D raprot anyones 88 | Dl ee rpwaopy ee ee 
3 72+79-82-94) 3 68+79 82-97 
z 89:-91-94.4984 SAO | 5 (87-91-94: 1024 SEO 
[3 89+91-94-98) 3 87+91-94 102 
X31 
: 854-9194: 106 SoA 5 (884-91 + 94-1094 SOE 
3 85+91-94-106) 3 83+91—94—109 
Elia wlgeegp gyg eee BORER.) Tig cee egg cps eo 
3 83+85-86-88) 3 82+85—86-91 
32 
z 80+85+86+94+ Ue ; : TI ARS ERE LOB RL OS 
3 80+85-86-94)° 3 77485-8698 
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7/96 +98 +100 +104 + eal + (94-498 100.4107 + <A TTT 
[3 96 +98—100—104) 3 94 +98 —100—107 
X33 
=| oi eestoouios | 2 gees oie 
3 91+98—100-110)' 3 88 + 98—100—114 
El Gi L63 ROA OTR lS ere 
ae 61463-6467) 3 58+ 63-64-71 
X34 
tl seen toda Tse 2 OED. A sachet eign a ee 
3 56+63—-64_-75) 3 53+ 63-64-79 
=| SeaCoKeIHETH = 2 | Soaeubes erie ee 
ue 58+ 60-63-67) 3 56 + 60-63-71 
41 
El say oobessgd pe AT) I Si ep cere yeg 
5 51+60-63-74) 3 51+ 60-63-78 
=| Sea seyaowdig | Sata aedondaye 
Ale 35 +38-40-43) 3 33 +38—40—44 
DY Sp ae wag Ase ee AO | Lah apeanadoyg ee Ae 
3 324+ 38-40-45) 3 30 + 38 — 40 — 49 
+ | 564584 609644 2> <9 -OOOF | Ti 54 45a ons oe 42 Oe 
ake 56+ 58-60-64) 3 54+ 58—60—68 
X43 
Tl se 56 p00 | A aes Sogpg aga g A eo OE 
3 51+58-60-70) 3 49 +58—60—74 
El Gas pe Ope eigicto Sd ERE) Uae are cgay oO IER 
ke Baie)! 3 70+75—-71—84 
X44 
Dl ggalgs a7 eT LN eae tare Oe TT ee 
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Min Z, = 
+{218+22042224.2054 MBAEIO RIES 229 SM pig coaG4e ee IIT oe ee 
3 218 + 220-222-225 ) 3 216+ 220-222-227 
(ae aha bosa ose Seer eek | Nhe onpesnss og eee 
3 3134220222931) 3 210 + 220 — 222-234 
LN Sus ase Nea abe OAD | Lg hie aig are ate Soe ee 
4/3 242 +245—246 —249 | 3 240+ 245 — 246 —252 
Jl 5 75 ONS COAG Goss RON) Ll ais pa saone eggs te eee 
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t 506s TRIS ee) 2032134 2154 2974 20213-21527) 
3 206 + 213-215-224) 3 eS 
1 99542074 229-4233 4 oor e229 233 | NY 594 4 2974-229 +2354 SSS 
ie 225 +227 ~ 229-233)" 3 SS 
X14 
Dl poor o90 5 a0 ge ee ee | Nia pag toa Se ees 
3 2214 227 229-239 J 3 217 +227 —229 —244 
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wl wlre 


wl wle 


wl wle 
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262 + 264 + 266+ 270+ 


257 + 264 + 266 + 275 + 


250 + 252 + 2544 257+ 


245 + 252+ 254+ 264+ 


2314+ 2334+ 234+ 237+ 


226 + 233 + 234+ 2444 


255 + 257+ 259 + 262+ 


249 + 257 + 259 + 267 + 


278 + 280+ 281+ 284+ 


273 + 280+ 281+ 289+ 


283 + 285 + 287 + 290+ 


277 + 285 + 287 + 294 + 


295 + 297 + 299 + 303 + 


290 + 297 + 299 + 309 + 


288 + 290 + 292 + 295 + 


283 + 290 + 292 + 301+ 


242 + 244 +246 + 249+ 


238 + 244+ 246+ 257+ 


285 + 287 + 289 + 292+ 


281+ 287 + 289 + 297 + 


257 + 259 + 261+ 265 + 


253 + 259 + 261+ 270+ 


262 x 264 — 266 x 270 1 260 +264 +266 +2734 260 x 264 — 266 x 273 
262 + 264-266-270) 3 260 + 264 — 266 — 273 
257 x 264 — 266 x 275 1 254 +264 +266 +276 + 254 x 264 — 266 x 276 
257 + 264-266-275) 3 254 + 264 — 266 — 276 
250 x 252 —254 x 257 1 DAB +252 4.254 +260 + 248 x 252 — 254 x 260 
250+ 252-254-257} 3 248 + 252 — 254-260 
245 x 252 — 254 x 264 1 241-4 252+ 2544+ 267+ OT | 
245+ 252-254-264) 3 tee 
231x 233 -—234x 237 1 928 4233423442404 ee | 
231+ 233-234-237) 3 eae 
226 x 233 —234x 244 1 2a 384 8247 2S AT) 
226+ 233-234-244) 3 eerie 
255 x 257 — 259 x 262 1 952 +257 +259 + 264 + 2S 
255 +257 -—259-—262 ) 3 ae 
X94 
249 x 257 — 259 x 267 1 947 +257 4.259 +2704 247 x 257 — 259 x 270 
249 + 257-259-267} 3 247 + 257 — 259-270 
278 x 280 — 281x 284 1 775 +280 + 28142864 eee 
278 + 280-281-284) 3 SS 
273 x 280 — 281x 289 1 20 2a +21 +2934 21280 ~2812283.) | 
273 + 280-281-289) 3 oa 
283 x 285 — 287 x 290 1 780 +285 +287 +292 + 280 x 285 — 287 x 292 
283+ 285-287-290) 3 280 + 285 — 287 — 292 
X39 
277 x 285 — 287 x 294 1 DTA £285 +287 +298 + 274 x 285 — 287 x 298 
277 + 285 — 287-294 } 3 274 + 285 — 287 — 298 
295 x 297 — 299 x 303 1 292 +297 +299 + 306+ 292 x 297 — 299 x 306 
295 + 297 — 299 —303 ) 3 292 + 297 — 299 — 306 
X33 
290 x 297 — 299 x 309 1 287 +297 4+.29943144 287 x 297 — 299 x 314 
295 + 297 —299 —309 ) 3 287 + 297 — 299 — 314 
288 x 290 — 292 x 295 ; 1 285 +290 +292 +298 + 285 x 290 — eee | 
288 + 290 — 292-295 ] 3 ae ee 
283 x 290 — 292 x 301 1 280 +290 +292 +303 + aes | 
2834+ 290-292-301) 3 es 
242 x 244 — 246 x 249 1 AQ +244 +246 +2534 ae 
242 + 244-246-249} 3 wees 
238 x 244 — 246 x 257 ee 36 +244 +246 + 261-4 200% 244 = 246% 261 236 x 244 —- 246 261 
238 + 244-246-257) 3 236+ 244 — 246-261 
285 x 287 — 289 x 292 1 83 +287 +289 +295 + 283% 287 - 289 x 295 
285 +287 —289-—292 } 3 283 + 287 — 289 — 295 
281 x 287 —289 x 297 1 979 +287 +289 +3034 279 x 287 — 289 x 303 
281+ 287-289-297} 3 279 + 287 — 289 — 303 
257 x 259 — 261x265 ; 1 955 +259 +261 +268 + 255 x 259 —261x 268 
257+ 259-261-265) 3 255 + 259 — 261-268 
X43 
253x259 — 261x270 1 25 14259-+2614274 4 251x259 —- 261x274 
253+ 259-261-270) 3 251+ 259 — 261-274 
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271+ 275-277 —285 


X44 
267 x 275 — 277 x 303 
267 + 275-277 —303 


273+ 275-277-282) 3 
269x 275 —277x 288 \ 1 
269 +275—-277-288 ) 3 


+(27 +275 + 277+ 282+ 


273x275 —277 | 1 
+ 


[27142754277 +288 oe 


+{ 260 + 275+ 277 + 288+ [267 + 275 + 277 +303+ 


Subjec_ to; 
Xp +X. +3 +X, =1 
X91 $Xy9 $X73 4X74 = 1 
X31, +$X39 $.X33 + X34 =1 
X4y + X4_ +X 43 4+X44q =1 
Xyy + X91 $X3) + X4, =1 
X12 + X99 + X32 + X4q =1 
X13 +X93 +X33 +%X43 =1 
Xy4 tXo4 + X34 + X44 =1 

Stage II. 

Min Z, = 


+{ 41.00 aia eewhGamo es oes SEL Oe ears su 


41.60 + 41.31— 41.63 — 42.28 
45.80 x 46.78 — 46.47 x 46.49 
45.80 + 46.78 — 46.47 — 46.49 Jp 
54.29 x 54.30 — 54.63 x 54.96 Je 
54.29 + 54.30 — 54.63 — 54.96 


68.29 x 68.00 — 68.63 x 68.95 ) 
68.29 + 68.00 — 68.63 — 68.95 } | 


38.60 x 38.11 — 38.63 x 39.92 
X71 


+ : 45.80 + 46.78 + 46.47 + 46.49 + 


54.29 + 54.30 + 54.63 + 54.96 + 


+ 


Wl Wl Wl Wl Wl Wl Wl Wl Wl Wl Wl Wl Wile 


68.29 + 68.00 + 68.63 + 68.95 + 


+ 


38.60 + 38.11 + 38.63 + 39.92 + 


+ 


38.60 + 38.11 — 38.63 — 39.92 
72.29 x 72.93 — 73.26 x 72.96 
72.29 + 72.93 — 73.26 — hi 
69.60 x 69.31 — 69.95 x 70.28 ) 
X93 


72.29 + 72.93 + 73.26 + 72.96 + 


+ 


69.60 + 69.31 + 69.95 + 70.28 + 


+ 


69.60 + 69.31 — 69.95 — 70.28 


81.08 x 81.11 ~82.06 x 81.77 ) | 
81.08 + 81.11 —82.06—81.77 ) 4 


GRR Os SOOd aT Od Tie ET a 


81.08 + 81.11 + 82.06 + 81.77 + 


+ 


+ 


93.08 + 93.60 — 94.37 —94.71 
86.31 x 86.56 85.79 x 85.81 ) 
86.31 + 86.56 — 85.79 -85.81 } 


08:-60-499:4900905 4100s 8 Jes 
99.60 + 99.43 — 99.95 — 100.28 

63.80 x 64.14 + 64.80 x 65.32 }s 

63.80 + 64.14 — 64.80 — 65.32) * 

62.08 x 62.72 — 62.75 x 63.40 

62.08 + 62.72 — 62.75 — 63.40 


Jp 
39.00 x 38.88 — 38.68 x 39.20 

X42 

Jie 


86.31 + 86.56 + 85.79 + 85.81+ 


+ 


+ 


63.80 + 64.14 + 64.80 + 65.32 + 


+ 


62.08 + 62.72 + 62.75 + 63.40 + 


+ 


39.00 + 38.88 + 38.68 + 39.20 + 


+ 


39.00 + 38.88 — 38.68 — 39.20 
59.60 x 60.28 — 59.63 x 59.92 
59.60 + 60.28 — 59.63 — 59.92 


59.60 + 60.28 + 59.63 + 59.92 + 
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2 + 76.60 SAFES be Ot js 


76.60 + 76.62 — 76.95 — 76.64 
Min Z, = 


+{ 221.29 + 221.304 221.63 + 221.64+ 


221.29 + 221.30—221.63— 221.64 
245.50x 245.80 — 245.82 x 246.15 
245.50 + 245.80 — 245.82 - et hi 
did ois A Laos oiaeee ee Oe ex sn 
214.29 + 214.30—214.63214.64 
228.60 x 228.92 — 229.26 x 229.60 
228.60 + 228.92 — 229.26 — 229.60 Jp 
D560 065.994-208 635 265 00 eae eee AO O20 00 yea 
265.60 + 265.93 — 265.63 — 265.00 
253.29 x 253.61 — 253.95 x 253.64 pa 
253.29 + 253.61 — 253.95 — 253.64 
233.80 x 233.82 — 233.47 x 234.48 
233.80 + 233.82 — 233.47 — 234.48 Jee 
258.29 x 258.00 — 258.01x 258.32 } 
258.29 + 258.00—258.01— 258.32) 
280.80 x 280.50 — 280.82 x 281.15 } 
280.80 + 280.50 —280.82— 281.15} °! 
286.29 x 286.00 — 285.68 x 286.09 
286.29 + 286.00 — 285.68 — 286.09 Jb 
298.60 x 298.00 — 298.62 x 299.60 
298.60 + 298.00 — 298.62 — 299.60 Jes 
291.29 291.31—-291.63x 291.60 
291.29 +291.31—291.63 ae 
Je 


221.29 x 221.30 — 221.63 x 221.64 } 
iB 


245.50 + 245.80 + 245.82 + 246.15 + 


+ 


+ 


228.60 + 228.92 + 229.26 + 229.60 + 


+ 


+ 


253.29 + 253.614 253.95 + 253.64 + 


+ 


233.80 + 233.82 + 233.47 + 234.48 + 


+ 


Wl Wl WIR WIRE Wl WIR We Wl WIR We WIR Wl Wl WIR 


258.29 + 258.00 + 258.01+ 258.32 + 


+ 


280.80 + 280.50 + 280.82 + 281.15 + 


+ 


286.29 + 286.00 + 285.68 + 286.09 + 


+ 


298.60 + 298.00 + 298.62 + 299.60 + 


+ 


291.29 + 291.314 291.63+291.60+ 


+ 


244.07 x 244.91— 243.31 x 243.45 
244.07 + 244.91 —243.31— 243.45 
287.62 x 287.59 — 287.09 x 289.01 
287.62 + 287.59 — 287.09 — some 
259.97 x 260.32 + 260.74 260.01 ) 
43 
Ja 


244.07 + 244.914 243.314 243.45 + 


+ 


+ 


287.62 + 287.59 + 287.09 + 289.01+ 


259.97 + 260.32 + 260.74 + 260.01+ 


+ 


259.97 + 260.32 — 260.74 — 260.01 
42 | 2751082 976.08 276584076064 OK IONS 
3 275.98 + 276.08 — 276.58 — 276.96 


Subject to; 


Xp $Xy2 +23 4+2Xy4 =1 

X91 $Xoq +X93 4X24 =1 
X31 $X39 $X33 42X34 =1 
X 4) + X42 + X43 + X44 = 1 
Xyy + XQ) +3) +Xq) = 1 

Xy2 +. X99 +X32 +X42 =1 
X13 +.X93 +.X33 + X43 =1 


Xyq +Xqq +X3q +X qq =1 
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All parameters are in T2TpFNs and are translated to a crisp value using the procedure described 
above. The crisp value is presented in Table 4 for each objective function, repetitively. After using the 
crisp value the equivalent crisp MOAP can be defined as follows: 


Using these crisp values of the manufacturing costs and manufacturing times which are obtained by 
using the two-stage defuzzification process, the present MOAP can be expressed as Model 7: 
Model 7 
MinZ, =41.73x,, + 46.35x,, +54.55x,, + 68.46x,, + 38.87x,, + 72.83x,, + 69.78x,, + 81.50x,, 
+ 93.93%X5, + 8612x455: 99.82x,5-+ 6452x,, + 62,73%, + 38.79%, P9994, + 1612 
Min Z, =221.46x,, + 245.82x,, + 214.46x,, +229.09x,, + 265.5 1x,, + 253.64x,, + 235.95x,, 
4+258.20x,, + 280.8 1x,, + 286.3 1x,, + 298.94x,, +291.41x,, + 243.96x,, + 288.11x,, 
+260.5 lx,, + 276.40x,, 
Subject to; 
Meo ae Fe Pay a Bae Pit ee Se Ee tes te tel 
Rage Nyy Mig Fy SE ey a a Ein Fs ee oe a 


Mig tb 5g F hey tg Ha aye t ey Fogel 


Now, each objective function is minimized subject to the given set of constraints by ignoring the other 
objective function. This provides the minimum value of each objective function and the 
corresponding value (written as Max) of the other one. These values are depicted in Table 5, which is 
called the Payoff matrix. 


Table 5. Payoff matrix 


Z , (Total manufacturing cost) Z > (Total manufacturing time) 
Max 287.07 1059.49 
Min 196 995.31 


Thus, the following inequalities hold for each objective function 


196<Z, < 287.07, 995.31<Z, <1059.49 


8. Results and Discussion 


The above MOAP is solved using three solution techniques viz., NCPT, FPT and IFPT. The best 
compromise solution obtained by each of these methods is given in Table 6. 

1. While solving Model 7 using NCPT, we find each objective function's upper and lower bounds by 
solving them separately, subject to the given constraints. Then, we designed the linear membership 
functions for truth, indeterminacy and falsehood, respectively and maximized the truth and 
indeterminacy value and minimized the false value. Using Model 4 and LINGO 16.0 optimization 
software, we obtained the optimal solution of Model 7 as 


x, =0,%, =0, X,, =1%,, =0 x,, =0, x, =1,x,, =0,x,, =0 x3, =0, x, =0, x, =0,%,, =1, 
X4, =0, X4, =0, x43 =0,x,, =1, y =0.98546 Z, =227.04, Z, =1003.05. 
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2. While solving Model 7 using FPT, we designed the linear membership functions of both the 
objectives and maximized them. Using Model 5 and LINGO 16.0 optimization software, we obtained 
the optimal solutions of Model 7 as 


x, =1, X, =0, x,, =0,x,, =0 x, =0, x, =1,x,; =0,x,, =0 x5, =0, x3. =0, x3, =0,x,, =1, 
Xq =O, Xg =0,%,, =1,.%x,, =0. y =0.5, Z, =239.02, Z, =1027.02 


3. While solving Model 7 using IFPT, we first designed the linear membership and non-membership 
functions and then maximized the membership function and minimized the non-membership 
function. Using Model 6 and LINGO 16.0 optimization software, we obtained the optimal solution of 
Model 7 as 


x, =1, X, =O, x,, =0,x,, =0 x, =0, x. =1,x,; =0,x,, =0 x5, =0, x3. =0, x3, =0, x5, =1, 
Xq, =O, Xp =0,X,, =1%x,, =0. y =0.5, Z, =239.02, Z, =1027.02 


From Table 6, we can easily conclude that the optimal solution of the present MOAP derived from the 
technique NCPT is more desirable and therefore, NCPT is a more suitable technique than the FPT and 
IFPT. This is due to the same reason that the fuzzy and the intuitionistic fuzzy logics are based on the 
truth function only, however, in real-world decision-making problems, the decision may result in the 
form of agreement, disagreement or the state of being unsure. Since the concept of neutrosophy 
allows the decision-makers to consider all these aspects together, NCPT performed better than the 
other techniques for the present MOAPs. Thus, the main advantage of the present study on MOAPs 
over existing literature is to solve the problem by considering degrees of truthness, falsehood, and 
indeterminacy altogether which may help the decision-maker make a better and more realistic 
decision. From Table 6, it is concluded that the best compromise solution of the present MOAP given 
by NCPT, provides the total manufacturing cost as 224.04 $ and the total manufacturing time of all 
the semi-finished parts as 1003.05 mins. To be more precise, a graphical representation of the 
compromise optimal solutions of the present MOAP, extracted from different solution approaches is 
given in Figure 2. 


Table 6. Optimal solutions obtained by NCPT, FPT and IFPT 


Objective functions 


NCPT FPT IEPT 
Decision variables 
Min Z, 227.04 239.02 239.02 
Min Z, 1003.05 1027.02 1027.02 
Ke 0 1 1 
Ns 0 0 0 
X13 1 0 0 
Ms 0 0 0 
2 ae 0 0 0 
Mss 1 1 1 
X23 0 0 0 
Nes 0 0 0 
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X31 0 . . 
X39 0 u : 
X33 ° : : 
34 : : : 
X41 e i : 
X49 ° . : 
X43 ? : ! 
X44 : 
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1000 | | 
800 
600 
400 
200 
° NCPT FPT IFPT 
m@Z1 wZ2 


Figure 2. Comparison of objective values obtained from NCPT, FPT & IFPT 
9. Advantage and Comparison of the Proposed Work with Some Existing Ones in Literature 


The present problem is a MOAP with conflicting objectives which is discussed under fuzziness. This 
formulation of an assignment problem caters to a more realistic scenario arising in various 
commercial situations with vague information. 

Further, in the study of MOAP under uncertainty, most of the authors like Biswas and 
Pramanik [9], Huang and Zhang [25], Jose and Kuriakose [27], Lin and Wen [36], Liu and Goa [38], 
Majumdar and Bhunia[41] and Thorani and Shankar [68] have used the concept of Type 1 fuzzy set 
(TIFS) whose membership functions are expressed as absolute numbers. The T1FS, in general, cannot 
handle the vagueness of the parameters efficiently as its membership functions are crisp. In contrast 
to this, Type 2 fuzzy sets (T2FS) can model the uncertainties/vagueness of optimization problems 
more appropriately as its membership functions are also presented as fuzzy numbers. To be more 
precise, the membership functions of T1FS are two-dimensional whereas the membership functions of 
T2FS are three-dimensional. This additional degree of freedom makes it possible to model the 
vagueness/uncertainties of an optimization problem more efficiently. So, the formulation of the 
present problem with T2TpF parameters is another advantage of the present study. 

Furthermore, De and Yadav [14], Mukherjee and Basu [44], Pramanik and Biswas [54] and 
Sakawa et al. [60] are some of the authors who discussed assignment problems in an uncertain 
environment and either used fuzzy programming techniques or used the intuitionistic fuzzy 
programming techniques. The disadvantage of these techniques is that they can only handle 
information in the context of membership and/or non-membership function of a parameter but not 


Murshid Kamal, Prabhjot Kaur, Irfan Al, A Neutrosophic Compromise Programming Technique to Solve Multi-Objective 
Assignment Problem with T2TpF Ns 


Neutrosophic Sets and Systems, Vol. 51, 2022 200 


the information related to indeterminacy or inconsistency in the parameter values. The neutrosophic 
approach discussed in this paper overcomes this limitation. In its theory, indeterminacy is quantified 
directly while the truth, indeterminacy and falsehood membership functions are independent. Since 
the present MOAP under uncertainty with T2TpF parameters is discussed using neutrosophic logic, 
this may be considered as another advantage of the present problem over existing literature. The 
efficiency of this technique over the existing ones reflects in Table 6. 


10. Conclusion and Future Aspects 


The current paper uses neutrosophic logic to solve MOAP in an uncertain environment. T2TpFNs are 
used to represent all of the uncertain parameters of the MOAP. The model is then crisped using a 
two-stage defuzzification procedure that finds the crisp values of these T2TpFNs. This crisp model is 
solved by using three solution techniques viz., FPT, IFPT and NCPT. The primary goal of this work is 
to solve the MOAP utilising NCPT and demonstrate its superiority over the others techniques 
described above. A numerical demonstration is shown that clearly shows that the NCPT outperforms 
the other two solution strategies that are also capable of dealing with uncertainty. 

The concept of neutrosophic may be included into a multiobjective transportation model in 
future study. A MOAP's stochastic model may also be explored and solved using NCPT. Fuzzy- 
random or fuzzy-stochastic variations of a multiobjective assignment or transportation issue are also 
possibilities. Furthermore, the NCPT may be used in a variety of domains such as management 
science, financial management, and decision-making science, among others. 
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Abstract: 


The main purpose of this research is to propose an m-polar interval-valued neutrosophic soft set 
(mPIVNSSs) by merging the m-polar fuzzy set and interval-valued neutrosophic soft set. The 
mPIVNSSs is the most generalized form of interval-valued neutrosophic soft set. It can 
accommodate the truthiness, indeterminacy, and falsity in intervals form. We develop some 
fundamental operations for mPIVNSS such as AND Operator, OR Operator, Truth-favorite, and 
False-favorite Operators with their properties. The weighted aggregation operator for mPIVNSS is 
also established with its properties. Furthermore, the developed mPIVNSWA operator has 
demonstrated a novel decision-making methodology for mPIVNSS to solve the multi-criteria 
decision-making (MCDM) problem. Finally, the comparative analysis of the developed algorithm is 
given with the prevailing techniques. 


Keywords: multipolar interval-valued neutrosophic set; multipolar interval-valued neutrosophic 
soft set; mPIWNSWA operator; MCDM. 


1. Introduction 


Uncertainty plays a dynamic role in many areas of life (such as modeling, medicine, engineering, 
etc.). However, people have raised a common problem: how do we express and use the concept of 
uncertainty in mathematical modeling. Many researchers plan and endorse different methods to 
solve the difficulties that involve hesitation. First, Zadeh proposed the idea of a Fuzzy Set (FS) [1] to 
solve uncertain complications. But in some cases, fuzzy sets cannot handle this situation. To 
overcome this situation, Turksen [2] proposed the idea of interval-valued fuzzy sets (IVFS). In some 
cases, we must consider the non-member value of the object, which neither FS nor IVFS can handle. 
Atanasov planned the Intuitionistic Fuzzy Set (IFS) [3] to overcome these problems. The ideas 
proposed by Atanassov only involve under-considered data and member and non-member values. 
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However, the IFS theory cannot handle the overall incompatibility and inaccurate information. To 
solve the problem of incompatibility and incorrect information, Smarandache [4] proposed the idea 
of NS. Molodtsov [5] proposed a general mathematical tool for solving uncertain environments, 
called soft sets (SS). Maggie et al. [6] Expanded the concept of SS and presented basic operations with 
ideal properties. Maggie et al. [7] A decision-making technique was established using the operations 
they developed and used for decision-making. Ali et al. [8] Expanded the concept of SS and 
developed some new operations using their characteristics. The author [9] proved De Morgan's law 
by using different operators on the SS theory. Cagman developed the concept of soft matrix and 
Enginoglu [10]. They also introduced some basic operations of soft matrices and studied their 
required properties. 


Cagman and Enginoglu [11] extended the soft set (SS) concept with basic operations and 
attributes. They also established a decision-making (DM) technology to use the methods they 
developed to solve decision-making complexity. In [12], the authors proposed some new operations 
on soft matrices, such as soft difference product, soft finite-difference product, soft extended 
difference product, and soft extended difference product and their properties. Maji [13] put forward 
the idea of NSS with necessary operations and attributes. The concept of Possibility NSS was 
proposed by Karaaslan [14]. He also established a DM technology that uses the And product based 
on the possibility of NSS to solve the DM problem. Broumi [15] developed a generalized NSS with 
some operations and properties and applied the proposed concept to DM. Deli and Subas [16] 
extended the Single Valued neutrosophic number (SVNN) concept and provided a DM method to 
solve the MCDM problem. They also developed the idea of SVNN cut sets. Wang et al. [17] proposed 
the correlation coefficient (CC) of single-valued neutrosophic sets (SVNS) and constructed the DM 
method using the correlation measurement they developed. Ye [18] proposed the idea of a simplified 
neutrosophic set (NS), developed an aggregation operator (AO) for the simplified NS, and 
established a DM method to solve the MCDM problem using the AO he developed. Masooma et al. 
[19] combined multipolar fuzzy sets, and NS proposed multipolar neutrosophic sets and established 
various representations and operations based on examples. Zulqarnain et al. [20] introduced some 
AO and correlation coefficients for the interval value IFSS. They also extended the TOPSIS technology 
to solve the MADM problem with the relevant metrics they developed. Zulqarnain et al. [21] 
introduced Pythagorean fuzzy soft number (PFSN) operational laws. They developed AO using 
defined operational laws, such as Pythagorean fuzzy soft weighted average and geometric operators. 
They also planned a DM method to solve the MADM problem with the help of the provided operator. 
Zulgarnain et al. [22] planned the TOPSIS method in the PFSS environment based on the correlation 
coefficient. They also established a DM method to solve the MCGDM problem and used the 
developed method in green supply chain management. 


Many mathematicians have developed various similarity measures, correlation coefficients, 
aggregation operators, and decision-making applications in the past few years. Garg [23] introduced 
a weighted cosine similarity measure for intuitionistic fuzzy sets. He also constructed the MCDM 
method based on his proposed technology and used the developed method for pattern recognition 
and medical diagnosis. Garg and Kumar [24] proposed some new similarity measures to measure the 
relative strength of IFS. They also formulated the number of connections for set pair analysis (SPA) 
and developed a new similarity measure based on the defined SPA. Ruan et al. [25] Some similarity 
measures have been developed for PFS by using exponential membership and non-membership and 
their attributes and relationships. Peng and Garg [26] proposed various PFS similarity measures with 
multiple parameters. Zulqarnain et al. [27, 28] offered the generalized TOPSIS and integrated TOPSIS 
models for NS and used their proposed techniques for supplier selection in the production industry. 
Said et al. [29] Established the concept of mPNSS with attributes and operators. They also developed 
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a distance-based similarity measure and used the proposed similarity measure for decision-making 
and medical diagnosis. 


1.1 Motivation 


In this era, professionals believe that real life is moving towards multi-polarity. Therefore, there is no 
doubt that the multi-polarization of information has played a vital role in the prosperity of many 
scientific and technological fields. In neurobiology, multipolar neurons accumulate a lot of 
information from other neurons. The motivation for expanding and mixing this research work is 
gradually given throughout the manuscript. We prove that different hybrid structures containing 
fuzzy sets will be converted into mPIVNSS special permissions under any appropriate circumstances. 
The concept of the neutrosophic environment of the multipolar neutrosophic soft set is novel. We 
discuss the effectiveness, flexibility, quality, and advantages of planning work and algorithms. This 
research will be the most versatile form that can be used to incorporate data from the complications 
of daily life. In the future, current work may be extended to different types of hybrid structures and 
decision-making techniques in many areas of life. 


The structure of the following paper is organized as follows: In Section 2, we reviewed some 
basic definitions used in subsequent sequels, such as NS, SS, NSS, multi-polar neutrosophic set, and 
interval value neutrosophic soft set. Section 3 puts forward the new idea of mPIVNSS by combining 
m-pole fuzzy sets (mPFS) with interval-valued neutral soft sets, their attributes, and operations. This 
section also developed Truth-Favorite, False-Favorite, AND, and OR operators. In Section 4, the 
multi-polar interval value Neutral Soft Weighted Aggregation (mPIVNSWA) operator was 
developed using its decision-making technique. Section 5 uses the developed decision-making 
method and gives a numerical example. Finally, in Section 6, a brief comparison between the method 
we developed and the existing technology. In addition, superiority, practicality, and flexibility are 
also introduced in the same section. 


2. Preliminaries 


This section recollects some basic concepts such as the neutrosophic set, soft set, neutrosophic 
soft set, and m-polar neutrosophic soft set used in the following sequel. 
Definition 2.1 [4] Let UW be a universe and A be an NS on U is defined as A = {< 
U,uU,y(U),v,4(U),w,(u) >:u Ee U},where u, v, w: U > 10°, 1*[ and O < uwy(u) + oyu) + 
wy(u) < 3t. 
Definition 2.2 [19] Let U be the universal set and #9 is said to multipolar neutrosophic set if 
MR = {(uug(u),v_(u),w,(u)):u€ Ua = 1,2,3,..,m}, where ug(u), 7 (u), and w,(u) 
represents the truthiness, indeterminacy, and falsity respectively, "u,(u),%q(u),w,(u) & [0,1] 
and0 < u,(u)+v,(u)+w,(u) < 3, forall a = 1,2,3,..., m;and u € U. 
Definition 2.3 [5] Let U be the universal set and E be the set of attributes concerning U. Let P(U) 
be the power set of U and A € E. A pair (F, A) is called a soft set over U, and its mapping is given 
as 
F:A > P(U) 
It is also defined as: 
(F, A) = {F(e) € P(U):e € E,F(e) = Gife # A}" 
2.4 Definition [5] 
Let U be the universal set and € be the set of attributes concerning U. Let P(U) be the power set 
of U and A CE. A pair (F, A) is called an SS over U, and its mapping is given as 
F:A > P(U) 
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It is also defined as: 

(F, A) = {F(e) € P(U):e € €,F(e) = Gife + A} 
Definition 2.5 [13] Let U be the universal set and € be the set of attributes concerning U. Let P(U) 
be the set of neutrosophic sets over U and A € €. A pair (F,A) is called a neutrosophic soft set 


over U and its mapping is given as 

F:A > P(U) 
Definition 2.6 [30] Let U be a universal set, then interval valued neutrosophic set can be expressed 
by the set A = {u,(wy(u),on(u),wa(u)):ue U}, where uy, vg_, and wy are truth, 
indeterminacy and falsity membership functions for A respectively, u4, 14, and ws, & [0,1] for 
each u € U. Where 
wa(u) = [uly Cw), a4, (w)], 
va) = [4 (uw), 04, (w)], and 
wa(u) = [wy (u),wY, (w)| 
For each point we U, 0 < wy(u) + oyu) +wa(u) < 3 and IVN(U) represent the family of all 
interval valued neutrosophic sets on U. 
Definition 2.7 [31] Let U be a universe of discourse and € be a set of attributes, and m-polar 
neutrosophic soft set (mPNSS) fog over U defined as 
Pg = {(e, {(u,ug(u) ,v_(u) ,we(u)):u EWUa= 1,2,3,..,m}):e € E}, 
where U,(u), %_(u), and #,(u) represent the truthiness, indeterminacy, and falsity respectively, 
Ug (U) ,U%_(u),w,(u) S [0,1] and0 < u,(u) + 0,(4) + w,(u) < 3, for all a = 1, 2, 3,..., m; e 
€ € and u € UW. Simply an m-polar neutrosophic number (mPNSN) can be expressed as #9 = 
{(Ug, Ug, Wa)}, where0 < ty +, + We < 3and a = 1,2,3,..., m. 
Definition 2.8 [32] Let U be a universe of discourse and € be aset of attributes, an IVNSS (Og over 
U defined as 
Px = {(e, {(u, ug (u) , vn (u) , we(u)): u EU,a= 1, Za;apm})re € £1}, 
where ug(u) = [uh(u),ux(u)|, on(u) = [oh oR], we(u) = [wh(u), wR(u)], represents 
the interval truthiness, indeterminacy, and falsity respectively, uy(u),%_(u),w_(u) S [0,1] and 
0 < ug(u) + oR (u) + wR(u) < 3, foreach e € E andue U. 


3. Multi-Polar Interval Valued Neutrosophic Soft Set with Aggregate Operators and Properties 


The idea of m-pole fuzzy sets (mPFS) was proposed by Chen et al. [33] In 2014, able to deal with 
ambiguous data and ambiguous multipolar information. Smarandache [34] proposed a three-pole, 
multi-pole neutrosophic set and its graph in 2016. The membership degree of mPFS is in the interval 
[0,1]*m, representing the m criteria of the object, but mPFS cannot deal with uncertainty and false 
objects. NS is bargaining with a single choice criterion of true, false, and uncertainty. But it cannot 
deal with the multi-standard, multi-source, and multi-polar information fusion that may be selected. 
Deli et al. [31] Combining the concepts of m-polar neutrosophic set and SS, a new model of mPNSS 
was introduced. The developed mPNSS can handle m standards for each alternative. mPNSS extends 
the bipolar Zhongzhi soft set proposed by Ali et al. [35]. Deli [32] established IVNSS, which is a 
combination of IVNS[30] and SS[5]. We constructed some basic concepts of mPNSS and extended 
mPNSS to mPIVSS with various operations and attributes. 


Definition 3.1 Let U be a universe of discourse and € be a set of attributes, then m-polar interval- 
valued neutrosophic soft set (mPIVNSS) fog over U defined as 

Px = {(e, {(u, uq(u) ,U_(u) We (u)): u€U,a = 1,2,3, wy m})ie € E}, 

where ug(u) = [ué(u),wi(u)], vu) = vf), 72], welu) = [wé(u), we (u)], represent the 


interval truthiness, indeterminacy, and falsity respectively, w,(u),%q(u),wa(u) S [0,1] and 0 < 
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uy(u) + ve(u) + we(u) < 3 for all a = 1, 2, 3,..., m; e € € and u € U. Simply an m-polar 
interval-valued neutrosophic soft number (mPIVNSN) can be expressed as #9 = 
{lui (u), we (u)], log (u), va (w)), we), we (u)]}, where 0 < wg(u) + v7(u) + wa(u) < 3 and a = 
1, 2, 3,..., m. 
Definition 3.2 Let 9; and fa, be two mPIVNSSs over U. Then, 9g is called an m-polar interval- 
valued neutrosophic soft subset of (¢. If 
Ue (u) < ug (u), wu) S< we (u) 
va (u) = va'(u), ve") = va*(u) 
wa (u) = wa (u), wa"(u) = we (u) 
for all a = 1,2,3,---, m; e € E and u € U. 
Definition 3.3 Let (y and fa, be two mPIVNSSs over U. Then, 9g = 9, if 
Ue (U) S uy), we(u) S wei(u) and wu) < we(u), we(u) < we (u) 
va (u) = va'(u), ve (u) = ve" (u) and v2"(u) = va*(u), vat (u) = va*(u) 
Wa (u) = wa (u), wa'(u) = wa*(u) and we" (u) = watu), wa (u) = we") 
for all a = 1,2,3,..., mj; e € E and u € U. 
Definition 3.4 Let (, and 9, be two mPIVNSSs over U. Then, 
Py VU Mr= 
u, [sup{we"(u), we (u)}, supluer (u), we (u)}], 
e, [inf {vd"(u), of£(u)}, inf{or® (uw), 74 (w}], J: u e€ Ua = 1,2,3,...,m> }:e EE 
[ing (we (u), we! (u)},, inf (urdu), we (W)}] 
Definition 3.5 Let gy and fa, be two mPIVNSSs over U. Then, 
PRN = 
w, [influ (w), wl C)}, inf (ww), ui! (W)}] 
e, [sup{og™ (u), v£4(u)}, sup{od®(u), v3“ (u)}], |: ue Ua = 1,2,3,...,mp Jre EE 
[sup{wa"(u), wa‘ (u)}, suplwe" (u), wet (w)}] 
3.6 Definition 
Let 9 be an mPIVNSS over U. Then, the complement of mPIVNSS is defined as follows: 


PR 
{(e {(u [w£@), w2)], [1 - o20),1- of], [ui (), wi(u)]): u € U, o = 1,2,3,...,m}):e € E} 
Proposition 3.7 Let 9g and so, be two mPIVNSSs over U. Then, 

1. (x U %c)°= Mx 1 %c% 

2. (RN .)°= Px VU VL° 
Proof 1 As we know that 
My = {(e. {(u [ut ), a (w)], [oa @), 02" (w)], [wa (u), wa (u)]): u € U, a = 1,2,3,...,m}):e € E} 
and 
G2 = {ef lef @), of WL ow), 04 WD) wow), w# U))): u € U, a = 1,2,3, ...,m}):e € €} 
Then 
PR U P= 

u, [sup{ul*(u), uf (u)}, sup fei (w), ac CD}, 
e, [inf {vd*(u), of4(u)}, inf {os (u), 24 (w)}], |:u € U,a@ = 1,2,3,..,mp |re EE 


[inf(wu), wi wh, inflwi"u), we (w)}] 
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we get 
(Mx U Mr)° 
u, [inf (we (u), wet (u)}, inflwe" (w), we" (u)}], 
=| e,4| [1—inf{od*(u), ow} - infos" Ww, oe W}]), |:u € Wa = 1,2,3,...,m>p |re€ € 
[sup{ui" (wu), we (u)}, supa (u), wi (u)} 
Now 
(xo = 
{(e, {(u, [we* (u), wi®(u)] [1 -— v2), 1 - ou), [uo u), ww ]): u € Ua = 1,2,3,...,m}):e € E} 
,° = 
{(e, {(u, lwe (w), we (u)], [1 - 024 (Cu), 1 - of WD], [uf w), wt w]): u € U, @ = 1,2,3,...,m}):e € €} 
By using definition 3.5 
Myo 1 = 
u, [inf (we (u), wet (u)}, inflwe" (wu), wet (w)}], 
e,4| [inf {1 - of" (u),1 -— 024 (w)} inf (1 - ou), 1-0f4(u)}], |: € Uae = 1,2,3,..,mp |re EE 
[sup{uo" (wu), wi (u)}, supa (u), wi (u)}| 
Px° NPL° = 
u, [inf (we (u), weit (u)}, inflwe" (wu), wet w)}], 
e,4| [1 — inf fod" (u), 024 (u) 1 - inf fo), of (u)}], |: u € Ua = 1,2,3,..,mp |:e €€ 
[sup{wo"(u), wi (u)}, suppl (u), ui’ (u)}] 
Hence 
(My U Mr)" = MR 1 —_%. 
Proof 2 Similar to assertion 1. 


Definition 3.8 Let (, and fa, be two mPIVNSSs over U. Then, their extended union is defined as 


[ue (u), we" (u)] ifeER-L 
U(%y Us Mc) = ts ue (u), uy (u)] ifeEL—R 
[sup{ut®(u), uf (u)}, sup{u*(u), wi (u)}] ife ERNL 
[ve (u), va (u)] ifeER—-L 
U(x Us Mr) = i ve (u), va" (u)] ifeEL—R 
[inf {vd"(u), ££ (u)}, inf {ox (u), v4 (w)}] ife ERNL 
[ws (u), we" (u)] ifeEeR—-L 
W(x Us r)= te we (u), wa (u)] ifeEL—-R 
linf{we"(u), wi (wf, inf{wi™(u), wi (u)}| ifeERNL 


Example 3.9 Assume U = {u,, u2} be a universe of discourse and E = {e,, ez, €3, e,} be a set of 
attributes and ® = {e,, e,} & E and L = {e,, e3} © E. Consider 3-PIVNSSs fog and fo; over U can 


be represented as follows: 


(« Vee 5, 8], [. 2,5], [. 1,.2]), Cf. 3,-5], [. 1.31, [.2,.4)), ([.6 91, -. [. 8, >) 
ae “U(u2, (-2,.4103,-4101,.3),(02,.5,01-.61[4,.3), (0.8, 1,06, a Lez ™))’ 
(< Wa ([. 3,.6], [. 1,.6], [.3,.4)), ((0,.2], [.1,.41 [.3,.5), (.5,.9], [3,.8), [ |) 
” U (up, (L-2,-5], [2,3], £5, -6)), (3,5), £1.51 £5, 8), (6-91, 5, 8], .6,.9])) 
and 
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(uy, ([.4,.8], [-3,.6], [-2,.5)), (L2,.71, [3,41 [4,6], (7,8), 4,91, £5, 1)) 
e. 
_ * (uz, (01-6), 05,-7], [1,21 (L3,.4L[2,.5,62,.5),(.5,.9, 67,8, 04,6)))/’ 
e (uz, ([.2,.7], [3,.5], [-2,.6]), (L 1.3], [-2, 5], [-2,.7), (4,91, £4.71 05,.8)) 
e. 
“t (us (L461 [4,5], [4 8), (-3,-6) [3,-41 [1 1), (.5,-91, [.3,.71, [4,-8)) 
Then 
(< ae 5,8]; [-2,-5], [-1,-2]),(-3,-51,[-1,-31L 02,4), 6-91 0 [.8, nism) 
(ua 2.4103, 41043), 2, 5,64-61613), 6 ee 6.7) 
Pe (< ao ee oe ts 71,[-1,-41,[3,-5]), (L7,- alte ge a D)) 
eek ee : SG 51.6151 [2,5], (6,91 L5,-8] [-4,.6)) 


(«. ie [.2,.7], [-3,.5] £-2,.6), (L1.3],[-2, 
(uz, ([.1,.6], [.1 5], [4 


5),.2,.7).(L4.91 4 
, 8]), C3, -6], [. 3,.4], [1, 1), C5, .9], £3, 


iF ear 


Definition 3.10 Let gy and 9, be two mPIVNSSs over U. Then, their extended intersection is 


defined as 
[ue (u), we (u)] ifeER-L 
U (G(x Ne Mc) = if a (u), we (u)] ifeEL—R 
linf{uS*(u), ui (u)}, inf{u*(u), wt (u)}] ifeERNL 
[os (u), v2" (u)| ifeER-L 
Y (Mx Ne Mc) = \ lve (u),ve*(U)] ifeEeL—R 
[sup{og™ (u), vf*(u)}, sup{od™ (u), o3“(u)}] fe ERNL 
[we (u), wa" (u)] ifeER-L 
Ww (SR Ne xr) = Is we” (u), wet (u)] ifeEL—-R 
[sup{we™ (u), wa (u)}, supfwe™ (u), wit (u)}] fe ERNL 


Remark 3.1 Generally, if @g # 95 and fy # 3, then the law of contradiction fy N Mo = (2% 
and the law of the excluded middle oy U %%° = 99; does not hold in mPIVNSS. But in classical set 
theory law of contradiction and excluded middle always hold. 

Definition 3.11 Let 9, be an mPIVNSS over U. Then, Truth-Favorite operator on 9 is denoted by 


seed 


Agog and defined as follow: 

Ags = 

{(-{(" [inf {uf (u) + 72%), 1}, inf{ae™(u) + v2 (u), =) EET es 
[0,0], [0, 0], ..., [0,0], [wa"(u), wa" (u)] 


Proposition 3.12 Let fy and 9, be two mPIVNSSs over U. Then, 
1. AAgy = Avy 
2. A(%R U Mc) S Avy UAV, 
3. A(%e N Mc) S Avy N Ay, 
Proof of the above proposition is easily obtained by using definitions 3.4, 3.5, 3.11. 
Definition 3.13 Let 9; be an mPIVNSS over U. Then, the False-Favorite operator on (9g denoted 


seed 


by Agy and is defined as follows: 
Von = 
{(«. {( u, [we (u), we" (u)], [0, 0], [0, 0], ..., [0, 0], 
[inf {we (u) + of" (u), 1}, inf (wou) + v2%(u), 1}] 
Proposition 3.14 Let y and ga, be two mPIVNSSs over U. Then, 


); u€U,a = 1,2,3,..., 
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1. VR = Vey 
2. ViMRU %.) S V%y UV GH, 
3. VM" O Mr) S Ven 1 V—, 
Proof of the above proposition is easily obtained using definitions 3.4, 3.5, 3.13. 
Definition 3.15 Let fy and fo, be two mPIVNSSs over U. Then, their AND-Operator is 
represented by 9m ” 2, and defined as follows: 
xR A Mr = Inxc, Where 
Taxcly) = x(x) 1 %c(y) forall (x,y) € Rx L. 
Definition 3.16 Let 9 and fa, be two mPIVNSSs over U. Then, their OR-Operator is represented 
by 9 v #, and defined as follows: 
x V Mr = Inxc, Where 
Taxcly) = x(x) U %c(y) forall (x,y) € Rx L. 
Example 3.17 Reconsider example 3.9 
(«. ae ([. 5,8], [.2,.5], [. 1,.2]), ([.3,.5], [1,.3], [.2 
(up, (2,41, [-3,.4] [1,.3D, C.2,.51,[1,.6], [1.3] 
(<. ie ({.3,.6], [.1,.6], [.3, 4), ((0,.2], [.1, 41, [.3 }) 
(5; ([-2)-5 1,1 2,3], [5;-6),-3;-5),.0 5-5), £5; 8) 6 
and 
(«.{ (uz, ([-4,-8], [-3, 6], [- 2,.5]), ([-2,.7], [3,41 0 4,-6]), (L 7,-8), [4.9], (5, 1])) \\, 
(uz, ([.1,.6], [.5,.7], [-1,.2), C3, 41, [.2,.5], [-2,.5]), (5-91, [- 7,-8], [.4, .6])) 


PR = 


x (« eee [. 2,.6]), ([. 1,.3], [2,5], [.2,.7]), ([.4, 91, [. 4.7], [.5, ut 
"( (uz, ([-1,.6], [1-5], [4 -8), (.3,-6], 6 3,-41, (1,1), (L5,-91, 1-3 ei [.1,.8])) 
(€1,€2), Uz (4, 8], [.3, .6], [-2,.5]), CL 2,.5], | 3,.4], 1 4,-6)), (6, 8], L 7,.9], 8,1), 
(up, ([.1,.4], [.5,.7], [.1,.3)), Cf. 2,-41, L2 6], [.2,.5]), (L5,.9], [.7,.9L.6,.7), 
(2,63), a U2 713, ole 236) 1 A} Leokk2e Dk 28). Le; 
(us, (4; 41-3 ,-51, (4, 8h, (L. 2, 5], L3, 6], [1,1)), (5, 9], L 6, .9], [. 6,.8)), 
x * Pc > ) (ey,e9), (uz (L.3,-61. 1-6), £.3,.4), ((0,.2L01.410.3,-5), (.5,.91 [3,81 0.5,.8), 
(us; (C2; 5 E2316 5, 6)), 3,5], [.1,.5], [.5, 8h, ([.6,.9], [.5,.8], [.6,.9)), 
(€>,¢3),(ui,(-2,.6],..-1, 6], [.3,-6]),; ((0,-2], L. 2,5], [-3;:7]), (4-9), 14,81 5,8), 


(up, ([.1,.5], [- 2,.5], [.5, .8]), (3, 5], [.3, 5], [-5,.8)), (5.91, [.5,.9], [.6, 9) 

Proposition 3.18 Let g, §,, and (24, be three mPIVNSSs over U. Then, 

1. PxV Me = OcV Mx 

2. Px NM. = Pr Px 

3. Px V (Mc Vv Ma) = (PRY Pc)VY M4 

4. 9x (Me Ka) = (MRA Pc) % Mr 

5. (xv Mr)° = P(R) 0 V°(L) 

6. (HRA Mr)° = PE(R) v V°(L) 
Proof We can prove easily by using definitions 3.15, 3.16. 


4. Weighted Aggregation Operator for m-Polar Interval Valued Neutrosophic Soft set 

Many mathematicians developed various methodologies to solve MCDM problems in the past 
few years, such as aggregation operators for different hybrid structures, CC, similarity measures, and 
decision-making applications. 
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Definition 41 Let Ym = ([we(u),wi(u)] [oc@, oe), [we@),wi)]) , Gn, 
([we 0), we) [oe u),oe (w)), [we i(u),we'@)) —, and Pn, = 
([0l (uw), 0 (u)], [oF (a), 08? (u)], [Ww (Uw), wi (u)]) are three mPIVNSNs, the basic 
operators for mPIVNSNs are defined as when 6 > 0 

1. x, B Mx, = 


[unt (u) + we? (u) — we (ue (ud, au) +? Cu) — a? (u)], 
[oe u)oe? UD, @) ve? Ww) [we Wwe? Ww, we UW) we? U)] 
2. (x, © Px, = 
[ue (w)up? (u), ue (uae (u)], 
[og (uw) + 09? (u) — og B(U)og? (UW), og (U) + oF? (U) — oF Uo? @)), 
w, ‘(u)tw, *(u-w, uw, 7 (u),w, (ut w, *7(tu)-w, (uw, 7(u) 
[we - . we, _ oe a (uw, *(w)| 
3. fy = 
(1-2 -aen)’,1-(1- wtqn)’],|(e2 en)" (ea*an)'], [(we*en)’ (wean) ’]) 
[(uk@o)", (ee an)’], [a - (1 - 8a)", 1- (1 -o2"@) ], 
ja = (4 2 wih (u)) 1 = (4 = wi) | 
Definition 4.3 Let Pre, = "(fue (uw), Nei; zu), [oe (uw), Vai wu), [wet (uw), Wei; *(w)]) be a 
collection of mPIVNSNs, 0; and y; are weight vector for expert’s and parameters respectively with 
given conditions 0; > 0, di=19; = 1, yy > 0, LMjaiyy = 1, where (i = 1,2,...,n,andj = 


1,2,...,m). Then mPIVNSWA operator defined as 
mPIVNSWA: A” - A defined as follows 


4. (Gm)® = 


MPIVNSWA (0x9, Pate, Phen,) = Bhar Yj (Bi MM xe, ): (4.1) 


Theorem 4.4 Let Pre, = ([ust (u), wan (u)], [od*(u), Vary (u)|, [we w), Wai, *(u))) be a collection 


of mPIVNSNs, where (i = 1,2,...,n,andj = 1,2,..,k), the aggregated value is also an interval- 
valued neutrosophic soft number, such as 


MPIVNSWA (Gx, Prie,,)-- Pe, ) 


[1m (Tt i(1- wee)" ) 11H ( ra (1 - a2" (w)) hb 


: [1 (1m ( ist te 0) ) (te rh (1- ot) Ji (4.2) 
j1- (1- nt (Te 1(1- wik(u)) ") Ja -(1- rr (Tt (ns wi) } ) 


Definition 4.5 Let My = ([ué(u),u4(u)], [od (w), od w)], [we (u), we (u)]) be an mPIVNSN, then the 


score, accuracy, and certainty functions for an mPIVNSN respectively defined as follows: 


1. S(%@x)= —(uh(u) + wh) + 1 - of) +1 - oF (u) + 1- wE(u) +1- we) 
2. A(foy) = (4 + wh (u) + wh (u) - wE(u) - wu) 


3. C(fom) = +(2 + ué(u) + u(u)), where a =1,2,+, m. 
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Definition 4.6 Let 9g and §2%, be two mPIVNSSs. Then, the comparison approach is presented as 
follows: 
1. IfS(%y) > S(%,), then %g is superior to /y,. 
2. IfS(%g) = S(Mmy,) and A(x) > A(Mm,), then My is superior to My,. 
3. IfS(Mx) = S(Mx,), A(x) = A(Mx,), and C(x) > C(%m,), then /y is superior to My,. 
4. If S(@m) = S(Mx,), A(x) > A(Mx,), and C(x) = C(%R,), then Og is indifferent to /x,, 
can be denoted as (0_~x,- 


5. Decision-making approach based mPIVNSWA for mPIVNSS 

Assume a set of “s” alternatives such as B = {f1, 67,63, ...,B°} for assessment under the team 
of experts such as U = {u4,U7,U3,...,Un} with weights 0 = (04,.04,..,Q,)" such that 0; > 0, 
O19; = 1. Let E = {e,,e3,...,@m} be a set of attributes with weights y = (71,Y2,Y3)--»Ym)" be a 
weight vector for parameters such as y; > 0, j=, y; = 1. The team of experts {u,: i = 1, 2,..., n} 


evaluate the alternatives {8™: z = 1, 2, ..., s} under the considered parameters {e;: j = 1, 2, m} 


given in the form of mPIVNSNs Le = lt, o®, wo), where ue = [o (u), Ue; ave @ _ 


agp ay? Aj Vaij 


[og Wed ,(w)], and wO = |wE(w,wi,@], here 0 < uh), um), of(u),odtu), 


wé(u), wi (u) < 1 and 0 <u, + ve, + wa, < 3. So A, = 


(uf, (uw), Mei; (u)], [vd Vuij (u), v, Vij (u)], [wd Wei; (u), w, We (u)]) for all i, j. Experts give their preferences 
for each alternative in terms of mPIVNSNs by using the mPIVNSWA operator in the form of A, = 


([ué,,, 00, wi, (w)|, lo VG, (U), v vé,,(u)], [w. We, (U), W, wi (u)) . Compute the score values for each 


alternative and analyze the ranking of the alternatives. 


5.1 Algorithm for mPIVNSWA operator 
Step 1. Develop the m-polar interval-valued neutrosophic soft matrix for each alternative. 
Step 2. Aggregate the mPIVNSNs for each alternative into a collective decision matrix A; by using 


the mPIVNSWA operator. 
Step 3. Compute the score value for each alternative A,, where k = 1,2,-:-,s 
Step 4. Choose the best alternative B“). 


” 


Step 5. Alternatives ranking. 


A flow chart of the above-presented model is given in the following Figure 1. 
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¢Develop the m-polar interval-valued neutrosophic soft 
matrix for each alternative 


eAggregate the mPIVNSNs for each alternative into a 
collective decision matrix 


¢Compute the score value for each alternative 


Choose the best alternative 


eAlternatives ranking 


Figure 1: Flowchart of the proposed model 


5.2. Application of the Proposed Model in Decision Making 
This section utilized the developed approach based on the mPIVNSWA operator for decision- 


making. 
5.2.1. Numerical Example 


A university calls for the appointment of a vacant position of associate professor. For further 
assessment, four candidates (alternatives) chooses after preliminary review such as {B, B®, B®, 
B“). The president of the institution {has hired a team of three expertsu,, U2, “3} with weights 
(0.25, 0.30,0.45)" for final scrutiny. First of all, the group of experts decides the parameters for the 
selection of the candidate, such as e, =experience, e, = publications, and e3; = research quality with 
weights (0.35, 0.25, 0.40)". Each expert gives preferences for each alternative in mPIVNSNs under 
the considered parameters. The developed methods to find the best alternative for the position of 
associate professor are presented in 5.1. 


5.2.2. Applications of proposed approaches. 


Assume {B™, B®, B&), BM} be a set of alternatives which are shortlisted for interview and € 
={e, =experience, e, = publications, e,= research quality} be a set of parameters for the selection of 
associate professor. Let R and £ € €. Then we construct the 3-PIVNSS Y9g(e) according to the 
requirement of university management such as follows: 


Step 1. The experts will evaluate the condition in the case of mPIVNSNs. There are just four 
alternatives; parameters and a summary of their scores given in Tables 2, 3, 4, 5. 


Table 1. Construction of 3-PIVNSS of Alternatives According to Management Requirement 


Ox(e) e4 e2 e3 
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Construct the 3-PIVNSS gp (e) for each alternative according to experts, where t =1, 2,3, 4. 


Table 2. Evaluation Report for Alternative B 
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([.6,-7], [.1, 2], [-3,-5]), ([.7, 8], [-1, .2], [-2, .5]), 
Uy ([.6, 8], [.1, .2], [-2,.3)), ([.6, .7], [-1, .2], [-1, .2), 
([.6,-7], [.3, 5], [-1,-2) ([.5, 8], [-1, .2], [-2, 4) 
([.5,-7], [.2, 5], [-2,.3)), ([.5, -6], [.3, 4], [1,.2), 
U2 ([.7, 8], [-3, 5], [-,-3) ([-1,.2], [.2,.5], [4,.6]), ([-4, 6], [-2, 3], [.1,.2]]), 
([.4,.7], [.2,.3], 3.7) ([.4,-6], [2.3], [:,.2) ({. 2,.4], [.3,-4], [2,.5) 
([.4,-6], [.2, 3], [-1,.2]), ([-3, -5], [.3, 5], -6,-7]), 
U3 ([.1,.2], [.2, .5], [-4,-6]), ([.6, 8], [.1, .2], [1,.2)), 
([.6, 8], [-1, .2], [1 .3) ({-7, -8], [-1, .2], [-2, -4]) 
Table 5. Evaluation Report for Alternative B“ 
P(e) e1 e 
([.3, 5], [-2, 4], [-1,.2]), ([.7, 8], [.2, 4], [:3,.5)), 
Uy ([.3, -6], [-1,.2], [-4,-7]), ([.5,-7], [.3, 4], [2,-4)), 
([.4,-7], [-3, 4], [-2, 3) ([.4, -6], [-2, 5], [-3, 4) 
([.4,-7], [-3, 5], [-2,-4)), ([.5, -8], [.3, 4], [2, 3), 
Uy ([.5, 8], [-3, 6], [-2, .3)) ([-2, .4}, [.2,.3], [4 5), 
([.4, -6], [-2, 3], [-3, 5) ([-3, -5], [.2,.3], [-3, 5) 
([.3, 5], [-3, 5], [-1,.2]), ([-3, -5], [.4, 6], [-6,.7)), 
U3 ([.1, .2], [-2, 5], [-4, -6]), ([-5,.7], [.1,.2], [4 5), 
({.5,-7], [-2, 4], [4 -3)D ({-3, -5], [.2,.5], [-1,.3) 2,5], [-2, -3], [-4, -6]) 


Step 2. The opinion of the experts for each alternative are aggregated by using equation 4.2. Hence, 


we get 
Ay 


([. 3144 .5379], [.1819,.3711], [. 2437, .3752]) 


([.4569 .6073], [. 2813, .3947], [.2988,.4815]), A; = ([.3303.4884], [. 3018, 4429], [.4296,.5670]) , 
and A, = ([.3530 .5200], [. 2815, .4420], [.3546,.5037]). 
Step 3. Compute the score values for each alternative by using Definition 4.5 (1). S(A,) =.2045, S(A2) 


= 2004, S(A3) =.1709, and S(A,) = .1828. 


Step 4. Therefore, the ranking of the alternatives is as follows S(A,) > S(Az) > S(A4) > S(A3). So, 
BY > B® > BO > BO, hence, the alternative B™ is the most suitable alternative for the position 
of associate professor. 


6. Discussion and Comparative Analysis: 


In the next section, we will discuss the proposed method's effectiveness, simplicity, flexibility, 


and good location. A brief comparative analysis of our proposed method and popular method. 


6.1 Comparative Studies 


This manuscript develops a new DM technology based on the mPIVNSWA operator using 


mPIVNSS. Compared with existing technologies, the developed method is more operative and 


provides appropriate results in MCDM problems. Through this scientific research and comparison, 


we realize that the results of the proposed method are more versatile than traditional methods. 


However, the DM process contains more information to deal with uncertain data than the current 
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DM method. Except that the hybrid structure of multiple FS becomes a particular case of mPIVNSS 
adds some appropriate conditions. Among them, the information related to the object can be 
displayed accurately and analytically, so mPIVNSS is an effective power tool to deal with inaccurate 
and uncertain information in the DM process. Therefore, our method is more suitable, flexible, and 
better than FS's unique and accessible hybrid structure. 


Table 6: Comparative analysis between some existing techniques and the proposed approach 


Set Truthiness _ _Indeterminacy Falsity Multi-polarity Loss of information 

Chen et al. [33] mPFS Vv x x Vv x 
Xu et al. [38] IFS Vv x Vv x x 
Zhang et al. [39] IFS Vv x Vv x Vv 
Talebi et al. [42] mPIVIFS Vv x Vv Vv Vv 
Yager [40, 41] PFS Vv x Vv x x 
Naeem et al. [43] mPyFS Vv x Vv Vv x 
Zhang et al. [44] INSs Vv Vv Vv x x 
Aliet al. [35] BPNSS Vv Vv Vv x x 
Proposed mPIVNSS  V Vv Vv Vv x 
approach 


7. Conclusion 


This manuscript establishes a new hybrid structure, mPIVNSS, by combining two independent 
structure m-pole fuzzy sets and interval-valued neutrosophic soft sets. Several basic operations have 
been introduced for mPIVNSS, and their ideal characteristics have been discussed. In addition, we 
developed the algorithm of mPIVNSS and used the proposed algorithm to establish a neutrosophic 
weighted aggregation operator for m-polar interval-valued. A decision-making method was 
developed to solve the MCDM problem by using our mPIVNSWA operator. A comparative analysis 
was also carried out to prove the proposed method. Finally, the proposed technique shows higher 
stability and practicality for decision-makers in the decision-making process. Based on the results 
obtained, it can be concluded that this method is most suitable for solving the MCDM problem in 
today's life. We will apply this technique to other fields in future work, such as mathematical 


programming, cluster analysis, etc. 
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Abstract: 


The paper proposes the generalized version of the multipolar neutrosophic soft set. The 
neutrosophic soft set (NSS) is an advanced extension of the neutrosophic set, which accommodates 
the alternatives’ parametrized values. This paper extends the NSS to generalized multipolar NSS 
and introduces some fundamental operations for generalized multipolar NSS with their necessary 
properties. We define the correlation coefficient (CC) and weighted correlation coefficient (WCC) 
for the generalized multi-polar neutrosophic soft set. Several desirable properties for CC and WCC 
and their relationship are derived. Finally, based on established correlation measures, a decision- 
making algorithm under the neutrosophic environment is stated to tackle uncertain and vague 
information. The applicability of the proposed algorithm is demonstrated through a case study of 
the decision-making problem. A comparative analysis with several existing studies reveals the 
effectiveness of the approach. 


Keywords: multipolar neutrosophic set; generalized multipolar neutrosophic soft set; CC; WCC; 
MCDM. 


1. Introduction 


Uncertainty plays a dynamic role in many areas of life (such as modeling, medicine, engineering, 
etc.). However, people have raised a common question: how do we express and use the concept of 
uncertainty in mathematical modeling. Many researchers planned and endorsed different methods 
to resolve those difficulties that contain hesitation. First of all, Zadeh presented the idea of fuzzy sets 
(FS) [1] to resolve uncertain complications. But in some cases, fuzzy sets are unable to handle the 
situation. To overcome such scenarios, the idea of interval-valued fuzzy sets (IVFS) was presented by 
Turksen [2]. In some cases, we must consider the object's nonmembership value, which cannot be 


dealt with by FS nor by IVFS. To conquer such issues, Atanassov planned the intuitionistic fuzzy set 
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(IFS) [3]. The idea proposed by Atanassov involves only under-considered data and membership and 
non-membership values. However, the IFS theory cannot handle the overall incompatibility and 
inaccurate information. To solve the problem of incompatibility and incorrect information, 
Smarandache [4] proposed the idea of NS. Molodtsov [5] presented a general mathematical tool for 
addressing uncertain environments known as soft set (SS). Maji et al. [6] extended the concept of SS 
and proposed fundamental operations with their desirable properties. Maji et al. [7] established a 
decision-making technique utilizing their developed operations and used it for decision making. Ali 
et al. [8] extended the notion of SS and developed some new operations with their properties. The 


authors [9] proved De Morgan's law by using different operators for the SS theory. 


Maji [10] offered the idea of a neutrosophic soft set (NSS) with necessary operations and 
properties. The concept of the possibility NSS was developed by Karaaslan [11]. He also established 
a DM technique utilizing And-product based on the possibility NSS to solve DM issues. Broumi [12] 
created the generalized NSS with some operations and properties and used the proposed concept for 
DM. Deli and Subas [13] extended the notion of single-valued Neutrosophic numbers (SVNNs) and 
offered a DM approach to solving MCDM problems. They also developed the idea of cut sets for 
SVNNs. Wang et al. [14] presented the correlation coefficient (CC) for SVNSs and constructed a DM 
approach utilizing their developed correlation measure. Ye [15] offered the idea of simplified NSs 
and developed the aggregation operators (AOs) for simplified NSs, and established a DM 
methodology to solve MCDM problems utilizing his developed AOs. Masooma et al. [16] proposed 
a multipolar neutrosophic set by combining the multipolar fuzzy set and NS. They also established 
various characterization and operations with examples. Zulgarnain et al. [17] introduced some AOs 
and correlation coefficients for interval-valued IFSS. They also extended the TOPSIS technique using 
their developed correlation measures to solve the MADM problem. Zulgarnain et al. [18] introduced 
operational laws for Pythagorean fuzzy soft numbers (PFSNs). They developed AOs such as 
Pythagorean fuzzy soft weighted average and geometric using defined operational laws for PFSNs. 
They also planned a DM approach to solve MADM problems with the help of presented operators. 
Zulgarnain et al. [19] planned the TOPSIS methodology in the PFSS environment based on the 
correlation coefficient. They also established a DM methodology to resolve the MCGDM concerns 


and utilized the developed approach in green supply chain management. 


Many mathematicians have developed various similarity measures, correlation coefficients, 
aggregation operators, and decision-making applications in the past few years. Zulqarnain et al. [20, 
21] introduced some novel AOs for PFSS based on Einstein norms. Siddique et al. [22] proposed the 
score matrix for PFSS. Peng and Garg [23] proposed various PFS similarity measures with multiple 
parameters. Zulqarnain et al. [24, 25] presented the generalized neutrosophic TOPSIS and an 
integrated neutrosophic TOPSIS model and used their proposed techniques for supplier selection in 
the production industry. Saeed et al. [26] established the concept of mPNSS with properties and 
operators. They also developed a distance-based similarity measure and used the proposed similarity 
measure for decision-making and medical diagnosis. Zulqarnain et al. [27] developed some novel 
AOs for PFSS considering the interaction. Zulqarnain et al. [34] presented the generalized multipolar 
NSS and introduced some information measures to solve decision-making problems. They also 
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extended the concept of multipolar NSS to multipolar interval-valued NSS with basic operations and 
their desirable properties [35]. 


In this era, professionals believe that real life is moving toward multi-polarization. Therefore, 
there is no doubt that the multi-polarization of information has played an essential role in the 
prosperity of many fields of science and technology. In neurobiology, multipolar neurons accumulate 
a lot of info from other neurons. The motivation for expanding and mixing this research work is 
gradually given in the whole manuscript. We prove that under any appropriate circumstances, 
different hybrid structures containing fuzzy sets will be converted into special privileges of GmPNSS. 
The concept of the neutrosophic environment of multipolar neutrosophic soft sets is novel. We 
discuss the effectiveness, flexibility, quality, and advantages of planned work and algorithms. This 
research will be the most versatile form that can be used to merge data in daily life complications. In 
the future, current work may be extended to different types of hybrid structures and decision-making 
techniques in numerous fields of life. 


The following research is organized: In section 2, we recollected some basic definitions used in the 
subsequent sequel, such as NS, SS, NSS, and multipolar neutrosophic set. In section 3, we proposed 
the generalized version of mPNSS with its operations and introduced the idea of CC and WCC with 
their properties. Furthermore, a decision-making approach has been established based on developed 
CC. Finally, we use the developed method for decision-making in section 4. We also presented the 
comparative study of our proposed similarity measures and CC with existing techniques in section 
5. 


2. Preliminaries 


In this section, we recollect some basic concepts such as the neutrosophic set, soft set, neutrosophic 
soft set, and m-polar neutrosophic soft set used in the following sequel. 

Definition 2.1 [4] 

Let U be auniverse, and A be anNSon U is defined as A = {u, (was (u), v1 ,(u), wz, (u)): UE 
Uu}, where u, v, w: U > JO-, I*[ and 0 < uy(u) + oyu) + wy(u) < 3°. 


Definition 2.2 [5] 
Let U be the universal set and € be the set of attributes concerning U. Let P(U) be the power set 
of U and A CE. A pair (F, A) is called a soft set over U, and its mapping is given as 

F:A > P(U) 
It is also defined as: 

(F, A) = {F(e) € P(U):e €€,Fle) = GifeEA} 

Definition 2.3 [13] 
Let U be the universal set and € be the set of attributes concerning U. Let P(U) be the 
Neutrosophic values of U and A € €. A pair (F,A) is called a Neutrosophic soft set over U and 
its mapping is given as 

F:A > P(U) 
Definition 2.4 [19] 
Let U be the universal set and € be the set of attributes concerning U, then Fg, is said to multipolar 


neutrosophic set if 
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Fe = {u, (s; ¢ u,(U), S; © Ue(U),S; © w,(u)):u € U, e€€E,i=1,2, 4 oe where 5S; * Us, Sj * 
UV_,5; * We: U > [0, 1], and 0 < 5; © uUc(u) + s; © Uc(u) + 5; © we(u) < 3; i= 1,2,3,...m. Ue, 


v,,and w, represent the truth, indeterminacy, and falsity of the considered alternative. 


3. Basic Operations and Correlation Coefficient for Generalized Multi-Polar Neutrosophic Soft 


Set 


In this section, we develop the concept of GmPNSS and introduce aggregate operators on GmPNSS 
with their properties. 

Definition 3.1 

Let U and E are universal and set of attributes respectively, and A CE, if there exists a mapping 
® such as 


®: A > GmPNSS" 
Then (®, A) is called GmPNSS over U defined as follows 


Ye = (®, A) = {(e. (u, ©4¢e)(u))) :e EE Ue ul, 


where ®y(e) = {u, (s; © UWa(e)(U), Si * Vacey(U), Si * wai (u)) Ue U,e E€E;i € 1,2,3,05;m}, 


and 
OSS * UgeU) +S * Vay) +5; * Wace) S 3 forall i € 1,2,3,...,m;e € FE andu e U. 
Definition 3.2 
Let Y, and Yg are two GmPNSS over U, then Y,y is called a multi-polar neutrosophic soft subset 
of Yp. If 
Si * Ugce)U) S Sj * Une), Si * VaceyU) S Si *Upey(U) and s; * Wye)(U) = Sj * Ware) (U) 
for all i € 1,2,3,...,m;e € E and u € U. 
Definition 3.3 
Let Y, and Ypz are two GmPNSS over U, then Y, = Yz, if 

Si * Usgce)U) S Sj * Upey(U), Si * Upey(@) S Sj * UsgceyU) 

Si * Uae) S Si * Uae) (U), Si * Upcey)U) S Si * Uae) (u) 

Si * Wye)(U) = Si * Wee) (4), Si * Weey(U) 2 Si * Wace) (4) 


for all i € 1,2,3,...,m;e € E and u € U. 


Definition 3.4 

Let Fy = {uy, (s; © U,4(U,x), Si * Uq(Ux), Sj * wy (U,)): Ux EU;TE 1,2,3,...,m} and 

Ga= {ux, (s; © Up (Ux), Si © Up(Ug), Sj ® W 5 (Uz)): Ux € U;i € 1,2, By way lle are two GmPNSS over 
a set of parameters EF = {%1, %2, *3, ..., X,}. Then informational neutrosophic energies of two 
GmPNSS can be expressed as follows 


Ecmpnss (Fa) = Lj=1 ae ((s oui, (ud) a (s: : vaj(u)) a0 (s: . waus)) | 


PceicalGn) = Ses, ((s 49,0) +(sievej(ud) +(s: 00s, cud) ) 


Definition 3.5 
The correlation of two GmPNSS can be presented as follows 


Sompnss(Fa, Gp)= 
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ee Sj ° Uz, (Ug) Si ° Up; Ue) + 5; 04, U)Si OB; Un) + ties pes Pe 
joi k=1 {( s,° ww 4, (Uy) s,° wp, (Uy) ): i€ 1,2, sou] (3.1) 
Definition 3.6 
Let Fz and Gs are two GmPNSS, then the CC between them can be defined as follows 
Sampnss(Fy, GR) (3.2) 


Rempnss (Fa, Ge) = ] 


Egmpnss(Fy Fa) - Eampnss(GpGR) 
Rempnss (Fa, Ga) = 


t 
ot Bhar( Siew, (Up) siomg (ux) ae (Un sierE Cesta eg, (ux) Siew By (usd) 


2 2 2 2 2 
[Ee Bhe (sea ew) +(sivvg, (ud) +(sivwrgun)) ) fea the ((ses wo) +(sieeg un)) +(siews (uw) ) 


Proposition 3.7 
Let Fx and Gg are two GmPNSS, then the CC Rempnss (Fx, Gx) between them satisfied the 
following properties 

1. OS Rempnss (Fx, Gs) <1 


2. Rempnss (Fa, Ga)= Rempwss (Ge, Fi) 
3. If Fy = Gg ie; spe ug,(Ue) = Si ° Ue, (Un), Si° Uaj;(Ue) = Sp ° OR, (Ux), and 5; ° wz,(U;) = 


2 


Sj 2 ws (Ux) for all j, k, where i € 1,2,3,...,m,then Rempnss (Fx, Gs) = 1. 
Proof 1 


Rempnss (Fx, Gx) = Ois trivial, so we just need to prove that Rempyss (Fa, Gx) < 1. 
As we know that 


CGmpnss (Fx, Gs) = yet | 


Si ° UA; (uz) Si ® Ug, (Ux) + Sj U4; Uie)Si <0% (ux) a 


Sj ° wy, (Ux) Sj © wr (Ux) 
= Vier (si : Uj; (Ur) Si : Up, (Ur) + Sj ° v4, (U1)Si 205 (ur) + sj wy, (Ur) Sj + w5,(u)) 


+ Shea (si # aay (ua)si # ep, (ta) + 5; 075 (2)5; #05 (U2) + 5; # 1g, (Ua) 5; © 5, (U2)) 


+ 
+ Shea (si # aa, (ueds; + tes, (ue) + 51 #04, (Ue)Si #07, (Ue) + 5; * WH, (Ue) 51 * , (Ue)) 


(s; +a, (us)s; © Wp, (us) + 5; © Ox, (U)S; * Op, (Ur) + 5; rg, (Uy) 5; © Wp, (Us) + 
| #145, (Uy)S; * Hp, (Uy) + 8; * a, (U)S; © Oy, (Ur) + 5; © Wa, (Uy) 8; * Wp, (Uy) ++ PF 
(s; + ua, (u)s; © Wy, (us) + 5; © 74, (Uy) 5; * Op, (Ur) + 5; © Wa, (Uy) 5; © Wp, (Us) 
(si + 114, (Ua); * 4p, (Ua) + 5; © 04, (Ua)5; © Op, (U2) + 5; © Wy, (Up) 5; © Wp, (Ua) + 
|: © 113, (Up)S; * Up, (Ua) + 5; © U4, (U2)S; * Hp, (Ua) +S; * WA, (Up) Sj * Wp, (Uy) +o + pt 
(s; + ua, (uta) 5; © Up, (Uz) + 5; © 04, (U2)S; * HB, (Ua) + S; Wy, (U2) 5; * Wp, (Ua)) 
(s; © Uz, (Ug) S; * Ug, (Ux) + Sj * U7, URS: * UB, UK) + 85, ° WZ, Ux) Si WE, (u,)) + 
| © Uj, (Ug) Si * Wy, (Ux) + Si * UZ, UK) Si * UB, (UK) + Sj * WH, (Ux) Si * We, (u,)) ho 
(s; © Uj, (Ug) Si * Up, (Ux) + 8; ° OG, (UK) Si * U5, (UK) + 5; * WG, (UK) Si 9 We, (u,)) 
= Shea (si * may (ua)s# tog, (us) + 5; + tr4j(te)s, # tp, (Wa) ++ 5; # 4a, (Ue)S; #445, (Ue)) 
+ Shea (si ea,(ta)si 5, (ta) + 51 #05, (te)s1 # 05, (e) + + 51 # Oa, (Ue)Si #0, (Ue)) 


+ Yijnr| Si Wa, U)Si ° We, Ur) + Si 2 Wy, (U2)S; ° WE, (U2) to + Sp ° WA, (Ue) Si © We, Ue) 
ij Jj ij Jj ij ij 


By using Cauchy-Schwarz inequality, we get 
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j=l ((s : tugj(u)) + (s: ° uuj(ua)) apse he (s: . waj(u)) | a 


Gomonss FarG6)?? $ \Thar((sie-vajG)) + (sie 25 ued) ++ (sie eajud) Jt x 


j=1 ((s. : w(t) + (s: : wa, (u2)) apseeeck (s: . wa) | 


jaa((sies, (ud) + (sie sj(usd) += (5: 205,C4d) ) + 
jt ((s. e 5,(u)) + (s: ° 5,(t)) abate edt (s: ° vaj(u)) | Peng 


Tes ((5i +s, (an)) + (5: 05,(u2)) ++ (sie 5 (ud) | 
= jzt i ((s = uuj,(u)) + (s: © vaj(u)) + (s: be wau)) )} x j=1 Dk=1 ((s ug, (u)) + 


(s. : vaj()) + (s: ws, =) 


= Egmpnss (Fa) * Egmpnss Ga) 
Therefore, (Sempnss (Fa Ge))* < Ecmpnss (Fa) + Ecmpwss (Ge). Hence, by using Definition 3.6, we 


get 

Rempnss (Fx, Gx) S 1,800 S Rempnss (Fa, Ga) S 1. 
Proof 2 The proof is obvious. 

Proof 3 

As we know that 

Rempnss (Fa, Ge) = 


t 
ot Bher( seu, (Up) Siemg (ux) tsi R USO ER, Sd mad (ux) SieWE (ui) 


2 2 2 2 
[Bethe (seus ew) +(siees Cun)) +(siewp (uw)) ) [easter (senso) +(sireg ux)) +(siew (uw)) ) 


As we know that s; ¢ Ui; (ux) = Ss; ¢ Up; (ux), 5; ° Vij (ux) = S,* VE, (ux), and s; « Wi, (ux) = Ss, ° 


2 2 


WE; (ux), for all j, k, so by using Definition 3.6, we have 


Rempnss (Fa, Ga) = 
2 
+(siews (uw) ) 


2 2 
+(siew (und) ) [Beatte((sens ow) +(siees (ux)) 


2 


2 
a1 Xhaa((seua, cur) (seep, cus)) 


2 2; 
[Bea Bhe((ses wd) +(sireg ux)) 


2 


2 
(sews, (uid) ) 


Hence 
Rempnss (Fa, Gx) =1. 
Definition 3.8 
Let Fz and Gs are two GmPNSS, then the CC between them also can be defined as follows 
Sam (Fy GR) 
Rémpnss (Far Ga) = ee (3.3) 


max{Egmpnss(Fy-F4).Gmpnss(GpGp)} 


Yar har( Siew, (up sioug (undtsierg (Undsierg (untsiewg ; (ux) Siew, cus) 
2 
(sig, (ud) ) 


2 
(sews, cus) ) 
Proposition 3.9 


Let Fz and Gs are two GmPNSS, then the CC Réimpyss (Fx, Gx) between them satisfied the 
following properties. 

12 DS Rompnss (Fy Gp) S41 

2. Rémpnss (Fa, Gp) = Rémpnss (Gp, Fx) 


Rémpnss (Fa, Gp) = 2 


2 
as Bhar (sire) +(sirwg, (ud) 


max 2 


2 
Woot Xhai((sea, cus) (sep, cus) 


Aiyared Iampan, Rana Muhammad Zulgarnain, Imran Siddique, Hamiden Abd El-Wahed Khalifa, A Decision-Making 
Approach Based on Correlation Coefficient For Generalized multi-Polar Neutrosophic Soft Set 


Neutrosophic Sets and Systems, Vol. 51, 2022 227 


3. If Fx =Gp i.e; sy UK, (ux) = Ss; ° Up (Un), Ss; ° v4; (Ux) = Si ° VE; (u;,), and s; ° Wi, (uz) = 
Sj *W5,(uz) forall j, k, where i € 1,2,3,...,m, then Revouse (Fa, Gx) = 1. 

Proof 
We can prove easily according to Definition 3.7. 
It is important to anticipate the weight of IVNSS for functional determinations. When a decision- 
maker alleviates a distinct weight for each object in the universe of discourse, the result of the purpose 
may be distinctive. So, it is necessary to consider the weights before making a decision. Let w = {@, 
@ 2, W3,..-, Wm} be a weight vector for experts such as W, > 0, Yixi1@, =1 and 6 = {8,, 82, §3,..., 
5,} be a weight vector for parameters such as 6; > 0, Dit, 6; =1. By extending definitions 3.6, 3.8, 
the notion of WCC has been developed in the following. 
Definition 3.10 


For two GmPNSS Fy and G35, the WCC between them can be defined as follows 
Sempnss(Fa, GR) (3.4) 


Rewmpnss (Fa, Ge) = | 


Egmpnss(Fx-F4) Eampnss(GpGR) 


Yje1 8,( kes au (sive j (ux) sisup j (ug)+sjevy j (UR) sisvR j (ug) t+syewy j (ux) Sieg j cud) 
2 2 2 
Viet 5)( hen al (sea cus)) (seg, cur) ¥(siewg (uw) )) 
2 2 2 
Wat 5)(hes inl (sea, (uid) (sees, (ud) H(siewp, (uid) )) 
4 
Definition 3.11 


Let Fx and Gs are two GmPNSS, then the WCC between them can be defined as follows 


SGmPnss(Fy, GB) 
Ri Fx, Gr)= A’ B 3.5 
cwmenss (Fa Gs) max{Egmpnss (FF 4).EGmpnss(GpGp)} (3.5) 


Rewmpnss (Fa, Ga) = 


a1 8,(Zkes au sine, Cua sist Se ee (Up SierE St ae (ux) ae cud) 


2 2 2 
ar 84( Bhar oe (sea, +(sieeg (und) +(siewa (uw) )) 
x 2 2 2 
Wot 6)( hor on{(sie19, 000) +(sieep und) +(siews Cun)) )) 


. aa 1 11 1 
If we consider w = tS, yee A and § = i sper 1 then Rewmpnss (Fa, Gz) and Riwmpnss(Fa, Gz) 


Réwmpnss(Fx Ge)= 


are reduced to Rempyss (Fa, Gx) and Rémpwuss(Fa, Gx) respectively defined in 3.6 and 3.8. 
Proposition 3.12 
Let Fz and Gs are two GmPNSS, then the CC Rewmpwss (Fx, Gx) between them satisfied the 
following properties 

1. OS Rewmpnss (Fa, Ga) S 1 


2. Rewmpnss (Fa, Gs) = Rewmpnss (Ga, Fa) 
3. If Fy = Gg i.e; s;° ug,(ux) = Sp ° We (UK), Sie Oa,Ue) = 92° OR, (Ue), and Ss; ° wy,(Ux) = 


Si 2 ws (Ux) forall j, k, where i € 1,2,3,..,m,then Rewmpwss (Fx, Gp) =1. 
Proof 
Similar to Proposition 3.7. 


4. Application of Correlation Coefficient of GmPNSS for Decision Making 


In this section, we proposed the algorithm for GmPNSS by using developed CC. We also used the 


proposed method for decision-making in real-life problems. 
4.1. Algorithm for Correlation Coefficient of GmPNSS 


Step 1. Pick out the set containing parameters. 


Step 2. Construct the GmPNSS according to experts. 
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Step 3. Find the informational neutrosophic energies of any two GmPNSS. 


Step 4. Calculate the correlation between two GmPNSS by using the following formula 
sj * Ug, (Up)S; © Up, (Uy) + 5; © 04, dS; 7-H, (Uy) ‘) 


Ss; ° wx; (Ux) 5, ° Wg; (Ux): t € 1,2,3,...,m. 


Sampnss(Fa, Gs)= et viet ( 


Step 5. Calculate the CC between any two GmPNSS by using the following formula 


Sempnss(Fy, GB) 


Rempnss (Fx, Gp) = | 


Egmpnss(Fy Fa) - Eampnss(Gp GR) 


Step 6. Pick the most suitable alternate with a supreme correlation value 
Step 7. Analyze the results. 


The graphical representation of the proposed model is given in the following Figure 1. 


*Choose the set of parameters 
eConstruct the GmPNSS in experts opinion 
¢ Compute the informational neutrosophic energies of 
GmPNSS 
¢Compute the correlation among GmPNSS 


eCalculate the CC between any two GmPNSS 
e Pick the most suitable alternate with supreme 
correlation value 
e Analyze the alternatives ranking 


Figure 1: Flowchart of the proposed model 


4.2. Problem Formulation and Application of CC for GmPNSS in Decision Making 


Department of the scientific discipline of some universities U will have one scholarship for the post- 
doctorate position. Several scholars apply to get a scholarship but referable probabilistic along with 
CGPA (cumulative grade points average), simply four scholars call for enrolled for undervaluation 
such as S = {S,, $3, S3, S, } be a set of selected scholars call for the interview. The president of the 
university hires a committee of four experts X = {X,, Xz, X3, X,} for the selection post-doctoral 
scholar. First of all, the committee decides the set of parameters such as E = {%1, %2, x3}, where x, 
2, and x3 represents the research papers, research quality, and communication skills for selecting 
post-doctoral scholars. The experts evaluate the scholars under defined parameters and forward the 
evaluation performa to the university's president. Finally, the university president scrutinizes the one 
best scholar based on the expert’s evaluation for the post-doctoral scholarship. 


4.3. Application of GmPNSS For Decision Making 
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Assume S = {S,, S, S3, S,} be a set of scholars who are shortlisted for interview and E = {x, = 


research paper, #2 = research quality, «3 = interview} be a set of parameters for the selection of 


Cc 


scholarship. Let F and G 


requirement of the scientific discipline department. 


E. Then we construct the G3-PNSS ®;(x) according to the 


Table 1. Construction of G3-PNSS of all Scholars According to Department Requirement 


O;(x) x4 x2 x3 
X (.82,.55,.63),(.55,.46,.28),(.43,.38,.60)  (.43,.68,.86),(.47,.67,.56),(.42,.51,.33)  (.73,.48,.53),(.87,.43,.77),(.76,.53,.62 
X2 (.50,.62,.52),(.93,.57,.80),(.66,.48,.52)  (.77,.54,.81),(.75,.54,.72),(.53,.54,.69)  (.64,.48,.59),(.32,.58,.22),(.94,.64,.62 
X3 (.29,.25,.41),(.73,.34,.32),(.64,.44,.56)  (.36,.45,.27),(.47,.65,.21),(.61,.37,.39)  (.57,.25,.41),(.72,.55,.29),(.64,.31,.34 
X, (.91,.50,.16),(.30,.24,.63),(.16,.55,.20) (.69,.52,.61),(.37,.44,.23),(.46,.37,.29)  (.39,.35,.67),(.47,.24,.32),(.40,.71,.56 
Now we will construct the G3-PNSS OG according to four experts, where t = 1, 2, 3, 4. 
Table 2. G3-PNSS Evaluation Report According to Experts of S; 
95 ral x2 x3 
X, (.13,.15,.22),(.89,.78,.83),(.77,.82,.91)  (.91,.50,.16),(.30,.24,.63),(.16,.55,.20) (.69,.52,.61),(.37,.44,.23),(.46,.37,.29 


), ), ) 
(.79,.84,.93),(.36,.18,.26),(.21,.24,.16) 
(.07,.23,.32),(.12,.18,.20),(.74,.79,.88) 

), ), ) 


(.23,.12,.17),(.25,.16,.22),(.14,.16,.18 


), ) 

(.39,.35,.67),(.47,.24,.32),(.40,.71,.56 

(.70,.22,.11),(.67,.43,.53),(.41,.57,.49 
), ) 


) 
) 
) 
(.74, .62,.66),(.67,.41,.93),(.85,.67,.99) 


), ), ) 
(.76,.62,.41),(.36,.49,.79),(.53,.59,.91) 
(.87,.58,.66),(.77,.22,.56),(.57,.33,.29) 
(.27,.29,.61),(.71,-43,.21),(.47,.70,.89) 


Table 3. G3-PNSS Evaluation Report According to Experts of S, 


x1 


x2 


x3 


(.16,.20,.27),(.83,.87,.89),(70,.75,.86) 
(.13,.21,.24),(.18,.20,.20),(.70,.84,.90) 
(.20,.16,.27),(.29,.17,.26),(.14,.15,.12) 
(.88,.81,.90),(.40,.20,.26),(.22,.27,.17) 


(.91,.50,.16),(.30,.24,.63),(.16,.55,.20) 
(.39,.35,.67),(.47,.24,.32),(.40,.71,.56) 
(.70,.22,.11),(.67,.43,.53),(.41,.57,.49) 
), ), ) 


(.74,.62,.66),(.67,.41,.93),(.85,.67,.99 


(.69,.52,.61),(.37,.44,.23),(.46,.37,.29 


), ) 
), ) 
(.87,.58,.66),(.77,.22,.56),(.57,.33,.29) 
), ) 


) 
(.76,.62,.41),(.36,.49,.79),(.53,.59,.91 

) 
(.27,.29,.61),(.71,-43,.21),(.47,.70,.89 


Table 4. G3-PNSS Evaluation Report According to Experts of $3 


x4 


x2 


x3 


(.77,.49,.61),(.71,.43,.21),(.47,.40,.69) 
(.60,.32,.32),(.77,.49,.83), (.76,.32,.59) 
(.60,.22,.21),(.67,.43,.53),(.49,.57,.49) 
(.74,.26,.37),(.49,.41,.63),(.44,.35,.32) 


(.47,.59,.76),(.67,.62,.56),(.57,.43,.29 
(.76,.62,.61),(.56,.49,.79),(.53,.59,.81 
(.29,.72,.41),(.30,.66,.29),(.56,.32,.39 

), ), 


) 
) 
) 
(.41,.66,.51),(.39,.27,.36),(.41,.51,.21) 


(.70,.54,.61),(.79,.44,.63),(.61,.41,.51) 
(.69,.62,.67),(.57,.74,.43),(.86,.47,.79) 
(.74,.52,.66),(.67,-41,.93),(.85,.47,.59) 

), ), ) 


(.60,.16,.47),(.31,.17,.24),(.54,.35,.24 


Table 5. G3-PNSS Evaluation Report According to Experts of S4 


x1 


x2 


x3 
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(.23,.13,.22),(.31,.25,.43),(.19,.22,.27 
(.10,.13,.11),(.91,.84,.69),(.31,.30,.28 
) 


), 
), 
(.70,.22,.11),(.67,.43,.53),(.41,.57,.49 
), 


) 
) 
) 
) 


(.45,.16,.27),(.91,.67,.23),(.64,.88,.10 


(.43,.68,.86),(.47,.67,.56),(.42,.51,.33) 
(.27,.29,.61),(.71,.43,.21),(.47,.70,.89) 
(.70,.22,.11),(.67,.43,.53),(.41,.57,.49) 
(.67,.81,.17),(.21,.54,.71),(.41,.54,.21) 
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(.82,.55,.63),(.55,.46,.28),(.43,.38,.60 


(.50,.62,.52),(.93,.57,.80),(.66,.48,.52 


), ), ) 
), ), ) 
(.36,.45,.27),(.47,.65,.21),(.61,.37,.39) 
), ), ) 


(.20,.76,.47),(.39,.17,.46),(.41,.53,.22 


Solution by Using Developed Algorithm 


Now, by using Tables 1, 2, 3, 4, and 5, we can find the correlation coefficient for each alternative by 
using equation 3.2 given as Rempyss (Pr, PG) = 8374, Rempnss (Pr, PG) = -7821, Rempnss (Pr, 4) = 
9462, and Rempnss (Pz, 9G) = 9422. This shows that Rempnss (Pr, P2) > Rempnss (Px,0¢) > 
Rempnss (P¢,9¢) > Rempnss (Pr, 9G). Hence $3 is the best scholar for a postdoctoral position. 


5. Result Discussion and Comparative Analysis 


In the subsequent section, we will debate the suggested method's effectiveness, simplicity, flexibility, 


and good position. A brief comparative analysis has been presented among our proposed and 


prevailing approaches. 


5.1 Advantages and Superiority of Proposed Approach 


This manuscript has developed a novel DM technique based on CC utilizing GmPNSS. The 


developed approach is more operative and delivers the appropriate results in MCDM problems 


comparative to existing techniques. Through this scientific research and comparison, we have 


realized that the suggested approach's outcomes are more general than conventional methods. 


However, compared to the current DM method, the DM process contains more information to deal 


with uncertain data. In addition to the fact that the hybrid structure of multiple FSs becomes a 


particular case of GmPNSS, add some appropriate conditions. Among them, the information 


associated with the object may be displayed precisely and analytically, so GmPNSS is an effective 


power tool to cope with imprecise and uncertain information in the DM process. Hence, our approach 


is more suitable, pliable, and better than FS's distinctive, accessible hybrid structures. 


Table 6: Comparative analysis between some existing techniques and the proposed approach 


Set Truthiness Indeterminacy  Falsity Multi- Loss of 
polarity information 
Chen et al. [28] mPFS Vv x x Vv x 
Xu et al. [29] IFS Vv x Vv x x 
Zhang et al. [30] IFS Vv x Vv x 
Ali et al. [31] BPNSS v Vv Vv x x 
Proposed GmPNSS v Vv Vv x 
approach 


It turns out to be a contemporary problem. Why do we particularize novel algorithms according to 


the present novel structure? Several indications indicate that the recommended methodology can be 


exceptional compared to other existing methods. We remember that IFS, picture fuzzy set, FS, 


hesitant fuzzy set, NS, and different fuzzy sets have been restricted by the hybrid structure and 


cannot provide complete information regarding the situation. But our m-polarity model GmPNSS 


can be most suitable for MCDM because it can deal with truthiness, indeterminacy, and falsity. Due 


to the exaggerated multipolar neutrosophy, those three degrees have been independent of each other 


and furnish many information regarding alternative specifications. The similarity measures of other 


available hybrid structures are converted into a particular case of mPIVNSS. The comparative 
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analysis with some prevailing techniques is listening above Table 6. Therefore, the model is more 
versatile and can quickly solve complications comparative to intuitionistic, neutrosophy, hesitation, 
image, and ambiguity substitution. The similarity measure established for GmPNSS becomes better 
than the existing similarity measure for MCDM. 


5.2 Discussion 


Chen et al. [28] multi-polar information of fuzzy sets deals with the membership value of the objects; 
the multi-polar fuzzy set cannot handle the circumstances when the objects have indeterminacy and 
falsity information. Xu et al. [29] and Zhang et al. [30] IFS only deal with the membership and non- 
membership values of the alternatives. These techniques cannot deal with the multi-polar 
information and indeterminacy of the alternative. Ali et al. [24] dealt with the truthiness, 
indeterminacy, and falsity grades for substitutes, but these techniques cannot manage multiple data. 
Instead, our established technique is an innovative method that can handle various information 
alternatives. But, on the other hand, the strategy we have progressed is about truth, indeterminacy, 
and the falsity of other options. So, the methodology we have offered is very efficient and will provide 
better outcomes for experts through additional information. 


5.3 Comparative analysis 


In this article, we propose a novel algorithm. First, an algorithm is proposed based on the correlation 
coefficient for GmPNSS. Next, utilize the developed algorithm to solve practical problems in real-life, 
that is, to select a postdoctoral position. The obtained results show that the proposed technique is 
effective and beneficial. Finally, the ranking of all alternatives using the existing methodologies gives 
the same final decision, that is, the position of "postdoctoral" is selected as S3. All rankings are also 
calculated by applying existing methods with the same case study. The proposed method is also 
compared with other existing methods, Saeed et al. [26], Riaz et al. [16, 32], and Mohd Kamal et al. 
[33]. But these techniques cannot manage multiple data. Instead, our established technique is an 
innovative method that can handle various information alternatives. But, on the other hand, the 
strategy we have progressed is about truth, indeterminacy, and the falsity of alternatives. So, the 
methodology we have offered is very efficient and will provide better outcomes for experts through 


additional information. 


Table 7. Comparison Between mPNSS and GmPNSS Techniques 


Method Alternative final Ranking Optimal Choice 
Riaz et al. [16] S3 > Sy > 8, > Sy S3 
Saeed et al. [26] S3 > Sy > S,> S, S3 
Riaz et al. [32] S3 > S, > S, > Sy S3 
Mohd Kamal et al. [33] S3 > Sy > 8S, > S, S3 
Proposed Approach S3 > Sy > S, > Sz S3 


6. Conclusion 


In this manuscript, a novel hybrid structure has been established by GmPNSS by extending the 
mPNSS. We have developed the CC and WCC with their properties in the content of GmPNSS. A 
novel algorithm for GmPNSS utilizing our developed measure has been constructed to solve MCDM 
problems. A comparative analysis was also performed to demonstrate the proposed method. 
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Through comparative analysis, it is observed that the proposed technique exhibited higher steadiness 
and pragmatism for decision-makers in the DM process. Based on the results obtained, it is concluded 
that this method is most suitable for solving the MCDM problem in today's life. We will apply these 
techniques to other fields in future work, such as mathematical programming, cluster analysis, etc. 
This research article has pragmatic boundaries and can be immensely helpful in real-life dimensions: 
including the medical profession, pattern recognition, economics, etc. 
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Abstract: In today's scenario transportation problem [TP] is the prominent area of optimization. In the 
present paper, a TP in a neutrosophic environment, known as a neutrosophic transportation problem 
[NTP] is introduced with interval-valued trapezoidal neutrosophic numbers [I[VTrNeNs]. To maintain 
physical distance among the industrialists and researchers during the covid-19 pandemic, the interval- 
valued fuzzy numbers [IVFNs] in place of crisp numbers are very much essential to address the 
hesitation and uncertainty in real-life situations. [VIrNeN is the generalization of single-valued 
neutrosophic numbers [SVNeN], which are used as the cost, the demand, and the supply to transport 
the necessary equipment, medicines, food products, and other relevant items from one place to another 
to save the human lives in a covid-19 pandemic. A Neutrosophic set, which has uncertainty, 
inconsistency, and incompleteness information is the abstract principle of crisp, fuzzy, and intuitionistic 
fuzzy sets. Here we suggest some numerical problems for better execution of the neutrosophic 
transportation problem [NTP], to understand the practical applications of interval-valued neutrosophic 
numbers [IVNeNs]. In the last, we compare our results and a conclusion is given in support of our 
proposed result methodology with IVTrNeNs. 


Keywords: Interval—-valued trapezoidal neutrosophic number, De-neutrosophication, neutrosophic 
transportation problem. 


1. Introduction 

In the current scenario of covid-19, the role of a neutrosophic optimization technique in TP has 
fascinated awareness of their high efficiency, accuracy, and adaptability that gives high standard real- 
life outcomes. Neutrosophic optimization has been extremely searched in industrial, management, 
engineering, and health sectors. Zadeh in 1965 introduced the mathematical formula of fuzzy set FS [1] 
by which the researchers try to check the ambiguity or uncertainty in engineering, industrial, and 
management problems [2, 3]. In realistic problems, the FS was not perfect to observe the uncertainty 
and hesitation. To encompass this problem, Atanassov extended the FS and introduced a set with 
membership and non-membership degrees, called an intuitionistic fuzzy set IFS [4]. For more detailed 
applications of IFS, please (see [5-10] and references therein). Atanassov and Gargov generalized the 
IFS by introducing the interval-valued IFS to strengthen the attitude of grasp uncertainty and hesitation 
in IFS [11]. To solve the real-world problems with inconsistent information or contain indeterminacy in 
data the FS and IFS are not sufficient. To rectify such problems, Smarandache in 1988 introduced the 
neutrosophic set [NS] [12], by which the inconsistent information is in the form of truth-membership, 
indeterminacy-membership, and falsity-membership degrees respectively. For practical applications 
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and some technical references in real-world problems, NSs are difficult to apply, so the notion of a 
single-valued neutrosophic set [SVNeS] was imported by Wang et. al. in 2010 [13]. The idea of SVNeS is 
more suitable and effective in solving many real-life problems of decision-makers that contain 
uncertainty in data by using fuzzy numbers and intuitionistic fuzzy numbers. Since in the real world, 
there exists stipulated and non-stipulated knowledge, so to overcome such problems Samaranache 
introduced the neutrosophic number [NN] [14, 15]. In 2016, Ye. proposed de-neutrosophic and 
possibility degree ranking methods for the application of NNs [16]. Samrandache in 2015, proposed the 
interval function to describe the stipulated and non-stipulated issues in real-world problems [17]. For 
more uncertain linear programming problems (see [18-29] and references therein). 

In real-life optimization problems, the TP shows high execution and due to its clarity and minimum 
cost, it is a noted optimization technique in the current scenario. The basic theme of a TP is to find a 
direct connection between source and destination in minimum time with minimum cost. Hitchcock 
introduced the initial basic structure of TP and developed a special mathematical module for the basic 
results of TP by the simplex method [30]. For more recent development in fuzzy transportation problem 
[FTP] (see [31-47] and references therein). 

The IFS theory can handle the problems of incomplete information but not the indeterminate and 
inconsistent information that exists in the transportation modal. The TP with inconsistent information 
or indeterminate data i.e. in fuzzy numbers or intuitionistic fuzzy numbers cannot be handled in the 
current structure. To resolve such issues, the NTP is the best option with indeterminacy and 
inconsistent information by truth, indeterminacy, and falsity membership degree function. Many 
researchers formulated efficient mathematical models in various uncertain environments. We proposed 
the NTP of type-4, with all entries such as cost, demand, and supply termed as IVTrNeNs, which 
include membership, indeterminacy, and non-memberships degree function. The more real-world 
developments in the field of neutrosophic optimization problems (see [48-63] and references therein). 

For the solution of NTP, the first one will change it into a crisp transportation problem [CTP] by 
converting the cost, demand, and supply, which are in IVIrNeNs into crisp values with the help of the 
introduced ranking method. For unbalanced CTP or NTP, here we use Vogel’s approximation method 
[VAM] and minimum row-column method [MRCM] to solve these by excel solver and then compare 
our results [46]. The paper is well organized in several sections such as the introduction of the present 
paper with some earlier research are given, the basics concepts of FS, IFS, and NS are discussed and 
reviewed, introduce the ranking function, score function, and de-neutrosophication to convert 
neutrosophic values into crisp values and vice-versa. Here we proposed CTP & NTP of type-4, their 
solution by existing and MRCM, comparison, and the conclusion for future aspects of research work. 


2. Preliminaries 


Definition 2.1 ({39]): A FS Aof a non empty set X is defined as A={(x,u,(x))/xeX} where 


LL, (x): X — [0,1] is the membership function. 


Definition 2.2: A fuzzy number on the universal set R is a convex, normalized fuzzy set A, where the 
membership function [1 (x): X [0,1] is continuous, strictly increasing on [a, b] and strictly decreasing 


on [c, d], #4(x)=1, for all x e[b,c],where a<b<c<d and l,(x)=0, forall xe(-«,a]U[d~). 


Definition 2.3 ((52]): A trapezoidal fuzzy number (TrFN) denoted as A =(a,b,c,d), with its 
membership function [/;(x) on R, is given by 


Rajesh Kumar Saini Atul Sangal? and Ashik Ahirwar’, A Novel Approach by using Interval-Valued Trapezoidal 
Neutrosophic Numbers in Transportation Problem 


Neutrosophic Sets and Systems, Vol. 51, 2022 236 


(x-a)/(b-a), for a<x<b 


(x) L for b<x<c 

1,(x)= 

PA” | (d-x)[(d-c), for e<x<d 
0, otherwise 


If b=cin TrFN A=(a,b,c,d), then it becomes TFN A=(a,b,c). 


Definition 2.4: An IFS in a non-empty set X is denoted by A! and defined as A! = {(x, Mar Va ) :xe x| } 
where [,,,V;,:X—[0,1], are denoted as degree of membership and degree of non-membership 


functions respectively. The function (x) =1-u,,-v,, <1,Vx eX called the degree of hesitancy in A’. 


The single valued neutrosophic numbers [SVNN] introduced by Deli and Suba [64] in 2014. 


Definition 2.5: A SVNS is denoted and defined as A, ={x, T, (),1, (0), Fi (x)/x € X}, where for each 
generic point x in X, T, (x) called truth membership function, / i, (x) called indeterminacy 


membership function and F; (x) called falsity membership function in [0,1] and 


O<T, (x)+I, (x)+F, (x)<3. For continuous SVNS A, = [ (ROPER CER E) ez xeX. For 


Ay 


discrete values, SVNS can be written as A, = py es ‘Gal GF, (x,))/ x), x, EX, 


i=1 


Fig. 1: Neutrosophic set 


Definition 2.6 ({15]): Let x be a generic element of anon empty set X. A neutrosophic number A,, in 
X is defined as Ay ={(x,T, (x),1, (x), F, (x))/xeX}, V T. (x), I, (x) and ae (x) belongs ]0,1'[ 
whereT, :X—]0,1T[, I, 


ra :X—->]0,1°[ and se :X—]0°,1°[ are functions of truth-membership, 


indeterminacy membership and falsity-membership in A 


“OST, (x) +1, (x) + F, (x) $3". 


N respectively with 


Definition 2.7 ([17]): Let X be a nonempty set. Then an interval-valued neutrosophic set [IVNS] Av 
of X is defined as: 


AY {ofr om Jot SLA eL J): we} 
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where kee eal Le a and eee 4, eto. l] 3 VxeXx. ee =inf(T,, ), Ty =sup(T,, ); 
i= inf(I,, \ ie , =sup(I; J and Fi =inf(F, ), Fy =sup(F,. ). 


Fig. 2: Interval-valued neutrosophic set 


Definition 2.8: Let Ay ={(x;[7).,T ],[14.14, ],[Fi, Fe, ]):x€X} be IVNS, then 


(i) Ay isempty if T; =Tj =0,15 =I], =1Fy =F =1, veeX. 


Ay 1” Ay Ay 


(ii) let 0=(x,0,1,1) and (x,1,0,0). 
The interval-valued numbers and their operational properties are most valuable to survey for 
interval-valued neutrosophic numbers [[VNeNs]. Here we are given some impotent operations & facts 


about Interval valued numbers. 


Definition 2.9 ([65]); An interval on R is defined as A=[a",a"]={a: a" <a<a*,aeR}, where a’ in left 


limit and a" is the right limit of A, it may also be defined as A=(a,,a,,)={a:a,-a,, <aSa,+a,,aeR}, 
Rach R_ ob 
where a, = we in centre a,, = mo is width of A. 


Definition 2.10 ([66, 67): Let A(x) =[a’,a"]={x:a" <x<a"}, then A(x) is called an interval number. 
A(x) is positive interval if O<a'<x<a". Let A(x)=[a',a"] and B(x)=[b',b"] be two interval 


numbers, then the following operational properties are holds: 


(i) A=Bo w=. a" =i": 
(ii) A+Bz=[a' +b", a“ +b"); A-B= [a’ -b", a" -b"}; 
(iii) AxBs [min{a'b", a'b",a"b', a“b"};max {a'b", a'b" ab", a“b"}); 


(iv) MA =[ya", ua"), > 0. 


Definition 2.11 ([35]): The interval-valued trapezoidal neutrosophic number [IVTrNeN]) is a special 


case of NS on the real line R. Let 4,,4,,4,,4, € R such that a, <a, <a, <a, then 


BAY = ((0 2,504); tly ty |,[ Bly 0% |,[ why 20% ]), 
is IVIrNeN, where [te a | are upper and lower bound of the truth-membership degree function 


Uw [ef Ma | are upper and lower bound of the indeterminacy-membership degree function Vow and 
N ‘N ‘N N 
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[ wi, oy | are the upper and lower bound of the falsity-membership degree function Wy in [0,1] 
respectively, whose truth-membership T., (x), indeterminacy-membership [.,(x), and a_ falsity- 


membership F.,, (x) are defined as follows: 


x-a, A, —X+Viy (X— ay) 
Uw , fora, <x<a,, ; , fora, <x<a,, 
a am a, — a, 
Us fori, =* Sty; Vw fora, <x <A4,, 
Ty (x)= 7 Tw (x) = 7 
7 a,—Xx N X-A,+0_y (a, —x) 
4 a 
Uw , fora, <xSa,, s p AOC, SPS ay 
N | a,—a, a, —a, 
0, forx<a, and x>a,. 1, forx <a, and x>a,. 


a, ~X+ Wy (x—4,) 
4 ,, fora, <x<a,, 


Wve for a, <x <a,, 
E, (x)=) ™ 
" X-A, + Wy (a, —X) 
'N 


, fora, <x<a,, 
4 43 
1, for x <a, and x>a,. 


when a,>0, ay = ((4,,4,/45,0,);| Wy tty |,[ oly oly |p[ why 20M }. is called positive IVTrNeN, 


denoted by a >0, and if a, <0,then a” becomes a negative IVIrNeN, denoted by ay >0. If a, =a,, 


then IVTIrNeN is reduces interval-valued triangular neutrosophic number [IVTriNeN], denoted as 


a~V _ : L u L u L u 
ay = ((a,.05 104); E Uw ji ely Ow | why Wav }. 


On the basis of [8, 41, 58], we will take here the twelve components of IVTrNeNs i.e. 


~IV 


an, = (fet eat VA ee fieBrols iP \ (ham Py) tO \) guided as I, <e,<a,<m,<f,< 


b, Sn, Sg, Sc, Sp, Sh, <d,. 
r 


7 


Fig. 3: Interval-valued trapezoidal neutrosophic number 


2.1. Operational Laws on IVTrNeNs 


Let ain, = ([ [eb eA)ing | let si tdi%y: ffm mp) \) and 
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~IV i 
ay, -([{@. Bgl » iu “t ple Cotoreayl »)s0 tv wp llaomssm Pa tO \) be two IVTrNeNs_ with 
af 
L Uu L u L u L u 
twelve components, where Uy S(t site| 7 Ua =| uy User i: Onw =| vin Oyu | Ow =| hy son | 


u 
and w.y = | wh Sis | ge Ee Wa le then the following operations hold: 
ay, ay, ay, ay, an, Ny 


Addition of IVTrNeNs: 


{(« +a,,b,+b,,c, +c, a, +d,);u we My 


~IV , ~IV 
iy, tay, = e +€,,f, + for, +8y/h, +h,);0 , yan} 


{(u +1,,m, FM, Ny + Ny, Py +P2)i® iy vay | 


Negative of IVIrNeN: 


t= [[etening fortirieding ering 


Subtraction of IVIrNeNs: 


{(« d,,b, —c,,c, —b,,d, A,);Usy AU \, 
an, 


Na 


~1V IV _ . 
ay — an, = e Ny, f.- 82181 — fart 5): Pay VOW . 
at yA 


{(4 Py,M, —N, ,N, —M,, Py 1, ) sO vig | 
avy: hi A 


Scalar multiplication of SVTrNeN: 
({(aa,,b,,Ae,,Ad) thay | |(Ae Afy-Agy Ah) oe },(at,,am GAN GAD, ts x) if A>0 


({(a4, Ac, Ab, Aa, ) Uy | {Ah Ag Af Ae, Jie, f|(AP Am Am Al, ) 2, it A<0 
Multiplication of IVTrNeNs: 
(at BiB OU id, (Ene teen @ indy) 4 Gls Means iP pe) 


. y 
Uy AU |p| Vw VOw || Ow VW w if d, >0,d, >0,h, >0,h, >0,p, >0,p, >0 
Ny Ny No | L Ny 


No Job No J 


~IV 
A.ay, = 


(a, A, ,b, CD51 Ay My )i( Cy Mys fy 821 8-Fary 22 )i(h Pa My, Ny itp; 4, ) 


. y 
Uy Auy |, Ow VOw |1 Way V Ww if d, <0,d, >0,h, <0,h, >0,p, <0,p, >0 


(4, AC, Lardy, -b, ,4, A oe (1, 2181821 fi-far%s2)i(Pr-Parth Hy, M,.M, hy L ») 


. y 
Uy AUy |p| Vw VOW |, Day VW ay if d, <0,d, <0,h, <0,h, <0,p, <0,p, <0 


L  4Ny No } L 4Ny No J L Ny | 


Inverse of SVTrNeN: 


Sot A ica 3 | a Se 
dG BRINN Sf CNB Ri, L Mag Pag Ba fe 
b, > 0, 


1 if a, >0, see @asue as g, >0,h, >0,1, >0,m, >0,n, >0,p, >0, 


@W yp === 


ay, (3 1 ae 11 1) 2 de a Ly — 
a BC, a, 7, ef y Lie ap, tig,” ay,” aN, y 


if a, <0,b, <0,c, <0,d, <0,e, <0, f, <0,g, <0,h, <0,1, <0,m, <0,n, <0,p, <0. 


~IV ~IV 
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Division of SVTrNeNs: 


; Z = at = 


a, b, C, d, | Ga i &1 h, fi ™ 1 Py |, 
# y y A y y y y FA y y y Uy N U_y y 0 ay Vv 0 al’ y W_iy Vv Wy 
d, c, b, a h fi eé n, m, | fy, BN ay an; fy 
Rg eg 1 8 Ih & P, 1, (es By es att o™ eee 2 


if d,>0,d, >0,h, >0,h, >0,p, >0,p, > 


0 
ql’ d, C, b, a, |, h, 82 f €, || Pp th Mm, L, , 
N, y y y y Y y y y y y y 7 Uw AU y Ow V On PA Ww VW Ww y 
=a dc, b a)\h g ff allp nm |JbL™ ™IL ™ PL ™ Na | 
0 


x 


x 


th if d, <0,d, >0,h, <0,h, >0,p, <0,p, > 


d, C, b, a, |, h, &2 f 2 &) || Po , Mm, l, : 
y y F £ y y y y y y y 4 Uy A Uy y U0 ay Vv U0 al’ ¥ Wy Vv Wy y 
a,b, c, a e h Lom an, ny an, an an, 
1) Say as 2 1 f 1 & hy 1 1% Ppye™ at ™ z7Jjk 24 


if d, <0,d, <0,h, <0,h, <0,p, <0,p, <0 


* E L Uu L 
wher Uy Uy = [min(u, Mav J min(u! guy Yau ] ii Wage Ug = =| max o, ww 1 Vu » Jamax{ 0", Viv | 
Ny Ny ‘Np ni Ny 2 


IN 4Ny 


L Uu u 
and Wy VWy = =| max 0, wv 1 W ay ) max( tn Wav )} 
D Ny Ny Ny 


Example 2.1.1: let ae =( (6,10,15,20);[0.3,0.4] (5,10,12,18);[0.4,0.5] } be two IVTrNeNs, 


(7,11,16, 21);[0.6,0.8] (6,11,13, 20);[0.7,0.8] 
and @ iy 
(5,9,14,19);[0.4, 0.6] (3,8,11,16);[0.5, 0.6] 


(13, 22,29, 41);[0.6, 0.8] (-13,-2,5,15);[0.6,0.8] 
then a’ +a” =( (11,20,27,38);[0.4,0.5] ), a’ - a’ =( (-13,-2,5,15);[0.4,0.5] 
(8,17,25,35);[0.5, 0.6] (-11, -2,6,16);[0.5,0.6] 


(42,121,208, 420);[0.6, 0.8] gv |(0.35,0.85,1.45,3.50);[0.6, 0.8] 
al’ a’ =( (30,100,180,360);[0.4,0.5] }, += (0.33,0.83,1.50, 4.00);[0.4,0.5] 
(15,72, 154, 304);[0.5,0.6] Ns \(0.31,0.81,1.75,6.33);[0.5,0.6] 
(35, 55,80,105);[0.6,0.8] 
5a’ =( (30,50,75,100);[0.3,0.4] 
(25,45,70,95);[0.4,0.6] 


3. Score and Accuracy functions of IVIrNeNs 


Definition 3.1: Sahin [69] used the score function concept to find comparison between two IVTrNeNs. 


Greater of score function value demonstrate the greater of IVIrNeN. According the base of [70] the 


score and accuracy functions of an IVTrNeN 4,’ can be defined as follows: 


sa") = 1 (8+(4,+b, +c, +4,)-(e,+f,+9,+h,) x(a! r ) F : . 
ie —(1, +m, +n, +p,) 


S(@Y ) € [0,1]. The accuracy function A(a@/ ) €[-1,1] is defined as: 


~IV L Uu L u L Uu 
A(ay ) + aay + b, + Cc, d, hi m, nN, P1 ) x (2 + Uy + Uy Oy Din W aw W anv 
4 ay ay ay ay ax ayy 


Definition 3.2 Let a and fix, be any two IVTrNeNs, then one has the following comparison: 


(a) If s(at”) < sal )> ay < ay 


(b) If S(ay)=S(ay,) with AG) < A@Y) => a <a’, A@Y)> A@Y) > a >a and 
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~IV ~IV ~IV ~ IV 
A(ay,) = A(ay, ) then ay = ay. 


Example 3.1. Let a = ((7,11,16,21),(6,10,15,20),(5,9,14,19);[0.6,0.8],[0.3,0.4],[0.4,0.6]) and 
ay =((6,11,13,20),(5,10,12,18),(3,8,11,16);[0.7,0.8],[0.4,0.5],[0.5,0.6])be two SVTrNeNs, then 
the score and accuracy function S(aix. ) =—-4,95833, A(ay, )=5.1 and Sax, ) =-9.375, A(an, ) = 4.875. 


Here S(ax, ) > S(ax, ) and A(ay ) > A(ay, ) implies that iy, eas 


4. Neutrosophic Transportation Problem [NTP] and its Mathematical formulation 


In a TP, if at least one parameter such as cost, demand, or supply is in form of neutrosophic 
numbers, then TP is termed as NTP. An NTP has neutrosophic availabilities and neutrosophic demand 
but the crisp cost is classified as NTP of type-1, if NTP has crisp availabilities and crisp demand but 
neutrosophic cost, is classified as NTP of type-2. If all the specifications of TP such as cost, demand, and 
availabilities are a combination of crisp, triangular, or trapezoidal neutrosophic numbers, then it is 
classified as NTP of type-3. In last if all the specifications of TP must be in neutrosophic numbers form, 
then TP is said to be NTP of type-4 or fully NTP. 


4.1 Mathematical Formulation of NTP 


In TP if uncertainty occurs in cost, demand or supply then it is more difficult to find the strict way 
and time. During the current scenario of covid-19, it is very important for transporting the drugs and 
medical equipment from one source to another destination in an unchallenging way. Keeping in mind 
for social distancing the IVTrNeS has a deep concern and special features. To maintain this type of 
impreciseness in cost to a transferred product from ith sources to jth destination or uncertainty in 
supply and demand, the decision-maker introduces NTP with IVIrNeNs. Here we discuss NTP of 
type-4 with IVTrNeNs in cost, supply and demand. 

Let the cost and number of units and assumptions and constraints in NTP be defined as IVTrNeNs 
that are transported from ith sources to jth destination. In the formulation of NTP the following 
assumptions and constraints are required: 


number of transported neutrosophic unites from i‘* source to j* destination 
Neutrosophic cost of one unit transported from i‘ source to j'" destination 
available neutrosophic supply quantity from it source 


ij 
Be required neutrosophic demand quantity to j'* destination 


ol _ [ a, ol | crisp cost of one unit quantity 
ee [ xh a) number of transported crisp unites from i source to j'' destination 
ij ey 
Vv _foL ou 
a; =a! /G; ] 


available crisp supply quantity from i source 


bY = [bi oF | required crisp demand quantity to j' destination 
j ye" 
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For balance of NTP ya" = ya ie. total supply is equal to total demand. The objective of this 


i=0 


NTP model is to minimize the cost of transported product. The mathematical formulation of NTP with 
uncertain transported units, cost, demand and supply is as follows: 


where 


i=0 j=0 
Subject to DH Bay VES ly 2)3; 
ey ed, PS ee 8, 
yy 
j=0 
XV >0, Vi= 1, 2,3,. 


wc a 
(e)} yy Alf); ae a( gy a(n)! alk 
a(I)” ,a(m)"” a(n)!” ,A(p)! Yeo | 


.,m,j= 1, 2,3, ... 


BY = 


4.2. Steps for Balancing of NTP by Existing Method 


~/M (sources) , 


yn (destination) ‘ 


yn. 


Hay)" , #()\" , H(c)}" ,8(a)y" );] uly us 


| 
oly ol 
| 


HON HA y FH a)y Hy )| Py 0% 
HI) F(m)i" Xn), 8(p)y ) ies 


oF 


(Be)! BCA”, B¢g)y” nae | 
(Bay, Bom” Ben”, Bip) )]@ feo, | 


The total transportation cost does not depends on the mode of transportation and distance, also the 
framework of the problem will be denoted by either crisp or IVTrNeNs. For solution of NTP, first we 
convert all IVIrNeNs into crisp values by using score function and so the NTP converted into simple 
TP. After balancing by existing method, the following steps are required for solution of NTP: 


Step 4.2.1: To change the each neutrosophic cost ce 


Step 4.2.2: 


Step 4.2.3: 


neutrosophic supply 4," 


demand bi’ of NTP in cost matrix into crisp values by using score function S(ay ). 


and neutrosophic 


For balance TP, verify that the sum of demands is equal to the sum of supply ie. If 


yar <b, or ya = >b, Vi,j the one can make sure to balance the TP, as 


i=0 j=0 i=0 j=0 


yal a” =>'bi", Vi,j, by adding a row or column with zero entries in cost matrix. 


i=0 j=0 


Verify that the sum of demands is greater than the supply in each row and the sum of 


supplies are greater than the demand in each column, if ok go on step 4.2.4, otherwise go 


on step 4.2.2 


Step 4.2.4: Here we use the excel solver to solve the TP and obtained optimal solution. 
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4.3. Steps for Balancing of NTP by MRCM 


For balance the unbalance NTP, we use minimum row column method [MRCM] introduced by 
Saini [45] as follows: 


Step 4.3.1. Convert neutrosophic cost c. neutrosophic supply 4)” and neutrosophic demand bY of 


NTP in cost matrix to crisp values by using score function S(ay 


Step 4.3.2 If NTP is unbalance i.e. yar <or> aE Vi,j than we find 
i=0 j=0 


m 


5 =a and be => bY ® excess supply, 


Fionst) j(m+1) 
j=0 


or bY => 6" and alv 


j(n+l) i(m+1) 
j=0 


m 

~IV 
=) 4 ® excess demand. 
i=1 


The unit transportation costs are taken as follows: 


ev = mind 1l<i<m, cy = min ¢;, Lath, 


i(n+1) 1<jén ij’ (m+1)j 1<i<m 


ei =, G1 S1 an ley sh, ond o =0. 
Step 4.3.3. Obtain optimal eaNtaan of NTP by excel solver. Let the neutrosophic optimal solution 


obtained be an 1<i<m+1,1<j<ntl. 


(m+1)(n+1) 


Step 4.3.4 By assuming @” =0 and using the relation @/” ®V"” = 6” for basic variables, find the 
1 y & m+1 & i J ij 


values of all the dual variables @.”, 1<i<m and oN , lsjsn+l, 


Step 4.3.5. According to MRCM, ©; =@; and ¥" =" for1<i<m,1<j<n, obtain only central 


rank zero duals. 
5. Numerical Example 


Let us consider a NTP of type-4 with three container (sources) say M,, M,, M, in which medical 
equipment are initially stored and ready to transport in three different destinations (cities), say C,,C,, 
C, with unit transportation cost, demand and supply are as IVTrNeN. The input data of NTP with 
IVTrNeNs is given in table 1: 


Tablet |My, TMM Supply 
(7,12, 21.5, 28);[0.7,0.9], (7,11,15,19);[0.6,0.8] 5,10,14,19.5);[0.5,0.6], (9,19, 28, 34);[0.7,0.8], 
(4,10,17.5,25);[0.4,0.5], (5,8,12,15);[0.4, 0.5] (3,7.5,10,15);[0.4, 0.6], (7,12,19, 24);[0.4, 0.5], 
(2,8,15.5, 22);[0.3,0.4] (3,5,7,11);[0.2, 0.3] (1,4,7,10);[0.3, 0.4] (3,8,11,16);[0.2, 0.4] 

(5,11,16.5,21);[0.6,0.7], (2,4,7.5,10);[0.6,0.7], (3,6,11,16);[0.7,0.9], 8,14, 25, 35);[0.7,0.8], 
(3,8,12,16);[0.3,0.5], (1,3,6.5,9);[0.3,0.5], (1,5,9,14);[0.4,0.5], (4,10,18, 28);[0.3, 0.5], 


(0,3,9.5,12);[0.2, 0.4] (-1,2,5,7);[0.2,0.3] (-3,2,6,12);[0.3,0.4] (1,8,14, 22);[0.3,0.4] 


(3,8,9,15);[0.3, 0.5], 
(-1,5,7,12);[0.2,0.4] 


(4,11,18,25);[0.4,0.6], 
(2,8,15,22);[0.3,0.4] 


(2,6.5,11,15);[0.4,0.5], 
(-2,2,7,11);[0.2, 0.3] 


(12,18, 25, 34);[0.3,0.5], 
(8,15, 23,31);[0.2,0.4] 


(caus 28); rae) secre (eas 20);[0.7,0.9], (@ 22,30, sana) 


(4,12, 22.5, 29);[0.4, 0.5}, (4,10,19, 28);[0.4, 0.5}, (9,16, 23, 30);[0.4, 0.5], 


(10, 20, 28, 35); [0.7, 0.9], 6,12, 23,33); [0.7, 0.8], (12,18, 25, 33); [0.7, 0.9], 
(-1,7,12, 19); [0.3, 0.4], (2,8,15,24);[0.2,0.4] (5,14, 20, 27); [0.3, 0.4] 


With the help of score function, the cost, demand and supply of NTP i.e. in IVIrNeNs are convert 
into the crisp numbers as follows: 
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S(a” ) = 4.58333 , s(av) = 
S(al’ ) = -0.16667, S(él”) = -0.333333, S(”)=-2.50, S(”) =-4.66667, S(éN) = -0.16667, 
S(2” ) = 0.183333 , 


S(alY ) = 8.83334, S(bI”) =-0.58333, S(b!”) =—4.66667, S(b{”)=-8.0 


-1,  S(@¥)=-0.11667,  S(@”) =-0.33333, —S(Z”) = -0.31667, 


C3 oe 


The unbalance TP with crisp values shown in table 2: 


Pc | oats [asec [oss [50 


Te ar [near [one a 
Demand | -050933 | -a.66667 | 60 [| 


In table 2, yay = -11.6667, yb" =—13.25, i.e. oe ya” = 1.58300, this shows that NTP is 


i=0 j=0 i=0 j=0 


unbalanced. The balance TP and _ the solution of NTP in crisp form by excel solver shown in table 3 and 
table 4 respectively as follows: 


a 
Pc, | asics | oso [osm | 0 [250 


Te scr [aie [one [0 [aa 
| Demand |_-0.58333_| -4.66667 | -8.0 | 1.58300 | | 


ee ea ee ee ed 
(ea ea ee ae a 


ae 
| Demand |_-0.58333_| -4.66667 | -8.0 | 1.58300 | | 


The optimal solution of NTP in crisp form is Z.,, =—2.55419. The solution of NTP with IVTrNeNs 


shown in table 5: 


(-25,-5,14,27);[0.7,0.9], (-71,-14, 49, 104);[0.7,0.8] (-70,-21, 33, 80);[0.6, 0.8], (9,19, 28, 34);[0.7,0.8], 
(-24,-6,12.5, 25);[0.3, 0.5], (—62,—12,43.5,88);[0.3,0.5] (-64, -24.5, 24, 69);[0.3,0.5], (7,12,19, 24); [0.4, 0.5], 
(-23,-7,4,18);[0.3,0.4] (—60,—-11,27,74);[0.2,0.4] (-58,-16,19,63);[0.2, 0.4] (3,8,11,16);[0.2,0.4] 
8,14, 25,35);[0.7,0.8], 8,14, 25,35);[0.7,0.8], 
(4,10,18, 28);[0.3,0.5], (4,10,18, 28);[0.3, 0.5], 
(1,8,14,22);[0.3,0.4] 
(-19,-3,12,27);[0.7,0.9], (12, 18, 25, 33); [0.7, 0.9], (14, 22, 30,39);[0.6, 0.8], 
(-18,-5,9,25);[0.3, 0.5], (9,16, 23, 30);[0.4, 0.5], (12,18, 25, 34);[0.3,0.5], 
(-19,-5,9,26);[0.2,0.4] (5,14, 20,27); [0.3, 0.4] (8,15, 23,31);[0.2,0.4] 
(10, 20, 28, 35); [0.7, 0.9], 6,12, 23,33); [0.7,0.8], (12, 18, 25, 33); [0.7, 0.9], (-70,-21,33, 80);[0.6, 0.8], 
(4,12, 22.5, 29);[0.4, 0.5], (4,10,19, 28);[0.4,0.5], (9,16, 23, 30); [0.4, 0.5], (-64,-24.5, 24, 69);[0.3,0.5], 


(-1,7,12, 19); [0.3, 0.4], (2,8,15,24);[0.2,0.4] (5,14, 20, 27);[0.3, 0.4] (-58,-16,19, 63);[0.2,0.4] 


(1,8,14, 22);[0.3, 0.4] 


Rajesh Kumar Saini! Atul Sangal? and Ashik Ahirwar’, A Novel Approach by using Interval-Valued Trapezoidal 
Neutrosophic Numbers in Transportation Problem 


Neutrosophic Sets and Systems, Vol. 51, 2022 245 


(7,12,21.5,28);[0.7,0.9],\ _ /(-25,-5,14,27);[0.7,0.9], (7,11,15,19);[0.6,0.8]\ /(-71,-14,49,104);[0.7,0.8] 
=( (4,10,17.5,25);[0.4,0.5], ).( (-24,-6,12.5,25);[0.3,0.5], )+( (5,8,12,15);[0.4,0.5] ).( (-62,-12,43.5,88);[0.3,0.5] 
(2,8,15.5,22);[0.3,0.4] (-23,-7,4,18);[0.3,0.4] (3,5,7,11);[0.2,0.3] (-60,-11,27,74);[0.2,0.4] 
(-70,-21,33,80);[0.6,0.8], \ /(0,0,0,0);[0.6,0.8],\ /(5,11,16.5,21);[0.6,0.7],\  /8,14,25,35);[0.7,0.8], 
+( (-64,-24.5,24,69);[0.3,0.5], }.( (0,0,0,0);[0.3,0.5], }+( (3,8,12,16);[0.3,0.5], _).( (4,10,18, 28);[0.3, 0.5], 
(-58,-16,19,63);[0.2,0.4] (0,0,0,0);[0.2,0.4] (0,3,9.5,12);[0.2,0.4] (1,8,14,22);[0.3,0.4] 
(4,8.5,14,17);[0.6,0.8],\  /(-19,-3,12,27);[0.7,0.9],\ —/(5,10,14,20);[0.7,0.9],\_ /(12,18,25, 33);[0.7,0.9], 
4 (e 6.5,11,15);[0.4,0.5], } [cs seanteses ; [0 8,9,15);[0.3,0.5], )esesamieses 


(-2,2,7,11);[0.2,0.3] (-19,-5,9,26);[0.2,0.4] (-1,5,7,12);[0.2,0.4] (5,14, 20, 27);[0.3,0.4] 


(-648,94.5,1966.5,4586);[0.6,0.9], 
=( (-403,19.5,1262.75,3218);[0.3,0.5], )~ -7.07292 
(-193,-27, 587, 2084);0.2,0.3] 


ie. Z 


NTP 


Now we balance the unbalance CTP in table 2 by MRCM, the balance CTP with crisp numbers shown 
in table 6 as follows: 


fc, icoor | a [ome | 0 [ner 
| Demand |_-0.58333_| -4.66667 |__-8.0__| -10.0834 |_| 


The solution of balance CTP as in table 7 
a a 
ee 
a 


a 
| Demand |_-0.58333_| -4.66667 | -8.0_ | -10.0834 || 


The cost Z = 8.91364. 


CTP(MRCM) 


The solution of SereepOn Sn balanced NTP shown in table 8 as follows: 


(-64, -35,-8,13);[0.7,0.9], 6,12, 23, 33);[0.7,0.8], (12, 18, 25, 33); [0.7, 0.9], (-147, -49,61,157);[0.7,0.9], (9,19, 28, 34);[0.7,0.8], 

(-48,-31,-5.5,13);[0.4, 0.5], (4,10,19, 28); [0.4,0.5], (9,16, 23, 30); [0.4, 0.5], (-127,-46.5, 46,132);[0.4, 0.5], (7,12,19, 24);[0.4,0.5], 

(-54, -30,-11,10);[0.3, 0.4] (2,8,15,24);[0.2, 0.4] (5, 14, 20, 27); [0.3, 0.4] (-115,-33, 36,120);[0.3,0.4] (3,8,11,16);[0.2,0.4] 
8,14, 25,35);[0.7,0.8], 8,14, 25,35); [0.7,0.8], 
(4,10,18, 28);[0.3, 0.5], (4,10,18, 28);[0.3,0.5], 


(1,8,14, 22);[0.3,0.4] (1,8,14, 22); [0.3,0.4] 


(14,22, 30,39); [0.6, 0.8], (14,22,30,39);[0.6, 0.8], 
(12,18, 25,34);[0.3,0.5], (12,18, 25,34);[0.3,0.5], 


(8,15,23,31);[0.2,0.4] (8,15,23,31);[0.2,0.4] 


(31, 55,83, 108);[0.6, 0.8], (31, 55,83,108);[0.6,0.8], 
(23,40, 62, 86);[0.3,0.5], (23,40, 62,86);[0.3,0.5], 


(12,31, 48, 69);[0.2,0.4] (12,31, 48, 69);[0.2,0.4] 
Demand (10, 20, 28, 35);[0.7, 0.9], 6,12, 23, 33);[0.7,0.8], (12,18, 25, 33); [0.7, 0.9], (-39, 34,116, 188); [0.7, 0.9], 
(4,12, 22.5, 29);[0.4, 0.5], (4,10,19, 28);[0.4, 0.5], (9,16, 23, 30); [0.4, 0.5], (-41, 15.5, 86, 155);[0.4, 0.5], 
(-1,7,12, 19); [0.3, 0.4], (2,8,15,24);[0.2,0.4] (6,14, 20, 27); [0.3, 0.4] (46,15, 67, 132);[0.3, 0.4] 
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(-64,-35,-8,13);[0.7,0.9], (7,12,21.5,28);[0.7,0.9],\ /6,12,23,33);[0.7,0.8], \ /(7,11,15,19);[0.6,0.8]\ _/(12,18,25,33);[0.7,0.9],\_ /5,10,14,19.5);[0.5,0.6], 
Zyroanemy = ( ¢48,-31,-5.5,13);[0.4,0.5], ).( (4,10,17.5,25);[0.4,0.5], )+( (4,10,19,28);[0.4,0.5], }.( (5,8,12,15);[0.4,0.5] }+( (9,16,23,30);[0.4,0.5], _}.( (3,7.5,10,15);[0.4, 0.6], 
(-54,-30,-11,10);[0.3,0.4] / \(2,8,15.5,22);[0.3, 0.4] (2,8,15,24);[0.2,0.4] (3,5,7,11);[0.2,0.3] (5,14, 20,27); [0.3, 0.4] (1,4,7,10);[0.3,0.4] 
(-147,-49,61,157);[0.7,0.9], (7,12,21.5,28);[0.7,0.9],\ /8,14,25,35);[0.7,0.8],\ /(5,11,16.5,21);[0.6,0.7],\ _/(14,22,30,39);[0.6,0.8],\_ /(6,14,21,28);[0.8, 0.9], 
+( (-127,-46.5,46,132);[0.4,0.5], }.( (4,10,17.5,25);[0.4,0.5], )+( (4,10,18,28);[0.3,0.5], ).( (3,8,12,16);[0.3,0.5], )+( (12,18,25,34);[0.3,0.5], ).( (4,11,18, 25);[0.4, 0.6], 
(-115,-33, 36, 120);[0.3, 0.4] (2,8,15.5,22);[0.3, 0.4] (1,8,14,22);[0.3,0.4] / \(0,3,9.5,12);[0.2,0.4] (8,15,23, 31);[0.2,0.4] (2,8,15,22);[0.3, 0.4] 
(31,55,83,108);[0.6,0.8],\ /(0,0,0,0);[0.6, 0.8], 
+( (23,40, 62,86);[0.3,0.5], ).( (0,0,0,0);[0.3, 0.5], 
(12,31, 48,69);[0.2,0.4] / \(0,0,0,0);[0.2,0.4] 
(-1230, -234, 3221,7857.5);[0.6,0.9], 
Zurpaurcmy = ( (-593,-297, 1832.75, 5793);[0.3,0.5], }~ -13.810 
(-311, -264, 1110.5, 4340); [0.2,0.3] 


6. Comparative Study 


To maintain physical distance during Covid-19 pandemic, we introduced here some advanced 
version of neutrosophic numbers such as IVTrNeNs, which provides the better results in real life for 
uncertainty and hesitation in place of crisp numbers. For practical application of NTP type-4, the 
minimum cost of unbalanced CTP and NTP obtained by VAM and MRCM is summarized in table 9. It 
is also clear from the table 9, that minimum cost of unbalanced CTP and NTP obtained by using MRCM 
is far better than the existing method VAM. In figure 4, the bar graph represents the minimum cost of 
CTP and NTP and their comparison for better one. 


Table 9: Comparative Study 


Balance of CTP by existing method Balance of CTP by MRCM 
Lore = —2.55419 Zz, = -8.91364 


CTP(MRCM) — 


Balance of NTP by existing method Balance of NIP by MRCM 
(-648,94.5,1966.5,4586);[0.6,0.9], (-1230,-234, 3221,7857.5);[0.6,0.9], 
Zyrp =\ (-403,19.5,1262.75, 3218);[0.3,0.5], Zyreaurcmy = | (-593,-297,1832.75,5793);[0.3, 0.5], 


(-193, -27, 587, 2084);[0.2,0.3] (-311,-264, 1110.5, 4340);[0.2,0.3] 


~ —7.07292 ~ —13.810 


mZ(CTP) mZ(NTP) 


Figure 3: Comparison of results by chart 
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8. Result and discussion 


In this present study the optimal transportation crisp cost and optimal transportation neutrosophic 
cost of unbalanced NTP using MRCM is minimum than the existing method in [30]. It is also verified 
that in de-neutrosophication, the crisp values before and after conversion from neutrosophic to crisp 
and crisp to neutrosophic are different. For the real life applications one can find the degree of result. 


The best of minimum neutrosophic cost of unbalanced NTP is 
(-1230, -234, 3221,7857.5);[0.6,0.9], 
Zyrpurcm) = \ (993,-297,1832.75,5793);[0.3,0.5], } i.e. total minimum transportation cost lies between - 


(-311, -264, 1110.5, 4340); [0.2, 0.3] 


1230 to 7857.5 in the interval [0.6, 0.9] for level of truthfulness, -593 to 5793 in the interval [0.3, 0.5] for 
level of indeterminacy and -311 to 4340 in the interval [0.2, 0.3] for level of falsity. Ur x100, 2, x100, 


and w,  x100 represents the degree of truthfulness, degree of indeterminacy and degree of falsity 


respectively. Thus 


#41280" 0.60.9]. Yor -1230<% < 2034, 
1230 — 234 234 
[0.6,0.9], for -234<x<3221, 
Hig = _7857.5—x_ 
: *_|[0.6,0.9], for 3221 < x <7857.5, 
7857.5 — 3221 5 -—3221 
0, for otherwise. 
(—297 — x) +(x + 593)[0.3,0. o] for -593<x<~297, 
593 — 297 
5 [0.3,0.5], for - 297 < x <1832.75, 
0, IV og = 
(x= 1832.75) + (5793-2)10.3,0.5] 6. 1939 75<<5793, 
5793 — 1832.75 
0, for otherwise. 
(ees Geee teas. for -311<x<-264, 
311-264 
(4) — 110203), for -264 <x <1110.5, 
ae x = hind oes 
if (x= 1110.5) +(4340-%)10.2,03] p. W195< x <4340, 
4340 —1110.5 
0, for otherwise. 
where x denotes the total cost. 
Table 10 


x2 -500 2000 3000 4000 5000 7000 
Degree / 
u. x100 [43.976, 5.964] [60, 90] [60, 90] [60, 90] [49.919, 74.879] [36.978, 55.467] [11.097, 16.645] 
Ty 
aN 


v «100 [78.007, 84.290] [30, 50] [32.969, 52.124] [50.632, 64.737] [68.307, 77.362] [85.983, 89.987] 
ly 
[20, 30] [42.034, 49.280] [66.806, 70.956] [91.577, 92.630] 
“Nn 
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Degree of Truthness, Indeterminancy and Falsityness 


Axis Title 


Figure 3: Degree of truthfulness, indeterminacy and falsity 


The total neutrosophic cost from the range of -1230 to 7857.5 for truthfulness, -593 to 5793 for 
indeterminacy and -31lto 4340 for falsity are concluded by degree of truthfulness, degree of 
indeterminacy and degree of falsity to schedule the transportation cost and budget allocation. 


9. Conclusions and Novelty 


Today in society, the concept of neutrosophic numbers is well linked to handling uncertainty or 
vagueness in applied mathematical modeling. The current research paper is the study of unbalanced 
CTP & NTP by introducing a new balancing approach MRCM to obtain an optimal solution where all 
parameters and values of TP are as IVIrNeNs. The proposed ranking function provides a more 
practical structure and considers the various characteristics of TP in a neutrosophic environment. Such 
a type of transportation problem with IVIrNeNs and their comparison between the two methods are 
not introduced earlier, and we hope that in the future, the proposed MRCM will be more applicable to 
the multilevel programming problem, unbalanced multi-attribute transportation problem, and multi- 
level assignment problems. The existing analysis will be a landmark for TP’s with generalization by 
considering the pick value of truth, indeterminacy, and falsity functions and for schedule 
transportation cost and budget allocation for the total neutrosophic cost, that concluded by a degree of 
truthfulness, degree of indeterminacy, and degree of falsity. 


Acknowledgement: My sincere thanks to Professor Mohamed Abdel Baset, who gave me some useful 
suggestions to modify our paper as of international repute. 
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Abstract: This article concerns with the neutrosophic vague soft graphs for treating neutrosophic 
vague soft information by employing the theory of neutrosophic vague soft sets with graphs. Operations 
like Cartesian product, cross product, lexicographic product, strong product and composition of 
neutrosophic vague soft graphs are established. The proposed concepts are explained with examples. 
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1 Introduction 

Nowadays, the great success of neutrosophic sets in modelling natural phenomena is that its 
efficiency to hold incomplete data, and handling of indeterminate information. It is the base of 
neutrosophic logic, a multiple value logic that generalizes the fuzzy logic that carries with paradoxes, 
contradictions, antitheses, antinomies, invented by the author Smarandache [8, 21, 22]. For example, 
suppose there are hundred patients to check a pandemic during testing. In that time, there are thirty 
patients having positive, fifty will have negative, and twenty are undecided or yet to come. By employing 
the neutrosophic concepts it can be expressed as x(0.3,0.2,0.5). Hence the neutrosophic field arises to 
hold the indeterminacy data more accurately. It generalizes many concepts from the philosophical 
viewpoint. The single-valued neutrosophic set is the generalization of intuitionistic fuzzy sets and is used 
expediently to deal with real-world problems, especially in decision support [23]. The computation of 
belief in that element (truth), they disbelieve in that element (falsehood) and the indeterminacy part of 
that element with the sum of these three components are strictly less than 1. Neutrosophic set and related 
notions have shown applications in many different fields. In the definition of single valued neutrosophic 
set, the indeterminacy value is quantified explicitly and truth-membership, indeterminacy membership, 
and false-membership are defined completely independent with the sum of these values lies between 0 
and 3 (see [21]-[23]). The indeterminacy function is considered as an individual term and each element x 
is characterized by a truth-membership function J,(x), an indeterminacy membership function J,(x) 
and a falsity-membership function F,(x), each of that from the non-standard unit interval ]0-, 1*[. 
Despite the neutrosophic indeterminacy is independent of the truth and falsity-membership values, but it 
is more general than the hesitation margin of intuitionistic fuzzy sets. It’s not sure whether the 
indeterminacy values relevant to a particular element correspond to hesitant values about its belonging 
or not belonging to it. In another way, if a person identifies an indeterminacy membership J,(x) with a 
specific event x, it becomes difficult to understand whether the person’s degree of uncertainty regarding 
the event’s occurrence is J,(x) or whether the person’s degree of uncertainty regarding the event's 
non-occurrence is J,(x). As a result, some authors prefer to model the indeterminacy’s behaviour in the 
same way they similar to truth-membership, others may prefer to model it, in the same way, they similar 
to falsity-membership. Wang et al. [23] initiated the concept of a single-valued neutrosophic set and 
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provide its various properties. 

Molodtsov [20] successfully proposed a completely new theory namely soft set theory by using 
classical sets in 1999 and after that, there has been a rapid development of interest in soft sets and their 
various applications [7, 9]. This theory provides a parametrized point of view for uncertainty modelling 
and soft computing. Vague sets are considered as a particular case of context-dependent fuzzy sets. 
Vague sets are studied by Gau and Buehrer [24] as an extension of fuzzy set theory. Neutrosophic soft 
rough graphs with applications are established in [5]. Neutrosophic soft relations and neutrosophic 
refined relations with their properties are studied in [8, 18]. Recently, the generalization of neutrosophic 
graphs are developed in [25]. Also, neutrosophic soft graphs, neutrosophic graphs, co-neutrosophic 
graphs,single valued neutrosophic graphs are established in [2, 10, 12]. Neutrosophic vague set is first 
invented by the author in [6]. In [3], the authors studied the notion of neutrosophic vague soft expert set 
as a combination of soft expert set and neutrosophic vague set to the substantial improvement in decision 
making. Also, the neutrosophic vague soft set is studied by him [4] with application in decision making 
problems. In [2], the certain notions, including neutrosophic soft graphs, strong neutrosophic soft graphs, 
complete neutrosophic soft graphs are discussed. Neutrosophic vague graphs are introduced in [15]. 
Intuitionistic bipolar neutrosophic set and its application to graphs are established in [16]. Motivated by 
papers [2, 4, 6, 15, 17], we introduce the concept of operations on neutrosophic vague soft graphs. The 
major contributions of this work are as follows: 

¢ In this paper, we present a novel frame work for handling neutrosophic vague soft 
information by combining the theory of neutrosophic vague soft sets with graphs. 

¢ The operations on neutrosophic vague soft graphs are established and this manuscript 
makes the first attempt in this domain. Some basic definitions regarding to neutrosophic vague graphs 
are explained with example. 

¢ Results on the Cartesian product, cross product, lexicographic product, strong product and 
composition of neutrosophic vague graph are illustrated with examples. 

¢ The validity of the developed method is verifying in multi-attribute decision-making 
method based on neutrosophic vague soft graphs. 

¢ Finally, a conclusion is elaborated with future direction. 

The paper is organised as follows: Some elementary definitions and results are provided in 
Section 2. Operations on neutrosophic vague soft graphs with example are established in Section 3. In 
Section 4, the multi-attribute decision making method is solved for neutrosophic vague soft graphs, in 
that, the solving procedure is based on the score function $;; [25]. Finally, the advantages and limitations 
of the proposed concepts are given. 


2 Preliminaries 

In this section, basic definitions and example are given. 
Definition 2.1 [20] Let U be the universe of discourse and P be the universe of all possible parameters related to 
the objects in U. Each parameters are considered to be attributes, characteristics of objects in U. The pair (U,P) is 
also known as a soft universe. The power set of U is dentoted as p(U) 


Definition 2.2 [20] A pair (F,A) is called soft set over U, where A&P, F is a set- valued function F:A > 
p(u). In other words, a soft set over U is a parametrized family of subsets of U. 

By means of parametrization, a soft set produces a series of approximate descriptions of a 
complicated object being perceived from various points of view. It is apparent that a soft set F, = (F,A) 
over a universe U. For any parameter € € A, the subset F(€) © U may be interpreted as the set of e- 
approximate elements. 
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Definition 2.3 [19] Let U be an initial universe and P be a set of parameters. Consider A & P. Let p(U) denotes 
the set of all neutrosophic sets of U. The collection of (F,A) is termed to be neutrosophic soft set over U, where F 
is a mapping given by F:A > P(U). 


Definition 2.4 [24] A vague set A onanon empty set X is a pair (Ty, F,4), where T,:X — [0,1] and F,:X > 
[0,1] are true membership and false membership functions, respectively, such that 
0 < T(x) + Fy(y) < 1 forany x eX. 
Let X and Y be two non-empty sets. A vague relation R of X to Y is a vague set R on X x that is 
R = (Tp, Fp), where Tp:X X Y > [0,1], Fp:X x Y > [0,1] and satisfy the condition: 
O<TrR(wy) + Fe, y) <1 forany x,yEX. 


Definition 2.5 [7] Let G* = (V,E) bea graph. A pair G = (J, K) is called a vague graph on G*, where J = 
(T;, F,) is a vague set on V and K = (Tx, Fx) is a vague seton E © V XV such that for each xy € E, 
Tx (xy) S min(T;(x),T)(y)) and Fx (xy) 2 max(T; (x), F;(y)). 


Definition 2.6 [21] Let X be a space of points (objects), with generic elements in X denoted by x. A single valued 
neutrosophic set A in X is characterised by truth-membership function T,(x), indeterminacy-membership function 
I4(x) and falsity-membership-function F,(x), 
For each point x in X, T,(x), F4(x), 1,4(x) € [0,1]. Also 
A = {x,T,(x), Fy(x), ,(x)} and 0 < Ty(x) + (x) + a(x) S 3. 


Definition 2.7 [1] A single valued neutrosophic graph is defined as a pair G = (J, K) where 
(i) V = {14,02,.., Up} such that T;:V — [0,1], 5:V — [0,1] and F;:V > [0,1] denote the degree of 
truth-membership function, indeterminacy function and falsity-membership function, respectively and 
0<7(v%)+hM+F() $3, 
(ii) ESV XV where Tx: EF > [0,1], Ix: E > [0,1] and Fx: E > [0,1] are such that 
Ty (uv) < min{T, (u), T,(v)}, 
Ix(uv) S$ min{I,(u), 1, (v)}, 
Fy (uv) S max{F;,(u), F)(v)}, 
and 0 <T,(uv) + Ip(uv) + Fx(uv) < 3, Vuve E. 


Definition 2.8 [21] A Neutrosophic set A is contained in another neutrosophic set B, (i.e) AGB if Vx € 
X,T,(x) S Tg (x), 14 (x) = Ip(x)and F(x) = Fg(x). 


Definition 2.9 [6] A Neutrosophic Vague Set Ayy (NVS in short) on the universe of discourse X written as 
Anv = (0%, Tayy 0), lay 2)» Pay C)) % € X3, 
whose truth-membership, indeterminacy membership and falsity-membership functions are defined as 
Tayy X) = [T> (x), T* OD) fayy @) = UG), TF and Fayy (&) = [F-(x), Ft (xD), 
where T*(x) = 1— F(x), F*(x) =1-—T™(x), and 0ST (x) +I°(®%)+F (x) $2. 


Definition 2.10 [6] The complement of NVS Any is denoted by Any and it is defined by 
Pe, (x) =[1-T*@),1-T-@)], 
fiyy() = [1 -1*(@),1--()], 
Fey) = [1 — F*(x),1 — F-(@)). 


Definition 2.11 [6] Let Ayy and Byy be two NVSs of the universe U. If for all u;, € U, 
Tay (uj) < Teeny (uj), Dany (Ui) 2 Tpyy Ui), Ey, (uj) 2 Fp, (up- 
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Then, the NVSs, Ayy are included in Byy, denoted by Ayy S Byy where 1<i<n. 


Definition 2.12 [6] The union of two NVSs Ayy and Byy is an NVSs, Cyy, written as Cyy = Ayy U Byy, whose 
truth membership function, indeterminacy-membership function and false-membership function are related to those 
of Any and Byy by 

Tey (x) = [max(Tayy (%), Tay ()), max(Tayy (1), Try, OD] 

Feyy ) = [min ayy 0), Layy ©), min ayy), yy ODD] 

Pony () = [min(Fayy (), Fayy (X)), min (Fay (X), Fay 9]. 


Definition 2.13 [6] The intersection of two NVSs, Any and Byy is an NVSs Cyy, written as Cyy = Ayy N Byv, 
whose truth-membership function, indeterminacy-membership function and false-membership function are related 
to those of Ayy and Byy by 

Tewy (*) = [min (Tayy (%), Tay 2), min (Tay (X), Tey 2) 

Feyy (%) = [max(layy (*), Teyy (2), Max (ayy 2), By @))] 

Foyy (x) = [max(Fayy (*), Fay (*)), max(Fayy (X), Fay OD): 


Definition 2.14 [19] Let U be a universe, E a set of parameters and A © E. A collection of pairs (F,A) is called a 
neutrosophic vague soft set (NVSS) over U where F is a mapping given by F:A > NV(U) and NV(U) denotes 
the set of all neutrosophic vague subsets of U . 


Definition 2.15 [2] A neutrosophic soft graph G = (G*,J,K,R) is an ordered four tuple if it satisfies the following 
conditions: 

° G* =(V,E) isasimple graph, 

e R isanon-empty set of parameters, 

e (J,R) is aneutrosophic soft set over V, 

¢ (K,R) is aneutrosophic soft set over E, 

¢ (U(e),K(e)) is aneutrosophic graph of G", that is, 


Txe)(ab) S min{Tj(e)(@), Tie) (b)}, 
Ixce)(ab) S min{lj(e) (2), Ij(e)()3; 
Fxe)(ab) S max{Fj(e)(@), Fie) (b)} 
such that, 
0 S Tx ey(ab) + Ix(e) (ab) + Trey(ab) S$ 3 Ve ER,a,beEV. 
For convenience, the neutrosophic graph (J(e), K(e)) is denoted by H(e). A neutrosophic vague 
soft graph is a parametrized family of neutrosophic graphs. 


Definition 2.16 [15] Let G* = (R,S) be a graph. A pair G = (A,B) is called a neutrosophic vague graph (NVG) 
on G* or aneutrosophic vague graph where A = (T4,1,,F 4) is a neutrosophic vague set on R and B = (Tp, 1p, Fp) 
is a neutrosophic vague set SG R X R where 
(A)R = {v,, V2,...,¥,} such that Ty: R — [0,1], 1,:R — [0,1], F,:R — [0,1] satisfies the condition 
Fy =[1-Tf], and T:R > [0,1], 17:R > [0,1], F{:R > [0,1] which satisfies the condition Fy = [1 — Ty], 
denote the degrees of truth membership, indeterminacy membership and falsity membership of 
the element v; € R, and 
0<T% w)+h0)+ Fr) S 2 
0<Ti(v,) +1f(¥,) + Fi (vp) < 2. 
(2) S& RXR where 
Ty:R XR [0,1], 17:R XR > [0,1], Fy:R X R > [0,1] 
Ti:R XR — [0,1], ]#:R XR > [0,1], Ff: R x R > [0,1] 
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denote the degrees of truth membership, indeterminacy membership and falsity membership of the 
element vj, v; € S, respectively and such that, 
0ST, (YjV;) + Ig (Viv;) + Fe (Vivj) S 2 
0 < Tz (yy) + Ig (viv;) + Fe (Viv) S 2, 
such that 
Tz (Yivj) S min{T, (Y%;), Ts (Y;)} 
Iz Viv) S min{ly (4), la (Yj) 
Fp (v;v;) S max{Fy (vy), Fa (Yj )}, 
and similarly 
Tz (vjv;) S min{Ty (v;), Ts (v,)} 
Iz (vj) S min{Iz (¥%;), 14 (v)} 
Fg (vjv;) < max{Fy (v;), Ft (y)}. 


Example 2.17 Consider a neutrosophic vague graph G = (A,B) such that A = {a,b,c} and B = {ab,bc,ca} are 
defined by 
a = T[0.5,0.5], 1[0.4,0.3], F[0.5,0.5], | 6 =T[0.4,0.6], 1[0.7,0.3], F[0.4,0.6], 
é = T[0.4,0.4], 1[0.5,0.3], F[0.6,0.6] 
where G,b,é are the neutrosophic vague sets on A. Now, @ = (ae .@) ba PSC): 
a~ = (0.5,0.4,0.4), b~ = (0.4,0.7,0.4),c~ = (0.4,0.5,0.6) 
at = (0.5,0.3,0.5), b* = (0.6,0.3,0.6), c* = (0.4,0.3,0.6). 


(0.4,0.3,0.3) 
(0.4,0.2,0.5)* 


€  (0.4,0.5,0.6)  (0.3,0.2,0.5)~ 
or 
(0.4,0.3,0.6)* (0.1,0.2,0.3)* e 


Figure 1 NEUTROSOPHIC VAGUE GRAPH 


Definition 2.18 A partial neutrosophic vague subgraph of netrosophic vague graph G = (A,B) is a neutrosophic 
vague graph G* = (V',E") such that 

eV’ CV where Ti(v,) < T,(y,), hv) < hv) and Fi(v,;) = Fy(v,) for all v; € V. 

° E' CE where 73(v;, vj) < Tg(v, yj), [gv vj) S [pp vj) and Fg (v;, vj) = Fg(v;,v;) for all 
(v;,v;) € E. 


3 Operations on Neutrosophic Vague Soft Graphs 
In this section, the results on operations of neutrosophic vague soft graphs with example are 
established. 

Let U be an initial universe and P be the set of all parameters. P(U) denotes the set of all 
neutrosophic vague soft sets of U. Let A be a subset of P. A pair (F,A) is called a neutrosophic vague 
soft set over U. Let P(V) denotes the set of all neutrosophic vague sets of V and P(E) denotes the set of 
all neutrosophic vague sets of E. 
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Definition 3.1 A neutrosophic vague soft graph G = (G*,J,K,R) is an ordered four tuple if it satisfies the 
following conditions: 

° G* =(V,E) isasimple graph, 

e R isanon-empty set of parameters, 

¢ (,R) is aneutrosophic vague soft set over V, 

¢ (K,R) is aneutrosophic vague soft set over E, 

° (U(e),K(e)) is aneutrosophic vague graph of G*, that is, 


Tce) (ab) S min{Tj(e)(@), Te) (b)}, 
Tce) (ab) S mint) ce) (@), Iie) (b)3, 
Fx(e) (ab) S max{Fy(e)(@), Fy(ey(b)} 
Te) (ab) S min{T;() (2), Ti(e)(b)}, 
Ix(e)(ab) S min{lj(e)(@), Fife) (B)}, 
Fg(e)(ab) < max{Fi(.)(@), Fyfe) (b)} 
such that, 
0 S Te) (ab) + Ike) (ab) + Fre) (ab) < 2, 
0 S Te) (ab) + [ge (ab) + Fx(ey(ab) $2, WeER, a,bevV. 
For the convenience, the neutrosophic vague graph (J/(e),K(e)) is denoted by H(e). A 
neutrosophic vague soft graph is a parametrized family of neutrosophic vague graphs. 


Definition 3.2 Let G, = (J,,K,,R) and Gz = (2, Kz,S) be two neutrosophic vague soft graphs of G*. Then G, is 
neutrosophic vague soft subgraph of Gz if 

e RCS. 

¢ H,(e) partial neutrosophic vague subgraph of H2(e) forall e € R. 


Example 3.3 Consider a simple graph G* = (V,E) such that V = {v1,V2,V3,V4} and 
E = {V1 V2, V1 V3, V1 V4, V2 V4, V3 V4}. 
Let R = {e,,e,} be a set of parameters and let (/,R) be a neutrosophic vague soft set over V with 
neutrosophic approximation function J:R > p(V) defined by 
J(e,) = 0; =T[0.4,0.4], 1[0.3,0.4], F[0.6,0.6], 8 = T[0.3,0.7], 1[0.3,0.5], F[0.3,0.7], 
6; = T[0.5,0.6], 1[0.4,0.2], F[0.4,0.5],  ®, = T[0.8,0.3], 1[0.5,0.6], F[0.7,0.2] 
J(e,) = v7 = (0.4,0.3,0.6), vy = (0.3,0.3,0.3), vy = (0.5,0.4,0.4), vg = (0.8,0.5,0.7) 
J(e,) = vit = (0.4,0.4,0.6), vt = (0.7,0.5,0.7), vt = (0.6,0.2,0.5), vt = (0.2,0.6,0.2). 
J(e>) = 0, =T[0.5,0.4], 1[0.4,0.5], F[0.6,0.5], 0, =T[0.4,0.6], 1[0.5,0.6], F[0.4,0.6], 
6; = T[0.6,0.6], 1[0.4,0.4], F[0.4,0.4],  ®, = T[0.7,0.3], 1[0.6,0.3], F[0.7,0.3] 
(eo) = v7 = (0.5,0.4,0.6), vz = (0.3,0.3,0.3), vy = (0.5,0.4,0.4), vy = (0.8,0.5,0.7) 
(eo) = vt = (0.4,0.5,0.5), vt = (0.7,0.5,0.7), vt = (0.6,0.2,0.5), vt = (0.3,0.6,0.2). 
Let (K,R) be a neutrosophic vague soft set over E with neutrosophic approximation function 
K:R > p(E) defined by 
K(e,) = {(%v2)” = (0.3,0.2,0.5)", (v,v2)* = (0.3,0.3,0.6)*, (v, v3)” = (0.4,0.3,0.4)-, (vy, V3)* 
= (0.3,0.2,0.5)*, (v,v4)~ = (0.3,0.3,0.5)~, (v,v4)* = (0.1,0.2,0.3)*} 
K(e2) = {(v 2)” = (0.4,0.3,0.5)", (v,v2)* = (0.3,0.1,0.4)*, (v,v3)~ = (0.2,0.2,0.5)~, (v,73)* 
= (0.3,0.5,0.7)*, (v,v4)~ = (0.4,0.3,0.6)~, (v,v4)* = (0.3,0.2,0.5)*}. 
Clearly, H(e,) = J(e1),K(e1)) and H(e2) = U(e2),K(e2)) are neutrosophic vague graphs 
corresponding to the parameters e, and e, respectively as shown in Figure 2 
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Figure 2: Neutrosophic vague soft graph 


Definition 3.4 The neutrosophic vague soft graph G, = (G",J,,K,,A) is called spanning neutrosophic vague soft 
subgraph of G = (G",J, K, B) if 

© ACB. 

* TM = Te, ho@) =ho@) fie@ = he) forall e€ Ave v. 


Definition 3.5 Let G, = (,,K,,R) and Gz = U2,K,S) be two neutrosophic vague soft graphs of Gy = (V,, E,) 
and G3 = (V2, E>), respectively. The Cartesian product of G, and G, is G=G, XG, = UJ, K,R XS), where J = 
J, X Ja, R XS) is a neutrosophic vague soft set over V = V, X V2, (K = K, X K2,R XS) is a neutrsophic vague soft 
set over E = {((u, 4), (u, v2)):u € Vy, (V4, V2) € Eg} U {((uy, v), (Uz, v)): v E Vo, (Uy, U2) € Ey} such that, 

() Tian v) = T,@U) AT @)(r), 

Trav Mr) = Fac) A fae), 

Fran v) = Frya(4) V Frey), 

V(u,v) EV,(a,b) ERXS. 

()T k(a,p)((W M1), U V2) = Ty, aU) ATK) (Vi V2), 

Ixcap) (wu V1), (U, 2)) = h(a) (u) A faa) (V4, V2), 

Fcapy((u, 1), (4, V2) = F@ (u) Vv Fao) (Un V2), 

Vu EV, (v4, V2) € Ep. 

(tii) Tab) (ur, Vv), (Uz, V)) = T,,(a)(v) A Tx(b) (U1 Uz), 

fap) (Ur, Vv), (Uz,v)) = h(a) (v) A f(b) (uy,Uz2), 

Fxca,py (ur, V), (Uz, v)) = Fy cay (v) V FH) (Ur U2), 

Vv € Vo, (Uy, U2) € Fy. 


Theorem 3.6 The Cartesian product of two neutrosophic vague soft graphs is a neutrosophic vague soft graph. 


Proof. Let G, = Uy, K,,R) and Gz = Uz, K2,S) be two neutrosophic vague soft graphs of Gj = (V,,F,) and 
Gz = (V2, E2), respectively. Let G = G, x G. = UJ, K,R XS) be the Cartesian product of G, and G,. We 
claim that G = (/,K,R XS) is a neutrosophic vague soft graph and (H,R x S) = {V1 X Jz) (ai, bj), (Ki X 
Kz) (aj, bj)} Va; € R,b; € S for i = 1,2,...,m,j = 1,2,...,n are neutrosophic vague graphs of G. 
Consider, 

Fr cazo (CU V1)» Us ¥2)) = min {hy cay (U), Pra (oy Mr V2)} 

fori = 1,2,..,m,j = 1,2,...n 

= min{T;, (a) (4), min{T,0;) (%), 7,0) Ca} 
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Similarly, 


= min{min{f), (a) (UW), Ty, ) Ud} min{T), aj), 7,0) (V2) } 
Tr (azp) (U V1), (U4, v2)) S$ min{(7j, (a;) X Top) V1), Tj, (a;) X To) JU V2)} 


fori = 1,2,...m,j = 1,2,...,n, 


Ieeaio) (Cu, V1), (U, V2)) = min{f,, (a) (), Ixo(b)) (V1, V2)} 

fori = 1,2,..,m,j = 1,2,...n 

< min{f), (a) (w), min{h,(,;) (V4), I) (v2)}} 

= min{min{hy, a), f,@) )}, mint, ay, fa} 

Trccain) v,), (U,V2)) S min{(F, (a, x fw pu 01), Fi, ca;) X Hw) V2)} 


fori = 1,2,...m,j = 1,2,...,n, 


Frecasn 9 (Cu, ¥), (U, V2)) = max{F*, (a,) (u), Ix.(b)) (V1, V2)} 

fori = 1,2,..,m,j = 1,2,...n 

< max{F), (a) (u), max{F), 1), Fw V2) }3 

= max{max{F,, (a,) (u), Fp) (v,)}, max{F,, (a,) (u), Fo) (v2)}} 

Fr azn) (OM V,), (UW, ¥2)) S max{(Fh, (a) X Foy) Vi), Fr caiy X Frwop) U4 Va) 


fori = 1,2,...m,j = 1,2,...,n, 


Pk capnp (Uv v), (Uz, V)) S min{(T;, ¢a,) X Top), v), (Ty, (a) * 7,0) U2, v)} 


fori = 1,2,...m,j = 1,2,...,n, 


Ficaznp) Cv v), (Uz, v)) < min{(h, (a, X fw p Un v), (Fy, ca;) X ho) (uz, v)} 


fori = 1,2,...m,j = 1,2,...,n, 


Fr ajo) (Ur ¥), Uae) S max{(Fy (ay X Fo) 4 Y)» Frcai * Foo p) U2 ¥)} 


fori = 1,2,...m,j = 1,2,...,n, 


Hence G = (J,K,R XS) is aneutrosophic vague soft graph. 


Definition 3.7 The cross product of G, and G2 is defined as a neutrosophic vague soft graphs of G = G, © G2 = 
UJ, K,R X S), where UJ, R X S) is a neutrosophic vague soft set over V = V, X V2,(K,R X S) is a neutrsophic vague 
soft set over E = {((uyz, 01), (Uz, V2)): (Uy, U2) © Ey, (V1, V2) € E} such that 


@T apy v) = Ty, ay(u) AT) (), 
apy) = Ta) AI), 
Fran VY) = F,@W) V Fay), 
V(u,v) EV,(a,b) ERXS. 


(it) Tk ap) (4, V1), (Uz, V2)) = Tx4(a) (Uy, U2) A Tyr V2), 
fk(a,b) (Cuz, 01), U2, V2)) = Ica) (U4, U2) A hk) (V4, V2), 
Fecap) (a, V1), (Uz, V2)) = Fx cay (Un Uz) V Fx) (V4, V2), 
V(Uy, Uz) € Ey, (V1, V2) € Ep. 


H(a,b) = H,(a) © H,(b) forall (a,b) € R XS are neutrosophic vague graphs of G. 


Theorem 3.8 The cross product of two neutrosophic vague soft graphs is a neutrosophic vague soft graph. 


Proof. Let G, = Uy, K,,R) and Gz = U2, K2,S) be two neutrosophic vague soft graphs of Gy; = (V,,F,) and 
Gz = (V,,E,), respectively. Let G = G, © G2 = UJ, K,R XS) be the cross product of G, and G,. We claim 
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that G = (,K,R x S) is a neutrosophic vague soft graph and (H,R X S) = {1 © J2(ai, bj), Ki © K2 (aj, bj)} 
Va; €R,bj € S for i = 1,2,...,m,j = 1,2,...,n are neutrosophic vague graphs of G. 
Consider, 
I xa,b 9) ((uy, V4), (Uz, V2)) = min{T x, (a;) (uy, U2), Tk9(b)) (V1, V2)} 
fori = 1,2,..,m,j = 1,2,...n 
S min{{T,, (ay), Tap M2), min{T;, 6) M1), Twp) ad} 
= min{min{7,, a) U4), 7,6) (3, min{T), a) U2), Troy YI! 
T(a,p) Cr V1), (Ua, V2)) S min{(T), (a) © To), 1), Tj, cay © Ti(b)) U2, V2)} 
fori = 1,2,...m,j = 1,2,...,n, 


Ikea,o) ((uy, V1), (Uz, V2)) = min{lx, (a) (uy, U2), Ixo(b)) (V1, V2)} 

fori = 1,2,..,m,j = 1,2,...n 

< min{{l,, ay (U1), 4,(ay Ua)}, min{l), (6) (1), T(b;) (v2)3} 

= min{min{/), (a) (U1), To(b;) (v,)}, min{j, (a) (U2), Tho(b)) (v2)3} 

Lk ea,p) Cr V1), (Uz, V2)) S min{(/;, a) © Tb) ) Un V1), Cj, (a;) © T(b)) U2 V2)} 
fori = 1,2,...m,j = 1,2,...,n, 


Frecasn 9 ((uy, 4), (Uz, V2)) = min{ Fx, (a) (U1, U2), Fx5(0)) (V1, V2)} 
fori = 1,2,..,m,j = 1,2,...n 
< min{{F), cay U1), Fy, ap Ma)}, min{F), (V1), Fi.) Va) 
= min{min{F), (a) (M1), Fi.) (V1), min{F), (a) (Ua), Fi.) (V2) 3 
Fras) (Cuz, 01), (U2,V2)) S min{(F,, (a) © Fi.(o)) Un v,), (Fy) © Fo) U2 V2)} 
fori = 1,2,...m,j = 1,2,...,n, 
Hence G = (J,K,R XS) is aneutrosophic vague soft graph. 


Definition 3.9 The lexicographic product of G, and G is defined as a neutrosophic vague soft graphs of G = 
G, © G, = VU, K,R XS), where Uf,R x S) is a neutrosophic vague soft set over V = V, X V2, (K,R XS) isa 
neutrosophic vague soft set over E = {((u, V4), (u, V2)): u € Vy, (V1, V2) © E} UV {((uy, V1), (Uz, V2)): (Uy, Uz) € 
E,, (V1, V2) € E,} such that 

(DT apy) = Tau) AT, wv), 

Trap V) = F,cay(u) Af), 

Fran) v) = F, yu) V Frwy), Vu, v) EV,(a,b)ERXS. 

(ti) TK (a,p) (Cu, ¥,), (U, V2)) = T@) (u) A Tk3(b) (V4, V2), 

Fre¢a,p) (Us V1), (Us V2) = By (ay(U) A Ixgoy (Ux V2)» 

Feca, p) (Cu, V,), (u, V2)) = Fa v Fxq(o) Yr V2)» Vu €V,, (U4, V2) € Ep. 

(iii) Tk, b) (Up V1), (Uz, V2)) = TK(a) (uz,U2) A T(b) (V4, V2), 

fkca, b) (Uy, V1), (Uz, V2) = hk, (a) (uz, U2) A Taio) (V4, V2), 

Fxca,py (ur, V1), (Uz, V2)) = Frycay, U2) V Frc) (V1, V2),V (Uy, Uz) € Fy, (V4, 2) € Fo. 

H(a,b) = H,(a) © H2(b) forall (a,b) € R X S are neutrosophic vague graphs of G. 


Theorem 3.10 The lexicographic product of two neutrosophic vague soft graphs is a neutrosophic vague soft graph. 
Proof. Similar to the proof of Theorem 3.8. 


Definition 3.11 The strong product of G, and G, is defined as a neutrosophic vague soft graphs of G = G, ® 
G2 = J, K,R X S), where (J, R X S) is a neutrosophic vague soft set over V = V, X Vz,(K,R X S) is a neutrsophic 
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vague soft set over E = {((u, v1), (u, v2)): (u) € Vy, (V1, V2) € E2} U {((uy, V), (U2, V)): (VY) € Vo, (Uy, Uz) € E,},U 
{((ur, V1), (U2, V2))! U1, U2) € Ey, (V1, V2 € E2)} such that 

() TapWv) =T,@U) AT, @)@), 

Trap v) = f,ay(U) ATV), 

Fray (u,v) = Fy ay(u) VT.) (v), V(r) EV, (a,b) ERXS. 

(ii) Tea) (@, Y1), (U, ¥2)) = Ti, @(U) AT, 0) (Vv V2), 

Ficca,p)(U, Pr), (U ¥2)) = Fay) A Fea) Wr V2), 

Fecap)((u V1), (u, V2)) = Fa (u) Vv Fyn V2), Vu EV;, (V4, V2) € Ep. 

(iii) Pcap) (Ca¥), (Ua, V)) = Taco) @) A Peg (ay Ua Ua), 

heap) (Ur, V), (Uz,V)) = hw) (v) A hx, (a) (uy,Uz2), 

Fxca,py (ur, V), (U2, v)) = Fy) (v) V Fx, (ay (Ur Uz), WV € Vo, (U4, Uz) € Ey. 

(iv) Tap) (Ur, V1), (Uz, V2)) = TK, a) (Uy, Uz) A Tb) (Vr, V2), 

fea) (Ur, V1), (Uz, V2)) = hk, (a) (uy, Uz) A fob) (V1, V2), 

Fxca,py (ur, V1), (Uz, V2)) = Frcay, U2) V Fr(b) (V1, V2), V (Uy, Uz) € Fy, (V4, 2) € Ep. 

H(a,b) = H,(a) ® H2(b) forall (a,b) € RX S are neutrosophic vague graphs of G. 


Theorem 3.12 The strong product of two neutrosophic vague soft graphs is a neutrosophic vague soft graph. 
Proof. Similar to the proof of Theorem 3.8. 


Definition 3.13 The composition of G, and Gz is defined as a a neutrosophic vague soft graphs of G = G,[G2] = 
U,K,R XS), where (J,R XS) is a neutrosophic vague soft set over V = V, X V2,(K,R XS) is a neutrosophic 
vague soft set over E ={((u,v),(u,v2)):u € Vy, (Vy, V2) © Ep} VU {((uy, Vv), (Uz, V)): v € V2, (Uy, U2) © Ey} U 
{((ur, V1), (Uz, V2)): (Us, U2) € Ey, (V1 # V2)} such that 

(OT any) V) = Ti, ay(W) AT) (V), 

Fawr) = bya) A fay), 

Fran) ¥) = Fy, (u) V Fy, (v), 

V(u,v) EV,(a,b) ERXS. 

(it) Tap) (CU, M1), (U, ¥2)) = Ti cay) ATK, (0) (V1 V2), 

fecap) (uy, V;), (U,V2)) = h@) (u) A fab) (V1, V2), 

Fecap) (uy V1), (U, V2)) = Fa) (u) Vv Fyn V2), 

Vu €V,, (v4, 02) € E>. 

(iii) Tx (ap) (Ur, V), (U2, V)) = Ty (v) A Tx, (ay)(Un U2), 

fea) (Ur, Vv), (Uz,V)) = hw) (v) A hx, (a) (uy, Uz), 

Fecap) (a, V), (Uz, v)) = Fo) (v) Vv Fra) (uz, U2), 

Vu EVs, (uy, Uz) € Fy. 

(iv) Tx (a,b) (Cur, V1), (Uz, V2)) = Tx, (a) (uz,Uz) A T,,(a) (v1) A T,.(b) (v2), 

heap) (Ur, V1), (Uz, V2)) = he, ¢a) (uy, U2) A fcay(V1) A fh.) (v2), 

Fecap) (a, V1), (Uz, V2)) = Fa) (Uy, U2) V F@) (v1) V F@) (v2), 

V(u,, U2) € Ey, wherev, # Vp. 

H(a,b) = H,(a)[H2(b)] for all (a,b) € R x S are neutrosophic vague graphs of G. 


Theorem 3.14 The composition product of two neutrosophic vague soft graphs is a neutrosophic vague soft graph. 
Proof. Similar to the proof of Theorem 3.8. 
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Application to Decision-making problem: 


Neutrosophic vague soft set has several applications in decision making problems and used to deal with 
uncertainties from our different real-life problems. In this section we apply the concept of neutrosophic 
vague soft sets in a decision-making problem to its graphs and then construct an algorithm for the 
selection of optimal object based upon given set of information. Suppose that V = {hy,h2,h3,h4,hs} be the 
set of five institutions under consideration on which Mr. Z is going to join for his studies on the basis of 
wishing parameters with 0.5-degree risk value on his risk preferece, with the attributes set A = {e, = 
NIRF ranking, e2 = IoE Institution, e, = University}. 

(F,A) is the neutrosophic vague soft set on V which describe the value of the students based upon the 
given parameters e, = NIRF ranking, e, = IoE Institution, e, = University, respectively. 


F(e,) = {(My, (0.3,0.4,0.6)! (0.4,0.5,0.7)"), (hz, (0.4,0.5,0.5)4(0.5,0.6,0.6)"), (hz, (0.4,0.3,0.5)!(0.5,0.4,0.6)") 
(hy, (0.3,0.2,0.3)!(0.7,0.3,0.7)"), (As, (0.4,0.3,0.5)/(0.5,0.4,0.6)")} 

F(e,) = {(h,, (0.4,0.4,0.5)! (0.5,0.5,0.6)"), (Ay, (0.4,0.5,0.5)!(0.5,0.6,0.6)"), (3, (0.3,0.2,0.5)4(0.5,0.3,0.7)") 
(hy, (0.3,0.2,0.5)!(0.5,0.3,0.7)"), (As, (0.3,0.3,0.6)/(0.4,0.4,0.7)")} 

F(e3) = {(h,, (0.2,0.4,0.7)! (0.3,0.5,0.8)"), (Ay, (0.3,0.3,0.6)!(0.4,0.4,0.7)"), (3, (0.2,0.4,0.6)(0.4,0.4,0.8)") 
(hy, (0.2,0.3,0.6)!(0.4,0.3,0.8)"), (As, (0.3,0.4,0.6)/(0.4,0.4,0.7)")} 


The neutrosophic vague soft graphs G = (F,K,A) corresponding to the parameters e; for i = 1,2,3 are 
shown in Figure 4.1 


(0.3,0.4.0.6)' (0.4.0.5,0.5)/ 
(0.4,0.5,0.7)" (0-3-0.3.0-5) (0.5,0.6,0.6)" 
hy (0.3,0.2,0.5)’ hy 


(0.2,0.2.0.2)° 
(0.3,0.1,0.5)" 


(0.3,0.2.04) 
(0.3,0.10.5)’ 


(03.0.205) 
(03,0.10.6)” 


(0.2,03.03) 


h, (0.4,0.3.0.6)° 
(0.3,0.1,0.5)" 


(0.4,0.2.0.6)" 
(0.1,0.2.0.5)/ 


| 0.3,0.1,0.5)’ 
hs (0.1,0.2,0.3)' h; eee 


(0.3,0.2.0.3)' (9.2,0.1,0.4)" (0-4-0-3.0.5) 
(0.7,0.2.0.7)” (0.5,0.2,0.6)” 


H (e,) 
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(0.4.0.4.0.5) (0.4.0.5,0.5) 


9) i 
(0.5,0.5,0.6)” ee stead (0.5,0.6,0.6)” 
hy (0.3,0.2.0.5)” hy 


(02,0.1,0.5)' 

(0.3,0.2,0.5)" 

h, (0.3,0.3.0.6)' 
(0.4,0.4,0.7)" 

(0.2.0.2.0.5) 


0.1,0.1,0.5)’ 
hg (0.3,0.3,0.4)' h; ae 


(0.3.0.2,0.5)' (9.2,0.2,0.5)" (0-3+0-2.0.5)" 
(0.5,0.3,0.7)’ 


(0.5,0.3,0.7)" 


H (e,) 


(0.1,0.2.0.5) 
0.3.0.4)’ 


(0.4.0.4,0.7) 


yr (0.1,0.3.0.6) {03.0.3,0.6)’ 


(0.2.0.2.0.6)’ 


(0.2.0.3.0.4) 
(0.2.0.2.0.6)’ 


hs 
(0.1,0 3.0.6) . P 
(02,0306) enicaay (02,03,0.5)' (0.3,0.4.0.6) 
(0.3,0.3,0.6) ty id (0.3,0.3,0.8)" (0.4.0 4.0.7)’ 
hs (0.2.0.3,0.6)° h; . 
(0.2.0.3,0.6)' (0.4,0.3,0.6)’ (0.2.0.4.0.6)° 
(0.4,0.3,0.8)’ (0.4,0.4,0.8)’ 


H (e;) 


Figure 4.1 Neutrosophic vague soft graphs 
Table 1 Tabular representation of the Neutrosophic vague soft graph in example 4.1 
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ey 


e2 


e3 


(0.3,0.4,0.6)! (0.4,0.5,0.7)" 


(0.4,0.4,0.5)! (0.5,0.5,0.6)" 


(0.2,0.4,0.7)! (0.3,0.5,0.8)" 


(0.4,0.5,0.5)! (0.5,0.6,0.6)" 


(0.4,0.5,0.5)! (0.5,0.6,0.6)" 


(0.3,0.3,0.6)! (0.4,0.4,0.7)" 


(0.4,0.3,0.5)! (0.5,0.4,0.6)” 


(0.3,0.4,0.4)! (0.6,0.6,0.7)" 


(0.2,0.4,0.6)! (0.4,0.5,0.8)" 


(0.3,0.2,0.3)! (0.7,0.3,0.7)" 


(0.3,0.2,0.5)! (0.5,0.3,0.7)" 


(0.2,0.3,0.6)! (0.4,0.3,0.8 )” 


(0.4,0.3,0.5)! (0.5,0.4,0.6)" 


(0.3,0.3,0.6)! (0.4,0.4,0.7)" 


(0.3,0.4,0.6)! (0.4,0.4,0.7)" 
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Table 2 The grade based on Neutrosophic vague soft graph in example 4.1 


ey e2 e3 Gmin 
hy, 2 2 1 1 
hy 2 2 2 2 
h3 2 2 1 1 
h, 3 2 2 2 
hs 2 2 2 2 


Table 3. The resultant neutrosophic vague soft graphs in example 4.1 
The score function 5;; based on neutrosophic vague soft graph 


ey e2 e3 
hz < 2,0.45,0.55,0.55, —0.65 > < 2,0.45,0.55,0.55,0.55, -65 > < 2,0.35,0.35,0.65, —0.65 > 
h, < 3,0.35,0.25,0.55, —0.45 > < 2,0.55,0.25,0.6, —0.50 > < 2,0.3,0.3,0.7, —0.7 > 
hs < 2,0.45,0.35,0.65, —0.55 > < 2,0.35,0.35,0.65, —0.65 > < 2,0.35,0.4,0.65, —0.75 > 


Table 4. Comparison table for Grade function and Score function, based on e; 


h, hy hs hy (min) 
h, < 0,0 > <—1,-20> <0,—10 > < —-1,-20> 
hy < 1,20 > < 0,0 > < 0,10 > < 0,10 > 
hs < 0,10 > <—1,-10> < 0,0 > <—-1,-10> 


Table 5. Comparison table for grade function and score function based on e; without hz 


hg hs h, (min) 
hy < 0,0 > < 1,10 > < 1,10 > 
hs <—-1,-10> < 0,0 > <-—1,-10> 


We get hz,h,4,hs attributes. Similarly, we can get h4,h2,hs under the attributes e, and hz,hs,h, under 
the attributes e3. 

Finally, compute the ranking of the research objects under all attributes. Suppose the decision maker 
assigns weights to each attribute, a, = 0.2,a2 = 0.3,a3 = 0.1. And we can get A3 > Az > A, from table 6. 
We consider h, is the first superior object, h, is the second superior object and h, is the third superior 
object under the E. Therefore, Mr. Z will selected particular institution hj. 

Table 6. The ranking of the objects under all attributes. 


e, .0.2 e, .0.3 e3.0.1 A; 
hy 1 2 1 0.9 
hg 2 il 3 1 
hs 3 3 2 1.7 


Advantages and Limitations: 

1. The proposed application is more significant, since it has the method of solving based on the idea of 
probability in grade function. 

2. The developed method is utilised for solving practical decision making problems containing 
vagueness. 

3. The addressed graphs can be extended to the bipolar environment. 

4.The challenging one is to handle the vagueness in the application viewpoint of big data. If the 
indeterminate membership function has the huge data, then it is difficult to handle. This leads to have a 
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massive calculation in the decision-making problems. 


Conclusion 

Vague sets and neutrosophic soft sets provide a powerful tool to represent the data with uncertain 
information and have fruitful applications. In this work, neutrosophic vague soft graphs have been 
developed. This helps the decision-makers more sufficient for taking their input best suit to their domain 
of reference. Hence, the proposed graphs and their operations have enough capabilities to address the 
related dependability on the imprecise information. Further, the authors will aim to develop this research 
to the isomorphic properties of the proposed concepts in future. 
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Abstract: The quadripartitioned neutrosophic set is the partition of indeterminacy function of the 
neutrosophic set into contradiction part and ignorance part. In this work, the concept of 
quadripartitioned neutrosophic graph structures and its properties are invented. The strong, tree, 
g— permutation and @-— complement of quadripartitioned neutrosophic graph structure are 
investigated. The operations like Cartesian Product, cross product, lexicographic product, composition in 
graph structures and join operations are established. 

Keywords: Quadripartitioned neutrosophic graph, quadripartitioned neutrosophic graph structure, @ 
permutation, @¢ complement, Operations 


1. Introduction 

The intuitionistic fuzzy sets represent a novel component in the fuzzy sets, namely a 
non-membership function. However, some limits only allow for the storage of incomplete data when 
interpreting the degree of true and false membership functions, but the handling of indeterminate data is 
still possible. Can we look at an example where ten patients are being tested for a pandemic? Three 
patients will have a positive result, five will have a negative result, and two will be uncertain or have yet 
to be determined throughout that period. It can be stated as x(0.3,0.2,0.5) using neutrosophic notions. 
Using the neutrosophic set, one can classify the environment as cold as truth, moderate as indeterminacy, 
and hot as false for a clear comprehension. As a result, the neutrosophic field emerges to hold the 
indeterminacy data. From a philosophical standpoint, it generalises the aforementioned sets. The 
single-valued neutrosophic set is a generalisation of intuitionistic fuzzy sets that can be utilised to solve 
real-world problems, particularly in decision support. The sum of the three components of belief in that 
element (truth), disbelief in that element (falsehood), and the indeterminacy part of that element is strictly 
less than 1. Smarandache [36, 38] and references therein propose neutrosophic sets as the foundation of 
neutrosophic logic, a multiple value logic that generalises fuzzy logic and deals with paradoxes, 
contradictions, antitheses, and antinomies. 

In the situation of neutrosophic sets, indeterminacy is considered as a distinct concept, and each 
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component is defined by a truth-membership function, an indeterminacy membership 
function, and a falsity-membership function, all of which are obtained from the non-standard 

unit interval ]0~,1*[. Ignoring the fact that neutrosophic indeterminacy is independent of truth and 
falsity-membership values, it is more general than the hesitation margin of intuitionistic fuzzy sets. It is 
unclear whether the indeterminacy values relevant to a specific element correspond to hesitant values 
about its belonging or non-belonging to it. As a result, some authors prefer to model the indeterminacy’s 
behaviour in the same way they similar to truth-membership, others may prefer to model it in the same 
way they similar to falsity-membership. Wang et al. [43] initiated the concept of a single valued 
neutrosophic set and provide its various properties. It has been widely applied in various fields, such as 
information fusion in which data are combined from different sensors [10], control theory [1], image 
processing [12], medical diagnosis [42], decision making [41], and graph theory [4, 8, 15-18, 25, 35], etc. 
When the indeterminacy portion of the netrosophic set is divided into two parts, we get four components: 
‘Contradiction’ (both true and false) and ‘Unknown’ (neither true nor false), that is T,C,U and F which 
defines a new set called ‘quadripartitioned single valued neutrosophic set’, introduced by Chatterjee., et 
al. [11]. This study is completely based on “Belnap’s four valued logic" [9] and Smarandache’s “Four 
Numerical valued neutrosophic logic" [39]. By employing the concept of Quadripartitioned neutrosophic 
set, this paper presents the quadripartitioned neutrosophic graphs structure. Operations on single-valued 
neutrosophic graph structures are studied in [2, 6]. Motivated by the above mentioned works, to the best 
of authors’ knowledge, there is no work reported on the concepts of quadripartioned single valued 
neutrosophic graphs with application. The major contributions in this work are foregrounded as follows: 

1. The notions of Quadripartitioned Neutrosophic Graph Structure (QNGS) and its 
properties are introduced. 

2. Inaddition, the complete, strong and complement of QNGS are defined. 

3. Furthermore, the ¢@ —permutation and ¢ —complement of QNGS are investigated. The 
proposed concepts are illustrated with examples. 

4. The operations like Cartesian Product, cross product, lexicographic product, composition 
in graph structures and join operations are established. 

2. Preliminaries 

Definition 2.1 A graph structure © = (P, Ry, Rz,..Ry) consists of anon-empty set V together with relation 
Ry, Ro,...,R, on P which are mutually disjoint such that each R;, 1 <i <n, is symmetric and irreflexive. 


Definition 2.2 A neutrosophic set N on a universal set P is an object of the form 
N = {(p, InP), 3v(P), Sv (P):p EP) , where Ty, Jy, Fy: P > ]O",1*[ and oO-< 
In (P), Iw (P), Fv (P) S 3°. 


Definition 2.3 A single valued neutrosophic set N on a universal set P is an object of the form 
N={@,Iy(P),3v(P)Tv(P):p EP), where Ty Ins Fry: P > [0,1] and 0s 
Iv (PY), 3v(P), Sv (P) S 3. 


Definition 2.4 [3] A neutrosophic graph is defined as a pair G* = (V,E) where 
(i) V = {¥4,¥2,..,U,} such that J4:V — [0,1], J4:V > [0,1] and F,:V — [0,1] denote the degree of 
truth-membership function, indeterminacy function and falsity-membership function, respectively and 
0<KwW)+Ii4v)+ Fav) $3, V very. 
(ii) ESV XV where Jp: E > [0,1], Jg: E > [0,1] and Fg: E = [0,1] are such that 

Jp(uv) S min{T,(), T4(v)}, 

Jp(uv) S min{I,(u), 4(v)}, 

Fp(uv) < max{Fy(u), Fy(v)}, 

Vu,v EV. 
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For more details about the following definitions and results, see the article [11]. 

Definition 2.5 Let X be a non-empty set. A quadripartitioned neutrosopohic set (QSVNS) A over R 
characterizes each elements x in X by a truth membership function J:q, a contradiction membership function Cy, 
an ignorance membership function U, and a false membership function Fg such that for each x € 
R,F4,€4,Usg Fy € [0,1] and 0< Ty(r) + Cy(r) +Uy(r) + Fy’) S 4. 
Remark 2.6 A QSVNS XY, can be decomposed to yields two SVNS say, U, and U- where the respective 
membership functions of both these sets are defined as 

Fu(1) = Fa(r) = Fa (1) 

Jy(r) = Cy(r), Jap(r) = Un(r) 

Fu,(1) = Fy(r) = Fu, (r), Vr eR. 

In this respect to needs to be stated that while performing set-theoretic operations over these SVNS, 

behavior of Jy, is treated similar to that of Jy, while the behavior of Jy ‘ is modeled in a way similar to 
that of Fy r 


Definition 2.7 A QSVNS is said to be an absolute QSVNS, denoted by Y, if its is membership values are 
respectively defined as Ty(r) = 1, Cy(r) = 1, Uy(r) = 0 and Fy(r) = 0. 


Definition 2.8 Consider two QSVNS U and B, over R. A is said to be contained in B, denoted by US B if, 
and only, if Ty(r) S T(r), Cy(r) S Cg (r), Uy(r) 2 Ug(r) and Fy(r) = Fe(r). 


Definition 2.9 The complement of a QSVNS XY, is denoted by A° and is defined as 
UW = Viki (Fa (7), Un(i), Cult), Ju(i)), «= Wr E R. 
Le. Tyc(%) = Fa (%), Caer) = Unl%) 
Uye(™) = Cy(ri), Fac(i) = Ja(r), Vi ER. 


Definition 2.10 The union of two QSVNS & and B is denoted by XU B and is defined as 
WU B= View Jui) V Fei), Cui) V Cg (ri) 
Uy (7%) AUg(%), Fal) A Fe (%))/R. 


Definition 2.11 The intersection of two QSVNS U and B is denoted by XN B and is defined as 
UN B= Yikes Jui) A Tei), Cui) A Ce (ri) 
Uy (7%) VUg(%), Fal) V Fe (ri))/R 


3. Quadripartitioned Neutrosophic Graph structure 


Definition 3.1 Let R be a non-empty set and E,,E,...,E, relationon R. © = (A, By, B2,..., By) is called a 
quadripartioned neutrosophic graph structure if 
X= (1, TY, CO), UO, FiO: n € R} 
is a quadripartitioned neutrosophic set on R and 
B = {k,),TK,), 1, ), UK, D, Fk, D:n € Ej} 
is a quadripartitioned neutrosophic set on E; such that 
T;(k, 1) < min{T(k), TD}, 
C;(k, 1) < min{C(k), CD}, 
U;(k, 1) < max{U(k), UD}, 
F,(k,l) < max{F(k), F()}, 
Vm, ne R. 
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0<T,(k,1) + C,(k,1) + Ui(kK,1) + Fi(k,)) < 4. for all (k,l) € E; 
where R and E; (i= 1,2,...,n) are underlying vertex and underlying i-edge sets of G, 
respectively. 


Example 3.2 Let G* = (R, E,, E,) be a graph structure © = (41, 42, 93) 94,95, 95) 96}, E, = 


{4196 9293) 9394 949s}, Eo = £4192, 9546 9496 9193}. Now we can define quadripartitioned neutrosophic sets 
A, B,,B. on R,E,, Ez respectively, 

Let = {(q,, 0.3,0.7,0.7,0.4), (qz, 0.4,0.7,0.6,0.6), (q3, 0.4,0.4,0.3,0.2) 

(q4, 0.5,0.6,0.7,0.4), (qs, 0.3,0.4,0.7,0.8), (qg, 0.4,0.3,0.4,0.3)} 

B,= 
£4146. 0.2,0.1,0.4,0.3), (q2q3, 0.3,0.4,0.5,0.5), (q3q4, 0.3,0.3,0.5,0.1), (q4qs, 0.3,0.4,0.7,0.4)} 

2 — 
{(q1q2, 0.3,0.2,0.6,0.3), (qsqg, 0.2,0.3,0.3,0.2), (q4q¢, 0.3,0. ,0.6,0.2), (q1q3, 0.2,0.2,0.2,0.2)} 
By direct calculation, it is easy to show that © = (2, B,,B2) isa QNGS of &* is shown in figure 1 


(0.5,0.6,0.7.0.4) (0.4,0.4.0.3,0.2 
G4 B, (0.3.0.3,0.5,0.1) q3 


B1 0 3.0.4,0.5,0.5) 


(0.3,0.4,0.7,0.8) 


(0.3,0.2,0.6,0.) 


(0.4,0.7,0,6,0.6) 


(0.2.0.3.0.3.0.2) 


B , (0.2.0.3,0.1,0.4) B , (0.3.0.2.0.6,0.3) 


qs qi 
0.4.03.0.4.0.3) (0.3.0.7.0.7,0.4) 


Figure 1: QUADRIPARTITIONED NEUTROSOPHIC GRAPH STRUCTURE 


Definition 3.3 Let G = (A, B,, Bz,..,B,) bea QNGS of G*. If H = (A, Bi, Bs,..., By) is a QNGS of G* 
such that 


TO<sTOCO) <CO,U0 =uO,FO = Fd 
for all n E R, 
TiKD S Tike), CK, D < C(k,D,U;(K,D = UK), Fi) = Fike, ) 
for all m,n € E;, where i= 1,2,...,n. Then # is called a quadripartitioned neutrosophic subgraph 
structure of QNGS G. 


Example 3.4 Consider a graph structure ©* = (R, E,,E,) and let (Ul, B,, Bz) be quadripartitioned neutrosophic 
subsets of (IR, Ey, E2) respectively, such that 

W = {(nj, 0.8,0.6,0.5,0.4), (n5, 0.7,0.6,0.5,0.4), (n3, 0.6,0.8,0.4,0.4), (4, 0.5,0.5,0.3,0.4)} 

B, = {(nynp, 0.6,0.5,0.4,0.3), (npn4, 0.3,0.3,0.4,0.3)}, 
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By = {(ngnq, 0,4,0.3,0.3,0.3), (ny n4, 0.4,0.4,0.5,0.3)} 
Direct calculations show that 6 = (YU, B,, Bz) isa QNGS of G* as presented in Figure 3. 


(0.7,0.6,0.5.0.4) (0.6,0.8.0.4.0.4) 
nm 


n; 


B, (0.3.0.3,0.4,0.3) 


(0.4,0.3,0.3.0.3) 


B , (0.4.0.4.0.5,0.3) 


ny Ns 


(0.8,0.6.0.5.0.4) (0.5,0.5,0.3.0.4) 


Figure 2: QUADRIPARTITIONED NEUTROSOPHIC GRAPH STRUCTURE 


(0.6,0.5,0.6,0.6) (0.5,0.5,0.5,0.5) 
nN n; 


(0.3,0.2.0.4.0.4) 


B , (0.3,0.3,0.6,0.4) 


ny, Ns 


(0.6,0.5,0.6,0.5) (0.4,0.4.0.4.0.5) 


Figure 3: QUADRIPARTITIONED NEUTROSOPHIC SUBGRAPH STRUCTURE 


Definition 3.5 A QNGS H = (W',B1, B5,...,B,) is called an induced subgraph structure of © bya subset R of 
x if 


TOWO=THCOMO =cY,U () = ui), F'(D = FY) 
for all n€ E, 
TKD) =T:4), C4) = C(4,),U;4,) =UE,), FD = F(k, 1) 
for all m,n € E;, where i = 1,2,...,n. 


Definition 3.6 A QNGS KH = (', Bi, By,...,B,) is said to be a spanning subgraph structure of © when W' = 
WU and 


TKD < Ti(k,1), i(k, I) < C(k, 0, Uj(k, 1) = Ui(k, D, Fi(k,D = Fi(k, ) 
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DS 1234, nN: 


Definition 3.7 Let © = (A, B,, Bz,..., By) be an QNGS of G*. Then kl € E; is called B; edge if T;(k,l) > 0 
or C;(k,l) > 0 or U;(k, 1) > 0 or F;(k,1) > 0 all the four conditions hold. Consequently, support of B; is 


defined as: 
supp(®;) = {kl € B;: T;(k, D) > 0} U {kl € B;: C;(k, Ll) > 0} U {kl € BU, (kK, 1D) > 0} U {kl € 
Bj: F (k,l) > 0},i = 1,2,...,n. 


Definition 3.9 8; —path ina QNGS © = (U, By, Bz,...,B,) is a sequence of different nodes n,,1N2,...,Nm 
(except choice that Nm = n,)in X, such that nj_1n; is a quadripartitioned neutrosophic B,-edge, for all j = 
2,..,M. 


Definition 3.10 A QNGS © = (U, B,, B,...,B,) is called B;- strong for some i € {1,2,3,...n} if 


T,(k, 1) = min{T(k), TO}, 
C,(k,l) = min{C(k), CD}, 
U,(k, 1) = max{U(k), U(D}, and 
F,(k, 1) = max{F(k), F(J)}, Vmn € supp(&;). 
Further, QNGS G is said to be strong if itis ®,- strong for all i € {1,2,...,n.} 


Definition 3.11 A QNGS 6 = (U, By, Bz,.., By) is said to be complete if G is a strong QNGS, supp(®B,) # > 
forall i =1,2,...,n and for all pair of nodes k,l € X, kl isa 8; edge for some i. 


Definition 3.12 Let G = (A, B,, B2,..,B,) be a QNGS. Now truth strength, contradiction strength, ignorance 
strength and false strength of a B;-path Pg, = 14,Nz,-.-,Nm are denoted by T.Py,,C. Py,,U.Py, and F. Py, 
respectively, and defined as 


7. Pa, =A, (TS, (rj-1))) 
C. Pay =A, [C8 (14j-2))] 
U. Pg, =¥, [Us,(nj-17,)], 
F. Pa, =V, (8, (74-17))) 


Definition 3.13 Suppose © = (U, Bz, Bz,.., By) isa QNGS. Then 
1. %,- truth strength of connectedness between m and n is defined as: Tg, (kl) = 


Vv (Ti, (kl)} such that Th (kl) = (Tht o TS.)(kD) for j = 2 and 
pz i i i t 
TS,(kl) = (Th, © TS,)(K) =v (Th, (mz) ATH, (zn)). 
2. %j- contradiction strength of connectedness between m and n is defined as: Cg (kl) = 
Vv {C4 (kD} such that cd (kL) = (CR ° CR.)(kl) for j => 2 and 
jz i i i i 
Cy, (kl) = (Cy, ad Cy, )(kL) =V, (Ci, (mz) A CR, (zn)). 
3. Bj- ignorance strength of connectedness between m and _n is defined as: Ug, (kl) = 
A {ui (kl)} such that us (kl) = (Ug, ° UZ.) (Kl) for j => 2 and 
jz i i i i 
US,(KL) = (Uh, © Us, (KL) =A (Uh,(mz) Vv U5, (zn). 
4. %j- false strength of connectedness between m and n is defined as: Fy, (kl) = 
A (Fi, (kD} such that FA, (kl) = (Fy, o Fy. )(kl) for j => 2 and 
jz i i i i 
F§, (kl) = (Fb, © F$,)(KD) =A (Fp, (mz) v FB,(zn)). 
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Definition 3.14 A QNGS 6 = (U, By, B2,..., By) isa Bj-cycle if 
(supp (W), supp (B,), supp(Bz),..., supp(B,,))isaB,; — cycle. 


Definition 3.15 A QNGS © = (U, By, Bz,...,B,) isa B;-cycle (for some i) if G is a B;-cycle, no unique 
B,-edge kl belongs to1 © with 

Tp, (kl) = min{T3,(rs):rs € E; = supp(&;)}, 

Cp, (kl) = min{C,,(rs):rs € E; = supp(B,)}, 

Up, (KL) = max{Cg, (rs): rs € E; = supp(8;)}, 

F,,(kl) = max{F,,(rs):rs € E; = supp(&;)}. 


Definition 3.16 Let © = (U, B,, Bo,...,B,) be a QNGS and q be a node in G. Let (A', Bi, Bs,...,By,) be a 
QNGS induced by X\{q} such that, for all m#q, 0 #4q, 

Tar(q) = Cyr(q) = 0 = Uyr(q) = Fyr(Q), 

Tar (qm) = Cpr (qm) =0= Up (qm) = F,r(qm),V edges qmeEG 


Ty'(m) = Ta(m), Cy (m) = Cy(m), Uyr(m) = Ug(m), Fy(m) = Fam), 
Tp (mo) = Ts; (mo), Cy(mo) = Cz,(mo), Up: (mo) = Uz,(mo), Fgr(mo) = Fz, (mo). 


Now q is quadripartitioned neutrosophic 8; cut vertex for some i if 


Tg, (mo) > T;(mo), Cz (mo) > Cer (mo), UZ (mo) > Uz; (mo), Fz, (mo) > Fp(mo) 


for some m,o € X\{q}. Note that q isa 
¢ %,- T quadripartitioned neutrosophic cut node if Tz,(mo) > T?r(mo). 
¢ %- C quadripartitioned neutrosophic cut node if Cg(mo) > Cf,(mo). 
¢ %,- U quadripartitioned neutrosophic cut node if Uz (mo) > UF; (mo). 


¢ %- F quadripartitioned neutrosophic cut node if Fg,(mo) > Fpr(mo). 


Definition 3.17 Suppose © = (A, B,, Bz,...,Bn) be a QNGS and kl be B;-edge. Let (W', Bi, B5,..., By) be a 
quadripartitioned neutrosophic graph spanning subgraph structure of © with for all lines kl # rs, 

Tyr (kD) = Cyr (KD) = 0 = Uzi (kD) = Fer (KD), 

Tp (rs) = Tz, (rs), Cpr (rs) = Cz,(rs), Up: (rs) = Uz,(rs), Far(rs) = F,,(rs). 
Then kl is quadripartitioned neutrosophic %,-bridge if 


Tg,(mo) > Te(mo), Cz (mo) > Cz, (mo), Us, (mo) > UF (vw), Fg. (mo) > Fer(mo) 
for some m,o € X. Note kl isa 
¢ %;- T quadripartitioned neutrosophic bridge if T3,(mo) > T;; (mo). 
¢ %- C quadripartitioned neutrosophic bridge if Cz,(mo) > Cz; (mo). 


¢ %- U quadripartitioned neutrosophic bridge if Ug, (mo) > Uz,(mo). 


¢ %,- F quadripartitioned neutrosophic bridge if F3,(mo) > Fy; (mo). 
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Definition 3.18 A QNGS © = (U, By, Bz,..., By) isa B; tree if 


(supp (QD), supp(B;), supp (Bz,..., supp(Bn)) 
is a B;-tree. In otherwords, © is a B;-tree provided a subgraph of © induced by supp(%;) produces a 
tree. 


Definition 3.19 A QNGS 6 = (U, By, Bz,..., By) isa B,- tree if G has a quadripartitioned neutrosophic 
spanning subgraph structure H = (W', Bi, B5,...,B,) with for every B;-edges kl not belongs to H, H is a B;- 
tree, 
Tp, (kl) < Ty (kl), Ce (kL) < Cer (kl), Ug, (kl) > Up (kl), Fe, (kl) > Far (kD 
In particular, © is a: 
¢ %,- T quadripartitioned neutrosophic tree if T3,(kl) < Tp (kl). 


¢ %,- C quadripartitioned neutrosophic tree if Cz,(kl) < Cpr (kl). 
¢ %,- U quadripartitioned neutrosophic tree if Ug, (kl) > Upr (kl). 


¢ %,- F quadripartitioned neutrosophic bridge if Fg (kl) > Far(kl). 


Definition 3.20 A QNGS ©, = (2%, B11, Biz2,--., Bin) of the graph structure ©{ = (Ry, Ey1, Ey2,..., En) is 
isomorphic to QNGS G2 = (Wy, B21, B22,--., Ben) of graph structure ©3 = (Rz, E21, E22,...,Eg,) if f: Ry, > 
R, is a bijection and the conditions below are fulfilled: 

Ta, (kK) = Ta, (kK), Ca, (KD = Ca, F(K)), Us, (K) = Un, F(R), Fa, (KX) = Fa, F(K)), 
for all m € R, and 

Tp, CD) = Tag f OF), Co, (KD = Carga FOF), 

Us, (kD) = Up gy FOF), Fa, (KD = Ferg (f COS): 
for all kl € E,; and i = 1,2,..,n. 


Definition 3.21 A QNGS 6, = (%, B11, Biz,--., Bin) of the graph structure ©{ = (Ry, Ey,, Ey2,...,Ey,) is 
identical to QNGS Gz = (Ay, B21, B22,---, Ban) of graph structure © = (Ro, E21, Ez2,...,Egn) if f: Ry > R2 
is a bijection and the conditions below are fulfilled: 
Ta, &) = Ta, (4), Ca, (k) = Ca, F(K)), Us, (kK) = Us, F(K)), Fa, (K) = Fa, F(K)), 
for all m € R, and 
Te, (KD = Tp, fCOFO), Ce, (kD = Ce, FCO FO), 
Up, (kD = Us, FH) O), Fa, (kD = Fe,,fFOFO), 
for all kl € E,; and i = 1,2,..,n. 


Definition 3.22 Let G, = (,, By, Byz,---, Bin) be a QNGS and  —permutation on B,,Bz,..,B, and on 
{1,2,...,n} defined by $(8;) = 8; if and only if O(i) = j for every i. If kl € B; for some i and 
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F (kl) = Fy(k) V Fy(l) — A. Fog (kb), i = 1,2,...,n, 
Bj j#l ij 

then kl € Be, where k is selected such that 

T3¢ (kl) = Tye (kl), 

Cue (kl) = Coo (KD, 

Use (kl) = Uye (kl), 

Fao (kl) = Fo (kl). 
then quadripartitined neutrosophic graph structure (YU, BP, Be,..., Be ) is called ¢- complement of G 
and dentoted by 6?° 


Proposition 3.23 o-complement of a QNGS © = (2, B,,Bz,...,By) is always a strong QNGS. Further, if 
oi) =k, where i,k € {1,2,...,n} then for all 8,-edges in quadripartitioned neutrosophic graphic structure 
(U, By, By,..-, By) become BP-edges in (UP, BP, BY,..., BY). 


Proof. We know that, 
Tye (kl) = Ty(k) ATy() as Tew) (kD, 


Cae (kl) = Cy(k) A Cy (1) a Cop, (k), 

Ugo (kl) = Un(K) V Uy) — A Upeay (KD, 

Fao (kD) = Fy(k) V Fy(l) ae Foc (kb, 
for i€1,2,...,.n. Due to the expression of truthness in @ -complement, Ty(k)ATy(J) 20, 
V, Tocep (kl) 2 0 and Ty (Kl) < Ty(k) AT (1), for all Bi, now V Tye y(kl) $ Tu(k) ATa() 


which implies that 


Ty(k) A Ty(L) = Toe) (kK) >0 
Hence, Tyo (kD > 0 for every i. Further, Tyo (kD attains its maximum provided V;z; Tew) (kD > 0 is 
zero. Clearly, when $(%;) = 8, and kl isa B,-edge then Vz; Typ (kl) gets zero value. So 
Tyo (Kl) = Ty(k) A Ty(1), for some (kL) € Bx, (Bi) = Bx 


Similarly, we have 
Cyo (Kl) = Cy(k) A Cy), for some (kl) € By, (Bi) = By 


U,o(kKD = Cy(k) V Uy(l), for some (kl) € By, (Bi) = Bx 
F,.(kl) = Fy(k) V Fy(1), for some (kl) € By, b(Bi) = Be- 


Likewise, the expression of falsity in @- complement: 


JFL 


Then 
i Fo@)(kl) Ss Fa(k) V Fa@ 


yields, 
Fy(k) V Fy(1) aa Fee (kd) >0 


Therefore, T,e(kl) is non-negative for all i. Morevoer, Tyo (KD) reaches its maximum when 
in, Fee )(k) becomes zero. It is clear that when $(%,) = 8, and kl is a By, edge then Ajz; Fee) (k) 


gets zero value. So 
F,o (kl) =Fy(k)VFy(l) for (kl € By, d(Bi) = Br 
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Definition 3.24 Let G = (YU, B,,Bz,..., By) bea QNGS and be a permutation on {1,2,...,n} then 
* If © is isomorphic to 6%, then G is called self-complementary. 
¢ If G is identical to G*, then G is called strong-self-complementary. 


Definition 3.25 Suppose G = (U, B,,Bz,...,By) be a QNGS. Then 

¢ If G is isomorphic to 6%, for all permutation ¢ on {1,2,...,n}, then G is totally self 
complementary. 

¢ If G is identical to 6%, for all permutation ¢ on {1,2,...,n}, then G is totally strong self 
complementary. 


Remark 3.26 All strong QNGSs are self complementary or totally self-complementary QNGSs. 
Theorem 3.27A QNGSs is totally self-complementary if and only if it is strong QNGS. 


Proof. Consider a strong QNGS © and permutation ¢ on {1,2,...,n}. In the view of Proposition 3.22, o- 
complement of a QNGS 6 = (, B,, Bz,...,B,) is always a strong QNGS. Moreover, if #(i) =k, here 
i,k € {1,2,...,.n}, then every 8, lines in QNGSs (W,B,,B2,...,8,) becomes Be -edges in 
(U?, BY, BY,...,B%). It yields 

Ty, (kl) = Ty(k) ATy() = Tye (kl) 


Cy, (kl) = Cy(k) A Cy) = C9 (KL) 
Ug, (KD) = Uy(k) V Uy(l) = Uye (kl) 


Fg, (kl) = Fy(k) V Fa(d) = Feo (kD) 
Thus, in identity mapping f:xX — X, © and 6? are isomorphic with 
Ty (k) = Ty(f(k)), Ca(k) = Cy (Ff (k)), 
Uy(k) = Uy(f(k)), Fa(k) = Fa(f(k)), 
Ty, kD = Tyo fCOFO) = Tyo (kD, Ce, ED = Coo FOF O) = Coo (KD, 
Uy, KD = Uns SOF) = Ugo (kD, Fa, (kD = Foo FUOFO) = Fao (kD, 
for all kl € €;, @-1(k) =i and k = 1,,...,n. It holds for all permutation @ on {1,2,...,n}. Thus, 
© is totally self-complementary QNGS. Conversely, suppose for all permutation @ on {1,2,..,n} G is 
isomorphic to 6%. Then according to the definition of isomorphism of QNGSs and ¢ -complement of 
QNGS, 
Te, 4D = Tye PC) O) = Ta) ATaG@) = Talk) A Ta) 
Cy, (kD = Coo FUP) = CaF) A Ca FO) = Cal) A Cal) 
Uy, (KE) = Uno PFO) = Un) V UnCF@) = Unlk) v Un) 
Fy, (kD = Feo fCOFO) = Fu) V Fa) = Fa(k) v FC. 
for all kl € €, and k = 1,2,..,n. Hence, G is strong QNGS. 


Remark 3.28 All self-complementary QNGS is totally self-complementary. 
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Theorem3.391f G* = (X, E,, €z,...,E,) is totally strong self-complementary QNGS and A = (Ty, Cy, Ug, Fy) is 
a quadripartitioned neutrosophic subset of X here Ty, Cy, Uy, Fy are constant value functions, then a strong 
QNGS of &* with quadripartitioned neutrosophic node set X is always a totally strong self-complementary 
QNGS. 


Proof. Let the four constants be p,q,r,s € [0,1], such that Ty(k) =p Cy(k) =q, Uy(k) = 17, Fy(k) =s for 
all m € X. Because 6" is totally self-complementary strong QNGS, hence there exists a bijection f:X > 
X for permutation @~* on {1,2,...,n}, with for any E,- edge (kl), (f(k)f()) [an E;-line in G*] is an E, 
line in G**"*¢. Thus, for all B,- edge (kl), (f(K)F(D) [an B,-edge in G] isa BY- edge in G** **. Further, 
© is strong QNGS. Hence 

Tu(k) = p = Taf (k)), Caulk) = ¢ = Cu (k)), 

Uy(k) = 7 = Un(f(k)), Fu(k) = s = Fu(f(k)), vm € X, 


Ty, (kl) = Ta(k) A Ta) = Ta (K)) A Tx PO) = Tye FOF O) 
Cy, (RD) = Cyl) A Co = Ta (ED) A CaF O) = Coo FHOFO) 
Uy, (KL) = Un Ck) V Ug) = Ua F(R) V Un O) = Ue FCOFO) 
Fy, (kl) = Fy(k) V Fy (1) = Fy(f(k)) V Fa f(O) = Foe FCO FO): 
for every kIE E; and i=1,2,...n. This leads to © is self a areuleenta strong QNGS. All 


permutation @ and @* on {1,2,..,n} fulfils the above arguments, hence G is totally strong 
self-complementary QNGS. Converse of the theorem may not be true. 


Definition 3.40 Let ©), = (Q1,Q 41, Qy2,---- Qin) and Gz = (Qz,Q21, Qo2,.--- Qeny be QNGS. The Cartesian 
product of ©, and G2 denoted by 
Gri X Gnz = (Qy X Qz2,.O41 X Q21,Qy2 X Qa2,.--, Qin X Qan), 
is defined by the following: 
@) Toixae (rs) = (Tai X Taz) (rs) = Tai (7) A T22(s). 
Cgixaz (Ts) = (Cai X C2) (75) = Cai (r) A Cga(s). 
Ugixae (Ts) = (Ugi X Ug2)(rs) = Ugi(r) V Uga(s). 
Foixaa2 (7s) = (Fai X Fo2)(rs) = Fai(r) V Fa (s). 
Vrs €S, X S. 


Gi) Tra, xa, 51) (752) = (Ta, X Ta, ) (751) (752) = Tei (7) A Te2i (S152) 
Cra, ;x22;) (751) ("S2) = (Cg, X Cg,,) (751) (752) = Cai (r) A Cg2i (S152) 

Ura, xa,,) (51) ("S2) = (Ug,, X Ug,,) (751) (752) = Uai(r) V Ugai(sis2) 

Fa, xa,) (51) (752) = (Fa, X Fo.) (751) (752) = Foi(7) V Foai(si 52) 

Vr € Sy, 5482 © Sj, 


Gi) Tra, xa,9(%5) (25) = (Ta, X Ta,,)(%5) (5) = Te2(s) A Taii(172) 
Cra, x22) (15) 25) = Cag,; X Co, (15) (5) = Ca2(s) A Cori (1%) 

Ua, xa.) (15) (25) = Ua, X Ua, )(%15) (28) = Uga(s) V Ugii(%) 

FQ, ,x2,;)(%15) (m5) = (Fa, X Fo,,)(15) (25) = Fo2(s) V Foii(112) 

Vs € So,1%1% © Sj. 


Theorem 3.41 The Cartesian product Gp, X Gnz = (Q1 X Dz, Qy, X Qo1, Diz X Qo2,.--,Qin X Qen) of two 
QNGS of the GS ©, and G, is a QNGs of G, x G. 


S. Satham Hussain, Hossein Rashmonlou, Mofidnakhaei F, R Jahir Hussain, Sankar Sahoo and Said Broumi, Quadripartitioned 
Neutrosophic Graph Structures 


Neutrosophic Sets and Systems, Vol. 51, 2022 280 


Proof. According to the definition of Cartesian product there are two cases: 
Casel: when r € S1,71% € S$; 


TQ, ;x22,) (S51) ("S2) = Tei (7) A T2i (5152) 
S Tqi(7) A [Te2(51) A Te2(S2)] 
= [Tei(r) A T92(51)] A [Tei (7) A Te2(S2)] 
= T@,x@2) (751) A T(a,xQ2) ("S2). 


Cog, ;x24;) (751) (752) = Cgi (1) A Cg2i (S152) 
S Cgi(r) A [Cg2(s1) A Cg2(s2)] 

= [Cai (7) A Cg2(s1)] A [Cai (7) A Cg2(s2)] 
or C(Q,x@2) (1) A C(Q,x@2) (182). 


Ua, ;x2,;) (751) (7$2) = Ugi(r) V Ugai(sis2) 
s Ugi (7) Vv [Fo2 (s1) V Uge (s2)] 

= [Ugi (7) V Ug2(s1)] V [Uei(r) V Ug2(s2)] 
= Vea, xa2) (751) v Ua,xa2) (752): 


FQ, ,x2;) (751) (7S2) = Foi (7) V Fo2i(s1S2) 
< Foi(r) Vv [Fo2 (Ss) V Foe (s2)] 
= [Fo1(r) V Fo2 (s,)] V [Fo1(r) V Fo2 (s2)] 
= F(Q,x@2) (751) Vv Fq,x@2) (782): 
for rs1,7S2 € S, XS. 
Case 2: when r € S3, 5,52 € $4; 


TQ, ;x2,,) (S17) (S27) = Te2(7) A Te1i(%72) 
= Tg. (r) A [T91(S1) A Te (s2)] 
= [T 92 (r) A T91(51)] A [T 92 (r) A T91(S2)] 
= T@,x@2) (517) A T(@,xQ2) (S27). 


Crag, ;x2;) (S17) (S27) = Cg2(r) A Caii(nr2) 
S Cg2(r) A [Cgi (s1) A Cg2(s2)] 

= [Co2 (r) A C91 (51)] A [Co2 (r) A Cg1(S2)] 
a C(Q,x@2) (S17) A C(Q,x@2) (S27). 


Ua, ;xa,;) ($17) (S27) = Uga(") V Ugii(i%) 
S Uge(r) V [Vai (51) V Uge (s2)] 
= [Ug2(") A Vai (s1)] V [Ug2(7) A Vegi (52)] 
= Ua,x@2) (S17) v Ue,x@2) (S27). 


F a, ;x0,) (517) (S27) = Fo2(r) V Foil) 
< Fg2(r) Vv [Fo1(s1) V Fo2 (s2)] 
= [Fo2(r) A Fei (s1)] V [Fg2(r) A Foi (S2)] 
= F(Q,x@2) (S17) v F(Q,xQ2) (S27). 
for 547, Sor € SS. 
Hence Proved. 
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Definition 3.42 Let ©, = (Q1,Q41,Qi2,----Qiny and Gnz = (Qz, Q21, Q22,---- Qeny) be QNGS. The cross 
product of ©, and G2 denoted by 
Gri * Gn2 = CQ1 * Q2,Qi1 * Qo1, Qi2 * Qa2,.--, Qin * Qen), 
is defined by the following: 
@) Torsa2(rs) = (Ta * Ta2)(rs) = Tai(7) A T22(s). 
Coisa2 (75) = (Cai * C2) (75) = Cai (7) A Cg2 (5). 
Ugien2 (rs) = (Ugi * Uge) (rs) = Ugi(") V Uga(s). 
Foisg2(7s) = (Foi * Fg2)(rs) = Foi(r) V Faa(s). 
Vrs € S, * S). 


ii) Ta, 42,9 (451) (252) = (Ta,; * To, ,) (951) (52) = Tail) A Te2i (5152) 
Cog, +25, 151) 252) = (Cg, ; * Ca,,) (151) 252) = Cari (72) A Cai (5152) 

Ua, +2, (151) (S52) = Ug,; * Ug, ,) (151) (7252) = Uri) V Uga2i (S152) 

FQ, +29 (151) (252) = (Fa, * Fa,,) (151) 252) = Foil) V Fo2i(si52) 

Vr 12 © S45, 5482 € So; 


Theorem 3.43 The cross product Gy1 * Gy2 = (Qy * Qy, Dy1 * Q21,Dy2 * Qo2,-.., Qin * Dan) of two QNGS of 
the GS ©, and ©, isa QNGs of G, * Gp. 


Proof. For all 11,51,1)52 € S, * S2 


TQ, ;+2, (151) (52) = (T9,; * Ta,,) 151) 252) = Teri(%72) A Te2i (S152) 
Ss [Toi(%1) A To1(%)] A [T 92 (s1) A Toe (s2)] 

= [Toi(%1) A Te (s,)] A [Tg1(72) A Te (s2)] 

= Te, *2,) (151) A TQ, *2) (1252), 


Cea, «25, (151) (M52) = (Cg,, * Ca, ;) (151) (72S2) = Cari(72) A Cg2i(s1S2) 
< [Coi(%) A Cg1(%)] A [Co2 (s1) A Cg2 (s2)] 

= [Coi(%) A Co2 (s,)] A [Coi (7%) A Co2 (s2)] 

= Cw, *2,) (151) A CQ, *2,) (7252), 


Ua, +25 (151) (S2) = Uag,; * Ug, ,) (151) (7252) = Ugur) V Uga2i (S152) 
[Ugi (1) V Ugi(%)] V [Ug2(s1) V Uge (s2)] 

[U9i(") Vv Ug2(s1)] Vv [Ug1 (72) V Ug2 (s2)] 

= Ua, «2,) (151) v Ura, «2) (7252), 


IL IA 


F 0g, «2, (151) (252) = (Fa, * Fa,,) (151) (72$2) = Fori(%7) V Fe2i(sis2) 
S [Foi(1) V Fe1(7%2)] V [Fe2(s1) V Fo2(s2)] 
= [Fo1(") V Fo2 (s1)] V [Fo1 (7%) V Fo2 (s2)] 
= Fra,+a,) (151) V Fra, xa,) (52), 
for i € 1,2,...,n. This gives required result. 


Definition 3.44 Let G,, = (Q1,0)1,Qy2,----Qiny and Gpz = (Qz, Q21, Q22,.---Qeny be QNGS. The 
lexicographic product of ©, and Gz denoted by 


S. Satham Hussain, Hossein Rashmonlou, Mofidnakhaei F, R Jahir Hussain, Sankar Sahoo and Said Broumi, Quadripartitioned 
Neutrosophic Graph Structures 


Neutrosophic Sets and Systems, Vol. 51, 2022 282 


Gni * Gro = (Qi * Qe, Qi © Q21,Qi2 * Qo2,..-,Qin * Qen), 
is defined by the following: 


Vrs € S, ¢ Sp. 


(@) Taoreage2(rs) = (Tai * Taz) (7s) = Tail”) A Tg2(s). 
Cgi.a2(75) = (Cai * Caz) (75) = Cgi (7) A Cap (5). 
Ugi.g2(7s) = ai ¢ Ug2) (rs) = Ugi (7) V Ugs (s). 
Foi.g2(7s) = (Fai * Fo2) (75) = Foi (1) V Fa2(s). 


Gi) Ta, 0, 751) (752) = (Ta,, * Ta, ,) (751) 752) = Tei (7) A Te2i (S152) 
Cea, 24) (751) (1TS2) = (Ca, * Ca,,) (751) (1752) = Cai (r) A Cgai (S152) 

Ua, 2,;) (751) ("S2) = (Ug, ; * Ug, ) (751) (752) = Ugi(r) V Ug2i(sis2) 

F(a, j22) (751) (782) = (Fa,; * Fa,,) (751) (782) = For") V Foai(sis2) 

Vr € $1,882 € Sy, 


(iii) Tyg, ,-0,,) (151) (252) = (Ta,; * Ta9,,)(%51) 52) = Tei 2) A Te2i (S152) 
Ca, jOp;) 151) 2S2) = (Ca,; * Co, ,)(151) (252) = Carl) A Cg2i (S152) 

U ay je0,;) 151) (252) = Uag,; * Ua, ,) (151) (1252) = Vari) V Ugz2i(si52) 

F (40), (151) (252) = Fa, * Fa,,)(%151) (252) = Fori(t2) V Fe2i(si52) 


VryT2 © S4j, 5482 © Soi, 


Theorem 3.45 The lexicographic product Gy, * Gpz = (Qy * Dz, D4, © Qy1, Qin * Qy2,..-, Din * Qo) of two 
QNGS of the GS ©, and Gz is a QNGs of G, * G3. 


Proof. According to the definition of lexicographic product there are two cases: 
Case 1: when r € Sj, 5,52 € Sj 


TQ 440, (TS1) (752) = Tei (7) A Te2i (S152) 
< Toi (7) A [T 92 (s1) A Toe (s2)] 
= [Tei(r) A Te2(51)] A [Tei (7) A Te2(S2)] 
= T(Q,+02) (751) A T(Q,+@2) (752): 


Cra, 2,,) (751) (752) = Cai (7) A Cg2i (5152) 
< Cg (7) A [Co2 (s1) A Cg2 (s2)] 
= [Cg1(r) A Co2 (sy)] A [Cg1(7r) A Cg2(S2)] 
= CQ, +02) (751) A CQ, +02) (TS2): 


Ua, jo0,,) (51) (752) = Ugi (7) V Ugai (S152) 
S Ugilr) V [Ug2 (s1) V Uge (s2)] 
= [Ugi(r) V Ug2 (s1)] V [Ugi(r) VUg2 (s2)] 
= Uey+a2) (751) v Ua, +a) (752): 


F (QO, (751) (752) = Fair) V Fo2i (S152) 
< Foi(r) Vv [Fo2 (Ss) V Fogo (s2)] 
= [Fei(7) V Fg2(s1)] V [Fei (7) V Fg2(s2)] 
= F(Q, +02) (751) at F(Q,+Q2) ("S2): 


for 1s4,7Sz € S, So. 
Case 2: For all 751,752 € 5S; © Sy 


TQ 44°2);) 151) (252) = (Ta,; * Ta, ,) 4151) 2$2) = Teil) A Te2i (S152) 
S [Te1(1) A Te1072)] A [Te2 (51) A Te2(s2)] 
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= [Tg1(%1) A T92(s1)] A [Te1 (7%) A Te2(S2)] 
= Tg, -20,)(151) A Ta, -2,) (1252), 


Cog, 54;) 151) (1282) = (Ca,; * Co,,) (151) 252) = Cari (72) A Cai (S152) 
[Co1(%) A Cg1(%)] A [Co2 (s1) A Cg2 (s2)] 

[Cgi (71) A Cg2(S1)] A [Cgi (72) A Cg2(s2)] 

= Cw, -2,) (151) A Cw, +a) (252), 


Il IA 


Ua, -24;) 151) 252) = Ug, * Un, ) (151) 252) = Ugiilit) V Uga2i(sisz) 
s [U9i(") Vv Ugi(%)] Vv [Ug2(s1) V Ug2 (s2)] 

= [Ugi(%) V Ug2(s1)] V [Ugi (2) V Uge (s2)] 

= Ue, 2.) (151) Vv Ura, 2) (52), 


F (02) (151) 252) = (Fa,; * Fo, ,) (151) (252) = Fori(72) V Fe2i(sis2) 
< [Fo1(") Vv Fo1(7%2)] Vv [Fo2 (s1) V Foe (s2)] 
= [Fo1(") V Fo2 (s,)] V [Fo1 (7%) V Fo2 (s2)] 
= Fog.) (151) v FQ, 02) (7252), 
for i € 1,2,...,n. This gives required result. 


Definition 3.46 Let Gn, = (Q1, O11, Qi2,.---Qiny and Gnz = (Q2, Qo1, Q22,.-.-Qen) be QNGS. The strong 
product of ©, and ©, denoted by 
Gri BW Gaz = (Qi MW Q2,. O11 KW Q21,Qi2 K Q22,..-, Qin KH Qan), 
is defined by the following: 
(i) Torpa2 (rs) = (Ta: Kl Ta2)(rs) = Tai (7) A Ta (5). 
Coima2 (Ts) = (Cor KI Cae) (rs) = Ci (7) A Cga(s). 
Ugipgar (rs) = (Ugi Kl Ug2)(rs) = Ugi(r) V Uga(s). 
Foima2 (rs) = (Fo: & Fo2)(rs) = Foi(r) V Fae (s). 
Vrs € S, & Sp. 


Gi) Tyg, 0,9 (751) (Ts2) = (Te,, BH T9,,)(751) (752) = Tei’) A Te2i (S152) 
Cra, ;2,,) (751) (7S2) = (Cg,, KH Cg,,) (751) (752) = Cai (7) A Cg2i (5152) 

Ua, pany, (751) (52) = (Ug, KW Ug, ,) (751) (752) = Ugr (7) V Ugai(sisz) 

F(a, paa,,) ("51)("S2) = (Fo,, I Fo,,) (751) (752) = Foi (7) V Fgai(sisz) 

Vr € Sy, 5482 © Sj, 


(itt) Tg, ,m0,) 5) (25) = (Ta, K T9,,)(15) (m5) = Te2(s) ATqii(nt) 
Cog, aa) (15) (25) = (Cg,, KW Co,,) (15) (MS) = Cg2(s) A Cari (M72) 

Ua, 90,)(15) (5) = Ug,, MW Ua, (15) (ms) = Ug2(S) V Ugiilit) 

Fg, 89.) (15) (5) = (Fg,; K Fo.) (415) (25) = Fe2(s) V Fori(12) 

Vs € S9,1% 7% © Sj. 


(iv) Tig, 29, (151) (252) = (Te,; B To,,) (4151) 252) = Teil) A Te2i (S152) 
Cog, 5925, 151) (252) = (Cg, BW Ca, ,) (4151) (52) = Cori (12) A Cai (S152) 

Ua, ;p392,) (151) (2S2) = (Ug, KW Ug, ,) (151) 252) = Vari) V Uga2i(sis2) 

Fg, 682), (151) 252) = CFa,; KB Fa, ,)(%151) (252) = Fori(t) V Fa2i(si52) 

Vr 12 © S45, 5452 € So; 


S. Satham Hussain, Hossein Rashmonlou, Mofidnakhaei F, R Jahir Hussain, Sankar Sahoo and Said Broumi, Quadripartitioned 
Neutrosophic Graph Structures 


Neutrosophic Sets and Systems, Vol. 51, 2022 284 


Theorem 3.47 The strong product Gn: KX Ghz = (Qi KW Q2,.O11 HW Q21, Qi2 KW Qyz,..., Qin K Qen) of two 
QNGS of the GS ©, and ©, is a QNGs of G, Kl Gp. 


Proof. According to the definition of strong product there are three cases: 
Casel: when r € $1,552 € $3; 


TQ, 580, (751) (752) = Tei (7) A Te2i (S152) 
S Tqi(7) A [Te2(51) A Te2(S2)] 

= [Toi(r) A Te (s,)] A [Tei(r) A Tg (s2)] 
= TQ,m@2) (751) A Te, p9@2) (752). 


Cog, p>) (7S1) (152) = CQ (7) A Cg; (S152) 
s Cgi (7) A [Co2 (s1) A Cg2 (s2)] 

= [Cai (7) A Cg2(s1)] A [Cai (7) A Cg2(s2)] 
= €(Q,p3Q2) (751) A C(e, mq) (752): 


Ua, ;p99,,;) (7S1) (7S$2) = Ugi(r) V Ug2i(sis2) 
< Ugi (7) Vv [Fo2 (s1) V Uge (s2)] 

= [Ugi(r) V Ug2 (s1)] V [Ugi(r) V Ug2 (s2)] 
= Ue,me) S51) V Ula, pa.) (752). 


Fg, ,p9,,) (751) (7S2) = Foi (7) V Fo2i(siS2) 
S Foi(7) V [Fe2(S1) V Fo2(s2)] 
= [Fo1(r) V Fo2 (s,)] V [Fo1(r) V Fo2 (s2)] 
= Fe, ma.) (751) V Fee, me.) (S2)- 
for 1s1,7S_ € S, KM Sp. 
Case 2: when r € $3, 5,52 € $4; 


Ta, ,689,,) (S17) (S27) = Te2(7) A Te1i(5152) 
= Tg. (r) A [T91(S1) A Tea (s2)] 

= [T 92 (r) A To1(51)] A [T 92 (r) A To1(S2)] 
= Te, a2) (517) A T (9,902) S27). 


Coq, p90, (S17) (S27) = C2 (7) A CQ; (S152) 
S Cg2(r) A [Cai (s1) A Cg2(s2)] 

= [Co2 (r) A Cg1(S1)] A [Co2 (r) A Cg1(S2)] 
= €(Q,p3Q2) (S17) A Cee, pa.) (S27): 


Ua, ;p32,,) (517) S27) = Ugo (7) V Ugii (S152) 
S Ug. (r) Vv [Ui (s1) V Ug2 (s2)] 

= [Ug2(") A Ugi(s1)] V [Ug2(7) A Uei(52)] 
= Ue, me) (517) V Ue, me) (S27). 


F (g, ,Q,,) (S17) (S27) = Fa2(r) V Foii(siS2) 
< Fg2(r) Vv [Fo1(s1) V Fo2 (s2)] 
= [Fg2(r) A Fei (S1)] V [Fe2() A Foi (s2)] 
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= F¢@, m2) (S17) V FQ, p92) (S27). 
for s17,Sr € S, XI S,. 
Case 3: For all m72 € S4;,54S2 € So; 


Ta, ,689,,;) (151) (252) = (Te, K To,,)(151) (252) = Tori(7%2) A Te2i (S152) 
[Tei(%1) A To1(%)] A [T 92 (s1) A Toe (s2)] 

[Te1(71) A Te2(s1)] A [Tei (72) A Te2(S2)] 

= Tg, m9,) (151) A Ta, ,30,) (52), 


Il IA 


Cra, ,682,) (151) (252) = (Cg,, KW Cg,,) (151) (252) = Corl) A Cg2i (5152) 
s [Coi(%) A Cg1(%)] A [Co2 (s1) A Cg2 (s2)] 

oe [Coi(%) A Coz (s,)] A [Co1 (72) A Co2 (s2)] 

= Cg, ma,) (151) A Cpa, 0,) (7252), 


Ua, ;p99,,) (151) (2S2) = (Ug, K Ug, ,) (151) $2) = Uris) V Ug2i(sisz2) 
< [U9i(") Vv Ugi(%)] Vv [Ug2(s1) V Ug2 (s2)] 

= [U9i(") Vv Ug2(s1)] Vv [Ugi (72) VUg2 (s2)] 

= Ua, ma.) (151) V Ug, 30, (1252), 


F (Q, ,689,,) (151) (252) = (Fo,, KI Fo,,)(%151) (252) = Foil) V Fa2i(sisz2) 
S [Fei(%) V Foi (12)] V [Fe2(s1) V Fo2(s2)] 
= [Fo1(") V Fo2 (s,)] V [Fo1 (7%) V Fo2 (s2)] 
= Fro, ma,) (151) V Fe, pa) (52), 
for i € 1,2,...,n. This gives required result. 


Definition 3.48 Let G,, = (Q1,0)1,Qy2,----Qiny and Gnz = (Qz, Q21, Q22,.---Qany be QNGS. The 
composition product of ©, and ©, denoted by 
Gri? Gnz = (Qi 2? Dz, Qi 2° Q21, Qiz ° Qy2,---, Qin ° Qan), 
is defined by the following: 
(@) Torae(rs) = (Tai ° Taz) (7s) = Tail”) A Tg2(s). 
Cgiona(7s) = (Cai 2 Caz) (75) = Cgi (rT) A Cap (5). 
Ugieg2(rs) = ai ° Ug2) (rs) = Ugi(r) V Uga (s). 
Foieg2(7s) = (Fai ° Fo2) (75) = Foi (1) V Fa2(s). 
Vrs € S, ° Sp. 


ii) Ta, ,00,;) 751) (752) = (Ta,, ° Ta, ,) (751) 752) = Tei (7) A Tq2i (S152) 
Cra, oO), (751) (TS2) = (Cg, ° Ca, ,) (751) (752) = Cai (7) A Cg2i (S152) 

Ua, oO; (751) ("S2) = (Ug, ; 2 Ug, ,) (751) (752) = Ugi(r) V Ug2i(sis2) 

F(a, o2) (7S1) (782) = (Fa,; ° Fa, ,) (751) (782) = Foi (7) V Foailsis2) 

Vr € S41, 5482 © Sj, 


Gi) Tra, joa, (15) (25) = (Ta; ° T2,,)(%15) 25) = Te2(s) A To1i(%172) 
Cra, 0) (15) (MS) = (Cg, ° Ca, ) (15) (5) = Cg2(s) A Caii(12) 

Ua, joa, 9 (15) (25) = Ua,; ° Ua, (5) 28) = Uga(s) V Ugii(a) 

Fg, 00.) (15) (25) = (Fa, ° Fa, )(15)(5) = Fo2(s) V Fori(i) 

Vs € So,1% 1% © Sj. 


S. Satham Hussain, Hossein Rashmonlou, Mofidnakhaei F, R Jahir Hussain, Sankar Sahoo and Said Broumi, Quadripartitioned 
Neutrosophic Graph Structures 


Neutrosophic Sets and Systems, Vol. 51, 2022 286 


(iv) Ta,j0,) (151) (252) = (T9,; ° T9,,)0%151) 2S2) = Te1i(%72) A Te2(S1) A Te2(S2) 
Cog, j09;) 151) (1282) = Cag,, ° Ca, ,) (151) (252) = Cari( 2) A Cg2(S1) A Cg2 (S2) 

Ua, e091) 151) 252) = Ug,; ° Un, ) (151) 252) = Url) V Ug2(s1) V Ug2(s2) 

F (Q, ;o02,) (151) 7252) = (Fa,; ° Fo, ,) ($1) (2$2) = Fori(%72) V Fe2(S1) V Fe2 (sz) 

Wry 1 © $4;, 54S € Sz;suchthats, # sp. 


Theorem 3.49 The Composition product Gy ° Gnz = (Qy ° Qz, Diy 2 Qo1, Diz 9 Qoz,.--, Din ° Don) of two 
QNGS of the GS ©, and Gz is a QNGs of G, ° G2. 


Proof. According to the definition of composition product there are three cases: 
Casel: when r € $1,552 € $3; 


TQ, j00);) (751) ($2) = Tei (1) A Tg2i (S152) 
< Toi (7) A [T 92 (s1) A Tae (s2)] 
= [Toi(r) A Teg (s,)] A [Tgi(r) A Te (s2)] 
= T(Q,2@2) (751) A T(Q,0@2) (72): 


Cra, jo0,,) (751) (752) = Cai (7) A Cg2i (5152) 
S Cgi (7) A [Cg2(s1) A Cg2(s2)] 
= [Coi(r) A Co2 (sy)] A [Coi(r) A Cg2(S2)] 
= C(Q,0Q,) (751) A C(Q,0Q,)(7S2): 


Ua, jag, (7S1) (182) = Ugr (7) V Vga: (S182) 
S Ugi(r) V [Fe2(s1) V Ug2 (S2)] 
= [Ugi() V Ug2(s1)] V [Uei(r) V Ug2(s2)] 
= Ua,0@2) (1) v Ue, 0g) (7S2): 


F (Q, o0>,) (751) (752) = Fei() V Fo2i(siS2) 
< Foi(r) Vv [Fo2 (Ss) V Foe (s2)] 
= [Fei(7) V Fg2(s1)] V [Fei (7) V Fa2(s2)] 
rz, F (9,002) (151) mM F(Q,0Q2) ("S2): 
for 7S1,7Sz € S; ° Sp. 
Case 2: when r € S39, 5152 € 54; 


TQ 4400), (S17) (S27) = Te2(S) A Tei (S152) 
= To. (r) A [T91(S1) ATa2 (s2)] 
= [Tg2(r) A Te1(51)] A [Te2 (7) A Tei 2)] 
= T1202) (S17) A T (Q,0@2) (S27): 


Cra, oO); (S17) (S27) = Cg2(s) A Cgii (S152) 
S Cg (r) A [Co1 (1) A Co2 (s2)] 
= [Co2 (r) A Cg1(51)] A [Co2 (r) A Cg1(S2)] 
= CQ, 0@2) (S17) A CQ, 002) (S27): 


U ay jo0,,) (S17) (S27) = Uge(s) V Ugii (152) 
S Uge2(r) V [Vai (51) V Ug2(s2)] 
= [Ug2 (r) A U1 (51)] Vv [Ug2 (r) A Uo1(S2)] 
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= U@,2@2) (S17) v U @,0Q2) (S27): 


F (00>) (S17) (S27) = Fo2(s) V Fo1i (S152) 
s Fg2(r) Vv [Fo1(s1) V Fo2 (s2)] 
= [Fo2 (r) A Fo1(s1)] Vv [Fo2 (r) A Fo1(s2)] 
= F(Q,Q,) (517) Vv F(Q,0Q2) (S27)- 
for 517, Sgr € S,S>. 

Case 3: For all 77, € S1j;, 5,52 € Sz such that s, # sz 
T (2, ;02),) (151) 252) = (Ta,; ° Ta, ,) (4151) 252) = Tari (12) A T92(S1) A Te2(S2) 
S [Te1(%1) A Te1(%)] A Te2 (81) A T92(s2) 
= [Tei(%1) A Te (s,)] A [T91(72) A Tg (s2)] 
= Ta.) (151) A TQ, 05) (252) 


Cca, joO9;) 151) 2S2) = (Ca,; 2 Co, ,)(151) (252) = Carl) A Cg2(s1) A Cg2 (sz) 
S [Cgi(%) A Cgx(72)] A Cg2 (51) A Cg2 (sz) 

= [Coi(%) A Co2 (s,)] A [Coi (7%) A Co2 (s2)] 

= Ca, o0,) (151) A Cea, 09, (7252) 


Ua jo0,;) 151) (252) = Uag,; ° Ug, ,) (151) (1252) = Vari) V Ug2(S1) V Ug2 (Sz) 
S [Ugi(%) V Ugi(72)] V Ug2 (51) V Ug2 (S2) 

= [U9i(") Vv Ug2(S1)] Vv [Ug1 (72) V Ug2 (s2)] 

= Ura, -0,) (151) V Ua, 0, (7252) 


F (Q, ;089,) (151) (252) = (Fay, ° Fa, ,) (151) (252) = Foii(t2) V Fe2(s1) V Fg2(s2) 
S [Foi(%1) V Foi(12)] V Fo2(S1) V Fo2(S2) 
= [Fei(%) V Fg2(s1)] V [Foi (7) V Fo2(s2)] 
= Fig, .9,)(151) V Fea,09,) (152) 
for 151,152 € S, ° S,. Hence proved. 


Definition 3.50 Let Gny = (Q1, O11, Qi2,.---Qiny and Gnz = (Q2, Qo1, Q22,.---Qen) be QNGS. The union of 
©, and ©, denoted by 
Ont U Gn = (Q, U Q,,0i41 U Qo1,Q42 U Qo, ae » Qin U Qon)) 
is defined by the following: 
(1) Tra,u9,) (7) = (Te, YT, )(") = Tai") V Te2(") 
Ua,ua,) (7) = (Ug, YU Ug, ) (7) = Vai (7) V Ug2 (7) 
Cig, ua,) (1) = (Cg, YU Cg, (7) = Cai (7) A Co2 (7) 
Fa,ua,) (7) = (Fa, Y Fo,)@) = Foi) A For), 
Vr €S, U So, 


(iit) Tra, ,v9,) (5) = (Te, ¥ Te,,)(r5) = Taii(rs) V To2i(rs) 
Cra, ua, (7S) = (Cg,, U Co, ) (Ts) = Caii(rs) V Cozi (rs) 
Uae.) (s) = Ug,; U Ug, (rs) = Uguilrs) A Ug: (rs) 
Fg, ,ua,) (5) = (Fa,, U Fo,,)(rs) = Foui(rs) A Fo2i(rs), 

for all (rs) € $4; U S3;. 


Theorem 3.51 The union Gy1 U Gnz = (Qy UV Q2, O41 VU Q21, Di2 U Qa2,.-., Qin U Qen) of two QNGS of the 
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GS ©, and Gz isa QNGs of ©, U G2. 


Proof. Let 7172 € S,; U S2;. Here we consider two cases: 
Case 1: when 772 € S;, then according to Definition 3.39, Tg,(™1) = Tg, (™) = Ta,,(1m) = 0 
Co, (%) = Cg, (™) = Cg, (172) =0 
Ug, (%) = Ug, (%) = Ug, (4m) =1 
Fo, (%) = Fo, (™) = Fo, (mm) =1,s0 
TQ, ,u2,;)) (4172) = Teri(72) V Te2i(%7) 
= Tg1i(47%) VO 
S [Tei(1) ATeq1(7%)] V 0 
= [Tei(n) V 0] A [Tei (72) V 9] 
[Toi(%1) V To (r,)] A [T91(72) V To (12)] 
= Tig,u9,) (1) A Ta, u9,) (7%) 


Cra, jua,;) (172) = Carl 72) V Cg2i(172) 
= Cori(nt2) v0 

[Coi(%) A Cg1(%)] v0 

[Coi(%) VOJA [C91 (72) V0] 

= [Cgi(%) V Cg2()] A [Cai (72) V Cg2(72)] 
= Ca,ua,) (1) A Cia, ua,) (7%) 


IL IA 


Ug, ua.) (172) = Ueril(72) A Ugai(nr) 
= Upgii(nt2) vi 

< [U9i(") Vv Ugi(%)] Al 

= [Ugi(4) A 1] V [Ugil%) A 1] 

> [U9i(") A Ug2(%)] V [Ugi (72) AUg2 (12)] 
= Ua,ua,)(%) V Ua, un,) (72) 


Fa, ua.) 472) = Foil) A Fo2i(i) 
= Fo1i(i12) vi 
S [Fei(%) V Foi(t2)] A1 
= [Fo1(") Alj|v [Fo1 (72) A 1] 
= [Fei(%1) A Fo2(1)] V [Fei (7%) A Fe2(72)] 
= Fra,ua,)(%) V Fra, ua,) (2) 
For 11% € S, U Sy. 
Case 2: when 1 € S2, then according to Definition 3.39, To, (m1) = To, (%) = To, (1%) =0 
Cg, (%) = Cg, (%) = Cg, (1%) = 0 
Ug, (4) = Ug, (%) = Ug, (4m) = 1 
Fo, (4) = Fo, (%) = Fo,,;(11%) = 1, so 
Ta, ua) (172) = Teri (172) V Tq2i(172) 
= Tg2i(%2) V 0 
S [Tg2(%1) A T92(%)] Vv 0 
= [Tg2(%1) V 0] A [Te2(72) V 9) 
= [Te1(%) V Te2(%1)] A [Te (72) V Te2(72)] 
= Ta, u22)(%) A Ta,ua,) (72) 
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Cra, uQ,;) (172) = Cari(72) V Cg2i(72) 
= Cg2i(12) v0 

< [Co2 (1) A Cg2 (12)] V 0 

= [Cg2(%) V 0] A [Cg2 (72) V 0] 

= [Coi(%) V Coz (m)] A [Coi (7) V Coz (r2)] 
= Ca,ua,) (1) A Cig, ua,) (72) 


Ua,jva,) 472) = Uguilite) A Ugei (i) 
= Ug2i(nt2) vi 

S [Ug2(%) V Uge(T2)] A1 

= [Ug2 (1) Al] Vv [U2 (T2) A 1] 

= [U9i(") A Ug2(%)] Vv [U91 (72) AUg2 (12)] 
= Ug,ua,)(%) V Ua, ua.) (%) 


Fg, ua) (172) = Foil) A Fo2i(1) 
= Fo2i("T2) vi 
[Fo2 (71) V Foe (r2)]A1 
[Fg2(1) A 1] Vv [Fe2(%2) A 1] 
= [Fei(%1) A Fg2(1)] V [Fei (7%) A Fe2(72)] 
= Frg,ua,)(%) V Fra,ua,) (7%) 
For 12 € S; U S,. Hence Proved. 


Il IA 


Theorem 3.52 Let © = (S, U $2,541 U S24, S42 U S22,.+..Sin U Son) to be union of two GSs ©, = 
(84, S44,S42,+++ Stn) and G2 = (Sz, $24,S92,-..,S2n). Then every QNGS © = (Q,Q,, Qz,....Qy_) of G is union 
of two QNGs Gp, and Gyz of GS G, and Gz, respectively, 


Proof. First we define Q;,Q2,Q,; and Q; for i € 1,2,...,n as 


Tair) = Te(r), Cai (7) = Co(r), Ugi (r) = Ug(r), Foi (7) = For), ifr € S; 
Tg2(7) = To(r), Coir) = Cg (r), Ugi(r) = U(r), Foi(r) = Fo (r), ifr € Sp. 


To1i("i72) = Toi (72), Coil) = Coi(tit), Upgii(it2) a Ugi (nite), Fo1i("72) = Foi(%72), 
if 7172 € S4j, 


Te2i(%12) = Tilia), Cg2i(i72) = Cail), Ug2i(t) = Ugi(i72), Fo2i(it) = Foil), 
if T1172 € Soi, 
Then Q= 9, UQ, and Q; = Q1; U Q2;, i € 1,2,...,n. 
Now for 41 € Sxi,k = 1,2,i = 1,2,...,n 
Toxi(%2) = Tai(%) S Te (1) A Tei (1%) = Ten (1) A Tex) 
Coni(1%2) = Corl 12) S Cgi (1) A Cgi (12) = Con (1) A Cox (7%) 
Ugni(t2) = Vault) S Vai (1) V Vai) = Uge() V Uge(2) 
Foxit (172) = Fori(12) S Foi(%) V Foi(12) = For (1) V Fox (1). 
ie 
Gre = (Qe Qe-+--Qen) isaQNGS of G,,k = 1,2. Thus G,, = O,Q,,Q3,..-.,Q,, a QNG of 
6 = G, UG, is union of two QNGSs G,, and G,p. 


Definition 3.53 Let G,, = (Q1,Q41,Qy2,---- Qin) and Gz = (Qz,Q21, Qo2,---- Qeny be QNGS and let 5S, N 
S_ = @. The join of Gp, and Gy2, denoted by 
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Gpi + Gnz = (Q1 + Q2, Oy, + D271, Di2 + Qoz,.-., Qin + Qon), 
is defined by following: 

@ Te,+2,)() = Teva) 

Cray+a,)(7) = Cra,ua,)(7) 

Ua,+a,)(7) = Uae, (7) 

F(a, +0,) (7) = Fra,va,)(") 

V ré€S,VU 8S, 


Gi) Tra,,42,) (75) = Ta, ,u9,) (TS) 
Cea +a,) (7S) = Cpayud,,) (rs) 

Ua, 14.22) (rs) = Ua, v2.) (rs) 
Fay. 4+22)) (5) = FQ ua.) (rs) 

Vi rs € $4; U Sy, 


Giii) Ty, 40,9 (75) = (Ta,, + Ta, ,) (7s) = Tei (") A Te2(s) 


Cr, +22, (75) = (Co, + Co,,) (Ts) = Cai (r) A Cg2(s) 
Ura, 42,9) (75) = Ug,, + Ug,,) (75) = Ugi (7) V Ug2(s) 
Fog, +0.) (7S) = (Fa,, + Fo,,) (5) = Foi”) V Fo2(s) 
V r€ Sy,s € Sp. 
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Theorem 3.54 The join Gp, + Qnz = (Qy + Dz, Qy, + Q21,Dy2 + Qy2,.-., Qin + Qen) of two QNG of the GSS 


© and G2 isa QNG of ©, + Gp. 


Proof. Let 172 € S,; + S2;. Here we consider three cases: 
Case 1: when ™r € S,, then according to definition 3.40 
To, (1) = To, (m2) = Tg,,(%7) =0 
Cg, (1) = Cg, (m2) = Cg, (172) =0 
Ug, (1) = Ug, (%) = Ug, , (172) =e 
Fo, (1) = Fo, (m2) = Fo, ,(m%) =1,s0 
T4420) 472) = Teil) V Te2i(i%) 
= To1i(it2) v0 
S [Tei(1) ATeq1(7%2)] V 0 
= [Toi(%1) VOJA [T91(72) v0] 
= [Toi(%1) V Te (r,)] A [Tg1(72) V Te (12)] 
= Tig, 42,)(%) A Ta, 4+2,) (72) 


Ca, +2) (472) = Caii() V Cg2i(i7) 
= Cori(nt2) v0 

< [Coi(%) A Cg1(%)] v0 

= [Cgi(%) V 0] A [Cai (7%) V 0) 

= [Cgi(%) V Cg2()] A [Cai (72) V Cg2(12)] 
= Ca, +0,)(1) A Cra, +0,) (72) 


Ua, +95) (4172) = Uguilit) A Ug2ai( 2) 
= Upgii(it2) vi 

S [Ugi(%) V Ui) A1 

= [Ugi(4) 41] V [Ugil%) A 1] 
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= [Ugi(%) AUg2(1)] V [Uqi (rz) A Ug2(72)] 
= Ua, +0,) (1) V Ua 40,)(%) 


Fg, ,402) (1%) = Foutz) A Fe2i(i) 
= Fo1i("72) vi 
S [Fei(%) V Foi(tm2)] A1 
= [Fei(4) A 1) V [Fei(%) A 1) 
[Fo1(%) A Fo2 (r1)] V [Fo1(7%) A Fo2 (12)] 
= Fra,+a,)(1) V Fray +a,)(%) 
For 11% € S, + Sp. 
Case 2: when 712 € Sz, then according to Definition 3.40, Tg, (1) = Ta, (™%) = Ta,, (1m) = 0 
Cg, (1) = Cg, (m2) = Cg, (17%) =0 
Ug, (%) = Ug, (%) = Ug, (4m) =1 
Fo, (%) = Fo, (%) = Fa,,(1m) = 1,80 
Ta, 42.) (472) = Teil) V Te2i(n72) 
= To2i(12) v0 
S [Tg2(%1) ATo2(72)] V 0 
= [Tg2() V 0] A [Tg2(12) V 0] 
= [Tei(%1) V Te (r,)] A [Tg1(72) V Te (12)] 
= Tg, 40,)(%) A Ta, 4+2,) (72) 


Cg, 405) (172) = Carl) V Cg2i (M12) 
= Cg2i(it2) v0 

< [Co2 (r1) A Cg2 (12)] V 0 

= [Co2 (1) VO] A [Co2 (rT) V 0] 

= [Cgi(%) V Cg2()] A [Cqi (72) V Cg2(72)] 
= Ca, +0,)(1) A Cra, +9,) (72) 


Ua, 42.) (472) = Uguilitm) A Ugai(i) 
= Ug2i(nit2) vi 

< [Ug2 (1) V Ug2(%)] Al 

= [Ug2(%) A 1] V [Ug2(%) A 1] 

= [U9i(") A Ug2(%)] Vv [Ug1 (72) AUg2 (12)] 
= Ua, +0,) (11) V Ua, 40,)(%) 


Fg, ,402) (1%) = Fori(it2) A Fe2i(i) 
= Fo2i("12) vi 
S [Fo2(%) V Fo2(r2)] A1 
= [Fo2 (1) A1] Vv [Fo2 (12) A 1] 
= [Fei(%1) A Fo2(1)] V [Fei (7%) A Fe2(72)] 
= Fgy+9,)(1) V Fra, 42,) (7%) 

For 1 € S; +S). 

Csse3: 1, € S1, 1% € Sz, then according to definition 3.42, 

TQ, ;+9)) (4172) = Te1(1) ATe2(12) 
= [Toi(%1) VOJA [T 92 (r2) V 0] 
= [Toi(%1) V To (r,)] A [T 92 (12) V To1(%)] 
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= Tg, 4+0,)(%1) A Ta, 42,) (1%) 


CQ, ,+25;) (172) = Cai(%) A Cg2(%2) 

= [Cgi(1) V 0] A [Cg2 (72) V 0] 

= [Coi(%) V Coz (1)] A [Co2 (12) V Cg1(72)] 
= Ca,+0,)(1) A Cra, +0,) (72) 


Uayj+2.) 72) = Var) V Ug2(%) 

= [Ugi(%) A 9] Vv [Ug2(%) A 0] 

> [U9i(") A Ug2(%)] Vv [U2 (72) A Uoi(%)] 
= Ua, +0,) (1) V Ua, 40,)(%) 


F 4,492) (17) = Foi(%1) V Fo2(%2) 
= [Fei(%) A 9] V [Fe2(%) A 0] 
= [Fei(%1) A Fo2(1)] V [Fe2 (7%) A Fei (72)] 
= Frag,+0,)(1) V Fra, +0,) (72) 
For 1 € S, + S,. Hence proved. 


Theorem 3.55 Let 163) = (Sy + So, Si4 + So Si2 + So2, aieribve Sin + Son) to be join of two GSs 6, = 
(84, S44)S42,-++ Sin) and G2 = (Sz, $21,S22,-..,S2n). Then every strong QNGS G = (Q,Q,, Q,,.... Qn) of G is 
join of two strong QNGs Gy, and Gy2 of GS G, and Gz, respectively, 


Proof. First we define Q, and Q,; for k = 1,2 and i= 1,2,...,n as: 
Ta, (7) = Tg(r), Ca, (7) = Co(r),Un, (7) = Up(r), Fay(r) = For), if r € Sy 
Ta, (172) = Te,(%172), Ca, (172) = Co,(172), Va, (4%) = Ug,(172), Fa,;(%172) = 
Fo,(%12), if mr € SK 
Now for 17 € S;;,k = 1,2,i = 1,2,...,n 
To,i (%12) = Te,(17%) = Tg (1) A To (%) = To, (1) A To, (%) 
Cg, (112) = Ce,(172) = Cg(™) A Cg(72) = Cg, (1) A Co, (2) 
Ug, ; (1%) = Ug,(12) = Ug(n) V Ug(2) = Ug, (1) V Ug, (2) 
Fox (%12) = Fo,(%72) =F (1) Vv Fg (%) = Fo, (1) Vv Fo, (7%2)- 
(Le) Gre = (Qe, Deer, Qer,+++, Qen) is a strong QNGS of Gz, k = 1,2. 
Moreover, ©, is join of ©; and G,2 as shown: Using Definition 3.39 and 3.42, Q = Q,; UQ, = 
Qi + Q, and Q; = Qj VU Qy; = QyY + Qoy, WT, € Sy, Sj. 
when 47 € $4; + $2; (Sy; U S2;), (ie) 1 ES, and 7 € S, 
Tg, (72) = Te) A Te (2) = Tox (1) A Tex (2) = Ta,,+0,;(47%) 
Cg,(17%2) = Ce) A Ce (12) = Con (1) A Cox (2) = Ca, ;40,;(472) 
Ug, 72) = Ug) V Ug (2) = Uge (1) V Uge (2) = Ug, 4.0,,(472) 
Fo,(%112) = Fo) V Fe @2) = For) V Fox (2) = Fa, ;4+0,;(%72) 
Calculation are similar when 1, € Sz, 72 € S,. It is true when i = 1,2,...,n. Complete the proof. 


4, Conclusions 

In this work, the concept of quadripartitioned neutrosophic graph structure and its properties 
have been discussed. The strong, tree, @—permutation and ¢—complement of quadripartitioned 
neutrosophic graph structure have been studied. The operations like Cartesian Product, cross product, 
lexicographic product, composition in graph structures and join operations are established. In future, the 
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authors will extend this proposed concept to some applications in decision making and bipolar 
environment. Wiener index of QNGSs will be studied based on [21, 22]. The proposed concepts are also 
extended to bipolar QNGSs, interval QNGSs, single valued neutrosophic quadripartitioned hypergraphs 
and in soft QNGSs. 
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Abstract: We presented in this paper a new concept of sets that we launched it neutrosophic axial 
sets . These sets are considered as generalization of neutrosophic sets . The union relationships , 
intersection, union , belonging and other concepts were built on these sets , then we created two 
different concepts of points . Also we studied many important properties and basic theories about 
axial sets theory. 


Keywords: neutrosophic sets; fuzzy sets; SNA-points ; NA-sets ; union relationships. 


1. Introduction 

The neutrosophic sets [1] are the important and influential topic in human life in direct way. It’s 
considered to be one of the applied and pure topics at the same time . 

Also it contributes to quantum leaps in the field of electronics , software and other sciences as well 
as in various engineering branches . Where Salama, A., FlorentinSmarandache, and Valeri Kromov 
who were the researchers first to know these sets in [2,3]. Researchers and scientists have taken it 
upon them and solves to develop and work on it . On the other hand , these sets are considered to be 
a development to the second type of fuzzy sets , which the researcher Zadeh, L. A. know in 1965 [4 
] introduced. At the same time , the fuzzy sets are generalized into so-called the soft sets which were 
defined in [ 5- 7] and attributed to Molodtsov [ 8 ]. There are many researchers who worked in this 
field and remind them of [ 9- 12 ]. 

In 2019 Abdulsada, D.A., Al-Swidi, L.A.A. defined a new concept of sets and called it the 
center sets , for more information , you can review the papers [ 13- 15], and the pillar of construction 
is proximity spaces by . A. Naimpally and . D. Warrack [16], where we combined the proximity 
space with the i-topological space by Al Talkany, A.Y.K.M., AL-Swidi, L.A.A [17] to produce the 
i-topological proximity space in 2020 [ 18, 19 ]. These ideas can be generalized on the topic of 


neutrosophic. 


2. The Neutrosophic Axial Set theory 
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2.1. Definition Let X be any set , the set of the form NAA = {<A,A,,A, >; ANA, =@,i=1,2} is 
called neutrosophic axial set, where A be any subset of X , and the sets A,,A, are called the parts 
of <A,A,,A, > For example , if we take X =R the real numbers ,then NAA = {< 
(1,2),A1,A2>; (1,2) nN A; =@,i = 1,2} where 


@ or discret set in Rha 2) 


Aj = [2,x) forx22 
yy ,1] fory<1 
2.2. Definition 


I- Let X be any non-empty set , the neutrosophic point (NA-point ) are of the forms np? =< 
A,®@,®@>, NPA =< @,A,@> and 


NPA =< @,@,A> , for any proper non-empty subset A of 


IIl- The singular neutrosophic point (SNA-point ) of any NA-set NAA is denoted by SA =< 
A,A,,A2, > ,where AN A; = @ where i =1,2 ,so SA € NAA (where € is the notion of classical 
belongs to ) . 

So we can claim the number of NA-points of any non-empty universal set X is |X]. (|PCX)/{9, X}| 


where |X| the number of elements of X. 


Also from |X| of above definition any NA-set is the classical union of its SNA-points and any 


SNA-point of any NA-set is neutrosophic set , but the converse is not true . 


2.3. Definition 

|. The empty NA-set with respect to the subset A of X is denoted by NA is of the form 

NAS ={< @,A,,A, >; whereA N A; =O i=1,2 }. 

For example , if X = {a,b ,c}, then NAfap) = {< 0,0,0 >,< @ {ch {c} >,< O,{c3}, 0 >,< 


0,0,{c} > }. 


Il- The null NA-set with respect to a subset A of , which denoted by NNAA is of form NNAA = 
{< 4,0,@ >}. 


2.4. Definition 

I- The NA-sum between two SNA-points SA and SB is denoted by the notion ®y which is 
defined by S,®ySp = {< AUB,C, UD,,C, UD, > , whereC;NA=O andD,;NB=@,i=1,2} .So 
from this definition we claim that every SNA-point is NA-sum of two or more than two _, but every 


NA-point is SNA-point . 
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IIl- The SNA-point SA is called interlaced with respect to NA-set NAB , ifSA € NAB there exist 
SB € NAB such that A; © B;,S, =< A,A,,A, > ,Sg =< B,B,,B, >i = 1,2 If any NA-point of 
the forms np? , NPA and NPA belong to NA-set NAB , if A is a part of some SNA-point of 
NAB .So that we easily show that, SB € NAB iff SB €y NAB . 


IlI- The NA-set NAA is said to be interlaced set with one of the NA-set NAB which is denoted by 
NAA <y NAB iff for each Sy =< A,A,,A, > €NAB there exist SB =< B,B,,B,>€ NAB with 
the condition A;& B,i = 1,2. Clearly every NA-set is interlaced set of NAg , also NAX is 


interlaced set of any NA-set. 


2.5. Note 

If AC B,then NAg <y NAg . Because , for every SNA-pointSB =< B,B,,B, >ENAB that is BN 
B;=@ and ACB imply that ANB; =@ for i= 1,2 , thus SB € NAA , which satisfy the 
condition of interlaced set .Two NA-sets NA, and NAgare called intertwind sets which is denoted 


by NAa *nNAp iff NAA <y NAB and NAB <y NAA . 


2.6. Proposition 
Let X be any sets and A,B are subsets of X. A = B iff NA, ~y NAg . 
Proof . 


Assume that = B , so by (Note 2.5), we get that NA, ~yj NAg. Conversely , if possible that A # B 


Case 1.If AM B= @, then each S, =< A,A;,A2 > © NAA and since each subset C of X with 
C 1 B= @ there is no SNA-points in NAg which satisfy the condition of interlaced set , so NAA is 
not interlaced set of NAg . Similarly that NAg is not interlaced set of NAA , which contradiction 
with NA, =n NAg . 


Case 2. If A N B # @ , that is there exist a point x in A and not in B or the point y in B but not 
inA , so SB =< B,{x},{x} >€ NAB imply that no SNA-points in NAA which satisfy the 
condition of interlaced set , hence NAB , similarly if we take y € B and y is not in A , which 


contradiction with NA, ~yj NAg . Therefore we get = B . 
2.7.Definition 


The NA- complement of any NA-set NA, which is denoted by (NAq)c and of the form (NAg)c = 


NAzc. Now we give the notions of union, intersection of NA - sets . 
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2. 8. Definition 

The NA — union of two NA-sets NA, and NAg , which is denoted by NA, Uy NAg and is of the 
form NAg Uy NAp = {<AUB,A; 9B,,Az NB, >; V<A,Ay, Ay >€ NAg, < B,B,,Bz >€ NAg} -Also 
for the same away we defined that for any collection{NA,,;i € Il} of NA - sets , the NA-union of 


this collection is of form (Ujen Ayn = {< Uien Ai G, 9G; 


J2? 


D), NDj, >5 Vjr,j2 € I} where Say, =< 
Aj C;,, Dj, >and SB,, =< B,,,Cj,, Dj, > « 

The NA — intersection of two NA-sets NA, and NAg , which is denoted by NA, Ny NAg and is of 
the form NA, Ny NAp = (< 4B, A, By, Az NB, >; W< A, Ay, Ay >€ NAg, < B, By, B, >€ NAp} - 
Also for the same away we defined that for any collection{NAg,;i € II} of NA — sets , the 


NA-intersection of this collection is of form (Nien Ayn = {< Nien A; Ci, 9 Ci 


ly? 


Di, ia) Di, ot Vi, rly E II} 


CG 


ly 


where Sai, =< Aj 


ly 


D,, >and SBi, =< B,C; 


12’ “12? 


Dies 


The NA —participating of two NA-sets NA, and NAg , whichis denoted by NA, MNAg = NAacp.- 


It is easy to show that the commutative and associative properties for the NA - union, NA - 


intersection and NA -—participating are satisfied . 


2.9. Proposition 

For any set X and any subsets A,B , that is NA, Uy NAg = NAaus- 

Proof . 

For any SNA-point SD € NA, Uy NAg , which of the form SD =< AN B,A,NBy,A,N Bz > , with 
Sa =< A, Ay, Ay > ENAg, Sg =< B,By,B, >€NAg . Thus SD €NAgug , because that (AUB)N 
(Ai N By) =( AN (A, Bi) UCB (A;NB)) =O . 

Conversely , now let Saug €NAaup , if possible that Saug € NAa Uy NAg , since Saug =<AU 
B,D1,D2 > with(AUB) NDi =@, fori = 1,2.But @ =(AUB) NDi =(AN Di) U(BN Di), 
imply that AN Di=@,B NDi =@,sowehave < A,D1 ,D2 >E€ NA, and < B,D1 ,D2 >€ NAg 
, also Sayp =< AUB, D1,D2 >=< AUB,D1N D1,D2 ND2 >€ NA, UyNAg , which is a 


contradiction . 


From this proposition we can prove easily the following corollary. 


2.10 .Corollary 
1. NAa Uy NAge = NAX. 
2. NAa Un NAa = NAa - 


3. NAa Uy NAX = NAX. 
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2.11. Remark 
For any set X and subset A of X wehave NA, Ny NAx = NNAag ={ NP2}, because NAg Ny NAx = 
{< ANX,O@NA,,0NA, > ; foreach <A, A,,A, >€NAa} ={< 4,0,0 >} ={NPY} = NNA,. 


2.12. Remark 

Let X be any set with NA, and NAg are NA — sets on X. If NAa<yNAg , then 
(NAg On NAg) <n NAg also (NAg, Ay NAg ) <y NAgbecause for any <ANB,C,;ND,C,ND, >€ 
NAjg from the fact < A,C1,C2 >E€NA,and ANC;ND,;=9@ , for i = 1,2.from above (Remark 


2.12.) and( Note 2.5.) we have the following proposition . 


2. 13. proposition 

1-  ( NAa On NAg) <y NAans - 

2- ( NAa On NAg) ~n NAa. 

3- If NAa <y NAg and NAg <y NAc , then NAq <y NAc . 
4- If © B,then NAg Ny NAg =v NAg . 


Proof (4). 

By (Note 2 . 5) and Remark (2 .12) we have (NA, Ny NAg) <y NAg . Now let us < B,D, D2 > € NAg 
, so BND; =9 , but AE B, then AND; = Gfor i = 1,2, then < A,D, Dz, >=< AN B,D, D2 >€ 
NAa On NAg . So we get the result . 


2. 14. Proposition 
For any NA - points NPp,Np? €yn NAa which satisfy that , there exist a part C of some SNA -— 
point of NAg suchthat D EC iff NA, <y NAg . 


Proof. 

Let SA =< A,C1,C2 >E€ NA, , then NA - points NPc, and NP® are in NA, , so by assumption 
, there exist parts D1 ,D2 of SNA -pointsin NAg with Ci © Di and BND;=0 ,i=1,2 
, 80 <B,D,D, >€ NAg , this imply that NA, <y NAg . 

Conversely , let NA,g<yjNAg and let NPp €y NA, , then the SNA —- point <A,D,@ >,< 
A,@,D > or < A,D,D > are in NA, , then there exist < B,C1,@ >. Such that D © C1 with 
NPc, €NAp or < B,0,C2 > such that D © C2 with NP® € NA, or < B,H1,H2 >€ NA, with 
D © Hi,so NPp, and NP? ENAg . 


3. Conclusions 
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1. After an extensive study of these sets and spaces , we did this research establishing the basic 
structures for generalizing the neutrosophic sets , and under the name neutrosophicsets_ . Therefore 
, we can put the identification of the topological spaces on it , by taking a family of these NA- sets 
that achieve the following ; NAy , NAg belong it , second is closed under the finite NA - 
intersection , finally is must be closed under NA — union for any subfamily of it. 

2. Also we can study their properties and characteristics , as well as define the functions on there to 
give as a good suggestions to work . Then , we can modify the various open sets and further study 


can be continued with this concept. For example , we can modify in the papers [ 20- 28] . 


Acknowledgments:The authors remain thankful to the referee for his helpful suggestions and comments. 
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Abstract. The objective of the study is to find out the relationship between the disease and the symptoms seen with the 
patient and diagnose the disease that impacted the patient using single valued neutrosophic set. Innovative method [sine 
exponential measure] is devised in single valued neutrosophic set and some of its properties are discussed herein. Utiliza- 
tion of medical diagnosis was commenced with using prescribed procedures to identify a person suffering from 

the disease for a considerable period. The result showed that the proposed method was free from shortcomings that affect 
the existing methods and found to be more accurate in diagnosing the diseases. It was concluded that the technique adopted 
in this study were more reliable and easier to handle medical diagnosis problems. 


Keywords: Sine Exponential; Neutrosophic; Medical Diagnosis; Single Valued Neutrosophic 


1 Introduction 


Kumbakonam is a thickly populated town. Although underground drainage system is available here, it is yet to 
cover all the houses in the town. So, open drainage system continues to be in practice in different places of the 
town. Further this town is racing fast towards total sanitation in all spheres. As a result, Kumbakonam continues 
to be a repository of all new kinds of diseases. This created an urge to carry out research in the medical field. By 
introducing innovative methods in the research, the diseases can be diagnosed instantly and infallibly. 

Mathematical principles play a vital role in solving the real life problems in engineering, medical sciences, 
social sciences, economics and so on. These problems are having no definite data and they are mostly imprecise 
in character. We are therefore employing probability theory, fuzzy set theory, rough set theory efc., in Mathematics 
to find solutions to these problems. In the same way, fuzzy logic techniques have been integrated with conventional 
clinical decision in healthcare industry. As clinicians find it hard to have a fool proof diagnosis, they are initiating 
certain steps without any guidance from the experts. Neutrosophic set which is a generalized set possesses all 
attributes necessary to encode medical knowledge base and capture medical inputs. 

The law of average has been applied in Medical diagnosis combining the information of which most of them 
are quantifiable derived through various sources and the inconsistent data derived through intuitive thought and 
the whole process offers low intra and inter personal consistency. So contradictions, inconsistency, indeterminacy 
and fuzziness should be accepted as unavoidable as they are integrated in the behavior of biological systems as 
well as in their characterization. To model an expert doctor it is imperative that it should not disallow uncertainty 
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as it would be then inapt to capture fuzzy or incomplete knowledge that might lead to the danger of fallacies due 
to misplaced precision. As medical diagnosis contains lots of uncertainties and increased volume of information 
available to physicians from new medical technologies, the process of classifying different sets of symptoms under 
a single name of disease becomes difficult. 

In 1965, Fuzzy set theory was firstly given by Zadeh[1] which is applied in many real applications to handle 
uncertainty. Sometimes membership function itself is uncertain and hard to be defined by a crisp value. So the 
concept of interval valued fuzzy sets was proposed to capture the uncertainty of grade of membership. In 1986, 
Atanassov[2] introduced the intuitionistic fuzzy sets which consider both truth-membership and _ falsity- 
membership. Edward Samuel and Narmadhagnanam[3] proposed the tangent inverse distance and sine similarity 
measure of intuitionistic fuzzy sets and apply them in medical diagnosis.Kozae et al [4 Japplied intuitionistic fuzzy 
sets in corona covid-19 determination.Rajkalpana et al [ 5]applied intuitionistic fuzzy set and its operators in 
medical diagnosis.Shinoj and John [6] extended the concept of fuzzy multi sets by introducing intuitionistic fuzzy 
multi sets. Rajarajeswari and Uma [7,8] proposed few methods among intuitionistic fuzzy multi sets. Edward 
Samuel and Narmadhagnanam[9] proposed sine inverse distance of intuitionistic fuzzy multi sets and apply 
them in medical diagnosis Later on, intuitionistic fuzzy sets were extended to the interval valued intuitionistic 
fuzzy sets. Intuitionistic fuzzy sets and interval valued intuitionistic fuzzy sets can only handle incomplete 
information not the indeterminate information and inconsistent information which exists commonly in belief 
systems. So, Neutrosophic set (generalization of fuzzy sets, intuitionistic fuzzy sets and so on) defined by 
FlorentinSmarandache[10] has capability to deal with uncertainty, imprecise, incomplete and inconsistent 
information which exists in real world from philosophical point of view.In 1982, Pawlak[11] introduced the 
concept of rough set, as a formal tool for modeling and processing incomplete information in information systems. 
There are two basic elements in rough set theory, crisp set and equivalence relation, which constitute the 
mathematical basis of rough sets. The basic idea of rough set is based upon the approximation of sets by a pair of 
sets known as the lower approximation and the upper approximation of a set. Here, the lower and upper 
approximation operators are based on equivalence relation. Nanda and Majumdar [12] examined fuzzy rough sets. 
Broumi et al [13] introduced rough neutrosophic sets. SurapatiPramanik and KalyanMondal [14,15] introduced 
cosine and cotangent similarity measures of rough neutrosophic sets. Pramanik et al [16] introduced correlation 
coefficient of rough neutrosophic sets. Edward Samuel and Narmadhagnanam [17-20] proposed few methods 
among rough neutrosophic sets and applied it in medical diagnosis.Neutrosophic set is applied to different areas 
including decision making by many researchers[21-27]. Mohana and Mohanasundari[28] proposed similarity 
measures of single valued neutrosophic rough sets. Tuhin Bera and Nirmal KumarMahapatra[29] applied 
generalised single valued neutrosophic number in neutrosophic linear programming. Ulucay et al [30] proposed a 
new approach for multi-attribute decision-making problems in bipolar neutrosophic sets. Wang et al[31] proposed 
the single valued neutrosophic set.PinakiMajumdar and S.K.Samanta [32]proposed the similarity and entropy of 
neutrosophic sets. Jun Ye[33] proposed the cotangent similarity measure of single valued neutrosophic sets. 

Broumi et al[34] proposed single valued (2N+1) sided polygonal neutrosophic numbers and single valued (2N) 
sided polygonal neutrosophic numbers. Li et al [35] Slope stability assessment method using the arctangent and 
tangent similarity measure of neutrosophic numbers. Edward Samuel and Narmadhagnanam [36,37] introduced 
cosine logarithmic distance and tangent inverse similarity measure among single valued neutrosophic sets and 
applied it in medical diagnosis.. Harish Garg and Nancy[38] proposed new distance measure of single valued 
neutrosophic sets. Chai et al[39]proposed new similarity measures of single valued neutrosophic sets. Shan Ye 
and Jun Ye [40] introduced the concept of single valued neutrosophic multi sets. Edward Samuel and 
Narmadhagnanam [41] introduced cosine exponential distance among single valued neutrosophic multi sets and 
applied it in medical diagnosis. In 2013[42], Florentin Smarandache extended the classical neutrosophic logic to 
n-valued refined neutrosophic logic, by refining each neutrosophic component T,I,F into respectively, 
T1,T2,..,Tmlib,...,Jp and F1,F2,..,F;. The concept of neutrosophic refined sets is a generalization of fuzzy multisets 
and intuitionistic fuzzy multi sets. In 2014,Broumi and Smarandache[43] extended the improved cosine similarity 
of single valued neutrosophic set proposed by Ye[44] to the case of neutrosophic refined sets. Edward Samuel and 
Narmadhagnanam [45-47] introduced few methods in neutrosophic refined sets and applied it in medical diagnosis. 
Broumi et a/ [48] generalise the concept of n-valued neutrosophic sets to the case of n-valued interval neutrosophic 
sets. Edward Samuel and Narmadhagnanam [49-51] introduced many methods in n-valued interval neutrosophic 
sets and applied it in medical diagnosis. The proposed method had more accuracy than the others and they could 
handle the limitations and drawbacks of the previous works well. This study discovers the relationship between 
the symptoms found within patients and set of diseases. This study will help the researcher to find out the diseases 
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accurately that impacted the patients. The method employed is free from the limitations that are commonly found 
in other studies. Without such limitations, in this study a new theory on image processing, cluster analysis etc., has 
been developed. 

Rest of the article is structured as follows. In Section 2, we briefly present the basic definitions. Section 3 deals 
with proposed definition and some of its properties. Sections 4, 5 and 6 deal with methodology,algorithm and case 
study related to medical diagnosis respectively. Conclusion is given in Section 7. 


2 Preliminaries 


2.1 Definition[52] 

Let X be a Universe of discourse,with a generic element in X denoted by X, the neutrosophicset(NS) A is an 
object having the form 
A= (x: 74(0),14(2), Fa(x)),x€ x} 

where the functions define 7,/,F :X > boa | respectively the degree of membership(or Truth), the degree 
of indeterminacy and the degree of non-membership(or Falsehood) ofthe element x € X to the set A with the 
condition 
“OS T,@+1,0+ F,@ < 3* 


2.2 Definition[31] 

Let X be a space of points (objects) with a generic element in X denoted by X. A single valued 
neutrosophic set A in X is characterized by truth membership function T, , indeterminacy function / , and falsity 
membership function F’, .For each point Xin X , 

T, (x) 1,02) F(x) €[0,] 

When X is continuous,aSVNS A can be written as 
A=J,(T(x),1(x), F(x))/x,x€ X 

When X is discrete, aSVNS Acan be written as 
A= 2 (T(x, )1(x,), F(a, )) 20,62, eX 


3 Proposed definition 
3.1 Definition 


Let 4 = 3 mi and B = x mi be two single valued neutrosophic sets in 


i=l ay (x, ), 1, (x, if F, (x, )) i (TA, La (2, ), F, (x, ) 


X= {x Geek \ then the sine exponential measure is defined as 


po Agorrt, 


SEM (A, B) = 1 $1 § sine U7 )-Tp (x5) +124 (34 18 (+ Fa 09 Fa Gi "| @) 
svus \445 


N i=\|_j=1 


Proposition 1 

(i) SEM sins (A.B) > 0 

(ii) SEM suns (A, B) = SEM sis (B, A) 

(ii)IFA CB CC then SE yng (A,C) S SEM sins (A,B) & SEM one (A.C) SEM ono (B,C) 
Proof 


(i) We know that, the truth-membership function, indeterminacy —membership function and falsity-membership 
function in single valued neutrosophic sets are within [0,1] 


Hence SEM svws (A, B) >0 
(ii)We know that, 
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Hence SEM syns (A, B) = SEM wns (B, A) 


(iii) We know that, 
Talx,)STo(x,)STe(x,) 
I(x, )2 Io(x,)2 Tala) 
Falx,)2 Falx,)2 Fels) 


SACBCC 

Hence, 
P(x,)=Tslx)) = Ta(x,)-Tc(x,) 
Talx;)= a(x) <|ta(%;)-Ie(x,} 
Fa(x,)- Falx,) $|Falx,)- Fel, 
T (x,)—Telx,)| <|rae,)-Telx, ) 
Ta%,)—Ie(%,) $|ralx,)— rel J 
Fo(x,)- Fe(x,) $|Fu(x,)- Fels) 


Here, the sine exponential measure is a decreasing function 
SEM sys (A.C) $ SEM sys (A, B)& SEM sys (A,C) $ SEM sins (B,C) 


4. Methodology 


In this section, we present an application of single valued neutrosophic set in medical diagnosis. In a given 
pathology, Suppose S is a set of symptoms, D is a set of diseases and P is a set of patients and let Q be a single 


valued neutrosophic relation from the set of patients to the symptoms.i.e., Q(P > S$) and R bea single valued 
neutrosophic relation from the set of symptoms to the diseases i.e., R(S — D)and then the methodology involves 


three main jobs: 

1. Determination of symptoms. 

2. Formulation of medical knowledge based on single valued neutrosophic sets. 

3. Determination of diagnosis on the basis of new computation technique of single valued neutrosophic sets. 


5. Algorithm 


Step 1: The symptoms of the patients are given to obtain the patient symptom relation Q and are noted in Table 1. 

Step 2: The medical knowledge relating the symptoms with the set of diseases under consideration are given to 
obtain the symptom - disease relation R and are noted in Table 2. 

Step 3: The Computation T (relation between patients and diseases) is found using (1) between Table | & Table 2 
and are noted in Table 3 

Step 4: Finally, we select the maximum value from Table 3 of each row for possibility of the patient affected with 
the respective disease and then we conclude that the patient P; is suffering from the disease D;. 


6. Case study [53] 


In this section, an example adapted from Gulfam Shahzadi,Muhammad Akram and Arsham Borumand Saied (An 
application of single valued neutrosophic sets in medical diagnosis) is used. 
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Let there be three patients P=(Ali,Hamza,Imran) and the set of symptoms S={Temperature,Insulin, Blood Pressure, 
Blood Platelets, Cough}.The Single valued neutrosophic relation Q(P > S) is given as in Table 1.Let the set of 
diseases D = {Diabetes, Dengue, Tuberculosis }.The Single valued neutrosophic relationR(S > D) is given as in 


Table 2. 


Q Temperature Insulin Blood Pressure | Blood Platelets | Cough 
Ali (0.8,0.1,0.1) (0.2,0.2,0.6) (0.4,0.2,0.4) (0.8,0.1,0.1) (0.3,0.3,0.4) 
Hamza (0.6,0.2,0.2) (0.9,0.0,0.1) (0.1,0.1,0.8) (0.2,0.1,0.7) (0.5,0.1,0.4) 
Imran (0.4,0.2,0.4) (0.2,0.1,0.7) (0.1,0.2,0.7) (0.3,0.1,0.6) (0.8,0.0,0.2) 
Table 1:Patient-symptom relation(using step 1) 
R Diabetes Dengue Tuberculosis 
Temperature (0.2,0.0,0.8) (0.9,0.0,0.1) (0.6,0.2,0.2) 
Insulin (0.9,0.0,0.1) (0.0,0.2,0.8) (0.0,0.1,0.9) 
Blood Pressure (0.1,0.1,0.8) (0.8,0.1,0.1) (0.4,0.2,0.4) 
Blood Platelets (0.1,0.1,0.8) (0.9,0.0,0.1) (0.0,0.2,0.8) 
Cough (0.1,0.1,0.8) (0.1,0.1,0.8) (0.9,0.0,0. 1) 
Table 2: Symptom-Disease relation (Using step 2) 
T Diabetes Dengue Tuberculosis 
Ali 0.3201 0.5900 0.4962 
Hamza 0.6287 0.3217 0.4991 
Imran 0.4547 0.3531 0.6031 


Table 3: Sine exponential measure(Using step 3 and step 4) 


7 Conclusion 


Our propounded techniques are most decisive to hold the problems related to medical diagnosis competently. 
The proposed approaches can find more implementation in other areas such as decision making, cluster analysis 
etc. 
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Abstract: In this paper, the solution of a first-order linear non-homogeneous fuzzy differential equation with an 
initial condition is described in a neutrosophic environment. For this purpose, using triangular neutrosophic 
numbers, the neutrosophic analytical method, and the fourth-order Runge-Kutta numerical method have been 
introduced for solving fuzzified first order differential equation. We also observed solutions at the (a,B,y)-cut 
with varied time scales. In addition, the error between the analytical and numerical solution obtained on the 
(a,B,y)-cut is evaluated and illustrated using tables with varying time. A good amount of agreement is seen 
using closed form and numerical solutions. 


Keywords: Differential equation, Fuzzy set, Triangular Fuzzy numbers, Neutrosophic, Runge-Kutta 4" order. 


1. Introduction 


We are often faced with many ambiguous situations because of the limited, vague and uncertain 
knowledge available in our daily lives. It becomes impossible to depict and characterize any 
phenomenon in precise manner. In order to deal with these circumstances, Zadeh proposed fuzzy 
set theory in 1965 [1]. In numerous situations, we all employ intellectual terms such as "easy," "hard," 


wo 


"extremely easy," "very hard," and so on. These are ambiguous words, and the information derived 
from them differs in many ways. In fuzzy set theory, each intellectual word is assigned a 
membership grade, and all of these intellectual forms may then be simply fitted into the fuzzy 
environment. Basically, fuzzy set theory allows each element of a set "A" to have a specific degree of 
membership, represented by 4(x), which denotes that each element x of set A has a membership 
value lying in the closed interval [0, 1]. When we want to fit distinct intellectual words into a fuzzy 
set then we assign a numerical value to them between 0 and 1, and call them fuzzy numbers. Chang 
and Zadeh developed fuzzy numbers in 1972 [2], while Dubois and Prade studied generalization of 
fuzzy numbers in 1978 [3]. 

In practice, we normally consider the membership value, although this is insufficient. In such cases, 
the non-membership value must also be taken into account. But fuzzy sets are established solely for 


membership values, they do not take non-membership values into account. Atanassov presented the 
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intuitionistic fuzzy set (IFS) in 1986 [4-5], which is an extension of fuzzy sets that encompassed both 
situations. Because it contains information that belongs to the set as well as information that does not 
belong to the set, intuitionistic fuzzy sets are regarded as an extension of fuzzy sets. 

In the real-life uncertainty, there is also the possibility of a different situation, known as 
indeterminacy. When the knowledge on which items belong to the set and do not belong to the set is 
insufficient, a neutral state condition known as indeterminacy arises. In order to comprehend this 
scenario in real life, Florentin Smarandache was the first to establish neutrosophic set theory which 
consider truth value, indeterminate value, and false value in 2006 [6]. In Neutrosophic set, grade of 
membership of Truth values (T), Indeterminate values (I) and False values (F) has been defined 
within the non-standard interval -]0,1[+. Non-standard intervals of the neutrosophic set theory 
works good in the concept of philosophy. In reality if we deal with engineering and science 
problems it is impossible to fit data in the non-standard interval. To solve such problems, Wang et al. 
created single-valued Neutrosophic sets by considering the unit interval [0,1] in its standard form in 
2010 [7]. Furthermore, many researchers, including Aal SIA et al., Deli and Subas , and Chakraborty 
et al. have defined single-valued neutrosophic number [8-10]. Similarly, Ye defined Trapezoidal 
Neutrosophic numbers and its application in the field of decision-making [11]. Using this approach, 
lots of work is going on by considering several real-life issues (see for instance [12-20]). For example, 
Abdel-Basset et al. presented type-2 neutrosophic numbers for decision making problems, results on 
recent pandemic COVID-19, supply chain model, industrial and management problems. Similar 
applications and other generalization of the theory are discussed in the research articles, viz; [16-21]. 
Researchers must use certain methodologies, particularly differential equations, in order to initiate a 
discussion about modelling any phenomena and study its behaviour. In the modelling of any 
phenomenon, the data we receive is incomplete, imprecise, and uncertain., Kaleva proposed fuzzy 
differential equations to better grasp such ambiguity in real life in 1986 [22]. To develop the area of 
fuzzy differential equation some researchers extended the concept of calculus in fuzzy environment. 
Dubois & Prade, Goetschel & Voxman, Puri & Ralescu and others pioneered the fuzzy derivative 
and its extended theory [23-26]. They solved an initial value problem for a first order differential 
equation by employing the notion of fuzzy derivatives. Similarly, Buckley et al. proposed the 
solution of an nth order ordinary differential equation using fuzzy initial conditions [27-28]. The 
generalized Hukuhara differentiability for fuzzy-valued functions plays the most important role in 
the development of the fuzzy differential equation, which was presented by Bede and Seikkala 
[29-31]. There are many methods available in the literature to solve fuzzy differential equations, such 
as analytical, semi-analytical, and numerical methods, which have been used by various researchers, 
for example, Nieto et al. and Ghazanfari et al. who used Numerical method, namely Euler 
approximation and Runge-Kutta method of order 4 for solving first order linear fuzzy differential 
equations [32-33]. Lots of works have been done for the development of FDE (see for instance 
[34-39]). Because intuitionistic fuzzy set is a generalization of fuzzy set, fuzzy differential equation is 
likewise generalized to an intuitionistic environment. Researchers Ben et al. and many others have 
discussed analytical and numerical techniques for the solution of Intuitionistic fuzzy differential 
equation [40-41]. 
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In this paper, we describe how to solve differential equations in a neutrosophic setting using 
calculus features of the neutrosophic set, which was discussed by Smarandache in 2015 [42]. He was 
first introduced neutrosophic derivative which is an extension of fuzzy derivative. Neutrosophic 
derivative has new type of the granular derivative (gr-derivative) which was introduced by Son et 
al. [43]. Also, he gave the gr-partial derivative of neutrosophic-valued several variable functions and 
investigated the if and only if condition for the existence of gr-derivative of neutrosophic-valued 
function. In the recent time, a lot of effort is done in the neutrosophic environment to describe many 
real-life occurrences using differential equations. For example, Sumanthi et al. has discussed the 
solution of neutrosophic differential equation using trapezoidal neutrosophic numbers, Parikh and 
Sahni discussed about the second order differential using Sumudu transform in neutrosophic 
environment, Moi discussed boundary value problem for second order differential equation in 
neutrosophic environment, and many other researchers discussed similar problems [44-47]. In this 
study, we addressed theory for the solution of first order differential equations using numerical 
approach, namely, Runge Kutta of 4th order in neutrosophic environment, which was inspired by 


these researches. 
1.1 Motivation: 


Our review of the literature revealed that there has been little research on Neutrosophic differential 
equations. Thus, there is a lot of scope for progress in this area. So, in order to proceed in this 
direction, we must first define the basic theory of first-order differential equations in a neutrosophic 
environment. As a result, the development of a technique for finding a solution to a differential 
equation, which has previously been done in a classical and fuzzy environment, has prompted us to 
consider similar forms of expansion in a neutrosophic environment. 


1.2 Uniqueness of paper 


This research article presents the theory of first order neutrosophic initial value problems in order to 
find a solution to a first order differential equation in a neutrosophic environment. The aims of this 
paper are as follows: 


* To define fundamental preliminary concept in the neutrosophic environment. 

* To offer an analytical approach for solving first-order differential equations using triangular 
neutrosophic numbers. 

"To propose a numerical approach for solving first-order differential equations using 
triangular neutrosophic numbers. 

"To solve the problem using both analytical and numerical methods, and to obtain the 
solution using neutrosophic triangular number. 

* Interpret the solution obtained using analytical and numerical method and calculate the 
difference between them. 


1.3 Structure of the paper 


The structure of the paper is as follow: In Section 2, certain mathematical preliminaries are provided, 
which is relevant to our study. The development of a first order differential equation employing 
neutrosophic triangular numbers, lemma, and theorems is covered in Section 3, which includes both 
analytical and numerical theory. In Section 4, the neutrosophic initial-value problem is established 


Meghna Parikh, Manoj Sahni, Ritu Sahni, Solution of First Order Initial Value Problem using Analytical and Numerical 


Method in Neutrosophic Environment 


Neutrosophic Sets and Systems, Vol. 51, 2022 314 


and validated using a classical solution. Section 5 contains the results and discussions which is 
depicted graphically. Finally, a brief conclusion about this article has been given in Section 6. 
2. Mathematical Preliminaries 
Definition 2.1 Fuzzy set [3]: A membership function pa(x) is defined on an element x in the 
universal set X, for every x € X, which can also be expressed as py(x) € [0,1]. The fuzzy set A is 
defined as, A = {(x, ua(x))|Vx € x}. 
Definition 2.2 a-level of Fuzzy set [3]: The a-level of set A is defined as Ay = {u,(x) = a,a € 
[0,1]}, where x € X. This set includes all the elements of X with membership values in A that are 
greater than or equal to a. 
Definition 2.3 Intuitionistic fuzzy set (IFS) [2]: An Intuitionistic fuzzy set B over universal set of X 
is represented by B = ee Lp (x), Vp (x))|wx EX 1 where value fig(x) represent membership value of 
x in B, and value vg(x) represent non-membership value of x in B. 
Definition 2.4 a, B - level of Intuitionistic Fuzzy set [2]: For any Intuitionistic fuzzy set B with the 
a, B-level set which is defined asi.e., By g = {x:Up(x) 2 @,vg(x) SB, Vx € X,a,f € [0,1]} withat+PB< 
1, where X is universal set. 
Definition 2.5 Neutrosophic set (NS) [6]: A neutrosophic set defined as N = {TNn(x), In(x), Fn(x): [Wx 
€ X}, where Tn(x), In(x), Fn(x) are from universal set X —] -0, 1*[ , which represents the truth 
membership grade (Tn(x)), indeterminacy membership grade (In(x)), and false membership grade 
(Fn(x)) of the element x € X, with the condition -0 < Tn(x) + In(x) + F(x) < 3*. 
Definition 2.6 Single-Valued Neutrosophic Set (SVNS) [6]: Let N be any single-valued 
Neutrosophic Set which is defined as N= {Tn(x), In(x), Fn(x): Vx € X}, where Tn(x), IN(x), Fn(x) are 
from universal set X — [0,1] represents the truth membership (TN(x)), indeterminacy membership 
(In(x)), and false membership (FN(x)) of the element x € X, with the condition 0 < Tn(x) + In(x) + Fn(x) 
<3. 
Definition 2.7 Neutrosophic Number [6]: A neutrosophic set N defined over the universal single 
valued set of real numbers R is said to be neutrosophic number if it has the following properties: 
1) Nis normal: if 4x9 € R, such that TN (%9) =1 (IN (Xo) = Fn (Xo) = 0). 
2) N is convex set for the truth function T(x), ie., Tn (ux, + (1 — w)x2) 2 min (TN (x1), TN (x2)), 
Vx1,X2 ER, weE[01]. 
3) N is concave set for the indeterminacy function (In(x)) and false function (FN(x)), 
Le, In(ux, + (1 — w)x2) = max (IN (X,), IN (X2)), VX1,X2 © R, uw € [0,1], Fn (ux, + (1 — w)x2) = max 
(FN (x,), Fn (x2)), VX1, X2E R, uw € [0,1]. 
Definition 2.8 (a, B, y)-level of Neutrosophic set [46]: A neutrosophic set with (a, B, y)-level of X is 
denoted by G (a,8,y), where a,B,y € [0,1], and is defined as G(a,B,y) ={TN(x), IN(x), Fn(x): Vx € X, 
Tn(x) 2 a, In(x) < B, Fn(x) Sy}, whereO<a+B+ys3. 
Definition 2.9 Triangular Neutrosophic Number [46]: Let N be a single valued neutrosophic set 
(SVNS) having Truth Ty(x), Indeterminacy Iy(x) and False Fy(x) membership function over 


universal set X, then the triangular neutrosophic number is defined as 
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(—) forasx<b 


b-a 

Ty (x) = 1 for x=b 

N = c—-x 
(—) for b<x<c 
0 otherwise 


0 for x=b 


b-x “ b 
(; ~) forasx< 
1 


Iy(x) = oily 
=i forb<x<c 
otherwise 
b-x Z b 
hea forasx< 
Cs, ee a 
(—) for b<x<c 
1 otherwise 


where a<b<c and a,b,c€R. Triangular neutrosophic number are denoted as N,((a,b,c)) 
where the truth membership function (TN (x)) increases in a linear way for x € [a, b] and decrease ina 
linear form for x € [b,c] for In(x) and FN (x) inverse behavior is seen from the truth membership for x 
€ [a, b] and for x € [b,c] which is depicted in figure 1. 


Ty) 
Lu{x) and Fra(x) 


(a) Té(x) as triangular form (b) Im(x) and Fo(x) as triangular form 
Figure 1: Graph of Triangular Neutrosophic Number. 
Definition 2.10 (a, B, y)-cut of a Triangular Neutrosophic Number [46]: A Triangular neutrosophic 
set with (a, B, y)-cut is denoted by Arnvagy) , where a, B, y € [0,1], and is defined as Aryiagy) = 
{Tn(x), In(x), F(x): T(x) 2 a, In(x) $ B, Fn(x) Sy, x €X}. HereO<S a+ B+ y < 3and 
AtN(a,B,y)= [(a + a(b —a)),(c —a(c —b))], 
[(b — B(b — a)),(b + B(c —b))I, 
[(b —y(b- a)), (b +y(c - b))]. 


3. Ordinary Differential Equation of First Order with initial value in form of Triangular 
Neutrosophic numbers 


Let us consider a linear non-homogeneous ordinary differential equation of first order, 


dy(t) _ 
dt 


py(t) +e, y(to) = Yo (1) 
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where y is a dependent variable, t is a independent variable, p and € are constant and ty is the 
initial value of the parameter t. 
Here, we consider initial value in the form of neutrosophic environment, so we have 
Yr(to) = [a+ a(b —a),c — a(c —b)] 
yi (to) = [b—- B(b — a), b + B(c — B)] 
Yr(to) = [b-y(b-a),b+y(c—b)] 
where yr(to), ¥;(to), and y- (ty) represents truth, indeterminacy and false membership respectively. 


Case 1: When the coefficient p in differential equation (1) is positive (p > 0), and taking (a, B, y)-cut, 


the modified differential equation (1) in neutrosophic environment can be written as 


d(|yr(t, 0), %rCe,0]; [y(t B).(t, B)]; [ye v), Fr )]) 
dt 


= p([yr(t,.0,rr(t, 0]; [y(t 8), 71(t,B)|; [ye(t-v).7e(tY)]) + [eel Le els [ee] 


with the initial condition 


Y(tor & BY) =([yr(to. a, Fr(to,a)|; [yi(to B),Fi(to, B)] ; [ye(to v),Fr(to. v)])- 


Solving equation (1) analytically in neutrosophic environment and using initial condition, we 


obtained the solution for T, I and F as 


Yr(to, a) = —= + (: +ata(b- 0) eP(t-to) (2) 
yr (ty, a) = aot (: +c-—a(c— 1) eP(t-to) (3) 

yi (to, B) = — ; + (: +b—B(b-a Jeno (4) 
¥i(to, B) = — ; + (: +b+B(c- 1) eP(t-to) (5) 
ye(to) = —> + (: +b-y(b- 0) gy) (6) 
Ye(to, Y) = — ; + (: +b+y(c- 1) eP(E-to) (7) 


where Yr (tp, a) and y7(ty, a) represents solution in the form of lower and upper bound of truth 
value respectively. Similarly, y, (to, B), ¥r(to, B), Ye (tp, y) and yz (to, y) represents solution in the 
form of lower and upper bound of indeterminacy and false value respectively. 
If e=0, then the solution of the differential equation reduced to, 
Yr (to, &) = (a + a(b — a))e?&'o) 
Yr (to, a) = (c — a(c — b))e? to) 
yi (to, B) = (b — B(b — a) Je? 
Vi(to, B) = (b + B(c — b) ero) 
Yr(to,y) = (b—y(b — a) ero) 
Yr(to,y) = (b + y(c — b) ero) 
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Case: 2 When the coefficient p in differential equation (1) is negative (i.ep = —mandm > 0), and 
taking (a, B, y)-cut, the modified differential equation (1) in neutrosophic environment can be 


written as 


d(|yr(t,«), yr(t,o)]; [y(t 8), (t, B)]; [ye(t.v), yee, )]) 
dt 


=p (|yr(t,0,r7(t, 0]; [y(t 8), 71(t, B)|; [ye(t-v).7e(tY)]) + [eels [e es [ee] 


with initial condition 


Y(to, & By) =([yr(to,«), Vr(to, 0]; [yi (to, B),Vi(to, B)| : [ye (to, v),FrCto, v)]) 


where ty is the initial value of the parameter t. 
Solving equation (1) analytically in neutrosophic environment and using initial condition, we 


obtained the solution for T, I and F as 
[yr (to, @), Fp (to, «| 
= 5((a + a(b —a)) —(c—a(b—a))e™o) +5 «(a + a(b—a))—(c-—a(b-a)) 
2E silest sc & 
Si Seeker (8) 
[y:(to.B), Fito, B)| 
1 
= 5 ((b — B(b - a)) — (b + B(c - b))) emo) 
1 
2 


+ G — B(b—a)) + (b+ Bc —b)) ~ Teen += (9) 


[ye(to,v), Ye(to.v)| = 
= s(@ —y(b—a))—(b + y(e- b))) om(t-to) 


1 2 
m (¢ ~y(b —a)) + (b+ y(c —b)) - =| enm(t=to) += (10) 


If ¢€=0 in equation (1) then the solution of the differential equation from the above equation is 


given as, 


[yr (to, 0), ¥r (to, a)| 
= 5((a +a(b—a))-(c-a(b—- a))) em(t-to) 
+ 5((a +a(b-—a))+(c—a(b—- a))) 7 m(t-to) 
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[y:(to, B),7iCto, B)| 
= s(@ — B(b — a) - (b + B(c — b))) em) 
+ s(@ — B(b — a) + (b + B(c — b))) ee“) 
[ve(to,v), Fr (to.v)| 
= s(& — y(b - a)) — (b + y(c — b))) em@-to) 


1 
+ 5((b —y(b-a))+(b+y(e- b))) e-m(t-to) 


3.1 Solution of First Order Differential Equation with initial value in the form of Triangular 
Neutrosophic numbers using Runge-Kutta method of 4 order 


Let us consider a linear non-homogeneous ordinary differential equation of first order 


PO = py) +e, ylto) = yo (11) 


where y is dependent variable, t is independent variable, p and € are constant and ty is the initial 
value of the parameter t. 
Here, we consider initial value in form of neutrosophic environment and we have 
Yr(to) = [a+ a(b —a),c —a(c —b)] 
yi (to) = [b —B(b—a),b + B(c —b)] 
Yr (to) = [b-y(@ —a),b+y(c —b)] 
where yr(to),¥;(to), and yr (to) represents truth, indeterminacy and false membership respectively. 


Fuzzy numerical solution of the given differential equation denoted as 


Wtadene = [yEnde ¥ (tne Yen ¥ nds, Wende I Ende] 


where y(tn)r = [y(tnr¥ (tadr | Cdr = [Cen ¥ (tur | vw = [yw (tude | 


represents function of truth , indeterminacy and false membership respectively. 
Solving equation (11) numerically in neutrosophic environment and using initial condition, we 


obtained the solution for T, I and F as 


y(taasdr = (tne + Dteg P; Kyat VCtn)0) (12) 
Vtravr = Vr + yan P; Kj2(tw Cn) r) (13) 
y(tnasdy = Vu) + Df B halts W(ted) (14) 
Vtrav1 = VG) + Dp P; Kj2(tw VG) (15) 
Vtnade = Vt + Dja-t Pj kj tu (tn) F) (16) 
Vtnive =V(tr)p + Dyea P; Kj 2(tw VF) (17) 


where the P;’s are constants. Then kj1,k;2 for j =1, 2, 3, 4 are defined as follow for truth, 


indeterminacy and false membership respectively: 


Meghna Parikh, Manoj Sahni, Ritu Sahni, Solution of First Order Initial Value Problem using Analytical and Numerical 


Method in Neutrosophic Environment 


Neutrosophic Sets and Systems, Vol. 51, 2022 319 
First we obtained equation for the truth membership, which are denoted as kji(tn,y(tn)r), 
Kj2(tr ¥(tn)r), where j =1, 2, 3, 4, and u is function which is defined as {u € [y'(ta)r LY! (thr )}- 


The coefficients ky1(tn, Y(tn) 71), Ka2(tn, y(tn) rare defined as 


ky i(tn y(tr) = min h{ y(t, u)/ue (py(tr)r + €, PY (tn)r + €)} (18-a) 

Ky 2(tw Y(tr)r) = max h{ y(ty,u)/ue (py(tr)r + €, PY (thr + €)} (18-b) 

ko i(ty V(ta)r) = min h{y(tn + , u) /ue Cog tes Y(tn))), (41,2 (tr, y(tn)))) } (18-c) 

ka 2(tn, V(tr)r) = max h{y(tn + , u) /ue ((411 (is V(tn))), (apaltn Y(tn))))} (18-d) 

R34 (th, Y(tn)r) = min h{y(th + ., u) /ue ((d2,1(tn y(tn))), (d22(tn, Y(tn)))} (18-e) 
k32(ty y(t)r) = maxh{ y(t + *,u)/ue ((42,1 (tr W(t), (42,2(tw Wt) I (18-f) 
Kaa(t yG)r) = min h{ y(t, + , u)/Ue ((93,1 (tr, V(tn))), (43,2(t W(t) ))3 (18-g) 
K42(tr (tn) r) = maxh{ y(t, + *,u)/ue (((43,1(t Yn), (93,2(t V(tn)))3 (18-h) 


In above equations, we define q)1 (tn, Y(tn))), 9j,2(Gv ¥(tn))) forj =1, 2, 3 as follows, 

h 

dialtn y(tn)) = Vt) r + Zhan, (tn) r) 
_ h 

Q2(tn y(tn)) = Vtw)r + Z2Ctn, V(tn)r) 
h 

Cari ( bogy y(tn)) = V(t) r + 7 kaa (tn V(ta)r) 
= h 

92,2 (Gi y(tn)) =VG)r+ 2 kp 2 (tr y(n r) 


h 
asi (te y(tn)) = V(t) r + 7 3.1 (tn V(ta)r) 


_ h 
93,2(tn, y(tn)) = V(tn)r + 7 k3altn, V(tn)r) 


Secondly, we obtained equation for the intederminancy membership which are denoted as 


Kjpa(ty VG, kj2Gu y(t), where j = 1, 2, 3, 4, and u is function which is defined as 


(we [y'(ta)rsT' (tur |}- Thus, 


Kya V(t) = minh{ y(ty, u)/ue (py(tn): + €, PY (tn): + €)3 (19-a) 
ki 2(ty V(tr)D = max h{y(th u)/ue ( PY(tn), +é, py (tr)1 ae e)} (19-b) 
Ko4 (tn, y(tn)1) = min h{ y(n + =, u)/ue ((11(tn, y(tn))), (1,2 (in, y(tn)))} (19-c) 
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K2.2(tw ¥(tn)) = maxh{ y(ty + =u) /ue (1,1 WG)» (2 WII (19-d) 
K31(tr¥(tn)) = minh{ y(t, + *,u) /ue (72,1 tr VG), (72,2 YG) (19-e) 
ksa(ta»¥(ta)1) = max h{ (tm + 5,u)/ue ((r2,1 (tas V(tn))), T22(tn V(En)))} (19-f) 
Kar ty Vt) = minh y(t, + *,u)/ue (73,1 Ge VWn))), 73,2 WCEn)))3 (19-g) 
Keaa(ta» V(tn)1) = max h{ y(Eq + 5,U)/Ue (13,1 (tar V(ta))) (T.2 (tm V(En))) (19-h) 


In above equations, we define 7) 4(t,Y(tn))), %2(tw Y(tn))) for j=1, 2, 3 as follows, 


h 

alti y(tn)) = V(t) + 2 kii(tn V(tn)D 
h 

Th Go y(tn)) = V(t) + 2 Ky i(ty V(tr)D 
RA h 

‘1,2 co y(tn)) = V(t), + 2 Ki 2 (ti ¥ltady) 
h 

1241 (ey y(tn)) = V(t) + 2 Ro i(tn, V(tr)D 


= h 
12,2 (ta y(tn)) = V(tn)s + 3 22 eae V(tn)D 


h 
Ta4( te) y(tn)) = V(t) + 2 k34(tn, V(tn)D 


2 h 
133 (ta yt) = V(t) + 7 ka2 (tr, V(tn)1) 
Lastly, we obtained equation for the false membership which are denoted as kji(tn,y(n)F), 


Kj2(tn, ¥(tn)e), where j = 1, 2, 3, 4, and u is function which is defined as {ue [y'(ta)e LY! (th) [. 


Thus, 
ky i(tn Vr) = minh{ y(t, u)/ue (py(tn)p + €,PY (tre + €) 3 (20-a) 
Ky2Cw YGdr) = maxh{y(tr,u)/ue (py(tr)e + €, PY Gir + €) 5 (20-b) 
koi (tr V(t) e) = min h{ y(t, + , u)/ue (($4,1(tr Vn), S12 tr Vn) 3 (20-c) 
ko (th, Y(tn)F) = max h{y(th + , u) /ue (S41 (th, y(tn))), (S12(tn, Y(tn)))} (20-d) 
R34 (th, Y(tn)F) = min h{y(th + , u) /ue ((S24 (tn, Y(tn))), (Sz2(tn, y(tn)))} (20-e) 
k3a(tn V(tr)r) = maxh{y(ty + , u)/UE ((S2,1 (tn, V(tn))), (S2,2(tn, Yn) ))} (20-f) 
Kaa(tn Y(t) F) = min h{y(tn + , u)/ue ((s31 (tn, y(tn))), (S32 (tn, y(tn))) } (20-g) 
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Rao (th, y(t) Fr) = max h{y(tn + =, u) /ue ((S31(tn, y(tn))), (S32 (tn, y(tn)))} (20-h) 
In the above equations, we define 5; (tn, y(tn))), 5;,2(tu V(tn))) for j =1, 2, 3 as follows, 

h 

Sialte y(tn)) = V(tr)p aK 2 Ky itn Ve) 
h 

Sia(tni y(tn)) - V(tn)F + 3 kya (ty V(tn) F) 
ee h 

S12 Ce y(tn)) = V(t) + 3 ky a(t V(t) F) 
h 

So.a(tn y(tn)) = V(tn)F + 3 koa (tu Y(t) F) 
= h 

$2.2 co y(tn)) = V(tr)r + 2 Ko 2 (tr V(tn) r) 
h 

Sota y(tn)) = V(tn)p + 2 k3i (Gu (tr) r) 


Es h 
S32 ths y(tn)) = V(tn)p + 2 k32 (tu V(t) er) 


From the equations 18-(a to h), 19-(a to h) and 20-(a to h) we obtained the solution as follows, 


V(tnadr = tne +2[ ka 2(tw W(tndr) + 2ko2 (te V(tnr) + 2ks2(tn W(tn)r) + ka2(tn V(tn))] (21) 
Wtnsvdr = Wtndr +2[ kr2(tw W(tndr) + 2ko2 (te V(tn)r) + 2ksa(tn W(tn)r) + kao(tn V(tn)r)] (22) 
V(tnav1 = Vn) + - [ka (ta V(t) + 2k2,1 (ta V(t) 1) + 2k31(t V(tn)) + kar(t W(t] (23) 
V(tnea)r = W(tnde + =| Ka2(tn V(tn)1) + 2ko,2(tm Y(tm)1) + 2ka2(tn (tn) + kaaltn Ven] — (24) 
(trae = Wwe +=[ Kira (tes (tn dp) + 2ko1 (tn (tne) + 2ksa (tr Wwe) + kaa (t, ¥Ctnde)] (25) 


Vtrive = Vet) + - [ Ky 2(tr, V(tr)F) + 2k22(tn V(tr) F) + 2k3> (tr, V(tn) Fr) + Rao (tr, V(tn) F) | (26) 


where y(tnii)r = [ytnewr, V(tni1)7] represent solution in the form of truth membership. 


Similarly, y(tn41); = [y(tn4)1, Vtrevil, VOneve = y(tnear, V(tnii)r represents solution for 
indeterminacy and false membership respectively. 


The approximate solutions for t,,0 < t < N are denoted by 


etwdrae = [y(tadr FT (tad r Vea) I CtndiV(twde (te: 
The solution is calculated using grid points a=t) <t, <t2..<t,=b and h= =tyii—tn 
(tnevr = VUtn)r +2 y(t V(tn)7)] (27) 
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Wtnsir =W(tar + =I[ (tn ¥(tn)7] (28) 
y(tnerds = yCtndr + y(t V(t] (29) 
V(tnar)1 =Vtndr + y(t (tnd (30) 
V(tnade = VCtnde += I(t V(tndF)I (31) 
W(tnavde = Wtwe +29 [wy (tned] (32) 


where y(tn)r = [y(tn)r-¥ (ta)r | Y(t): = [vw ¥ (tnd: | and y(tde = [yCtnde TF Ctwde | 


represents function of truth, indeterminacy, and false membership respectively. 


4. Numerical Example: 

In order to validate our development of theoretical approach we have performed numerical studies. 
In validation section, we summarize the results of these tests and compare the results with classical 
solution as well as fuzzy analytical solution and also discuss the error between them. So, for that we 
consider generalized Fuzzy initial value problem, which is y’(t) = y(t), y(0) =1 and we find the 
solution for y at t=1. 

Solution: We apply classical method, analytical method and numerical method in an neutrosophic 


environment and then compare the solution as well as error between different method. 


Method-1 Classical method 

Given equation is y’(t) = y(t), y(0) =1 

Solving first order linear differntial eqution with initial condition we get following equation, 
y(t) =e* 

For t=1, the solution of y(t) is 2.7183 upto four decimal places. 


Method-2 Fuzzified Analytical method 
Let us consider differential equation y’(t) = y(t) with initial values for truth, indeterminancy,and 
false membership given in the form of tringular neutrosophic numbers, 
yr(O) = [a,2-a], y,(0) = [1—0.58,1+0.56], yr(0) = [1 —0.25y,1 4+ 0.25y] 
Solving differential equation y’(t) = y(t) with proposed fuzzified analytical theory (section 3 case 1 


equations (2) to (7)), we get the following solution, 


y(O)rq = ae! W(t)re = (2- ade" 
y(Oip = 1 —0.5p)et W(t)ip = (1 + O.5)et 
¥OQ)py = 1- 0.25y)e* V(t)py = (1 + 0.25y)e" 


Method-3 Fuzzy Numerical method 
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Let us consider differential equation y'(t) = y(t) with initial values for truth, indeterminancy,and 
false membership which is in the form of tringular neutrosophic numbers as, 

y(0), = [a,2 —a], y(0O), = [1-—0.58,1 + 0.58], y(0), = [1 — 0.25y,1 + 0.25y] 
Solving differential equation y'(t) = y(t) by proposed Runge kutta method of 4 ' order (section 3.1 


case -1 equations (27) to (32)), we get following solutions, 


1 (410 
y(tira = 0 ++(=*) (33) 
= 1 (82-410 
W(ti)ra = (2 a) +=(="*) (34) 
1 
y(ty)ig = (1 — 0.58) + = (10.25 - 0.85418) (35) 
= 1 
V(ty)ig = (1 + 0.58) + =(10.25 + 0.85418) (36) 
1 
y(ty)py = (1 -—0.25y) + : (10.25 — 2.5625y) (37) 
_ 1 
Y(ty) py = (1 + 0.25y) += (10.25 + 2.5625y) (38) 
5. Numerical observation 
Table :1 Solution of y(t) using RK 4 order at t=0.1 and h=0.1 
Lower bound of | Upper bound of | Lower bound of Upper bound of Lower bound Upper bound of 
(a, B,Y) — Truth value at Truth value at Indeterminacy Indeterminacy of Falsity Falsity value at 
cut t=0.1 t=0.1 value at t=0.1 value at t=0.1 value at t=0.1 t=0.1 
y(to)ra V(to) ra y(to)ip Y(to)ig Y(to) ry Y(to)ry 
0 0.0000000000 2.2103416667 1.1051708333 1.1051708333 1.1051708333 1.1051708333 
0.2 0.2210341667 1.9893075000 0.9946537500 1.2156879167 1.0499122917 1.1604293750 
0.4 0.4420683333 1.7682733333 0.8841366667 1.3262050000 0.9946537500 1.2156879167 
0.6 0.6631025000 1.5472391667 0.7736195833 1.4367220833 0.9393952083 1.2709464583 
0.8 0.8841366667 1.3262050000 0.6631025000 1.5472391667 0.8841366667 1.3262050000 
1 1.1051708333 1.1051708333 0.5525854167 1.6577562500 0.8288781250 1.3814635417 
Table :2 Solution of y(t) using RK 4 order at t=0.5 and h=0.1 
Lower bound of | Upperbound of | Lowerbound of | Upperbound of | Lower bound of | Upper bound of 
(a, B,Y) — Truth value at Truth value at Indeterminacy Indeterminacy Falsity value at Falsity value at 
cut t=0.5 t=0.5 value at t=0.5 value at t=0.5 t=0.5 t=0.5 
Y(tos)ra Y(tos)ra Y(to.s)ip Y(tos)ig Y(tos)ry Y(tos)ry 
0 0.0000000000 3.6442359242 1.8221179621 1.8221179621 1.8221179621 1.8221179621 
0.2 0.3644235924 3.2798123318 1.6399061659 2.0043297583 1.7310120640 1.9132238602 
0.4 0.5967296960 2.9153887393 1.4576943697 2.1865415545 1.6399061659 2.0043297583 
0.6 1.0932707773 2.5509651469 1.2754825735 2.3687533507 1.5488002678 2.0954356564 
0.8 1.1934593921 2.1865415545 1.0932707773 2.5509651469 1.4576943697 2.1865415545 
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1 1.8221179621 1.8221179621 0.9110589810 2.7331769431 1.3665884716 2.2776474526 
Table :3 Solution of y(t) using RK 4" order at t=1 and h=0.1 
Upper bound of | Lowerbound of | Upper bound of | Lower bound of | Upper bound of 
Lower bound of 
(a, B,Y) — Truth value at Indeterminacy Indeterminacy Falsity value at Falsity value at 
Truth value at t=1 
cut t=1 value at t=1 value at t=1 t=1 t=1 
y(tra z = 
Vtire Vtvip V(tvip Y(tey Y(t )ry 
0 0.0000000000 5.4365594883, 2.7182797441 2.7182797441 2.7182797441 2.7182797441 
0.2 0.4919202828 4.8929035394 2.4464517697 2.9901077185 2.5823657569 2.8541937313 
0.4 0.8902158253 4.3492475906 2.1746237953 3.2619356930 2.4464517697 2.9901077185 
0.6 1.6309678465 3.8055916418 1.9027958209 3.5337636674 2.3105377825 3.1260217058 
0.8 1.7804316506 3.2619356930 1.6309678465 3.8055916418 2.1746237953 3.2619356930 
1 2.7182797441 2.7182797441 1.3591398721 4.0774196162 2.0387098081 3.3978496802 
2.5 
2 
1:5 
= 
al 
0.5 
0) 
0 0.2 0.4 0.6 0.8 


a, B,y-cut 


Figure 2: Solution of y(t) at t=0.1. 
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y(t) 


1:5 


0.5 


a,B,y-cut 


Figure 3: Solution of y(t) at t=0.5. 


y(t) 


a,B,y-cut 


Figure 4: Solution of y(t) at t=1. 
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The results obtained from the calculation of equations (33) to (38) are shown in tables 1 to 3 
respectively, for different (a, B,y)-cut values with respect to the step size h= 0.2. It is clearly seen from 
the table 1 that the value of truth membership y(t)r = [y(to)ra»¥(to)ra] for lower bound increases 
and the upper bound decreases. Similarly for indeterminacy, given by y(t); = [y(to) 1p ¥(to)ig]) and 
false membership (y(t) = [y(to)ey, (to) ey]) for lower bound decreases and for the upper bound 
increases (depicted in the tables 2 and 3 respectively). In addition, from table 3, we observed that 


value of lower and upper bound of truth membership for (a, B,y)-cut, when equal to 1 is 
2.7182797441 and value of lower and upper bound for indeterminacy (y(t), = [y(to):g, ¥(to)1g]) and 


false membership (y(t); = [y(to)ey, W(to)ey]) at (a, B,y)-cut when equal to 0 are 2.7182797441, which 


match with exact solution. The graphs for various values for truth, indeterminacy and falsity with 
(o,,B,y)-cut are shown in figures 2, 3 and 4 respectively for different values of t (time). As the O-cut 


value increases and [3,y-cut values decrease solution approaches to the exact solution. 


Table :4 Error Between RK 4" order and exact solution. 


Approximate solution by RK 4" 
Error Between exact solution and 
t(time) Exact solution order method where step size 
solution find by RK 4" order 
h=0.1 
0.1 1.105170918 1.105170833 0.00000008467 
0.2 1.221402758 1.221402571 0.00000018731 
0.3 1.349858808 1.349858497 0.00000031052 
0.4 1.491824698 1.491824240 0.00000045756 
0.5 1.648721271 1.648720639 0.00000063210 
0.6 1.822118800 1.822117962 0.00000083830 
0.7 2.013752707 2.013751627 0.00000108087 
0.8 2.225540928 2.225539563 0.00000136520 
0.9 2.459603111 2.459601414 0.00000169738 
1 2.718281828 2.718279744 0.00000208432 


Furthermore, table 4 represents error between exact solution and solution obtained from 
Runge-Kutta 4" order. From the table 4, it is clearly seen that the exact solution at t=1 is 2.718281828 
and on the other hand solution at t=1 is 2.718279744 using Runge-Kutta 4 order in neutrosophic 
environment for truth membership at (a, B,y)-cut equal to 1 and the error between them is 


0.00000208432. 


6. Conclusion 

In this paper, the first order ordinary differential equation using neutrosophic numbers with initial 
conditions have been solved. We have developed theory in a neutrosophic environment 
supplemented with an example showing the solution for first-order linear homogeneous differential 


equation both using analytical and numerical approach. For generalization, the (a,B,y) - cut values 
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are used for the neutrosophic numbers. Thus, to show the effectiveness of proposed method it has 
been applied to general example where the solution is given in terms of the truth, indeterminacy and 
falsity membership grade. We have shown the results in the form of tables for different (a,B,y) - cut 
values and the graphs are also drawn. The results obtained are also discussed in details. Also, we 
have shown the growth of error between exact solution and approximate solution which are 
represented by tabulated values. This will promote the future study on higher order differential 
equations with neutrosophic numbers using numerical method which will help to decrease the 


error. 
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Abstract: In this paper, we shall study some new concepts of weakly neutrosophic crisp separation axioms, 
which are called “neutrosophic crisp a-separation and neutrosophic crisp semi-a-separation axioms” such as 
neutrosophic crisp a-T; and neutrosophic crisp semi-a-T;,V i= 0,1,..,4. Moreover, we shall study the 
relationship between usual neutrosophic crisp separation axioms and these kinds of weakly neutrosophic crisp 
separation axioms. 
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1. Introduction 


A. A. Salama et al. [1] give a concept of neutrosophic crisp topological space (briefly NCTS). A. 
A. Salama [2] provided some classes of neutrosophic crisp nearly open sets. A. H. M. Al-Obaidi et al. 
[3,4] give concepts of weakly neutrosophic crisp functions. Md. Hanif PAGE et al. [5] examined the 
view of neutrosophic generalized homeomorphism. Q. H. Imran et al. [6-8] established neutrosophic 
semi-a@-open sets, new types of weakly neutrosophic crisp continuity and new concepts of 
neutrosophic crisp open sets. R. Dhavaseelan et al. [9] examined the view of neutrosophic 
a™-continuity. R. K. Al-Hamido et al. [10] tendered the interpretation of neutrosophic crisp 
semi-a-closed sets. A. B. Al-Nafee et al. [11] demonstrated the principle of separation axioms in 
neutrosophic crisp topological spaces. R. K. Al-Hamido et al. [12] provided neutrosophic crisp semi 
separation axioms. The objective of this paper is to study some new concepts of weakly neutrosophic 
crisp separation axioms, which are called “neutrosophic crisp a-separation and neutrosophic crisp 
semi-a-separation axioms” such as neutrosophic crisp a-T; and neutrosophic crisp semi-a-T;, V i = 
0,1,...,4. Moreover, we shall study the relationship between usual neutrosophic crisp separation 


axioms and these kinds of weakly neutrosophic crisp separation axioms. 


2. Preliminaries 


Throughout this paper, (S,¢) and (J,n) (or simply S and J) always mean NCTSs. The 


complement of a neutrosophic crisp open set (briefly NC-OS) is called a neutrosophic crisp closed 
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set (briefly NC-CS) in (S,¢). For a NCS 8 in a NCTS (S,¢), NCcl(®), NCint(®) and 8° denote 

the NC-closure of 8, the NC-interior of 8 and the NC-complement of 8 respectively. 

Definition 2.1 [1]: 

For any nonempty under-consideration set 5, a neutrosophic crisp set (in short NCS) 8 is an object 

holding the establish 8 = (B,, B,83) where B,,B, and 83 are mutually disjoint sets included in 

3. 

Definition 2.2: 

A NC-subset 8 of a NCTS (S,@) is said to be: 

(i) _neutrosophic crisp a-open set (in short NC*-OS) [2] if 8 & NCint(NCcl(NCint(%))). The family 
of all NC*-OSs of S is denoted by NC°O(S). The complement of NC*-OS is called a 
neutrosophic crisp a-closed set (in short NC*-CS). The family of all NC%-CSs of S is denoted 
by NC“C(S). 

(ii) neutrosophic crisp semi-o-open set (in short NCS*-OS) [10] if there exists a NC*-OS D in S 
such that D © B © NCcl(D) or equivalently if B & NCcl(NCint(NCcl(NCint(%)))). The family 
of all NCS“-OSs of S is denoted by NC S40(S). The complement of NCS“-OS is called a 
neutrosophic crisp semi-c-closed set (in short NCS°-CS). The family of all NCS*-CSs of S is 
denoted by NCS*C(S). 

Example 2.3: 

Let S = (hy, hz, h3,h4}. Then ¢ = (Oy, {21}, 9, O), {ho}, 9,0), {hi £2}, 8, 0), (hi ho ks}, 9, O), Sy} 

is a NCTS. The family of all NC%-OSs of S is: NC°O(S) = CL {Ry, Ro, Ry}, D, O). 

The family of all NCS“ -OSs of S is : NCS*O(S) = NC*O(S)LI{({2,, £3}, 9, D), {Rr Ra}, D, 0), 

({h2, £3}, 0,0), (ho, 4}, 8,0), {hr hz, 4}, 0, 0), (ho hz, ha}, O, O)}. 

Remark 2.4 [10,14]: 

Ina NCTS (5,7), then the following statements hold, and the opposite of each statement is not true: 

(i) Every NC-OS (resp. NC-CS) is a NC%-OS (resp. NC%-CS) and NCS*-OS (resp. NCS%-CS). 

(ii) Every NC*%-OS (resp. NC*-CS) isa NCS°-OS (resp. NCS%-CS). 

Definition 2.5: 

(i) The NC°-interior of a NCS 8 of a NCTS (5S,¢) is the union of all NC*%-OSs contained in 8 and 
is denoted by NC*int(®)[3]. 

(ii) The NCS*-interior of a NCS % of a NCTS (S,@) is the union of all NCS*-OSs contained in 8 
and is denoted by NCS*int(%)[10]. 

Definition 2.6: 

(i) The NC%-closure of a NCS % of a NCTS (5, @) is the intersection of all NC°-CSs containing 8 
and is denoted by NC%cl(®)[3]. 

(ii) The NC%*-closure of a NCS 8 of a NCTS (5,7) is the intersection of all NCS%-CSs containing 
B and is denoted by NCS%cl(B)[10]. 

Theorem 2.7: 

Let (S,¢) and (J,n) be two NCTSs. If 8 € NC“O(S)(resp.B € NCS“O(S)), D € NC*O(J)(resp. D € 

NCS*O(J)), then B X D € NC*O(S x J) (resp.B X D € NCS“O(S x J)). 

Proof: 

Since 8 E NCint(NCcl(NCint(%))), D & NCint(NCcl(NCint(®))). 

Hence 8 X D E NCint(NCcl(NCint(®))) x NCint(NCcl(NCint(®))) = NCint(NCcl(NCint(8 x D))). 
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Therefore 8 x D & NCint(NCcl(NCint(® x D))) => BxDENC*O(S XJ). The second case is 
similar. * 

Corollary 2.8: 

Let (S,¢) and (J,n) be two NCTSs. If 8 € NC“C(S)(resp.B € NCS“C(S)), D € NC“C(J) (resp. D € 
NC*%“C(J)), then B x D € NC°C(S x J) (resp. B X D € NCS*C(S x J)). 

Proof: 

The proof of this is similar to that of theorem (2.6). # 

Proposition 2.9 [10]: 

For any NC-subset 8 of a NCTS (5, @), then: 

(i) NCint(®) © NC*int(B) © NCS*int(®) © NCS“cl(B) & NC%cl(B) E NCcl(B). 

(ii) NCint(NCS*int(B)) = NCS“int(NCint(B)) = NCint(¥). 

(iii) NC*int(NC%*int(B)) = NCS*int(NC*int(B)) = NC%int(¥). 

(iv) NCcl(NCS*cl(B)) = NCS%cl(NCcl(B)) = NCcl(B). 

(v) NC*cl(NCS*cl(B)) = NCS*cl(NC*cl(B)) = NC*cl(B). 

(vi) NCS%cl(%) = BLUNCint(NCcl(NCint(NCcl(%)))). 

(vii) NCS“int(®) = BMNCcl(NCint(NCcl(NCint(%)))). 

(viii) NCint(NCcl(B)) © NCS*int(NCS“cl(B)) 

Definition 2.10 [1]: 

Let p:(S,¢) — (J,n) be a function, then p is said to be NC-continuous (in short NC-CF) iff Vv 8 
NC-OS in J, then p~1(%) isa NC-OSin S. 

Definition 2.11 [13]: 

Let p:(S,¢) — (J,n) be a function, then p is said to be NC®%-continuous (in short NC°-CF) iff V8 
NC-OS in J, then p~1(%) isa NC*%-OS in S. 

Definition 2.12 [10]: 

Let p:(S,7) — (J,n) be a function, then p is said to be: 

(i) NC*-continuous (in short NC“ -CF) iff V8 NC*-OS in J, then p~1(%) isa NC*-OS in S. 

(ii) NC*’-continuous (in short NC* -CF) iff V8 NC*%-OS in J, then p~1(%) isa NC-OSin S. 
Definition 2.13 [10]: 

Let p:(S,7) — (J,n) be a function, then p is said to be: 

(i) NCS*-continuous (in short NCS*-CF) iff V8 NC-OS in J, then p~1(%) isa NCS*-OS in S. 

(ii) NCS*’-continuous (in short NCS“ -CF) iff V8 NCS%-OS in J, then p~1(%) is a NCS%-OS in S. 
(iii) NCS*”’-continuous (in short NCS“ -CF) iff V8 NCS*-OS in J, then p~(%) isa NC-OS in S. 


3. Some New Concepts of Weakly Neutrosophic Crisp Separation Axioms 


Definition 3.1: 

(i) A NCTS (S,@) is said to be a NC*-Ty-space if for each pair of distinct neutrosophic crisp points 
in (S,¢) there exists NC*-OS of (8, ¢) containing one neutrosophic crisp point but not the other. 

(ii) A NCTS (S,@) is said to be a NCS°-Ty-space if for each pair of distinct neutrosophic crisp points 
in (S,@) there exists NCS*-OS of (S,%) containing one neutrosophic crisp point but not the 


other. 
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Theorem 3.3: 

A NCTS (S,¢@) is NC*-T)-space (NCS*-Ty -space respectively) iff NC%cl(< {u},0,0 >) # NC%cl(< 
{v}, 0,0 >) (NCS“cl(< {u}, 0,0 >) # NC%cl(< {v}, 9,0 >) receptively) foreach u #v in S. 
Proof: 

=> Let NC%cl(< {u},0,6 >) # NC%cl(< {v},9,0 >), Vu#u ES. Hence NC%cl(< {u},6,0>)¢ 
NC%cl(< {7},6,0 >) or NC%cl(< {v},6,0 >) Z NC%cl(< {u},0,0>) . Suppose that NC%cl(< 
{u},9,0 >) ENC%cl(< {v},0,6 >) =>u€NCcl(K< {v1},0,0 >) S wE (NC%cl(K< {v7}, 6,0 >))*° 
but (NC%cl(< {v},0,@ >))° is a NC*-OS and w € (NC“cl(< {w},9,@ >))°. Therefore S is a 
NC*-T)-space. 

<= Let S be a NC%-Ty-space, Vu #u €S. Hence there exists a NC*-OS 8% in S such that we 
Be €éBoru€éBv ES. Then B is a NC*-CS and u ¢é B,v € B°. Therefore u ¢ NC%cl(< 
{v},0,@ >) (since u ¢ B°). Hence NC%cl(< {u}, 6,0 >) £ NC“cl(< {w},0,@ >). The second case is 
similar. * 

Theorem 3.4: 

If (S,¢) is a NC%-Ty-space (NCS%-Tp-space respectively), then NC*int(NC“%cl(< {u},9,@ >))n 
NC*int(NC“cl(< {v}, 0,0 >)) = Oy ( NCS“int(NCS“cl(< {wu}, 0,0 >))FINCS*int(NCS*cl(< 
{v}, 0,0 >)) =, receptively), Vu # v in S. 

Proof: 

Let (S,¢) be a NC*%-Ty-space. Then there exists a NC°-OS 8 such that uw € B8,v €B or u€ Bev € 
B. If uEBvEB>uE Biv € B. Thus NC*int(NC%cl(< {v},9,0 >)) & NC%cl(< {v},6, 0 >) 
EB =NC%cl(B°) (since BS is a NC* -CS). Hence NC*int(NC%cl(< {v},0,0 >)) = BS => 
NC*int(NC“cl(< {v}, 0,0 >))NB=Oy . Therefore, u€ BE (NC*int(NC%cl(< {v},0,0 >)))* . 
Hence NC%cl(< {u}, 0,0 >) © (NC“int(NC%cl(< {v},0,@ >)))° = NC*int(NC%cl(< {u},0, 9 >)) 


c (Nc*int(NC%Cl(< {v},0,0 >))) = NCint(NC%cl(< {u}, 0,0 >))MNCint(NC%cl(< 


{v},9,@ >)) = Q,,. The second case is similar. ® 

Remark 3.5: 

(i) Every NC-Ty-space isa NC*-Ty-space and NCS*-Ty-space. 

(ii) Every NC*-Ty-space isa NCS*-Ty-space. 

Remark 3.6: 

(i) NC*%-Ty (NCS“-Ty respectively) property isa NC* (NCS respectively) topological property. 
(ii) NC%-Ty (NCS%-Ty respectively) property isa NC*” (NCS*” respectively) topological property. 
(iii) NC%-Ty isa NC*-hereditary property. 

Proposition 3.7: 

(i) Let (S,¢) and (J,n) be NC*-Ty-spaces if and only if S x J isa NC°%-Ty-space. 

(ii) If (S,g) and (J,n) are NCS*-Ty-spaces, then S x J isa NCS*-Ty-space. 

Proof: 

(i) > Let S and J be NC*%-Tp-spaces. Let (1,0) # (U2,¥2) in SX J. Then u, # u2 in S => there 
exists B, € NC°O(S) such that wu, € B,, uz € B, or uw, ¢ By, uz € By. 

Also 1, # U2 in J => there exists 8, € NC%O(J) such that v7, € B2,v2 ¢ Bz or v1 E By, € Bo. 
Then (4,01) € By X Bz, (2,02) € B, X By or (4,04) E By X Bo, (Uz, 02) € By X Bo. 

But 8, x B, € NC°O(S x J) (since by theorem (2.6)). Hence S XJ isa NC*%-To-space. 
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<= Let 5 XJ be a NC*%-T)-space, to prove that S and J are NC*-T)-spaces. Since 5 XJ is a 

NC%-Ty -space, then S X< {wo},0,0 > and < {uo},0,0>xJI are NC%-Ty-spaces (since NC*%-T 

property is a NC*-hereditary). Hence S and J are NC*-To-spaces. The proof (ii) is evident for 

others. * 

Definition 3.8: 

(i) A NCTS (58,¢) is said to be a NC*-T,-space if for each pair of distinct NC- points u and wv of 
S§, there exist two NC*-OSs 8 and D containing u and wv respectively, such that u € 8, wv € 
D. 

(ii) A NCTS (S,@) is said to be a NCS*-T,-space if for each pair of distinct NC-points w and w of 
S, there exist two NCS*-OSs 8 and D containing u and w respectively, such that wu € 8, 
ved. 

Proposition 3.9: 

A NCTS (S,@) is NC*-T,-space (NC°°-T,-space respectively) if and only if < {w},@,@ > is a NC*-CS 

(NCS*-CS respectively), Vu € S. 

Proof: 

=> Let S be a NC*%-T,-space. Let w€S, to prove that < {w},0,@> is a NC*-CS. Let we (< 

{w}, 0,0 >) => u # w in S. Hence there exists a NC°-OS 8 such that u € 8, w €Boru€ Bw e 

BlfueBwEBSBuceBel (< {w},G,6 >) = (K< {w},G,@ >)° is a NC*-OS = < {w},0,@ > is 

a NC*-CS. 

<= Let < {w},0,@ > be a NC*-CS, Vw €S, to prove that S is a NC*-T,-space. Let w#v in S. 

Hence < {u},9,0 >,< {v},0,@ > are NC*-CSs => (< {u},G,0 >)°, (< {v},0,0 >)° are NC*-OSs 

and wv € (< {u},0,0 >)°,u € (< {u}, 9,0 >)°,u € (< {7}, 8,0 >), E (< {v}, 9,0 >)°. Therefore 

§ isa NC°-T,-space. The second case is similar. * 

Remark 3.10: 

(i) Every NC-T,-space is a NC*-T,-space and NCS°-T,-space. 

(ii) Every NC°-T,-space is a NCS*-T,-space. 

(iii) Every NC*-T,-space is a NC°-Ty-space. 

(iv) Every NCS*-T,-space is a NCS*-Ty-space. 

Remark 3.11: 

(i) NC*-T, (NCS*-T, respectively) property is a NC“ (NCS respectively) topological property. 

(ii) NC°-T, (NCS*-T; respectively) property is a NC*” (NCS respectively) topological property. 

(iii) NC*-T, property is a NC*-hereditary property. 

Proposition 3.12: 

(i) Let S and J be NC°-T,-spaces if and only if S x J isa NC*-T,-space. 

(ii) If S and J are NC%*-T,-spaces, then S x J isa NCS*-T,-space. 

Proof: 

The proof of this is similar to that of proposition (3.7). # 

Definition 3.13: 

(i) A NCTS (S,@) is said to be a NC°-T2-space if for each pair of distinct NC-points u and v in S, 
there exist two NC“%-OSs D, and Dz such that uw € Dy, vw € Dz and D,MNDz = Dy. 

(ii) A NCTS (S,@) is said to be a NCS*-T,-space if for each pair of distinct NC-points u and v in S, 
there exist two NCS*-OSs D, and D, such that u € D,, vw € Dy and D, MD, = Oy. 
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Proposition 3.14: 

If (S,¢) is a NC*-T,-space (NCS*-T2-space respectively), then 8 = {(u,v):u = v,u,v € S} is a NC*- 

CS (NCS°-CS respectively). 

Proof: 

Let S be a NC*-T,-space, to prove that 8 is a NC°-CS. Let (u,v) € BS =S xS—%B. Hence u#v 

in S = there exist D,,D, € NC“%O(S) such that wE€ D,, vw € D2 and D,MD2z = Dy (since S is a 

NC*°-T,-space). Hence D, xX D2 € NC“%0(S x S) by theorem (2.7) (u,v) € D, X Dz & BS, hence B° 

isa NC°%-OS. Therefore ® isa NC®-CS. The second case is similar. # 

Remark 3.15: 

(i) Every NC-T>-space isa NC*-T,-space and NCS*-T5-space. 

(ii) Every NC*-T,-space is a NCS*%-T,-space. 

(iii) Every NC°-T,-space is a NC®-T,-space. 

(iv) Every NCS*-T,-space isa NCS*-T,-space. 

Remark 3.16: 

(i) NC*-T, (NCS*-T, respectively) property is a NC* (NCS respectively) topological property. 

(ii) NC*-T, (NCS*-T,respectively) property is a NC“ (NCS*” respectively) topological property. 

(iii) NC°-T, property is a NC*-hereditary property. 

Proposition 3.17: 

(i) Let S and J be NC*°-T,-spaces if and only if S x J isa NC*-T,-space. 

(ii) If S and J are NC%*-T,-spaces, then S x J isa NCS*-T-space. 

Proof: 

The proof of this is similar to that of proposition (3.12). = 

Proposition 3.18: 

(i) Ifp,u:S — J are NC* -CF and Jisa NC°-T,-space, then the NC-set 8 = {u:u € S,p(u) = u(w)} 
is a NC°-CS. 

(ii) If p,u:S — J are NC*-CF and J is a NC-T,-space, then the NC-set B = fu: u € S, p(u) = u(w)} is 
a NC°-CS. 

Proof: 

@iIfuegBouevP’ => p(t) ¥ uw) in J. Hence there exist two NC°-OSs D, and Dz in J such 

that p(w) € Dy, u(u) € Dy and D,ND,z = Oy (since J is a NC*-T,-space). But p~1(D,),u7*(D2) € 

NC“O(S) (since p, are NC*-CF). Therefore, u€p~1(D,) and wep (D2). Hence we 

p*(D,)Nu (Bz). Let U = p7*(D,)Nw 4 (D2) € NC70(S). To prove UE BS ie., UNB = Oy. 

Suppose that UNB # Oy => av €EUNB Sv €Uandv € Bie, v € pp *(M,) and v € w+(D,) and 

v €8. Hence p(w) €D,, uw) € D2 and vw €B. Therefore p(w) = uw) (since » € B). Hence 

D,ND, # @y which is a contradiction. Therefore UE B° = BS € NC°0(S) => & is a NC°%-CS. The 


proof (ii) is evident for others. * 


4. Some New Concepts of Weakly Neutrosophic Crisp Regularity 


Definition 4.1: 
Let (S,¢) bea NCTS, then S is said to be: 
(i) NC*%-regular (NCS*-regular respectively) if every w € S and every Q NC-CS such that u € Q, 
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there exist two NC%-OSs (NCS*-OSs respectively) 8 and D such that uw € B, Q& D and BND = 
Oy. 

(ii) NC*-regular (NCS* -regular respectively) if every w€S and every Q NC*-CS (NCS*-CS 
respectively) such that wu ¢ Q, there exist two NC%-OSs (NCS*-OSs respectively) 8 and D such 
that wu € B,Q © Dand BID = Oy. 

(iii) NC*’-regular (NCS*”-regular respectively) if every u€S and every Q NC*%-CS (NCS%-CS 
respectively) such that u ¢ Q, there exist two NC-OSs 8 and D such that wu € 8, QE D and 
BID = Oy. 

Remark 4.2: 

The following diagram shows the relation between the different types of weakly NC-regular and 


weakly NC*-regular (NCS*-regular respectively) spaces: 


NC-regular 


\ 
/ 


N C*"-regular > NC*-regular 


NC® -regular 


NC-regular 


NCS*’-regular ———+ NCS*-regular 
ed ae ae 


Fig. 4.1 


\L 
| \ 


Theorem 4.3: 

Let (S,¢) be a NCTS, then: 

(i) S is a NC*-regular if and only if for each 8 NC-OS containing u, there exists D NC*-OS 
containing u such thatu € DE NC*%cI(D) E &. 

(ii) S isa NC* -regular if and only if for each 8 NC*-OS contains u, there exists D NC%-OS contains 
u such thatu € DE NC*%cl(D) EB. 

(iii) S is a NC* -regular if and only if for each 8 NC*%-OS contains u, there exists D NC-OS contains 
u such that u € DE NCcl(D) © B. 

Proof: 

(i) > Let S be a NC*%-regular space and let 8 be a NC-OS containing “. Hence ®° is a NC-CS and 

u € B°. Then there exist D,,D, NC*-OSs in S such that wED,, BSED, and D,ND, = Oy 

(since S is a NC%-regular space). Hence u €D,£9D,°£ B (since DMD, = Oy > D, £ D,°). 

Therefore uw €D, 2 NC%cl(D,) & NC%cl(D2°) & NC%cl(B) . Therefore w ED, = NC%cl(D,) & 

D,° & B. The implies that u € D, © NC%cl(D,) © B, where D, isa NC*%-OS. 
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<= Let Q bea NC-CS such that u ¢€ Q => Q° isa NC-OS contains u. Hence there exists D NC*%-OS 

contains u such that wu € DE NC%cl(D) & Q°. We get OE (NC%cl(D))°, so it is (NC%cl(D))° is a 

NC* -OS and contains Q. Now, to prove DII(NC*%clI(D))° = Oy. Since DE NC*cl(D), but 

NC*cI(D)NWC*cl(D))° = Gy = DNWC%cl(D))° = Oy. Hence S is a NC%-regular space. The 

proofs (ii), (iii) are evident for others. * 

Theorem 4.4: 

Let (S,¢) be a NCTS, then: 

(i) S is a NCS*-regular if and only if for each 8 NCS%-OS contains w, there exists D NCS*-OS 
contains u such that uw € DE NC%%cl(D) E B. 

(ii) S is a NCS*’-regular if and only if for each 8 NCS*-OS contains u, there exists D NC-OS 
contains uw such that uw € DE NCcl(D) E &. 

Proof: 

The proof of this is similar to that of theorem (4.3). # 

Theorem 4.5: 

Let (S,¢) be a NCTS, then: 

(i) Sis a NC® -regular if and only if « ¢ Q where Q is a NC*-CS, there exist two NC*-OSs 8 and D 
such that u € 8,9 © D and NC“cl(B)NNC“%cl(D) = Gy. 

(ii) Sisa NC’ -regular if and only if for each Q NC*-CS, such that wu € Q, there exist two NC-OSs 8 
and D such that wu € 8,Q © D and NCcl(B)NNCcl(D) = Gy. 

Proof: 

(i) Let S be a NC® -regular space and let Q be a NC*-CS, such that w ¢ Q. Then there exist two NC*- 

OSs U and V such that uw € U,Q EV and UNV = Gy. Therefore U is a NC*-OS containing u in S, 

where S is a NC*-regular space. Then there exists 8 NC*%-OS containing « such that u€ BE 

NC“cl(®) © U (since by theorem (4.3) (ii)). Hence NC%cl(®) EU. Also, QE VENC*%cI(V), but 

NC%cl(V) E (NC%cl(U))* (since UNV = @y SVE US = NC%Cl(V) E NC%clI(U‘)). Hence QE VE 

NC*%cl(V) © NC*%cl(U°) = US (since US is a NC*%-CS). Suppose that V=D, hence QEDE 

NC%cl(D) EUS & NC%cl(D) E US. Since UNUS = Oy, hence NC*%cl(B)NNC%cl®) = Oy (since 

NC%cl(B) & Uand NC“%cl(D) & U‘). The other side is clear. The proof (ii) is evident for others. * 

Theorem 4.6: 

Let (S,¢) be a NCTS, then: 

(i) Sis a NCS*-regular if and only if u ¢ Q, where Q is a NCS*-CS, there exist two NCS%-OSs 8 and 
®D such that u € BO © Dand NC*“cl(B)NNC*“cl(D) = Oy. 

(ii) S is a NCS“ -regular if and only if w € Q, where Q is a NCS*-CS, there exist two NC-OSs 8 and 
®D such that wu € 8,9 © D and NCcl(B)NNCcl(D) = Oy. 

Proof: 

The proof of this is similar to that of theorem (4.5). = 

Remark 4.7: 

(i) NC*-regular property is a NC*’ -topological property. 

(ii) NC*-regular property is a NC -topological property. 

(iii) NC*’-regular property is a NC*” -topological property. 

(iv) NCS*-regular property is a NCS“ -topological property. 

(v) NCS*-regular property is a NCS“ -topological property. 
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(vi) NCS*”-regular property is a NCS“ -topological property. 

Proposition 4.8: 

(i) If SxJ isa NC* -regular, then both S and J are NC“ -regular spaces. 

(ii) If SxJ isa NCS“ -regular, then both S and J are NCS“ -regular spaces. 

Proof: 

(i) Suppose that S x J isa NC* -regular, to prove that S and J are NC® -regular spaces. 

Let U and V be two NC*-OSs in S and J containing wu and w respectively. Hence (u,1) € 
Ux V where UX V isa NC*%-OS in S XJ (by theorem (2.7)). Hence there exists NC-OS K in S xJ 
such that (u,v) €K E NCcl(K) EUXV (since S XJ is a NC” -regular). Then there exist two 
NC-OSs 8 and D in S and J such that (u,v) € BX DE NCcl(B X D) = NCcl(B) X NCcl(D) © 
UxV.Hence wEBENCcI(B) EUS S isa NC®’-regular space. Also, y€ DE NCcI(D)EV=> 
Jisa NC®’-regular space. The proof (ii) is evident for others. * 

Theorem 4.9: 

If (S,f) isa NC -regular (NC°” -regular respectively), then ¢ = NC“O(S). 

Proof: 

It is clear that ¢ & NC*O(S). Let B be a NC*-OS in S containing wu. Then there exists a NC°-OS D 
containing « such that wEDENC%cI(D) EB (S is a NC°’-regular). Therefore NC%int(D) © 
NC%int(NC%cl(D)) & B. Thus wu € D & NCcl(NCint(D)) & B (since by proposition (2.9)). Hence B is 
a NC-OS => NC“O(S) © ¢. Therefore ¢ = NC“O(S). ® 

Proposition 4.10: 

(i) Ifp:S —JisaNC°-CF and Sisa NC® -regular, then p is a NC-CF. 

(ii) If p:S — J is a NC°-CF and J is a NC® -regular, then p is a NC* -CF. 

(iii) If p:S — J is a NC® -CF and S is a NC* -regular, then p is a NC* -CF. 

Proof: 

(i) Let p:S — J bea NC®-CF, to prove that p is a NC-CF. 

Let 8 be a NC-OS in J, then p~1(%) is a NC*-OS in S (since p is a NC*-CF). But S is a 
NC -regular space (by hypothesis). Hence p~*(®) is a NC*-OS in S (since by theorem (4.9)). 
Therefore p isa NC-CF. The proofs (ii), (iii) are evident for others. * 

Definition 4.11: 

Let (S,¢) bea NCTS, then S is said to be: 

(i) NC*-T3-space if S is a NC°-T,-space and NC*-regular space. 

(ii) NC*-T3-space if S is NC*-T,-space and NC* -regular space. 

(iii) NC” -T3-space if S is NC*-T,-space and NC*’ -regular space. 

Definition 4.12: 

Let (S,¢) bea NCTS, then S is said to be: 

(i) NCS*-T3-space if S is a NCS*-T,-space and NCS*-regular space. 

(ii) NCS“ -T-space if S is NCS*-T,-space and NCS“ -regular space. 

(iii) NCS“ -T3-space if S is NCS*-T,-space and NCS*”’-regular space. 

Remark 4.13: 

(i) NC*-T; (NCS“’-T, respectively) property is a NC“ (NCS respectively) topological property. 


(ii) NC*"-T; (NCS*”-T; respectively) property is a NC*” (NCS*” respectively) topological property. 
Remark 4.14: 
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(i) Every NC-T3-space is a NC%-T3-space and NC%*-73-space. 

(ii) Every NC*-T3-space isa NCS*-T3-space. 

(iii) Every NC*”-T;-space ( NCS*” -T; -space respectively) is a NC -T3-space ( NcS*"-7, -space, 
respectively). 

(iv) Every NC* 7, -space ( NCS@ - T; -space respectively) is a NC%-T,-space (NCS“-T> -space, 
respectively). 

Proposition 4.15: 

SxXJisa NC® -T3-space if and only if both S and J are NC® -T3-spaces. 

Proof: 


Follow directly from proposition (3.12) part (i) and proposition (4.8) part (i). # 


5. Some New Concepts of Weakly Neutrosophic Crisp Normality 


Definition 5.1: 

Let (S,¢) bea NCTS, then S is said to be: 

(i) NC*%-normal (NCS*-normal respectively) if for every two NC-CSs Q, and Q, such that 9,1Q, = 
0y-There exist two NC%-OSs (NCS*-OSs respectively) 8 and D such that Q, © Band Q, © D and 
BIND = Oy. 

(ii) NC* -normal (NCS -normal respectively) if for every two NC%-CSs (NCS*-CSs respectively) Q, 
and Q, such that 9,119, = @,There exist two NC%-OSs (NC5*-OSs respectively) 8 and D such 
that Q, © Band Q, © Dand BID = Oy. 

(iii) NC®-normal (NCS*”-normal respectively) if for every two NC*-CSs (NCS°-CSs respectively) Q, 
and Q, such that 0,110. = @y, there exist two NC-OSs 8 and D such that Q, © B and Q, ED 
and 8I1D = Ox. 

Remark 5.2: 

The following diagram shows the relation between the different types of weakly NC-normal and 


weakly NC*-normal (NCS*-normal respectively) spaces: 


ee NC-normal Pe 


NC*’-normal =_————> NC?%-normal 


SS NC* -normal wee 
eee ee 


NC-normal 


NCS®” normal =§=£—— > __NCS*-normal 


coer, ee eer eee 


Fig. 5.1 


Theorem 5.3: 
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Let (S,¢) be a NCTS, then: 

(i) S is a NC*-normal space if and only if for every NC-CS Q and every NC-OS 8 containing Q, 
there exists NC*-OS say D, such thatQ E DE NC%cl(D) E &. 

(ii) Sisa NC° -normal space if and only if for every NC°-CS Q and every NC*-OS 8 containing Q, 
there exists NC*-OS say D, such thatQ E DE NC%cl(D) & &. 

(iii) S is a NC* -normal space if and only if for every NC°-CS Q and every NC*-OS & containing Q, 
there exists NC-OS say D, such that 9 & DE NCcl(D) EB. 

Proof: 

(i) > Let S be a NC%-normal space. Let 9 E 8, where Q is a NC-CS and % is a NC-OS = QI18° = @y, 

where 8° is a NC-CS. Hence there exist two NC%-OSs ),,D, such that QED, and B° & D, and 

D,ND, =O, (since S is a NC*-normal space). Therefore QE D,59D,°5E8=> NC%cl(Q)E 

NC*%cl(D,) E NC%cl(D,°) = D2 © B. Hence QED, & NC%cl(D,) E B, where D, is a NC*-OS in S. 

< To prove S is a NC*-normal space. Let Q, and Q, be NC-CSs in S such that Q,1Q2 = @;. Hence 

Q, © 92°, where Q,° is a NC-OS. Then there exists a NC*-OS D such that Q, EDENC*%cl(D) EQ, 

(by hypothesis). Hence Q, © D, Q, & (NC“%cl(D))°. On the other hand NC%cl(D)M(NC%cl(D))° = 

Oy. Hence DM(NC%cl(D))* = Oy (since D & NC“cl(D)). Therefore S is a NC*%-normal space. The 

proofs (ii), (iii) are evident for others. * 

Theorem 5.4: 

Let (S,¢) be a NCTS, then: 

(i) S is a NCS*-normal space if and only if for every NC-CS Q and every NC-OS 8 containing Q, 
there exists NCS°-OS say D, such thatQ © DE NCScl(D) EB. 

(ii) S isa NCS*-normal space if and only if for every NCS*-CS Q and every 8 NCS*-OS % containing 
Q, there exists NC*-OS say D, such thatQ © DE NC%cl(D) EB. 

(ili) Sisa NCS*”-normal space if and only if for every NCS°-CS Q and every NCS°-OS 8% containing 
Q, there exists NC-OS say D, such that Q = DE NCcl(D) EB. 

Proof: 

(i) > Let S be a NCS*-normal space. Let Q © 8, where Q is a NC-CS and 8 is a NC-OS => QN®° = 

0x, where 8° is a NC-CS. Hence there exist two NC5*-OSs D,,D_ such that 9 © D, and BS E D, and 

D,ND, =Oy (since S is a NCS%-normal space). Therefore Q2D,2D,° FC BS NC*cl(Q)E 

NCS*cl(®,) E NC cl(D>°) & NC**cl(B). Hence Q ED, E NCS*cl(D,) E B, where D, is a NCS*-OS 

in S. 

< To prove S is a NCS*-normal space. Let Q, and Q, be NC-CSs in S, such that 2,1Q, = 0. Hence 

Q, © Q,°, where Q,° is a NC-OS. Then there exists a NCS*-OS D such that 9, © DE NCS“cl(D) E Q,° 

(by hypothesis). Hence Q, © D, Q, © (NC5*cl(D))°. On the other hand NC%“cl(D)M(NCS*cl(D))*° = 

@. Hence DM(NCS*cl(D))° = 0, (since D E NCS“cl(D)). Therefore S is a NCS*-normal space. The 

proofs (ii), (iii) are evident for others. * 

Remark 5.5: 

(i) NC*-normal property is a NC*’-topological property. 

(ii) NC*-normal property is a NC* -topological property. 

(iii) NC*’-normal property is a NC*’ -topological property. 

(iv) NCS*-normal property is a NCS“ -topological property. 

(v) NCS*-normal property is a NCS“ -topological property. 
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(vi) NCS*”-normal property is a NCS“ -topological property. 

Proposition 5.6: 

(i) If SxJ isa NC* -normal space, then both S and J are NC*’-normal spaces. 

(ii) If S XJ isa NCS“ -normal space, then both S and J are NCS*”-normal spaces. 

Proof: 

(i) Suppose that S x J is a NC*’-normal space, to prove that S and J are NC*’-normal spaces. 

Let 8, and 8, be two NC*%-OSs in S and J respectively, such that Q, = 8, and Q, © B,, where 
Q, and Q, are NC%-CSs in S and J respectively. Hence Q, X Q, © B, x B, where Q, XQ, is a 
NC*°-CS and 8, x 8, is a NC°-OS in S xJ (by theorem (2.7) and corollary (2.8)). But S xJ is a 
NC* -normal space. Then there exists a NC-OS say D in S XJ such that Q, XQ, EDENCcI(D)E 
8, xX B,. Then there exist NC-OSs U, and U, in S XJ such that Q, x Q, GU, x U, E NCcl(U, x 
Uz) = NCcl(U,) X NCcl(Uz) E B, X B,. Hence Q, EU, E NCcl(U,) © B, = S is a NC* -normal 
space. Also, Q, 5 Uz E NCcl(U,) 5B, => J isa NC*’-normal space. The proof (ii) is evident for 
others. = 

Definition 5.7: 

Let (S,¢) bea NCTS, then S is said to be: 

(i) NC®*-T,-space if S is a NC“-T,-space and NC*-normal space. 

(ii) NC*-T,-space if S is NC*-T,-space and NC* -normal space. 

(iii) NC*”-T,-space if S is NC*-T,-space and NC* -normal space. 

Definition 5.8: 

Let (S,¢) bea NCTS, then S is said to be: 

(i) NCS*-T,-space if S is a NCS*-T,-space and NCS*-normal space. 

(ii) NCS*-T,-space if S is NCS*-T,-space and NCS“ -normal space. 

(iii) NCS*”-T,-space if S is NCS*-T,-space and NCS*”-normal space. 

Remark 5.9: 

(i) NC*-T, (NCS*-T, respectively) property is a NC” (NCS*” respectively) topological property. 

(ii) NC*’-T, (NCS*’-T, respectively) property is a NC“ (NCS respectively) topological property. 


(iii) NC*”-T, (NCS*”-T, respectively) property is a NC*” (NCS*” respectively) topological property. 

Remark 5.10: 

(i) Every NC-T,-space isa NC°%-T,-space and NCS*-T,-space. 

(ii) Every NC*-T,-space is a NCS*-T,-space. 

(iii) Every NC*-T,-space is a NC* -T,-space and NCS*-T,-space. 

(iv) Every NC* -T,-space (NOT ST -space respectively) is a NC* -T3-space (NC‘* -T; -space, 
respectively). 

(v) Every NC*’-T,-space (NCS -T,-space respectively) is a NC* -T3-space (NCS*" -T; -space, 
respectively). 

Remark 5.11: 

The following diagram explains the relationships between usual NC-separation axioms, NC*°- 


separation axioms and NCS*-separation axioms: 
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Also, we have the following diagram: 


NC-T, 


NC-T, 


6. Conclusions 


NC-T3 


NC-T; 


NC&*-T, (¢—— NC*-T, (*— NC, 
| 
NCS*-T; +— NC%-T, (*—_ NC-T; 
NC*-7, (*—— NC*-T, |[*——_ NC-T, 
| { | 
NG? 7:, i+—— NC°-T, i+——_ NC-T, 
| { | 
NG, == “NC@Tr ——— NC-Tp 
es NC? 7, <r NCEE 
| ss, 
NC“ -T, [> Nc@’-7, 
| bm i 
oo NC*-T, NC*-T; 
es NcSe"_7, => NCS°"-7. 
| ee 
NCS* Tt, [———*_NCS°"-7, 
| Le 
ig NO=T, NCS*-7; 
Fig. 5.2 
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We have provided some new concepts of weakly neutrosophic crisp separation axioms. Some 


characterizations have been provided to illustrate how far topological structures are conserved by 


the new neutrosophic crisp notion defined. Furthermore, some new concepts of weakly 


neutrosophic crisp regularity are also studied. The study demonstrated some new concepts of 


weakly neutrosophic crisp normality and proved some of their related attributes. 
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Abstract: This paper presents a new variant of Travelling Salesman Problem (TSP) and its first 
resolution. In literature there is not any research work that has presented the TSP under pentagonal 
fuzzy neutrosophic environment yet. TSP is a critical issue for manufacturing companies where all 
cities need to be visited only once except the starting city with a minimal cost. In real life, 
information provided (cost, time ... etc.) are generally uncertain, indeterminate or inconsistent 
that’s why in this paper parameters of the TSP are presented as neutrosophic pentagonal fuzzy 
numbers. To solve this problem, the novel heuristic Dhouib-Matrix-TSP1 (DM-TSP1) is applied 
using a ranking function in order to transform the fuzzy set to crisp data and range function to 
select cities. To prove the efficiency of the proposed DM-TSP1 in solving the new variant of TSP, we 
create novel benchmark instances. Then, a stepwise application of DM-TSP1 is illustrated in details. 


Keywords: Fuzzy Optimization Techniques; Neutrosophic Applications; Travelling Salesman 
Problem; Operational Research; Combinatorial optimization; Dhouib-Matrix Optimization 
Methods, Dhouib-Matrix-TSP1. 


1. Introduction 


In real life, data of industrial companies are most of the time uncertain. That’s why these data 
can be suitably presented by the neutrosophic concept in which the imprecision, the uncertainty and 
the indetermination are flexibly explored. This philosophy was firstly announced by Smarandache 
in [1] via three membership functions: Truth (T), Indeterminacy (J) and Falsity (F) with values 
belonging to ]-0,1+[. 

In literature, few research papers deal with combinatorial optimization under pentagonal 
neutrosophic number. In fact, Chakraborty et al. studied the Transportation Problem under single 
value pentagonal neutrosophic numbers for all parameters (supply, demand and transportation 
cost) in [2]. Also, Das and Chakraborty optimized the linear programming problem with pentagonal 
neutrosophic environment [3]. Radhika and Prakash considered the Assignment Problems with 
pentagonal neutrosophic number using a new magnitude ranking function for defuzzification [4]. 
Das unraveled the Transportation Problem where all parameters are presented using pentagonal 
neutrosophic numbers [5]. Then, Chakraborty hackled the networking problem in single valued 
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pentagonal neutrosophic environment and introduced a new score function for defuzzification [6]. 
In addition, Chakraborty et al. studied the mobile communication system under pentagonal 
neutrosophic domain with multi-criteria group decision-making problem [7]. Besides, Chakraborty 
designed a job-sequencing model in pentagonal neutrosophic area [8]. Kane et al. involved the 
pentagonal and hexagonal fully fuzzy Transportation Problems [9]. 

To the best of our knowledge, in literature there is no research work which solved the 
Travelling Salesman Problem (TSP) under pentagonal fuzzy neutrosophic environment. In fact, 
many applications of TSP with five numbers of variable for each of the three components T, J and F 
can be found in real life such as the useful of pentagonal membership functions under multi 
objective environment. Also, the representation of verbal phrase with five different information and 
even the dynamic variation of the information with time can be presented by five membership 
functions. 

From the above discussion carried on pentagonal neutrosophic problems, there are no current 
methods for solving pentagonal TSP under Neutrosophic condition. Thus, we generate new 
benchmark instances for pentagonal TSP with adapting the novel heuristic Dhouib-Matrix-TSP1 
(DM-TSP1) to solve this problem. Correspondingly, this paper presents also the first application of 
DM-TSP1 on pentagonal domain. 

Hence, this paper supports the theory and practical efficiency with several novel contributions 
which can be enumerated as follows: 

« First resolution of TSP under pentagonal neutrosophic domain 
« Introduce new instances for the pentagonal neutrosophic TSP 
* Enhancing the novel heuristic DM-TSP1 

« Step wise application of DM-TSP1 

This paper is structured as follows: section 2 introduces one of the most important problems in 
operational research: the TSP. Section 3 presents the concept of the pentagonal neutrosophic 
environment. Section 4 presents the proposed novel heuristic DM-TSP1. Section 5 illustrates several 
numerical examples in order to clarify the application of optimization technique DM-TSP1. Finally, 
section 6 concludes the manuscript with the presentation of the future works. 


2. The Travelling Salesman Problem 


Materials and Methods should be described with sufficient details to allow others to replicate 
and build on published results. Please note that publication of your manuscript implicates that you 
must make all materials, data, computer code, and protocols associated with the publication 
available to readers. Please disclose at the submission stage any restrictions on the availability of 
materials or information. New methods and protocols should be described in detail while 
well-established methods can be briefly described and appropriately cited. 

In real-world, the Travelling Salesman Problem (TSP) is extensively used. It deals with 
generating the shortest round between all nodes (cities, customers, suppliers, ... etc.) namely the 
Hamiltonian cycle: each node is visited only once except the starting node which will be also the last 
visited node. The TSP is mathematically formulated as described in Equation 1. 

Minimize: 


ty%y (1) 


Subject to: 
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> Xi =1, j=l,...n (2) 


The binary variable xi is used to indicate either city i is connected to city j (then x = 1) or city i 
and j are not connected (x= 0). The parameter t represents the time (cost, distance, ... etc.) while fi 
represents the time between city i and city j. 

Panwar and Deep proposed the Grey Wolf metaheuristic for the symmetric TSP [10]. Gunduz 
and Aslan developed the stochastic Jaya algorithm in order to solve the TSP [11]. 

Mosayebi et al. generated a new type of hybrid TSP with Scheduling Problem in order to 
minimize the time of completion of the last job [12]. Wang and Han combined the Symbiotic 
Organisms Search with the Ant Colony Optimization algorithms to optimize the standard TSP [13]. 
Krishna et al. designed a new optimization method for the TSP namely the Spotted Hyena-based 
Rider Optimization by integrating the Rider Optimization with the Spotted Hyena Optimizer 
methods [14]. 

Cakir et al. integrated the Dijkstra algorithm with the Minimum Vertex Degree method in order 
to find the minimal transportation network [15]. Hu et al. designed a Bidirectional Graph Neural 
Network as an element of Deep Learning to solve the TSP [16]. Pandiri and Singh adapted the 
Artificial Bee Colony metaheuristic for the generalized covering TSP [17]. Luo et al. developed a 
Multi-start Tabu Search metaheuristic for Multi-visit TSP with Multi-drones [18]. Cavani et al. used 
the Branch-and-Cut technique for TSP with multiple drones for last-mile delivery [19]. Pereira et al. 
integrated the Branch-and-Cut with Valid Inequalities method for pickup and delivery TSP with 
multiple stacks [20]. Huerta et al. proposed a new spatial representation of nodes in TSP and used the 
Anytime Automatic Algorithm [21]. Hougardy et al. computed for the metric TSP an approximative 
ratio of the 2-Opt method [22]. Baniasadi et al. presented an application on two modern logistic 
problems with a description of how to transform the clustered generalized TSP to classical TSP [23]. 
Chen et al. introduced the Branch-and-Price algorithm for a multiple TSP [24]. 


3. Preliminaries 


Several definitions and basic concepts are presented in this section in order to introduce the 
fuzzy and neutrosophic concepts. 

Definition 1: 

Let X be a space of points with its generic elements denoted by x. The neutrosophic set N has the 


form N ={(x:T, (x), Ly (x), Fy(x)),x € X} where the functions T, I, F: X >] 0,1"[ verifying 
the condition “0 <7, (x) +1, (4) + Fy (x) <3". 


Definition 2: 
Obviously the pentagonal neutrosophic number 


NY =((ttytytyts)> Ao foto fir fs) Gb.ti,4)3(2.q), with p,g,r €[0,1], presents 
three membership functions: Truth (T), Indeterminacy (I) and Falsity (F) defined by: 
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Here is an example of a graphical representation (see Figure 1) for a pentagonal neutrosophic 


number N™ =((2,4,8,10,11), (,2,5,9,11), (3,7,9,12,13);1,0,0) . 
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Pentagonal Neutrosophic Set 
‘DM-TSP1 Heuristic’ 


0 2 7 6 8 10 12 14 


Figure 1. Graphical representation of the neutrosophic pentagonal fuzzy set. 
Definition 3: 


Let define N” SA (Febtsti ts dostas dats) stikelal)) “as a. pentagonal 
neutrosophic number. From [2], the score and accuracy functions can be described as follows: 


sv")=(24i tates ~Athth tity ~Athrht hth | fs 6 


acwnsy=[{4e ttt Ath ehe heh) (4) 


2 5 


Definition 4: 
To define the order between several pentagonal neutrosophic numbers, the score and accurate 
functions can be agreeably used. Let us assume two arbitrary pentagonal neutrosophic numbers 


N™ and N,’ where: 


N ee ‘ : : 
N, =U isbn esl gales UL gsliol asl aobae: as ld aod aa 


N s P aet ek. 
Ny =(CGpioter teas toasts)» loro toas toss tpg tos )> Sore Sn» Soa» Spas Sos)? - 


The first step is to compute the score function for each number, so S(N*) and S(N;) 


verify: 
1. if S(N”)>S(N;'), then N” > N* 


2. if S(N)<S(N,"), then N” <N™ 

3. if S(N”)=S(N,‘), then: 
a. if AC(N”)>AC(N,’), then NY > N? 
b. if AC(N”)<AC(N,”), then N” < N™ 
c. if AC(N”)=AC(N,"), then N = N* 
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Here is a numerical example that illustrates the previous order definition between two 
pentagonal numbers: 


N™ =((4,5,6,7,9), (1,3,5, 6,7), (0,1,2,3,4)) then S(N.") = 0.60 
Nx =((5,6,7,8,9), (0,1, 2,3,4), (3, 4,5,6,7)) then S(N;}’) = 0.67 
if S(N”) <S(N;,’) then N” < N, 


4. The Novel Heuristic Dhouib-Matrix-TSP1 (DM-TSP1) 


The novel deterministic heuristic Dhouib-matrix-TSP1 (DM-TSP1) was firstly designed by 
Dhouib in order to rapidly find an initial basic feasible solution for the TSP [25]. Then, it was 
followed by a stochastic version entitled Dhouib-Matrix-TSP2 in [26]. Also, an application of those 
two methods on automobile industry was presented in [27]. Furthermore, an application of these 
methods on TSP under uncertain environment was illustrated with triangular fuzzy numbers in [28], 
trapezoidal fuzzy numbers in [29] and octagonal fuzzy numbers in [30]. Moreover, the TSP was 
solved with DM-TSP1 under intuitionistic environment in [31] and with neutrosophic area in 
[32,33,34]. Besides, a new metaheuristic entitled Dhouib-Matrix-3 (DM3) was invented in [35] and a 
novel multi-start metaheuristic namely Dhouib-Matrix-4 (DM4) was introduced in [36]. 

The heuristic DM-TSP1 is composed of four steps (see Figure 2) where step 1 and step 4 are 
executed once. Nevertheless, step 2 and step 3 are repeated n iterations (n is the number of cities). 
DM-TSP1 is characterized by its flexibility to use different descriptive statistical metrics (Dhouib, 
2021¢). In this current research work, we will use the range (max-min) metric. 


Step 1 . 
«Compute the ~ « Select the Insert the «Transform the 
[- Range for each ___ minimal _ corresponding _ generated tour » 
row city and discard to be a cycle 
its column 


Figure 2. The flowchart of the proposed DM-TSP1. 

In this paper, all parameters of the TSP are presented as pentagonal neutrosophic number. So, 
the function described in Equation 3 is used to convert these numbers into crisp numbers. Besides, 
the four steps can be started: 

Step1: Compute the range function (max-min) for each row and write it on the right-hand side 
of the matrix. Next, find the minimal range and select its row. Then, select the smallest element in 
this row which will specify the two first cities x and y to be inserted in the list List-cities {x, y}. Finally, 
discard the respected columns of city x and city y. 

Step 2: Find the minimal element for city x and for city y and select the smallest distance which 
will indicate city z. 

Step 3: Add city z to the list List-cities and discard its column. Next, if there is no column go to 
step 4 otherwise go to step 2. 

Step 4: Modify the realizable solution in List-cities in order to generate a cycle (the starting city 
in the cycle has to be also the last one). First, to ensure that the starting city will be at the first 
position, translate all the cities (one by one) before the starting one at the end of the list. Second, 
duplicate the starting city at the last position. 


5. Application of DM-TSP1 heuristic in Neutrosophic Pentagonal Travelling Salesman Problem 
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This section will describe the stepwise application of the novel heuristic DM-TSP1 on 


pentagonal neutrosophic TSP. We generate two new instances because in literature there is not any 


work that solved this problem under pentagonal neutrosophic environment. 


5.1. Illustration example 1 


Let consider a travel salesman who needs to generate a Hamiltonian cycle between 5 cities 
namely A, B, C, D and E (each city is visited only once except the starting city which will also be the 
last visited city). The estimated time between all cities is presented as pentagonal neutrosophic number as 


presented in table 1. 


Table 1. The pentagonal neutrosophic time between 5 cities. 


A B C D E 
<5,7,8,9,11; <11,13,14,15,16; = <7,8,9,10,11; = <11,12,13,14,15; 
A oe) 2,3,4,5,6; 2,4,6,8,10; 2,3,4,5,6; 3,4,6,8,9; 
0,1,2,3,4> 1,3,5,7,9> 0,2,3,4,5> 1,2,3,4,5> 
<5,7,8,9,11; <10,11,12,13,14; <8,9,10,11,13; <5,7,8,9,14; 
B 2,3,4,5,6; oe) 1,2,3,4,5; 3,5,6,8,9; 3,4,9,6,7; 
0,1,2,3,4> 6,7,8,9,10> 1,2,4,5,6> 0,1,2,3,4> 
<11,13,14,15,16; <10,11,12,13,14; <5,9,11,13,14; <7,8,9,14,15; 
Cc 2,4,6,8,10; 1,2,3,4,5; oe) 4,6,7,8,9; 0,1,2,3,4; 
1,3,5,7,9> 6,7,8,9,10> 1,2,3,4,5> 2,3,4,5,6> 
<7,8,9,10,11; <8,9,10,11,13; <5,9,11,13,14; <8,9,14,15,16 
D 2,3,4,5,6; 3,5,6,8,9; 4,6,7,8,9; oe) 1,2,3,5,7; 
0,2,3,4,5> 1,2,4,5,6> 1,2,3,4,5> 2,5,6,7,8> 
<11,12,13,14,15; <5,7,8,9,14; <7,8,9,14,15; <8,9,14,15,16 
E 3,4,6,8,9; 3,4,5,6,7; 0,1,2,3,4; 1,2,3,5,7; oe) 
1,2,3,4,5> 0,1,2,3,4> 2,3,4,9,0> 2,5,6,7,8> 


At first, convert the pentagonal neutrosophic number to crisp number through to Equation (3). 
Figure 3 depicts the generated crisp time matrix. 


co §=6: 1.33 1.60 1.40 2.00 
133. o 1.00 0.80 1.20 
160 100 co 0.87 2.20 
140 0.80 0.87 co ~ 1.73 
2.00 1.20 2.20 1.73 0 


Figure 3. The crisp time matrix. 
Now, DM-TSP1 can start by computing the range function (max-min) for each row (See figure 


4). 

| » 133 1.60 140 2.00) 967 
33.» 1.00 1.20 
/ 1.60 1.00 x 0.87 2.20 1.33 
| 1.40 0.80 0.87 x 1.73 0.93 
(2.00 1.20 2.20 1.73 » | 100 


Figure 4. Compute the range (max-min) of each row. 
Apparently, the minimal range is 0.53, so we look for the minimal element in the second row: it 
is 0.80 at position dz. Thus, city 2 and city 4 are inserted in List-cities {2-4} and their corresponding 
columns are discarded (see figure 5). 
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» 1.33 1.60 140 2.00) 


160 100 « O87 2.20 
1.40 0.80 2 1.73 
2.00 120 2.20 173 « 


Figure 5. Discard columns 2 and 4. 
Besides, find the smallest element between row 2 and row 4 which is 0.87 at position ds. Then, 
insert city 3 at the last position (after city 4) in List-cities {2-4-3} and discarded its corresponding 
column (see Figure 6). 


‘ono 133 160 140 2.00) 
2 Q87 2.20 
140 080 O87 =x 1.73 

2.00 120 220 173 ~~ 


Figure 6. Discard column 3. 
Next, find the smallest element between row 2 and row 3 which is 1.20 at position ds2; then, 
insert city 5 before city 2 in List-cities {5-2-4-3} and discard its corresponding column (see Figure 7). 


133 160 140 2.00) 


2 1.00 |080} 1.20 
1.60] 100 «= 087 2.20 
140 080 087 2 173 


120 220 173 =, 


Figure 7. Discard column 5. 
Find the smallest element between row 3 and row 5 which is 1.60 at position d13, insert city 1 
after city 3 in List-cities {5-2-4-3-1} and discard its corresponding column (see Figure 8). 
* 133 160 140 2.00 
133 » 1.00 [080] 1.20 
160 100 « 087 2.20 
140 080 0.87 © 173 


27.00 1:20 220 1B @ 
Figure 8. Discard column 1. 

Obviously, all columns are discarded and a tour is generated. The final step is to generate a 
cycle starting and ending by city 1. So, translate city by city, from the left to the right until city 1 will 
become at the first position: {1-5-2-4-3}. Finally, add city one at the last position in order to generate a 
cycle: {1-5-2-4-3-1}.. Thus, the optimal solution generated using DM-TSP1 is: 
X, =1; xX, =; x5. =15 x,, = 1; x, =1 ; With a total crisp cost 
z=0.80+0.87 +1.20+1.60+ 2.00 = 6.47. Consequently, the minimal pentagonal neutrosophic 
cost is: 2” =< 40,50,56, 62, 72:15, 23, 30, 38,44; 4,10,17, 23,29 >. The graphical representation 
of the optimal solution obtained by DM-TSP1 is depicted in Figure 9. 
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Figure 9. Graphical representation of the optimal neutrosophic solution. 
Thus, the decision maker can deduce the minimal pentagonal neutrosophic cost with its truth, 
indeterminacy and falsity degrees. The truth membership function for the generated solution is 
denoted by Equation 5. 


T, (x) =41, x = 56 (5) 


Similarly, the indeterminacy membership function is presented by Equation 6. 


1,x<15 
23-x 
23-15” 
30-x 
30-23 
I, (x) =4 0, x =30 (6) 
x—30 
38-30 
x—38 
44-38 
1, x>44 


[5s x523 


523 <x <30 


30< x <38 


,38<x<44 
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Also, the falsity membership function is presented by Equation 7. 


1,x<4 
wee 
10-4 
17-x 
17-10" 
Pea NT 
x-17 
23-17" 
x—23 
29-23” 
1, x= 29 


Fy (x) = (7) 


23<x 


3.2. Illustration example 2 


Let consider a second numerical example for a travel salesman man who needs to generate a 
Hamiltonian cycle between 6 cities namely A, B, C, D, E and F (see Table 2). 


Table 2. The pentagonal neutrosophic time between 6 cities 


A B Cc D E F 
<10,11,12,13,14, 9 <19,21,24,27,30; <4,5,6,7,8; <15,22,23,26,29; Been ee 
oe) 4,5,6,7,9; 8,9,14,17,18; 0,1,2,3,4; 5,7,9,11,15; 1 5 3 9 tis 
2,5,6,8,12> 6,7,8,9,10> 0,1,1,2,3> 5,6,8,9,15> pees 
<10,11,12,13,14; <9,10,15,18,19;  <6,13,14,15,16; <1,6,11,16,21; <9,16,17,18,25; 
4,5,6,7,9; oe) 5,6,7,8,9; 4,5,8,9,11; 3,4,5,6,7; 3,4,6,11,12; 
2,5,6,8,12> 1,2,6,8,12> 0,3,5,6,7> 1,2,3,4,5> 2,3,4,5,6> 
<19,21,24,27,30; <9,10,15,18,19; <9,10,15,18,19; <5,7,14,15,16;  <13,16,17,21,27; 
8,9,14,17,18; 5,6,7,8,9; oe) 5,6,7,8,9; 5,6,7,8,9; 7,9,10,11,12; 
6,7,8,9,10> 1,2,6,8,12> 1,2,6,8,12> 0,1,2,3,4> 2,5,6,7,8> 
<4,5,6,7,8; <6,13,14,15,16; — <9,10,15,18,19; <11,13,15,24,25; <14,17,21,22,23; 
0,1,2,3,4; 4,5,8,9,11; 5,6,7,8,9; oe) 3,4,6,13,14; 3,4,6,11,21; 
0,1,1,2,3> 0,3,5,6,7> 1,2,6,8,12> 2,5,8,11,14> 1,3,7,9,16> 
<15,22,23,26,29; <1,6,11,16,21; <5,7,14,15,16; — <11,13,15,24,25; <8,9,11,17,19; 
5,7,9,11,15; 3,4,5,6,7; 5,6,7,8,9; 3,4,6,13,14; ioe) 2,3,4,10,11; 
5,6,8,9,15> 1,2,3,4,5> 0,1,2,3,4> 2,5,8,11,14> 1,3,4,5,7> 
ee <9,16,17,18,25;  <13,16,17,21,27; <14,17,21,22,23; = <8,9,11,17,19; 
1589 i> 3,4,6,11,12; 7,9,10,11,12; 3,4,6,11,21; 2,3,4,10,11; oe) 
alae 2,3,4,5,6> 2,95,6,7,8> 1,3,7,9,16> 1,3,4,5,7> 


At first convert the pentagonal neutrosophic number to crisp number using Equation (3). The 


generated crisp matrix is presented in Figure 10. 
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co §60.40 1.67 1.53 2.33 1.00 
0.40 co 1.13 1.07 1.67 2.60 
167 1.13 «© 2.00 1.47 1.80 
153 107 2.00 oo 1.20 1.73 
2.33 1.67 147 1.20 © 1.60 
1.00 2.60 1.80 1.73 1.60 © 


Figure 10. The crisp time matrix. 


Next, compute the range function (max-min) for each row (see figure 11). 
© 040 1.67 1.53 2.33 1.00 1.93 
0.40 om 1.13 1.07 1.67 2.60 
1.67 *» 2.00 147 1.80 
153 107 2.000 o £1.20 1.73 
2.33 1.67 147 120 ~» 1.60 
100 2.60 1.80 1.73 160 « 


Figure 11. Compute the range of each row. 


The minimal range is 0.87, so we look for the minimal element in the third row: it is 1.13 at 
position ds2. Thus, city 3 and city 2 are inserted in List-cities {3-2} and their corresponding columns 
are discarded (see Figure 12). 

o 040 167 1.53 2.33 1.00 

» 113 1.07 1.67 2.60 

13] » 2.00 1.80 

153 107 200 om 1.20 1.73 

2.33 167 147 120 m= 1.60 
1.00 2.60 180 1.73 160 x 


Figure 12. Discard columns 2 and 3. 


Besides, find the smallest element between row 3 and row 2 which is 0.40 at position d21. Then, 
insert city 1 at the last position (after city 2) in List-cities {3-2-1} and discarded its corresponding 
column (see Figure 13). 

%) O40 67 1.53 2.33 [1.00] 
040 m 113 1.07 167 2.60 
1.67 |1.13] ~» 2.00 1.80 
153 107 200 © 1.20 1.73 
233 167 147 120 % 1.60 
1.00 2.60 1.80 1.73 160 


Figure 13. Discard column 1. 


Next, find the smallest element between row 3 and row 1 which is 1.00 at position dis; then, 


insert city 6 after city 1 in List-cities {3-2-1-6} and discard its corresponding column (see Figure 4). 
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A 040 67 1.53 233 100 
040 » 113 1.07 167 260 
1.67 [113] ~ 2.00 1.80 
153 1.07 2.00 » 1.20 173 
233 167 147 120 ~» 1.60 


1.00 2.60 1.80 1.73 [1.60] - 


Figure 14. Discard column 6. 


Succeeding, find the smallest element between rows 3 and 6 which is 1.47 at position d3s; then, 
insert city 5 before city 3 in List-cities {5-3-2-1-6} and discard its corresponding column (see Figure 
15). 

“(@) 040 67 1.53 233 1.00 
040 # 1.13 1.07 167 2.60 
1.67 [113] » 200 147 1280 
153 007 200 ~ 120 £73 
2.33 167 1.47 ~~ 1,60 
1.00 2.60 1.80 |1.73] 160 @ 

Figure 15. Discard column 5. 

Subsequent, select the smallest element between rows 5 and row 6 which is 1.20 at position dss, 
insert city 4 before city 5 in List-cities {4-5-3-2-1-6} and discard its corresponding column (see Figure 
16). 

‘= O40 167 153 233 1.00) 
040 e@ 113 107 167 2460 


1.67 (73 ] * 200 147 180 


153 107 200 m% 120 17 
233 167 147 120 = 160 
1.00 2.60 180 173 160 @ , 


Figure 16. Discard column 4. 


The final step is to generate a cycle starting and ending by city 1. So, translate city by city, from 
the left to the right until city 1 will become at the first position: {1-6-4-5-3-2}. Finally, add city one at 
the last position in order to generate a cycle: {1-6-4-5-3-2-1}. 


Thus, the optimal solution generated using DM-TSP1 is: 
Xy =], X=); He =); XS, = Xy5 =15 XG = 1 ‘ With a total crisp cost 
z=1.13+040+1.00+1.47+1.20+1.73=6.93 . Consequently, the minimal pentagonal 
neutrosophic cost is: 2" =< 56,69,89,108,114;22, 29,37, 53, 69:7,21,37,48,69> . The 


graphical representation of the optimal solution obtained by DM-TSP1 is depicted in Figure 17. 
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Figure 17. Graphical representation of the optimal neutrosophic solution. 

All examples presented in this section are presented as type-1 neutrosophic number. For next 
research, the proposed constructive heuristic DM-TSP1 can be as well employed to optimize TSP 
under type-2 neutrosophic number which is an advancement of neutrosophic number presented in 
[37]. 


5. Conclusions 


The neutrosophic concept is a new philosophy and representing the Travelling Salesman 
Problem (TSP) under pentagonal neutrosophic environment has not been earlier considered by any 
other author in the literature. Consequently, in this paper we describe the first resolution of the TSP 
with pentagonal neutrosophic number using the novel heuristic Dhouib-Matrix-TSP1 (DM-TSP1). 
Viewing that there is no instance for this problem; so, we generate novel instances. The method 
DM-TSP1 has been demonstrated by a suitable numerical example. Furthermore, DM-TSP1 easily 
generates the optimal Hamiltonian cycle after only n iterations, where n is the number of cities. As 
future work, the DM-TSP1 will be improvised for optimizing the TSP under type-2 neutrosophic 
domain. 


Funding: This research received no external funding. 
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Abstract: 

In this paper, we introduce the notion of continuity via neutrosophic minimal structure space. 
Besides, we introduce the notion of product minimal space in neutrosophic topological space. 
Further, we investigate some basic properties of Nn—continuity in neutrosophic minimal structure 
space, such as composition of N»-continuous functions, product of Nm-continuous functions in 


product neutrosophic minimal structure space. 


Keywords: Neutrosophic Set; Neutrosophic Topology; Minimal Structure; Neutrosophic Pre-Open Set; 
Neutrosophic Semi-Open Set; mn-Continuity; Neutrosophic Product Space. 


1. Introduction: 

The existing theory of Cantor’s crisp set theory was not sufficient to handle most of the problems 
in the real life situation. Uncertainty plays an important role in our everyday life problems. Then, 
L.A. Zadeh introduced notion of fuzzy set in the year 1965 to overcome the uncertainty situation on 
considering the membership of truthiness. This is considered as an important generalization of the 
two valued logic. Still the introduction of fuzzy sets was not sufficient to control the uncertainty. K. 
Atanaosv in the year 1986 considered non-membership value together with the membership value. 
He introduced the notion of intuitionistic set. Smarandache [24] realised that the existing tools are 
not sufficient to find solutions to all types of problems on uncertainty. He then considered the 
elements with truth membership, false membership and indeterministic membership values, and 
introduced the notion of neutrosophic set. The concept of neutrosophic set has been applied in many 
branches of science and technology. Das et al. [5] have studied algebraic operations neutrosophic 


fuzzy matrices. Das and Tripathy [6] have investigated different properties of neutrosophic multiset 
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topological space. Das et al. [4] have applied the concept of neutrosophic sets for the solution of 
decision making problems. 

The notion of neutrosophic topological space was introduced by Salama and Alblowi [21]. 
Salama and Alblowi [22] further studied the notion of generalized neutrosophic set and generalized 
neutrosophic topological space. Later on, Iswaraya and Bageerathi [10], Arokiarani et al. [2], 
Parimala et al. [17], Parimala et al. [18], Rao and Srinivasa [19], Salama et al. [23], Das and Tripathy 
[9] and others introduced different notions of open sets in neutrosophic topological space. Recently, 
Tripathy and Das [27] introduced the notion of b-locally open sets in neutrosophic topological space. 
The notion of b-locally open sets in bitopological space was introduced and investigated by Tripathy 
and Sarma [32]. In 2013, Tripathy and Sarma [33] studied the notion of weakly b-continuous 
functions in bitopological space. In 2020, Das and Tripathy [7] introduced the concept of pairwise 
neutrosophic b-open set via neutrosophic bitopological space. Later on, Tripathy and Das [26] 


defined pairwise neutrosophic b-continuous functions via neutrosophic bitopological space. 

The notion of minimal structure in topological space was introduced by Maki et al. [12]. 
Thereafter, it was investigated by many others from different aspects. The notion of minimal 
structure in a fuzzy topological space was introduce by Alimohammady and Roohi [1], and further 


investigated by Tripathy and Debnath [28] and others. 

Continuity on topological spaces is a very fundamental concept. It plays an important role and 
has successfully been applied in different areas of research in science and technology. Different 
types of continuity on topological spaces and fuzzy topological spaces has been investigated by Ray 


and Tripathy [20], Tripathy and Ray [29-31], Tripathy and Sarma [33] and others. 


In this article we introduce the notion of continuity in minimal structure spaces in neutrosophic 


topological space and investigate its different properties. 


The rest of the paper is divided into following sections: 

Section 2 is on the preliminaries and definitions. All the existing definitions have been procured 
in this section those are very useful for the preparation of the main results of this article. Section 3 
introduces mappings between neutrosophic sets, and some basic results have been proved. Section 4 
is on ccontinuity in neutrosophic minimal structure spaces. Finally, in section 5, we conclude the 


work done in this article. 


2. Materials and Methods (proposed work with more details): 

In this section we procure some basic definitions and notations those will be used throughout this 
article. 
Definition 2.1.[24] Let X be a universal set. A neutrosophic set A in X is a set contains triplet having 
truthness, falseness and indeterminacy membership values that can be characterized independently, 


denoted by Ta, Fa, I4 in [0,1]. The neutrosophic set A is denoted as follows: 


Gour Pal, Binod Chandra Tripathy, Runu Dhar, ON CONTINUITY IN MINIMAL STRUCTURE 
NEUTROSOPHIC TOPOLOGICAL SPACE. 


Neutrosophic Sets and Systems, Vol. 51, 2022 362 


A = {(x, Ta(x), Ia(x), Fa(x)): xe X, and Ta(x), I(x), Fa(x) €[0, 1]}. Since, no restriction on the values of 
Ta(x), Ia(x) and Fa(x) is imposed, so we have 0 <Ta(x) + Ia(x) + Fa(x) $3. 
Example 2.1. Let X={11, n2} be a non-empty fixed set. Clearly, W={(11,0.4,0.7,0.8), (12,0.2,0.7,0.8)} is a 
neutrosophic set over X. 
Definition 2.2.[24] The null and full neutrosophic set over a nonempty set X are denoted by Onand 
1y, given by 
(i) On={(x, 0, 1, 1): xeX}; 
(ii) In={(x, 1, 0, 0) : xe X}. 
There are also other representations of On and 1n. One may refer to the references cited in the article. 
Clearly, Ovc1n. We have, for any neutrosophic set A, OnCACI1Nn. 
Definition 2.3.[24] Let A = {(x, Ta(x), a(x), Fa(x)): xeX} be a neutrosophic set over X, then the 
complement of A is defined by A={(x, 1-Ta(x), 1-I4(x), 1-Fa(x)) : xeX}. 
Example 2.2. Let X={m, 2} be a non-empty set. Let W={(11,0.5,0.7,0.5), (12,0.5,0.8,0.7)} be a 
neutrosophic set over X. Then, the complement of W is W={(11,0.5,0.3,0.5), (12,0.5,0.2,0.3)}. 
Definition 2.4.[24] A neutrosophic set A = {(x, Ta(x), Ia(x), Fa(x)): xeX} is contained in the other 
neutrosophic set B = {(x, T(x), In(x), Fa(x)): xe X} (i.e., ACB) if and only if Ta(x)s Ta(x), Ia(x)2 Ia(x), 
Fa(x)= Fa(x), for each xeX. 
Example 2.3. Let X={m, n2} be a non-empty set. Let W={(11,0.5,0.7,0.5), (12,0.5,0.8,0.7)} and 
M={(m,0.7,0.5,0.2), (12,0.9,0.3,0.5)} be two neutrosophic sets over X. Then, WcM. 
Definition 2.5.[24] If A = {(x, Ta(x), I(x), Fa(x)): xe X} and B = {(x, Ta(x), In(x), Fa(x)): xe X} are any two 
neutrosophic sets over X, then AU B and ANB is defined by 
AUB ={(x,Ta(x)V Ta(x), Ia(x)AIa(x), Fa(x)AEs (x)): xe X}, 

and AMB ={(x, Ta(x)A Ta(x), Ia(x) VIa(x), Fa(x)VFs (x)): xe X}. 
Example 2.4. Let X={m, m2} be a non-empty set. Let W={(11,0.5,0.7,0.5), (12,0.5,0.8,0.7)} and M= 
{(11,0.7,0.5,0.2), (12,0.9,0.3,0.5)} be two neutrosophic sets over X. Then, WUM={(11,0.7,0.5,0.2), 
(12,0.9,0.3,0.5)} and WAM={(11,0.5,0.7,0.5), (12,0.5,0.8,0.7)}. 
The notion of neutrosophic topological space is defined as follows: 
Definition 2.6.[21] Let X be anon-empty set and t be the collection of neutrosophic subsets of X then 
tis said to be a neutrosophic topology (in short NT) on X if the following properties holds: 
(1) On, Inet, 
(i) Un, Uzet > Wize 1, 
(ili) Vieauiet, for every {uit i eA} Tt. 
Then, (X, 7) is called a neutrosophic topological space (in short NTS) over X. The members of t are 
called neutrosophic open sets (in short NOS). A neutrosophic set D is called neutrosophic closed set 
(in short NCS) if and only if D° is a neutrosophic open set. 
Example 2.5. Let W, E and Z be three neutrosophic sets over a fixed set X={p, q, r} such that: 
W={(p,0.7,0.7,0.5), (q,0.5,0.5,0.1), (1,0.9,0.6,0.7): p, g, reX}; 
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E={(p,0.6,0.8,0.9), (q,0.5,0.8,0.3), (1,0.4,0.7,0.8): p, q, reX}; 
Z={(p,0.5,0.8,1.0), (q,0.4,0.9,0.4), (1,0.3,0.7,1.0): p, q, reX}. 

Then, the collection t={0n, 1n, W, E, Z} forms a neutrosophic topology on X. Here, On, 1n, W, E, Z 
are NOSs in (X, 1), and their complements 1n, On, W={(p,0.3,0.3,0.5), (q,0.5,0.5,0.9), (7,0.1,0.4,0.3): p, q, 
reX}, E={(p,0.4,0.2,0.1), (q,0.5,0.2,0.7), (1,0.6,0.3,0.2): p, g, reX} and Z={(p,0.5,0.2,0.0), (q,0.6,0.1,0.6), 
(r,0.7,0.3,0.0): p, q, reX} are NCSs in (X, 7). 

The notion of neutrosophic interior and neutrosophic closure of a neutrosophic set is defined as 
follows: 

Definition 2.7.[21] Let (X, t) be a NTS and U be a NS in X. Then the neutrosophic interior (in short 
Nint) and neutrosophic closure (in short Na) of U are defined by 
Nin(U) = U{E : Eis a NOS in X and EcU}, 

and Ne(U) = A{F : F is a NCS in X and UcF}. 
Example 2.6. Let us consider a neutrosophic topological space as shown in Example 2.5. Let 
U={(p,0.5,0.7,0.5), (q,0.5,0.8,0.7), (7,0.3,0.7,1.0)} be a neutrosophic set over X. Then, Nin(U)=On and 
Na(U)={(p,0.5,0.2,0.0), (q,0.6,0.1,0.6), (7,0.7,0.3,0.0)}. 
Remark 2.1.[21] Clearly Nin(U) is the largest neutrosophic open set over X which is contained in U 
and Na(U) is the smallest neutrosophic closed set over X which contains U. 
Definition 2.8.[2] Let (X, t) be a neutrosophic topological space and G be a neutrosophic set over X. 
Then G is called, 
(i) Neutrosophic semi-open (in short NSO) set if and only if GCNa(Nin(G)); 
(ii) Neutrosophic pre-open (in short NPO) set if and only if GCNint(Ne(G)). 
The collection of all NSO sets and NPO sets in (X, T) are denoted by NSO(t) and NPO(t). 
Example 2.7. Let X={a, b} be a non-empty set. Clearly, (X, t) is a neutrosophic topological space, 
where t=({On, Ly, {(a,0.3,0.4,0.3), (b,0.4,0.3,0.4): a, be X}, {(4,0.4,0.4,0.1), (b,0.5,0.1,0.3): a, be X}}. Then, the 
neutrosophic set Q={(a,0.6,0.4,0.1), (b,0.9,0.1,0.2): a, beX} is a NSO set and P={(a,0.3,0.9,0.2), 
(b,0.3,0.4,0.3): a, be X} is a NPO set in (X, 1). 
Definition 2.9.[2] A neutrosophic set G is called a neutrosophic b-open set in a NTS (X, t) if and only 
if GONin(Ne(G))UNa(Nin(G)). A neutrosophic set H is said to be neutrosophic b-closed set if its 
complement H° is a neutrosophic b-open. The collection of all neutrosophic b-open sets in (X, T) is 
denoted by N-b-O(t). 
Example 2.8. Let (X, t) be a neutrosophic topological space as shown in Example 2.7. Then, the 
neutrosophic set P={(a,0.3,0.9, 0.2), (b,0.3,0.4,0.3): a, be X} is a neutrosophic b-open set in (X, 7). 
Definition 2.10.[27] Let (X, t) be a neutrosophic topological space. A neutrosophic set G is said to be 
a neutrosophic locally open (in short NLO) set if G= HUK, where H is a neutrosophic open set and K 


is a neutrosophic closed set in X. 
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Example 2.9. Let (X, t) be a neutrosophic topological space as shown in Example 2.5. Then, the 
neutrosophic set R={(p,0.7,0.2,0.0), (q,0.6,0.1,0.1), (1,0.9,0.3,0.0): p, q, reX} is a neutrosophic locally open 
set in (X, T). 


3. Mappings Between Neutrosophic Sets: 
In this section, we prove some results on mappings between neurosophic subsets. 
Proposition 3.1. Let fX—Y be a mapping, and {Ui : ie A} be a family of neurosophic subsets of Y, then 
we have 
(i) fA(Viea Ui) = Viea f4(U)). 
(ii) (Aiea Ui) = Aiea f4(Ui). 
Proof. The proofs are so easy, so omitted. 
Theorem 3.2. If fi: Xi Yi and Ui be neutrosophic sets of Y for 7 = 1, 2, then 
(fixf)*(UnxUb) = fir'(Un) x fo(Ub). 
Proof. Let fi: Xia Yi be mappings for 7 = 1, 2. Let Ur= {(T1, Fi, Ih)(x1) : x1 € Xi} and U2 {(T2, F2, I2)(x2) : x2 
€X2} be neutrosophic subsets in Yi and Y2 respectively. Then we have for (x1, x2) in X1xX2, we have 
(fixfa)(TixT2) (01, x2) = (TixT2) (filer, folx2)) 

= min {Tyfi(xs), Te fo(e2)} 

= min (fr'(Ti(21)), fo"(Ta(x2))] 

= (fi'(Ts), for(Ta)) (2c, 22). 
Following the above argument, we can show that 

(fix) (FixF 2) (3c, x2) = (frt(Fr), fo(E2)) (2, 32) 
and (fixfs)(Iixb) (x1, x2) = (fr(h), fe"(B) (1, 2). 


4. Continuity in Minimal Structure Neutrosophic Topological Space: 

In this section we introduce the notion of continuous maps between minimal structures in 
neutrosophic topological spaces. We procure the following definitions on neutrosophic minimal 
structre spaces from the article by Pal et al. [15]. 

Definition 4.1. A family M of neutrosophic subsets of X if M < P(X), where P(X) denotes the power 
set of X is said to be a neutrosophic minimal structure on X if Ovand 1nbelong to M. Then, the pair 
(X, M) is called a nutrosophic minimal space. 

Example 4.1. Let W, E and Z be three neutrosophic sets over a fixed set X={p, q, r} such that: 
W={(p,0.7,0.7,0.5), (q,0.5,0.5,0.1), (1,0.9,0.6,0.7): p, g, reX}; 

E={(p,0.6,0.8,0.9), (q,0.5,0.8,0.3), (1,0.4,0.7,0.8): p, q, reX}; 

Z={(p,0.5,0.8,1.0), (q,0.4,0.9,0.4), (1,0.3,0.7,1.0): p, q, reX}. 

Clearly, the collection M={0v, 1x, W, E, Z} forms a neutrosophic minimal structure on X, and the pair 


(X, M) is a neutrosophic minimal structure space. 
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Remark 4.1. Eevery NTS is a nutrosophic minimal structure space. But every nutrosophic minimal 
structure space may not be a NTS in general. This follows from the following example. 

Example 4.2. Let W, E and Z be three neutrosophic sets over a fixed set X={p, q, r} such that: 
W={(p,0.5,0.7,0.5), (q,0.5,0.9,0.1), (r1,0.9,0.6,0.7): p, g, reX}; 

E={(p,0.6,0.6,0.9), (q,0.5,0.8,0.3), (1,0.4,0.7,0.8): p, g, reX}; 

Z={(p,0.5,0.5,1.0), (q,0.4,0.7,0.4), (1,1.0,0.7,1.0): p, q, reX}. 

Clearly, the collection M={0v, ln, W, E, Z} forms a neutrosophic minimal structure on X, and the pair 
(X, M) is a neutrosophic minimal structure space. But (X, M) is not a NTS. 

Definition 4.2. Let (X, M) be a neutrosophic minimal structure space. If EeM, then E is called a 
neutrosophic m-open set, and its complement is called a neutrosophic m-closed set in (X, M). 
Example 4.3. Let us consider a neutrosophic minimal structure space (X, M) as shown in Example 
4.1. Clearly, On, 1n, W, E, Z are neutrosophic m-open sets in (X, M), and their complements 1, On, 
We={(p,0.3,0.3,0.5),  (q,0.5,0.5,0.9),  (7,0.1,0.4,0.3): p, g, rex}, E={(p,0.4,0.2,0.1), (q,0.5,0.2,0.7), 
(r,0.6,0.3,0.2): p, q, reX} and Z={(p,0.5,0.2,0.0), (q,0.6,0.1,0.6), (r,0.7,0.3,0.0): p, q, reX} are neutrosophic 
m-closed sets in (X, M). 


The notion of neutrosophic minimal interior and neutrosophic minimal closure of a neutrosophic 
set in a neutrosophic minimal structure space is defined as follows: 
Definition 4.3. Let (X, M) be a neutrosophic minimal structure space, and U be a neutrosophic set 
over X. Then, the neutrosophic minimal interior (in short Nm-int) and neutrosophic minimal closure 
(in short Nm-c) of U are defined as follows: 

Nm-in(U) = U{E : E is aneutrosophic m-open set in X and EcU}, 
and Nm-a(U) = A{F : F is a neutrosophic m-closed set in X and UcF}. 

Example 4.4. Let (X, M) be a neutrosophic minimal structure space as defined in Example 4.1. Then, 
the neutrosophic minimal interior and neutrosophic minimal closure of U={(p,0.2,0.4,0.6), (q,0.4,0.7, 
0.9), (7,0.0,0.5,0.4)} are Nm-ine(U)={(p,0,1,1), (4,0,1,1), (7,0,1,1)} and Nm-c(U)={(p,0.3,0.3,0.5), (q,0.5,0.5,0.9), 
(r,0.1,0.4,0.3)} respectively. 
Exzample 4.5. From the above definitions, it is clear that every neutrosophic pre-open sets, 
neutrosophic semi-open sets, neutrosophic b-open sets are neutrosophic m-open sets. 
Example 4.6. Let W, E and Z be three neutrosophic sets over a non-empty set X={p, q} such that: 
W={(p,0.7,0.7,0.5), (q,0.5,0.5,0.1) : p, qeXt; 
E={(p,0.6,0.8,0.9), (q,0.5,0.8,0.3) : p, qeXt; 
Z={(p,0.5,0.8,1.0), (q,0.4,0.9,0.4) : p, qe X}. 

Here, the family t={On, 1x, W, E, Z} forms a neutrosophic topology on X, and so (X, T) is a 
neutrosophic topological space. Suppose M = tT UNPO(t)UNSO(t)UN-b-O(t), then (X, M) is a 


neutrosophic minimal structure. Now, from the above it is clear that, every neutrosophic pre-open 
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sets, neutrosophic semi-open sets, neutrosophic b-open sets in (X, T) are neutrosophic m-open sets in 
(X, M). Further, it is also seen that, every neutrosophic m-open set in (X, M) is also a neutrosophic 
pre-open set, neutrosophic semi-open set, neutrosophic b-open set in (X, T). 

Definition 4.4. The function f (X,M1)— (Y,Mz2) is said to be minimal continuous (in short mn 
continuous) if f1(U) is an m-open set, where U is any m-open set in M2. 

Definition 4.5. Let (X, M) be a minimal structure on the neutrosophic set X. Let (X, t) and (Y, o) be 
neutrosophic topological spaces. Then the mapping f: (X, 1)>(Y o) is said to be weakly 
m-continuous if for each neutrosophic point xo and each neutrosophic open set V with f(xo)€V, there 


exists a neutrosophic open set U such that xoeU and f(U) c Na(V). 


We state the following result without proof, in view of the above definition: 

Proposition 4.1. Let f: (X,M:1)— (Y,Mz2) and g: (X,Mz)— (Y,Ms) be Nn-continuous functions. Then the 
composition function gof : (X,M1)— (Y,Ms) is Nn—continuous. 

Theorem 4.1. Let (Y,Mz) be a minimal space and f: X —(Y,M2) be a function. Then there is a weaker 
minimal structure Mi on X for which f is Nn— continuous. 

Proof: Let X and Y be non-empty sets and M2 be a minimal structure on Y. Let f: X —(Y,Mz2) be a 
function. Let Mi c P (X) be defined by M1 ={f-(V) : VeMz2 }. Hence (X, M1) is a minimal structure on 
X. From the definition of Nu-continuity and construction of Mz, it follows that f: (X,M1)— (Y,M2) is 
Nn-continuous. Further by the definition of weaker minimal structure and construction of M1, it 


follows that Mi is a weaker minimal structure on X. 


We state the following result without proof. 

Proposition 4.2. Let (X,M) be a minimal space and Yc X, then (Y,MNY) is a minimal structure on Y. 
Further for (X, MNY) there is a weaker minimal structure space. 

Theorem 4.2. Let minimal (X,M1) be a minimal structure and Yc X. Then there is a weakest minimal 
structure on Y say Mz such the map if: (Y,Mz) (X,MiNY) is Nm-continuous. 

Proof: In view of the above Theorem 4.2 on considering the identity map we can have the map i; to 
be Nm— continuous. 

Remark 4.2. The above result is true for the inclusion map 7 : (Y,M2z) —(X,M1). In this case Mz is 
called as the induced minimal structure on Y. 

Theorem 4.3. Let Yc X and f:(X,M1)— (Z,N1) be Nn-continuous. Then fl v:(Y,M2) —(Z,NiNfty)) is 
m-continuous, where Y is endowed with M2, induced minimal structure. 

Proof: By the above remark and theorem 4.1, we have fly = foi (or foir ) and hence fly is Nu- 
continuous. 

Theorem 4.4. Let {(Xi, Mi) : iegA} be a family of minimal spaces, , where A being the index set and {fi 
:X—>( Xi, Mi) : icA } be a family of Nm-continuous functions. Then there is a weakest minimal 


structure M on X such that fi’s are Nm —continuous. 
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Proof: Let {(Xi, Mi) : ie A}, where A is the index set be a family of minimal spaces and {fi:X—>( Xi, Mi): 
ie A} be a family functions. Let Ei =f-\(Mi) = {f 1(V) : VeMi} for icA. Consider M =VieaEi. Then (X, M) is 
a minimal structure on X by definition. Further from the construction of M, it is clear that fi :(X, M) 
—( Xi, Mi) are Nn-continuous. Since we have considered the union while considering the minimal 
structure M on X, so it will include all other minimal structures on X, so it is the weakest minimal 
structure on X. 

Theorem 4.5. Let {fi: X—( Xi, Mi) : ic A} be a family of N»-continuous functions, where, (Xi, Mi) are 
minimal spaces. Let the minimal structure M in X be generated by {fi: icA}. Then the function f : 
(Y,N)— (X,M) is Nn-continuous if and only if fiofis Nn-continuous function for all ie A. 

Proof: Let {fiz X—(Xi, Mi) : ic A} be a family of Nn—continuous functions and 

f:(GN)— (X,M) be Nn-continuous then by proposition 4.1, fiof is Nm— continuous. 

Next, let fiof be Nn-continuous functions for each ieA, but f is not N»-continuous. Thus we have 


BeM such that f1(B) ¢ N. Then we have the following possibilities: 


(i) There exist inc and B, ¢ Mio such that B= f,; '(B, ). 
(ii) For every icA and every BieMi, B4 f,'B, ). 


Consider case (i), we have B= f,'(B, 


9 9 


), implies f'(f,"(B,))= (f, 0 f) '(B,). Thus, for B, ¢ 


i) 1) 
Mio, we have (Sf, of) '(B.) é N, which shows that f, 0 f is not Nn-continuous. Hence we 


arrive at a contradiction. Thus our supposition is wrong. 

Next, consider the case (ii), we have f1(On,x)=Ony and f'(1n,x) = Inv, which leads to B(On,y, In) . 
Hence M \{ B} is a minimal structure on X. Thus for each ieA, fi:(X, M \{B})—( Xi, Mi), we have fiof : 
(Y, N )—>(Xi, Mi) is mn — continuous for each icA,. This leads to a contradiction to the choice of the 
minimal structure M on X. Thus, f is Nm—continuous, whenever fiof is Nm-continuous for each ie A. 
Remark 4.3. Let {(Xi, Mi), icA} be a family of minimal structures, then the product space is defined 
by Tlica Xi. It can be easily verify that (Ilica Xi, Hiea Mi) is a minimal structure on Tlie Xi. Further M = 
Tlica Mi is the weakest minimal structure on Tica Xi. 


One can easily verify that for each jeA, the canonical projection 7: Tica Xi>Xj_ is Nw-continuous. 


In view of the above theorem and remark, we formulate the following results. 

Proposition 4.3. Let {(Xi, Mi), icA } be a family of minimal spaces and X = [ica Xiexists. 

Proposition 4.4. Let {(Xi, Mi), i¢A} be a family of minimal spaces and X = Ilica Xi.Let the minimal 
structure on X be generated by Mica Xi. Let f: (Y,N)— (X,M) be a function. Then fis Nn-continuous 


if and only if miof is Nw-continuous for all ieA. 
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The following result is a consequence of above results. 
Corollary 4.1. Let f : (X,M)— (Y,N) and g: (X,M)—(Z, Q) be Nn-continuous functions. Then the 
function f xg :(X,M) —(YxZ, N x Q) defined by (fxg)(x)=(f(x), @(x)) is Nm-continuous. 


5. Conclusion: 

In this article, we have introduced the notion of continuity and product minimal space in 
neutrosophic minimal structure spaces. Besides, we have investigated some basic properties of Nu-— 
continuity in neutrosophic minimal structure spaces, such as composition of N»-continuous 
functions, product of Ni-continuous functions in product neutrosophic topological space etc. It is 
hoped that, these kind of notions can also be investigated in the field of Neutrosophic Multiset 
Topological Space [6], Neutrosophic Bitopological Space [7], Pentapartitioned Neutrosophic 
Topological Space [8], Neutrosophic Complex Topological Space [11], Generalized Neutrosophic 
Topological Space [22], etc. 
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Abstract: The paper aims to obtain a computational algorithm to solve a geometric 
Programming Problem by weighted sum method with equal priority in imprecise condition 
i.e. in Fuzzy, Intuitionistic Fuzzy and Neutrosophic field. A contrasting study of optimal 
solution among three has been prescribed to show the efficiency of this method. Numerical 
example and an application Gravel Box Design Problem is presented to compare different 
designs. Proposed method is determined by maximizing the truth and indeterminacy 


membership degree and minimizing the negative membership degree. 


Keywords: Geometric Programming, Fuzzy, Intuitionistic Fuzzy, Neutrosophic sets, Gravel 
Box Design Problem. 


1. Introduction 


Geometric programming is an advanced method to solve a nonlinear programming 
problem. It has certain benefits over the other optimization methods. The concept of fuzzy 
sets (FS) was launched by Zadeh in 1965 [1]. Since the fuzzy sets and fuzzy logic have been 


applied in many real applications to maintain uncertainty. The conventional fuzzy sets uses 


single real value (x) € [0, 1] to represents the truth membership function of a fuzzy set. 


In some applications we should consider not only the truth membership supported by the 
evident but also the falsity membership against by the evident. That is out of the scope of 
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fuzzy sets and interval valued fuzzy sets. However in reality, it may not always be true that 
the degree of non-membership of an element in a fuzzy set is equal to 1 minus the 
membership degree because there may be some negative degree. In 1986, Atanassov [3], [5] 
introduced the intuitionistic fuzzy sets (IFS) which is a modification of fuzzy sets. The 
intuitionistic fuzzy sets consider both truth membership and falsity membership. 
Intuitionistic fuzzy sets can only handle incomplete information not the indeterminate 
information and inconsistent information. In IFS, sum of membership-degree and 
non-membership degree of a vague parameter is less than unity. Therefore a certain amount 
of incomplete information or indeterminacy arises in an intuitionistic fuzzy set. It cannot 
handle all types of uncertainties successfully in different real physical problems. Hence 
further modification of fuzzy set as well as intuitionistic fuzzy sets are need. In neutrosophic 
sets (NS) indeterminacy is clarified explicitly and truth membership, indeterminacy 
membership and falsity membership are not dependent. Neutrosophy was launched by 
Florentin Smarandache in 1995 [4] which is actually generalization of different types of FS 
and IFS. The term “neutrosophy” means advance information of neutral thought. This neutral 
concepts make the differece between NS and other sets like FS, IFS. 


Fuzzy representation is analyzed by a single variable: degree of truth p, while the degree of 
falsity v has a defect value calculated by negative formula: v = 1- u, and the degree of 
neutrality has a defect value that is o =0. 


Intuitionistic fuzzy representation is described by two explicit variables: degree of truth uw 
and degree of falsity v, while the degree of neutrality has a defect value that is o = 0. 
Atanassov considered the incomplete variant taking into account that u+v<1. 


Neutrosophic representation of information is described by three parameters: degree of truth 
u, degree of falsity v, and degree of neutrality o. 


Intuitionistic fuzzy set is a device in formating real life problem like sale 
analysis, new product marketing, financial services, negotiation process, portfolio 
optimization, psychological investigation etc. Since there is a fair chance of the existence of a 
non-null hesitation part at each moment of evaluation of an unknown object (Szmidt and 
Kacprzyk, 1997, 2001). Atanassov (1999, 2012) carried out rigorous research based on the 
theory and applications of intuitionistic fuzzy sets. Geometric programming has been applied 
to simple riser problems by R.C. Creese [13] using Chvorinov’s rule. In the last 20 yrs fuzzy 
geometric programming has received rapid development in the theory and application. In 
2002, B.Y. Cao [11] published the first monograph of fuzzy geometric programming as 
applied optimization series (vol 76), fuzzy geometric programming by Kluwer academy 
publishing (the present spinger), the book gives a detailed exposition to theory and 
application of fuzzy geometric programming. In 1990 R. k. verma [14] has studied fuzzy 
programming technique to solve geometric programming problems. Recently a paper 
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multi-objective geometric programming problem based on intuitionistic fuzzy geometric 
programming technique is published by Pintu Das et al. [15]. Multi-objective non-linear 
programming problem based on Neutrosophic Optimization Technique and its application in 
Riser Design Problem is published by Pintu Das et al. [16]. In our uncertain life a 
decision-maker has to allow to handle indeterminacy or neutral thoughts in decision-making 
process. Neutrosophic optimization technique is limited in application to design 
optimization. The motivation of the present study is to explain computational procedure for 
solving Geometric Programming Problem in imprecise environment (i.e. Fuzzy, 
Intuitionistic Fuzzy, Neutrosophic) and as an application “Gravel Box Design” problem is 
represented. A contrasting study of optimal solution among three has been prescribed to 
show the efficiency of this method. Numerical example and an application Gravel Box 
Design Problem is presented to compare different designs. Proposed method is determined 
by maximizing the truth and indeterminacy membership degree and minimizing the negative 


membership degree. 


Bs Geometric Programming 


Geometric programming (GP) is an advanced method to solve the special class of non-linear 
programming problems subject to linear or non-linear restriction. The original mathematical 
development of this method used the arithmetic-geometric mean inequality relationship 
between sums and products of real numbers. In 1967 Duffin, Peterson and Zener made a 
beginning stone to solve vast range of engineering problems by _ basic theories of geometric 
programming in the book “Geometric Programming” [12]. Beightler and Phillips gave a 
full account of whole modern theory of geometric programming and numerous examples of 
successful applications of geometric programming to real-world problems in their book 
“Applied Geometric Programming” [6]. The study of GP by Duffin et al. (1967) deals with 
the problem associating only a positive coefficient for the component cost terms. However, 
many real world problems comprise of positive as well as negative coefficients for the cost 
terms. GP method has some advantages. The advantage is that it is sometimes simple to solve 


the dual problem than primal. 


3. Posynomial Geometric Programming Problem 


Primal Problem 


A single objective posynomial geometric programming problem can be written as 
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Minimize fp (2) 

subject to 
f(x) <1 (i Uae scesieceie sm) 
x; >0 (i=1,2,......... sn) 

N; = 
Where fj) a Ee TT x," 
Where Cine (> 0) and One5 i=l, 2,...... wn; k=1,2,......... N;; 
f= Ages deneks ,m ; are real. 


= feet 


Dual Problem 


The dual programming of (1) is as follows 


W. - CW es 
Maximize d (w) = []"* i (yn 
( ) j=0 1,2 mI wir ) 
subject to 
Diy Wor = 1 Normali iti 
= “or = (Normality condition) 


i=0 =. AjxiWi, = 0 (Orthogonality condition) 


NN: 
= Jot i a. 
Wj ean Wa = 0, sal ae 0 


4. Signomial Geometric Programming Problem 


Primal Problem 


() 


(2) 


374 
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A single objective signomial geometric programming problem can be formulated as 
Min fo () (3) 
Subject to 
| C3 ee a Cp ore m) 
x; >0 G12 ycacisisis yn) 
Ni = ‘ 

Where f(x) = £2, Oj Cael Pay x*  =0,1,2,........ ,m) 
65 =+1 Gl. = 28s Sesdernances m.), G, = + 1 USL 2 aiescesse ,m); 
k= 1 52: eee reese JN; 
x = (XpXz X,)" 

Dual Problem 
The dual problem of (3) is as follows 
Maximize d (w)=89[ [To TT, (2-2) 5" ]% (4) 

a1 wi 


subject to 


es SoxWox = 5p 


N; 
piel i] = 
yj=0 pl O55 jn Wx =0 


(Normality condition) 


(Orthogonality condition) 
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N; 
on = O;5,.2..0:,We > ae, 
Wyo = 9; 2,21 Oj Wjxe 20, Sj 20 


5. Fuzzy Geometric Programming (FGP) 


A geometric programming problem with fuzzy objective can be written as 


Minimize fo (x) (5) 
Subjectto f(x) S bj JHU 2 desensectauss m 
x =0 


Here the symbol “Munimuze” denotes a flexible version of “Minimize”. Similarly the 
symbol “S” denotes a fuzzy versionof “=”. These fuzzy requirements may be determined 
by taking membership functions — yj (fF; ()) G= 0,1,2,........ m) from the decision maker for 


all functions f;(2) G=0,1,2,........ m) by taking account of the rate of increased membership 
functions. It is, in general strictly monotone decreasing linear or non-linear functions with 
respect to f,(x) G = 0, 1, 2,........ sm). Here for simplicity, linear membership functions are 


considered. The linear membership functions can be presented by 


,... 1 if £.G)< f° 
HG o=(LXe fP<£,@)< 


fj —f;° 
0 if i) = f; 


for j= 0,1,2,3,......00..5- m. 
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uj (Fj(x)) 
l 


f;° 


Figure-1: Membership function of a minimization-type 
objective function 


377 


fj (x) 


The problem (5) reduces to FGP when f(t) and f(x) are signomial and posynomial 


functions. 


Based on fuzzy decision making of bellman and zadeh (1972), we may write 


i) Mp Ge) = max (min yj (F,(«))) (Max-min operator) 
i f;'—f;(x) 
subject to uj F (@&)) = nas 
fj" 
(= Ole Seewtiaetosves ,m.) 


x > 0 
ii) up (&) = max(LFL9 Ayu; (Ff; (x) (Max-additive operator) 


subject to 44 (F, (&) Sarid 


ie 9 Oe eee m.) 


(6) 


(7) 
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x => 0 


iii) up (« ) = max (15 (i (x) ) (Max - product operator) (8) 


subject to Hy (fF; (x) = fj —fj'=) 


fj ‘—f y 
=, 12s Bue cecnietines ,m.) 
x > 0 
Here for A; (J=O,1 2 ycsccseeceess m) are numerical weights determined by a decision making 


unit . For normalized weights yi=0 A; =1 


For equal priority of objective and constraint goals, A; =1 and A; € [0, 1]. For equal 


priority of objective and constraint goals, A j= 1 (j=0,1,2,..........4. ,m). 


6. Numerical Example 
Let us take a fuzzy posynomial geometric programming problem as 


Minumze fy(x,,X_)= 2x, 7x, (9) 
Here objective goal is 57.87 with tolerance 2.91 


fi(x,y,x 2) = xy ~*x.7* < 6.75 (with tolerance 0.19) 
fo(xpXq) = Xy+2x_ = 1 


Xq,Xq > 0. 


Here, linear membership functions for the fuzzy objective and constraint goals are 


1 if x, ‘x, 7*#< 675 
6.94—x, “x, 7 . -1, -2 
U1 (f.i(xy,%Xz)) = oo if 6.75 = Xy Xz = 6.94 
0 ifx, ‘x. 7? > 6.94 
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ae if 2a, 72, "S SPBT 
Ho (Fo(xy,%2)) = eS if 5787 < 2x, -*x, 7 < 60.78 
0 if 2x, *x, 3 > 60.78 


Based on the max-additive operator (7), FGP (9) reduces to 


6.94—-x,*2,"*  60.78—-2x,~*x,* 


Maximize V,(x,,x5) = 
a(Xy»%2) 0.19 2.91 


subject to x; +x, = 1 


Xq»Xq> 0 


379 


Neglecting the constant term in the above model we have the following crisp geometric 


programming 


Minimize V (x4,%) = 5.263x,~*x.~* + 0.687x,~*x* 
subject to xy +x; = 1 
Xq,»Xq> 0 


Here D.D = 4—(2+1) = 1 


The DP of this GP is 
Ge Gs 


(wy, + Wy ) (wy, +3) 


Max d (1) =( 


5.263 
Won 


Such that Wwoit wo2 =1, 


— Wo — 2wo2twii=0, 


— 2wo1 — 3wo2tWw12=0, 
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SO Wog = 1 — Woy Wy = 2— Woy, Wy = 3— Wy 


Max d (w01) =(=38 ie (“= ; ( 1 , ( ‘ iii 


_ >= — 
Wer 1p, aes 3—Woy 


(s— 2wp,) 2a) 


Subjectto O< wWy,<1 


a(d(w,,)) 
aw, 


For optimality, =0 
5.263(1— Wg )(2 — Wo, )(3-Wp, ) = 0.687 Wp; (5 — 2wp, )7 
Wp =0.7035507, woz *= 0.2964493, wy, *= 1.296449, wy, *= 2.296449. 


x,*= 0.360836, x2*= 0.6391634 


fy" (244°, 2°) = 58.82652, f,* (x4*,x2") = 6.783684. 


7. Intuitionistic Fuzzy Geometric Programming 


Let us consider the intuitionistic fuzzy geometric programming problem as 
Min' f, (x) (10) 
Subject to f(x) Sib; ig ee eee _m 

x 20 


Here the symbol “Si” denotes the intuitionistic fuzzy type of “=”. 


Now for Intuitionistic fuzzy geometric programming linear membership and 


non-membership functions can be prescribed as follows. 
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ot FHOSE 
Ky G@)= st if FP <4 @)< fF 
0 Ff f@)>f; 


for j= 0,1,2,3,...0.00000 m. 


0 if f,(x) < f; —f," 


vy, (f; @) = {Ee ig FR" < FQ < fF 


fj , 
1 if f(x)= f, 
fot j= UN 2.3 wis eesksons im. 
(Hypv;) 


Bj Gj (x)) 


f 
Vi(Fi)) 


f(x) 


Figure-2: Membership and non-membership functions of a minimization-type 
objective function. 


Now an intuitionistic fuzzy geometric programming problem (10) with membership and 


non-membership function can be written as 


Maximize pe; (fj (2) (11) 
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Minimize v; (f; (x)) 


for j = 0,1,2,...s0.0005 jm. 
Considering equal priority on all membership and non-membership functions of (11) and 
using weighted sum method the above optimization problem reduces to 


Maximize vz = elt Gj (x)) —~V; tf (x))} 


subject to x =0 


The above problem is equivalent to 


= | ee fay" 7) 
Min Vay j=0 tota+ in) fj j= QS + 5 5," 
subject to x =0 (12) 
N; oe 
Where fj (x) = Ly 2, Cae Wy x;"™ 
Where c;,. (> 0) and aj; (i=1,2,....... n; k=1,2,......... JN; ; FTO A 2ysveesss ,m ;) are real. 


ee ey 


The posynomial geometric programming problem (12) can be solved by usual geometric 


programming technique. 


8. Numerical Example 


Let us consider an intuitionistic geometric programming problem with intuitionistic fuzzy 


goal as 
Min' f, (x»%_)= 2x, 7*x,% 
Here objective goal is 57.87 with tolerance 2.91 


fy (XpXz) = xy~*x* < 6.75 (with tolerance 0.19) 


fe (XpXq) = %, +225 1 
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Xq,Xq > 0 


Here, linear membership and non-membership functions for the fuzzy objective and 


constraint goals are 


| 1 if 2x,°7x, 7 < 5787 
60.78—-22, “x, * 2 a ae 
Ho (fo (%p»X2)) = }— 3 —*-_s if 57.87 < 2x, *x,* < 60.78 
| 0 if 2x,~*x,* > 60.78 
| | if x, x, 7*< 675 
| 6.94—x, 42,7 3 1. -2z 
M1 (fy (%p%2))=4—~Cté‘<YF'«GS SS xy “xQ™ <= 6.94 
0 ifx, ‘x, 7 > 6.94 
| 0 if 2x,~*x, 7 < 59.03 
2x, “ay "—59.03 = —2,. —2 
Vo (fo (*p»%2)) = 3 = if 5903< 2x, “x, °< 60.78 
1 if 2x,-*x,* > 60.78 
0 if x, ‘x, 7 < 683 
xy "Xz -—6.83 = -1, —2 
vi (fy, &pX2)) = ) 47 ——_—Ss if 683 <x, *x,* < 6.94 
| 1 ifx, ‘x, * > 6.94 
Ve 1 oe —l. -Z 1 ahs —2. -3 
Nnouniize Gas on1) oho, e Goa a5) a 
subject to x; +x, = 1 
X4,Xq> 0 


Minimize V (x,,x 3) = 14.354x,~*x, 7 + 1.828x,7x,? 
Subject to xy +x, = 1 


Xq,Xq> 0 
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Here DD = 4—(2+1) = 1 
The DP of this GP is 


Max d (w) a y= (=) (+)™ (+)™* x 


Wer Woz Waa 


(Wy + waz) 22) 
such that Woit Wo2 =1, 


— wo1—2Wwo2twii=0, 
— 2wo1 — 3wo2twi2=0, 


SO Woz = 1 — Woy .Wyy = 2— Woy, Wyz = 3— Wy 


Max d (wo1) (==) (=)= ( 1 i ( 1 oe 


om =. = 
Wer I-93 Wer 3—Wog 


(5 _ 2w,,) 2a) 


Subjectto  O<wo<1 


a(d(wOl)) 


Wor 


For optimality, =0 


14.354(1— wp.) (2 — Way) (3—Wy) = 1.828W9, (5 — 2Wo, )? 


Wp, "= 0.6454384, wy2*= 0.3545616, wy, "= 1.3545616, wy."= 2.3545616 


x4*= 0.365197, x3* = 0.63348027 


fy (44°, x2") = 58.62182, f,°(x,", x2") = 6.795091 


9. Neutrosophic Geometric Programming 


384 
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Let us consider a neutrosophic geometric programming problem with neutrosophic objective 
goal as 


Min" f, (x) (13) 
Subject to f;(x) Sn b; Fo cu ieoeavadine jm 


x =0 


Here the symbol “Sn” denotes the Neutrosophic variant of “=”. Now for Neutrosophic 


geometric programming linear Truth membership (simply membership), Falsity membership 
(simply non-membership) and Indeterminacy membership functions can be presented as 
follows. 


41 FR@SH 
KG O=\eS if << fF; 


) if f,) = Ff; 


for j= 0,1,2,3,...0.00000- m. 


0 if f,(x) < f; —f," 


yf @)= YEP if f-fi" < hf 
. 1 if f@>Ff' 


for j= 0,1,2,3,......00...- m. 


ret ids P 1 if f(x) <= sf,” 
o; CF (x)) = arrears if f, <f(x)< fi —£" 
0 if f(x)= i — f" 
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for j= 0,1,2,3,......00..0- m. 


(4 jVj,05) 


Bj (f, s(x) 


f(x) 


ur 


0 f;° i = ia fi —fj 


Figure-3: Truth membership, Falsity membership and Indeterminacy membership 
functions of a minimization-type objective function. 


Now Neutrosophic geometric programming problem (13) with Truth membership, Falsity 


membership and Indeterminacy membership functions can be written as 
Maximize pt; (f; (&)) (14) 
Minimize v; (f; (x)) 

Maximize o; (fj (x)) 


subject to x = 0 


for j = 0,1,2,........... m. 


Using weighted-sum method and giving equal priority on all Truth membership, Falsity 
membership and Indeterminacy membership functions the above problem (14) becomes 


Maximize WV, = D7tof{u,(f ())—v(F @)+5 (5 @&)} 


subject to x = 0 
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The above problem is similar to 


1 1 1 fe ri f fr-f; id 
Min Vea Etta (crtos +o torts) fy) — (Ha 4 Hs HY” 
‘Al yj=0 fj Fj" TF + oa f; ( ) fj" + i -FF + fj fe FF 


Subject to x = 0 (15) 
Where f(x) = a. Cpe [Ty x; 
Where ¢;, (> 0) and aj; (i=1,2,....... 0; k=1,2,......... JN; ; HO 2yecccnns ,m ;) are real. 


= (agp Xqp 00 20 20es a a 


By usual geometric programming technique the posynomial geometric programming 
problem (15) can be solved 


10. Numerical Example 


Let us take a neutrosophic geometric programming problem with neutrosophic objective goal 
as 


Min™ f, (XqXq) = 2x, 7x, 7 
Here objective goal is 57.87 with tolerance 2.91 


fi @px2) = i. = 6.75 (with tolerance 0.19) 
fe (XpXzq) = Xy +x, 1 


Xy,Xq > 0. 


Here, linear Truth membership, Falsity membership and Indeterminacy membership 
functions for the fuzzy objective and constraint goals are 


: aa = if 2x, 7x. * < 57387 
Ho (fp (yg. ¥g)) a eS if 5737 < re ad < 60.78 
0 if 2x, 7x, * > 60.78 
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| a if x, ‘x, *< 675 
11 (fy pq) = {if 675< x, 4x, 7 < 694 
0 ifx, *x,* > 6.94 
1) if 2x,~7x,7 < 59.03 
Vo (fp (Xy%Xz)) = 4——2_——_— if 59.03 < 2x, *x,* < 60.78 
1 if 2x,-*x,* > 60.78 
0 if 2, “2, "= Ges 
vi (fy pX2)) = 422 if 683 <x, 1x, < 694 
1 ifx,*x, 7 > 6.94 
1 if 2x, “x, ° = STay7 
50 fees = ae “3 if S787< 2x, ?x,3 < 59.50 
| 0 if 2x,-7x_* > 59.50 
| if x, ‘x, *< 675 
01 (ff (XpeX—)) = a AL if 6.75 <x, ‘x, 7 < 688 
1 \“p2*2 Das i. “2 
| 0 ifx, ‘x, * > 688 


using truth, indeterminacy, falsity membership functions above problem can be formulated 
as 


Minimize V (x4, 3) = 22.046x,~*x,~* + 3.057132x, 7x, 
subject to xy +x, = 1 
X4,Xz> 0 


Here DD = 4—(2+1) = 1 


The DP of this GP is 


Pintu Das. Geometric Programming in Imprecise Domain with Application 


Neutrosophic Sets and Systems, Vol. 51, 2022 


Max d (w) -(=*)"™ == = (2) ; 


Wer Woz Was Was 


(wy, + oD Na : 


such that Woit+ Wo2=1, 
— wo —2Wwo2+w1=0, 
— 2wo1 — 3wo2Hw12=0, 


SO) Woz = 1— Woy Wy = 2— Woy, Wy = 3— Woy 


389 


Max d (wo1) -(=*)™ — ( 1 ais ( 1 | ieee x(5 = 2w,) 5-2) 


7 5 = 
Wor 1—Wg, 2-Wo, 3-Woy 


Subjectto  O<wy<1 


d(dlwe)) _ 


dw, 


For optimality, 


Wp, *= 0.6260958, wy2*= 0.3739042, wy, *= 1.3739042, w,.*= 2.3739042 


x,* = 0.366588, x,*= 0.633411 


fy" (24°, x") = 58.5621], f,* (xy*,x2") = 6.799086 


11. Application of Neutrosophic Geometric Programming in Gravel Box Design 


Problem 


Gravel Box Problem: — A sum of 800 cubic-meters of gravel is to be carried across a river 


on a barrage. A box (with an open top) is to be made for this occasion. After the whole gravel 
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has been carried, the box is to be rejected. The transport cost per round trip of barrage of box 
is Rs 1 and the cost of substances of the ends of the box are Rs20/m? and the cost of 
substances of other two sides and bottom are Rs 10/m? and Rs 80/m”. Find the size of the box 


that is to be made for this occasion and the total optimal cost. 


BARGE 


Figure -4: Gravel box design 


Let length =x; m, breadth = x2 m, height = x3m. The area of the end of the gravel box =x2x3 


m’. Area of the sides =x1x3 m?. Area of the bottom =x)x2 m? .The volume of the gravel 


box=xix2x3 m°. Transport cost: Rs 


Material cost: 40x2x3. 


ta Call 


So the geometric programming problem is 


: 80 
Min fo (%y,.*2,*3) = iiadie + 40x5x3 


Xy,Xz,Xz > 0. 
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Here objective goal is 90 (with truth-flexibility 8, falsity-flexibility 5, and 
indeterminacy-flexibility 5) 


and constrained goal 


f, (4pXp*X3) = 4 (with truth- flexibility 0.9, falsity- flexibility 0.5, indeterminacy- 


flexibility 0.6) 


x4*= 2.4775, xq*= 1.1271, x3*= 0.5635 


fo" Cara" Xe". Xqi) = 76.237, Fy" Gey’ Xe" Ky’) = 4.5856. 


12. Conclusion: 


In respect of contrasting the Neutrosophic geometric programming method with Fuzzy, 
Intuitionistic fuzzy geometric programming method, we also got the solution of the given 
numerical problem by Fuzzy and Intuitionistic fuzzy optimization method. The aims of the 
present study is to give the constructive algorithm for geometric programming method in 
imprecise conditions for obtaining optimal solutions to a single-objective non-linear 
programming problem. 
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Abstract: The main focus of this paper is to introduce the notion of single valued pentapartitioned 
neutrosophic off set / over set / under set. Besides, we establish several operations on single valued 
pentapartitioned neutrosophic off sets / over sets / under sets. Besides, we furnish some suitable 
examples to validate the results established in this article. Further, we establish some interesting 
results on single valued pentapartitioned neutrosophic off set / over set / under set. 


Keywords: Neutrosophic Set; SV-PN-Set; SV-PN-off-set; SV-PN-over-set; SV-PN-under-set. 


1. Introduction: In 1965, Zadeh [33] grounded the concept of fuzzy set, where every element has 
membership values between 0 and 1. Afterwards, Atanassov [1] introduced the notion of 
intuitionistic fuzzy set as an extension of fuzzy set. In 1998, Smarandache [27] presented the concept 
of neutrosophic set (in short N-S) by extending the idea of fuzzy set and intuitionistic fuzzy set to 
deal with the uncertainty events having indeterminacy. In every N-S, each member has three 
independent components namely truth, indeterminacy and false membership values. Later on, 
Wang et al. [32] grounded the notion of single valued neutrosophic set (in short SV-N-S), which is 
basically a subclass of N-S. One can use SV-N-S to represent indeterminate and incomplete 
information which makes trouble to take decision (or in selection) in the real world. Thereafter, 
many researchers of different countries used the notion of SV-N-S in their model (or algorithm) in 
the different branches of real world such as medical diagnosis, educational problem, social 
problems, decision-making problems, conflict resolution, image processing, etc. In 2013, 
Smarandache [28] introduced the idea of n-valued refined neutrosophic logic, and applied this 
notion in physics. In 2016, Smarandache [29] grounded a new concept of neutrosophic over-set, 
neutrosophic under-set, neutrosophic off-set, and studied their various properties. 

In the year 2020, Mallick and Pramanik [25] grounded the idea of single valued pentapartitioned 
neutrosophic set by splitting the indeterminacy into three independent components namely 
contradiction, ignorance and unknown-membership, and studied several properties of them. In 
2021, Das and Tripathy [17] grounded the notion of pentapartitioned neutrosophic topological space 
and formulated several results on it. Afterwards, Das et al. [12] established an MADM strategy based 
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on tangent similarity measure. Later on, Majumder et al. [24] presented a cosine similarity measure 
based MADM strategy under the single valued pentapartitioned neutrosophic set environment. 
Recently, Das et al. [13] established a MADM strategy using grey relational analysis method under 
the single valued pentapartitioned neutrosophic set environment. 

In this article, we introduce the notion of single valued pentapartitioned neutrosophic off set / 
over set / under set. Besides, we establish several operations on single valued pentapartitioned 
neutrosophic off sets / over sets / under sets. Besides, we furnish some suitable examples to validate 
the results established in this article. Further, we establish some interesting results on single valued 
pentapartitioned neutrosophic off set / over set / under set. 

Research gap: No investigation on single valued pentapartitioned neutrosophic over-set / 
under-set / off-set has been reported in the recent literature. 

Motivation: To fill the research gap, we introduce and study the notion of single valued 


pentapartitioned neutrosophic over-set/under-set/off-set. 


The remaining part of this article has been divided into following three sections: 

In section 2, we recall some basic definitions and properties related to N-Ss, single valued 
neutrosophic over-sets / under-sets / off-sets and single valued pentapartitioned neutrosophic sets. 
In section 3, we introduce the notion of single valued pentapartitioned neutrosophic over-set / 
under-set / off-set, and study some of their basic properties. In this section, we also formulated 
several interesting results on single valued pentapartitioned neutrosophic over-set / under-set / 


off-set. In section 4, we conclude the word done in this article. 


2. Some Relevant Results: 

In this section, we give some relevant definitions and results for our study of the main results of 
this paper. 
The notion of N-S was defined by Smarandache [27] in the following way: 

Assume that L be a non-empty set. Then D, an N-S over L is defined by: 
D={(a,Tp(a),Ip(a),Fo(a)):a¢L}, where To, Iv, Fo are the truth, indeterminacy and false membership 


functions from the whole set L to [0, 1] respectively. So, 0 < Tp(a) + Ip(a) + Fo(a) < 3, for each aeL. 


The notions of neutrosophic over-set, neutrosophic under-set, and neutrosophic off-set was also 
grounded by Smarandache [29] in the year 2016, and defined as follows: 

Let L be a universal set. Then, a single valued neutrosophic over set D over L is defined by: 
D={(a,Tp(a),Ip(a),Fo(a)):a¢L}, such that at least one member in D has at least one of the neutrosophic 
component that is greater than 1. Here, Tp, Ip, Fo: L-[0, N] are the truth, indeterminacy, and false 
membership functions respectively such that 0 <1<N, and N is the over-limit of D. 

For example, D={(a,0.2,0.3,1.5), (b,0.9,1.3,0.2), (c,0.2,0.1,0.6)} is an neutrosophic over set defined over 
L. But K={(a,0.3,0.5,0.9), (b,0.8,0.4,0.9), (c,0.2,0.5,0.5)} is not an neutrosophic over set defined over L. 


Let L be a universal set. Then, a single valued neutrosophic under set Y over L is defined by: 
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Y={(a,Ty(a),Iy(a),Fy(a)):a€L}, such that at least one member in Y has at least one of the neutrosophic 
component that is smaller than 0. That is, the truth, indeterminacy, and false membership functions 
Ty, ly, Fvare defined from L to [N, 1] such that N<0<1,and N is said to be the under-limit of Y. 

For example, Y={(a,0.2,-0.3,0.9), (b,-0.5,0.2,-0.2), (c,0.2,-0.1,0.6)} is an neutrosophic under-set defined 
over L. But Z={(a,0.3,0.5,0.9), (b,0.8,0.4,0.9), (c,0.2,0.5,0.5)} is not an neutrosophic under-set defined 


over L. 


A single valued neutrosophic off-set K over a fixed set L is defined by: 
K={(a,Tk(a),Ik(a),Fx(a)):a€L}, such that some members of K has at least one of the neutrosophic 
component that is smaller than 0 and at least one of the neutrosophic component that is greater than 
1. That is, the truth, indeterminacy, and false membership functions Tx, Ik, Fare defined from L to 
[N, N] such that N <0 <1<N. Here, N and N are said to be the under-limit and over-limit of K 
respectively. 

For example, K={(a,0.2,-0.3,1.6), (b,-0.5,0.2,0.2), (c,1.3,0.1,0.6)} is an neutrosophic off set defined 
over L. But L={(a,0.3,1.5,0.9), (b,0.8,0.4,0.9), (c,0.2,0.5,-0.5)} is not an neutrosophic off set defined over 
L. 

Recently, Mallick and Pramanik [14] grounded the idea of pentapartitioned neutrosophic set (in 
short PNS) by extending the notions of N-S. 

Suppose that L be a fixed set. Then D, a PNS over L is defined as follows: 
D={(a,Tp(a),Co(a),Rp(a),Up(a),Fo(a)):aeL}, where Tp, Cp, Ro, Up, Fo: L-[0, 1] are the truth, 
contradiction, ignorance, unknown and false membership functions respectively. So, 

0<Tp(a)+Cp(a)+Ro(a)+Up(a)+Fo(a)<5. 

Let X={(0,Tx(a),Cx(a),Rx(a),Ux(a),Fx(a)):aeL} and Y={(a,Ty(a),Cy(a),Ry(a), Uy(a),Fy(a)):aeL} be 
two PNSs over L. Then, 

(i) XCY & Tx(a)sTy(a), Cx(a)<Cr(a), Rx(a)2Ry(a), Ux(a)2=U (a), Fx(a)2F (a), for all aeL. 

(ii) XUY={(a, max{Tx(a), Ty(a)}, max{Cx(a), Cy(a)}, min{Rx(a), Rx(a)}, min{Ux(a), Ux(a)}, min{Fx(a), 
Fx(a)}):aeL}. 

(iii) X={(a,,Tx(a),Cx(a),1-Rx(a),Ux(a),Fx(a)):a€ L}. 

(iv) XAY={(a, min{Tx(a), Cy(a)}, min{Cx(a), Cy(a)}, max{Rx(a), Rx(a)}, max{Ux(a), Ux(a)}, max{Fx(a), 
Fx(a)}):aeL}. 


3. Pentapartitioned Neutrosophic Off-set / Over-set / Under-set: 

In this section, we introduce the notions of pentapartitioned neutrosophic off-set (in short 
PN-off-S) / pentapartitioned neutrosophic under-set (in short PN-under-S) / pentapartitioned 
neutrosophic over-set (in short PN-over-S). Then, we formulate and study some interesting results 
on them. 

Definition 3.1. Let L be a universal set. Then D, a PN-over-S over L is defined by: 
D={(a,Tp(a),Co(a),Gp(a),Up(a),Fp(a)):a¢L}, such that at least one member in D has at least one of the 
pentapartitioned neutrosophic component that is greater than 1 and no member has 


pentapartitioned neutrosophic components that are less than zero. Here, Tp, Cp, Gp, Ub, Fo: L>[0, 
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N] are the truth, contradiction, ignorance, unknown and false membership functions respectively 
such that 1 < N, and N is said to be the over-limit of D. 

Example 3.1. Assume that L={a, b, c} be a fixed set. Then, D={(a,0.3,0.6,1.2,0.5,0.3), (b,1.1,1.3,0.2,0.3, 
0.5), (c,1.2,0.6,0.9,0.3,0.4)} is a PN-over-S defined over L. But K={(a,0.1,0.4,0.4,0.6,0.8), (b,0.9,0.5,0.8,0.6, 
0.8), (c,0.1,0.6,0.7,0.8,0.9)} is not a PN-over-S defined over L. 


The pictorial representation of Example 3.1 is given as follows: 


14 
12 + BA 
1 
a6 
0.8 
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Membership Value 
S 
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Types of Membership 


Definition 3.2. Suppose that L be a fixed universal set. Then Y, a PN-under-S over L is defined by: 
Y={(a,Ty(a),Cy(a),Gy(a), Ur(a),Fy(a)):a€L}, such that at least one member in Y has at least one of the 
neutrosophic component that is smaller than 0 and no member has pentapartitioned neutrosophic 
components that are greater than one. That is, the truth, contradiction, ignorance, unknown, and 
false membership functions Ty, Cy, Gy,Uy, Fy are defined from L to [N,1] such that N<0, and N is said 
to be the under-limit of Y. 

Example 3.2. Assume that L={a, b, c} be a fixed set. Then, Y={(a,0.6,0.2,0.5,-0.3,-0.9), (b,-0.3,0.5,-0.2, 
0.5,0.2), (c,0.5,-0.2,0.3,0.1,-0.6)} is a PN-under-S over L. But Z={(a,0.3,0.2,0.8,0.5,0.9), (b,0.9,0.8,0.5,0.4, 
0.9), (c,0.2,0.5,0.3,0.5,0.5)} is not a PN-under-S over L. 


The pictorial representation of Example 3.2 is given as follows: 
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Definition 3.3. Assume that L be a fixed non-empty set. Then K, a PN-off-S over L is defined by: 
K={(a,Tk(a),Ck(a),Gx(a),Uk(a),FK(a)):aeL}, such that some members of K has at least one of the 
pentapartitioned neutrosophic component that is smaller than 0 and at least one of the 
pentapartitioned neutrosophic component that is greater than 1. That is, the truth, contradiction, 
ignorance, unknown, and false membership functions Tx, Cx, Gx, Ux, Fxare defined from L to [N, N] 
such that N <0<1<N. Here, N and N are called the under-limit and over-limit of K respectively. 
Example 3.3. Assume that L={a, b, c} be a fixed set. Then, K={(a,1.3,0.5,0.2,-0.6,1.1), (b,-0.4,1.2,0.6, 
0.3,-0.5), (c,-0.9,0.5,1.3,-0.1,0.6)} is a PN-off-S defined over L. But L={(a,0.3,0.3,0.4,0.4, 0.9), 
(b,0.9,0.4,0.1,0.2,0.3), (c,0.6,0.4,0.4,0.3,0.3)} is not a PN-off-S defined over L. 


The pictorial representation of Example 3.3 is given as follows: 
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Types of Membership 


Definition 3.4. Assume that L be a fixed set. Then, null PN-over-S (Or) and the absolute PN-over-S 
(1p) over L is defined by: 

(i) Op= {(a,0,N,N,N,0): aeL}; 

(ii) 1P= {(a,N,0,0,0,N): aeL}. 

Definition 3.5. Assume that L be a fixed set. Then, null PN-under-S (Or) and the absolute 
PN-under-S (1r) over L is defined by: 

(i) Or= {(a,N,1,1,1,N): a€L}; 

(ii) 1p= {(a,1,N,N,N,1): weL}. 

Definition 3.6. Assume that L be a fixed set. Then, null PN-off-S (Or) and the absolute PN-off-S (1p) 
over L is defined by: 


VA 


~v M N w 


(ii) 1p= {(a,N,N,N,N,N): aeL}. 

Definition 3.7. Assume that K={(a,Tx(a),Ck(a),Rx(a),Uk(a),Fx(a)):aeL} and Y={(a,Ty(a),Cy(a),Ry(a), 
Uy(a),Fy(a)):aeL} be two PN-over-Ss / PN-under-Ss / PN-off-Ss. Then, the intersection and union of 
K and Y is defined by 

(i) KNY={(a, min{Tx«(a),Ty(a)}, max{Ck(a), Cy(a)}, max{Rx(a), Ry(a)}, max{Uk(a), Uy(a)}, min{F«(a), 
Fy(a)): aL}; 
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(ii) KUY={(a, max{Tx(a), Ty(a)}, min{Ck(a), Cy(a)}, min{Rx(a), Ry(a)}, min{UxK(a), Uy(a)}, max{F«(a), 
Fy(a)): aeL}. 

Example 3.4. Assume that, L={c, d} be a fixed set. Suppose that K={(c,0.9,0.8,1.3,0.4,1.5), (d,0.2,1.3,1.7, 
0.2,0.9)} and Y={(c,0.6,0.3,1.6,1.2,0.8), (d,0.8,0.3,0.8,1.5,0.7)} be two PN-over-Ss over L. Then, 

(i) KNY={(c,0.6,0.8,1.6,1.2,0.8), (d,0.2,1.3,1.7,1.5,0.7)}; 

(ii) KUY={(c,0.9,0.3,1.3,0.4,1.5), (d,0.8,0.3,0.8,0. 2,0.9)}. 

Example 3.5. Assume that, L={c, d} be a fixed set. Suppose that K={(c,0.6,0.6,-0.2,0.5,-0.9), (d,0.5,-0.5, 
0.4,0.6,-0.1)} and Y={(c,-0.4,0.7,0.5,0.4,-0.8), (d,0.8,-0.5,-0.3,0.5,0.8)} be two PN-under-Ss over L. Then, 
(i) KNY={(c,-0.4,0.7,0.5,0.5,-0.9), (d,0.5,-0.5,0.4,0.6,-0.1)}; 

(ii) KUY={(c,0.6,0.6,-0.2,0.4,-0.8), (d,0.8,-0.5,-0.3,0.5,0.8)}. 

Example 3.6. Assume that, L={c, d} be a universe of discourse. Let K={(c,0.8,-0.6,0.7,0.6,1.1), 
(d,1.5,-0.2, 0.9,0.7,0.4)} and Y={(c,1.8,0.9,-0.9,0.7,1.2), (d,0.1,0.7,1.5,-0.6,0.9)} be two PN-off-Ss. Then, 

(i) KNY={(c,0.8,0.9,0.7,0.7,1.1), (d,0.1,0.7,1.5,0.7,0.4)}; 

(ii) KUY={(c,1.8,-0.6,-0.9,0.6,1.2), (d,1.5,-0.2,0.9,-0.6,0.9)}. 

Definition 3.8. Let K and Y be two PN-off-Ss / PN-under-Ss / PN-over-Ss over L. Then, 

(i) KcY if and only if Tx(a)sTy(a), Ck(a)2Cy(a), Rx(a)2Ry(a), Uk(a)2U (a), Fx(a)<Fy(a), VaeL; 

(ii) K={(a,1-Tx(a),1-Cx(a),1-Rx(a),1-Ux(a),1-Fx(a)):a€L}. 

Example 3.7. Suppose that L={c, d} be a non-empty set. Assume that K={(c,1.5,1.9,0.9,0.9,0.5), (d,1.7, 
1.3,1.3,0.4,0.3)} and Y={(c,1.6,1.2,0.8,0.3,0.6), (d,1.8,0.8,1.2,0.3,0.9)} be two PN-over-Ss. Then, KcY, 
and K*={(c,-0.5,-0.9,0.1,0.1,0.5), (d,-0.7,-0.3,-0.3,0.6,0.7)} and Y={(c,-0.6,-0.2,0.2,0.7,0.4), (d,-0.8,0.2,-0.2, 
0.7,0.1)}. 

Example 3.8. Suppose that L={c, d} be anon-empty set. Assume that K={(c,0.8,0.7,-0.8,0.3,0.9) (d,-0.9, 
0.8,-0.2,0.3,-0.1)} and Y={(c,0.9,-0.5,-0.9,0.1,0.9), (d,0.7,0.5,-0.3,-0.5,0.1)} be two PN-under-Ss over L. 
Then, KcY, and Ke={(c,0.2,0.3,1.8,0.7,0.1), (d,1.9,0.2,1.2,0.7,1.1)} and Y={(c,0.1,1.5,1.9,0.9,0.1), (d,0.3, 
0.5,1.3,1.5,0.9)}. 

Example 3.9. Suppose that L={c, d} be a non-empty set. Assume that K={(c,0.8,-0.7,1.5,0.6,1.5), (d,1.7, 
0.5,-0.1,0.3,0.5)} and Y={(c,0.8,-0.8,0.9,0.5,1.7), (d,1.8,0.2,-0.5,0.2,0.8)} be two PN-off-Ss over L. Then, 
KcyY, and K={(c,0.2,1.7,-0.5,0.4,-0.5), (d,-0.7,0.5,1.1,0.7,0.5)} and Y={(c,0.2,1.8,0.1,0.5,-0.7), (d,-0.8,0.8, 
1.5,0.8,0.2)}. 

Proposition 3.1. Assume that K and Y be two PN-off-Ss / PN-under-Ss / PN-over-Ss over L. Then, 

(i) KUY=YUK; 

(ii) KAY=YOK. 

Proof. It is known that, KUY = {(a, max(Tx(a), Ty(a)), min(Ck(a), Cr(a)), min(R«(a), Ry(a)), 
min(Ux(a), Uy(a)),max(Fx(a), Fy(a)): aeL} = {(a, max(Ty(a), Tx(a)), min(Cy(a), Cx(a)), min(Ry(a), 
Rx(a)), min(Uy(a), Uk(a)), max(Fy(a), Fx(a)): aeL} = YUK. 

Therefore, KUY = YUK. 

Similarly, it can be established that KNY = YOK. 

Proposition 3.2. Let Ki, K2 and Ks be three PN-off-Ss / PN-under-Ss / PN-over-Ss over L. Then, 
Kau (K2UKs) = (KiUK2)UKs and Kin(K2AKs) = (Kink2)AKs. 
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Proof. Suppose that, aie KiU(K2UKs). Therefore, 

aie Ki vs {(ai, max(Tx, (ai),Tk,(ai)), min(Cx, (ai),CK,(ai)), min(Rx, (ai),RK, (ai)), min(Ux, (ai), Ux, (ai), 
max(Fx, (ai), Fx,(ai)): ai €L} 

Soe (a, max(Tk, (04), Tk, (C4), Tk, (4), min( Cx, (04), Cx, (04), Cx, (04)), MniM(Ry, (04), Ric (Ct), Rk (08), 
min(Ux, (01),Ux, (at), Ux, (01)), max(Fy, (04), Fx, (ct), Fg, (04)): 04 €L} 

=aie {(ai, max(Tk, (a),Tk, (ai), min(C,, (ai), Cx, (ai)), min(Rx, (ai), Rx, (ai), min(Ux, (ai), Ux, (ai), 
max(Fx, (ai),Fx,(ai)): ai EL} U Ks 

=>aie(KiU K2)U Ks 

>KU(k2 U Ka)c (Ki U K2)UKs (1) 
Assume that, Bie (KiUK2)U Ks. Therefore, 

Bie {(Bi, max( Tx, (1), Tx, (Bi), min( Cx, (Bd, Cx, (B)), min(Rx, (Bi), Rx, (Bi), min( Ux, (Bi), Ux, (Bi), 
max(Fx, (Bi),Fx,(Bi)): Bi €L} U Ks 

=Bie (Bi, max(Tk, (Bi), Te, (B),Tk, (Bi), min( Cx, (B), Cx, (Bi), Ck, (B)), min(Rx, (Bi), Rx, (Bi), Re, (Bi), 
min(Ux, (Bi),Ux, (Bi,Ux, (B:)), max(Fx, (Bi),F «x, (Bi),F x, (Bi) : Bi €L} 

=Bie Ki U (Bi, max(Tx,(Bi),Tk,(Bi)), min(Cx, (B:),CK,(B)), min(Rx, (6), Rk, (B)), min(Ux, (B'),Ux, (B)), 
max(Fx, (Bi),Fx,(Bi)) : Bi €L} 

=>Bie Kivu (Ko Ks) 

=>(KiUK2)U K3c Ki U (Kou Ks) (2) 
From eqs (1) and (2), we have, Kiu(K2 U Ks)=(Ki U K2)U Ks. 

Similarly, it can be established that, Kin(K2NKs)= (KinK2) OKs. 

Proposition 3.3. Let Ki, K2 and Ks be three PN-off-Ss / PN-under-Ss / PN-over-Ss over L. Then, 
Kau (KeAKs) = (KiVK2) (KU Ks) and Kin(K2UKs) = (KanK2)U (Kinks). 

Proof. Suppose that aie KiU(K2 Ks). Therefore, 

aie KiU (oi, min(Ty, (c),Tk,(04)), max(Cx,(04),Cx, (ai), Max(Rx, (c4),R,(0i)), Max(Ux, (04), Ux,(04)), 
min(Fx, (ai), Fx,(ai)): ai €L} 

=> aie {(ai, max(Tx, (ai), min(Tx, (ai), Tk, (ai))), min(Cx, (ai), max(Cx, (ai), Cx, (ai))), min(Rx, (ai), 
max(Rx, (cti),Rx,(ai))), min(Ux, (ai), max(Ux, (ai),Ux, (ai))), max(Fx, (ai), min(Fx, (ai), Fx, (ai))): ai €L} 
= aie ((oi, max(Tk, («),Tk, (ai), min(Cx, (oi), Cx, (a4), min(Rx, («4),Rx, (4), min(Ux, (a1), Ux, («)) 
max(Fx, (ai), Fx,(ai)): ai EL} A {(ai, max(Tx, (ci), Tk, (ai)), min(Cx, (ai),Cx, (ai), min(Rx, (ai),Rx, (ai), 
min(Ux, (ai), Ux, (ai)), max(Fx, (ai), Fx,(ai)): ai €L} 

=> a1€(KiUK2)A(KiUKs) 

=> ku(K2/n Kz) c (KiUK2)A(KiUKs) (1) 
Assume that, Bie (KiUK2)7(KiUKs). Therefore, 

Bie {(Bi, max( Tk, (Bi), Tk, (Bi), min( Cx, (Bi), Cx, (Bi), min( Rx, (Bi), Rx, (Bi)), min( Ux, (Bi), Ux, (Bi), 
max(Fx, (Bi), Fx, (Bi)): Bi EL} A {(Bi, max(Tx, (Bi),Tk, (Bi)), min(Cx, (Bi),Cx, (Bi), min(Rx, (Bi), Rx, (Bi), 
min(Ux, (Bi), Ux, (Bi)), max(Fx, (Bi), Fx,(Bi)): Bi ¢L} 

=> Bie {(Bi, max(Tk, (Bi), min( Tx, (Bi), Tk, (Bi))), min( Cx, (Bi), max( Cx, (Bi), Ck, (Bi))), min(Rx, (Bi), 
max(Rx, (Bi),Rx, (Bi))), min(Ux, (Bi), max(Ux, (Bi),Ux, (Bi))), max(Fx, (Bi), min(Fx, (Bi), Fx, (Bi))): Bi ¢L} 
=>Bie Kiu(K2n Ks) 
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=>(K1VUK2) (KU Ks) c KiU(K2 Ks) (2) 
From eqs. (1) and (2), we have KiU(K2¢ Ks) = (Ki1UK2)A(KiUKs). 

Similarly, it can be established that, Kin(K2UKs) = (KinK2)U(KinKs). 

Proposition 3.4. Let Ki be a PN-off-Ss / PN-under-Ss / PN-over-Ss over L. Then, Ki Ky = Opn. 

Proof: Suppose that, aie Ki Kj. This implies, 

aie {(ai, Tk, (ai), Cx, (ai), Rx, (ai), Ux, (ai), Fx, (ai): aieL} A {(ai, 1-Tg, (ai), 1-CK, (ai), 1-Rx, (ai), 
1-Ux, (ai), 1-Fx, (ai)): aieL} 

=> aie{(ai, min(Tx, (ai), 1-Tg, (ai)), max(Cx, (ai), 1-Cx, (ai), max(Rx, (ai), 1-Rx, (ai), max(Ux, (ai), 
1-Ux, (ai)), min(Fx, (ai), 1-Fx, (ai))): aie L} 

=> aie Orn 

Therefore, KinK{c Opn (3) 
Again, consider Bie Orn 

=Bie {min(Tx, (Bi),(1-Tx, (Bi), max( Cx, (Bi), Ux, (Bi), max(Rx, (Bi),(1-Rx, (Bi), max(Ux, (Bi), Cx, (Bi), 
min(Fy, (Bi),(1-Fx, (Bi))} 

=Bie (Tx, (Bi),Cx, (Bi) Rx, (Bi), Ux, (Bi), Fx, (Bi) OA-Tx, (Bi), Ux, (Bi),(1-Rx, (Bi)),Cix, (Bi), (1-Fix, (Bi) 

>Bie Kinky. 

Therefore, Opn € Ki Kf (4) 
From the equation (3) and (4) we can conclude that, 

Kinky = Orn 

Proposition 3.5. Let Ki and Kz be two PN-off-Ss / PN-under-Ss / PN-over-Ss over L. Then, 

(i) (K1UK2)°=K$OK§ 

(ii) (Ky 0K 2)°=KSUKS 

Proof: Suppose that, aie((K,UK2)° 

=>aie {max(Tx, (ai),Tx, (ai)), min(Cx, (ai),Cx, (ai)), min(Rx, (ai),Rx, (ai), min(Ux, (ati), Ux, (ai)), max 

(Fx, (Gi), Fx, (ai))} 

Saie {min((1-Tg, (c)),(1-Tk, (04))), max(Ux, (04),Ux, (ai), max((1-Ry, (04)),(1-Rx, (a4), max(Cx, (04), 
Cx.(04)), min((1-Fx, (ct)),(1-F,(01)))] 

Saie {(1-Tk, (ai), Ck, (08),(1- Ric, (08)), Ux, (04), (1- Fe, (a4) (1 Te, (at), Cry (c),(1- Ru (04), Ure, (ci), 
(1-Fx, (c1))}. 

=>aie KEAKS 

=>(K,UK2)°CKEAK$ (5) 
Assume that, Bie KEOKS 

=Bie {(1- Tx, (Bi)), Cx, (Bi),(1- Rx, (Bi), Ur, (Bi)(1- Fx, (Bi) OU Tr, (Bi), Cx, (Bi),(1- Rx, (Bi), Ux, (Bi), 
(1-Fx, (Bi))} 

=Bie {min((1-Tk, (Bi)),(1-Tk, (Bi))), max(Ux, (Bi), Ux, (Bi), max((1-Rx, (Bi)),(1-Rx, (Bi))), max(Cx, (Bi), 
Cx, (Bi)), min ((1-Fx, (Bi)),(1-Fx, (Bi)))} 

=Bie {max(T, (Bi), Tk, (Bi)), min(Cx, (Bi),Cx, (Bi)), min(Rx, (Bi), Rx, (Bi)), min(Ux, (Bi),Ux, (Bi)), max 

(Fx, (Bi),-Fx, (Bi))}© 

=Bie (KyUK2)° 


Bimal Shil, Rakhal Das, Suman Das, Single Valued Pentaparitioned Neutrosophic Off-Set / Over-Set / Under-Set. 


Neutrosophic Sets and Systems, Vol. 51, 2022 401 


Therefore, (Kj QK2)°CKEUKS. (6) 
From the equation (5) and (6) we can conclude that, 

(Ks YOK AKS: 

Assume that, aie (K,AK2)*° 

>aie {min(Tx, (ai),Tx, (ai)), max(Cx, (ai),CK, (ai)), max(Rx, (ai), Rx, (ai)), max(Ux, (ai), Ux, (ai)), min 
(Fx, (Gi), Fx, (a))} 

Saie {max((1-Tx, («)),(1-Tk,(cs))), min(Ux, (ot), Ux, (c)), min((1-Rx, (04)),(1-R, (a), max(Cx, (a), 
Cx, (cu)), max((1-Fy, («t)),(1-Fx, (c4)))] 

aie {((1-Ty, (c:)), Ux, (a),(1- Ree, (08), Ci, (cx), (1 Fx, (08)) }U{(1- Te, (08)), Ux, (08), (1- Rig, (ct), Cx, (08, 
(1-Fx, (ai))} 

=aie (KTUK$) 

Therefore, (K,AK2)°CK{UK$ (7) 
Assume that, Bie (KEUK$) 

=Bie {(1- Tx, (Bi)), Ux, (Bi),A- Ri, (Bi), Cx, (Bi),1- Fx, (Bi) }UL(1- Tr, (Bi), Ux, (Bi),(1- Rx, (Bi), Cx, (Bi), 
(1-Fy, (Bi))} 

=Bie {max((1-Tx, (Bi)),(1-Tk, (Bi))), min(Ux, (i), Ux, (Bi)), min((1-Rx, (Bi)),(1-Rx, (Bi))), max(Cx, (Bi), 
Cx, (Bi)), max((1-Fx, (Bi)),(1-Fx, (Bi)))} 

=Bie {min(Tk, (Bi), Tx, (Bi), max(Cx, (Bi), Cx, (Bi)), max(Rx, (Bi), Rx, (Bi), max(Ux, (Bi), Ux, (Bi)), min 
(Fx, (Bi) Fx, (Bi))I° 

=Bie (KiNK2)° 

Therefore, (KEUK$) < (K,AK2)° (8) 
From eq. (7) and eq. (8), we can conclude that (KyAK2)°= KfUKS$. 


6. Conclusions: In this article, we have introduced the notion of single valued pentapartitioned 
neutrosophic over-set / under-set / off-set. Besides, we have studied several properties on them. In 
the future, we hoped that the notion of some algebraic structures like Groups, Field, etc. can be easily 
applied to the proposed sets. Furthermore, the notion of proposed sets can also be applied to real life 
decision making problems [5, 12, 13, 19, 22, 24, etc.]. 
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Abstract: The purpose of this paper is to introduce a novel similarity measure, the single-valued 
pentapartitioned neutrosophic exponential similarity measure (GSVPNESM), and the single-valued 
pentapartitioned neutrosophic weighted exponential similarity measure (GSVPNWESM) under the 
single-valued pentapartitioned neutrosophic set (SVPNS) environment for selecting bacteria on 
concrete mortar to improve compressive strength and to reduce water absorption, porosity and 
chloride permeability. In order to improve the properties of concrete, bacteria must fulfill 
requirements such as increased compressive strength, decreased water absorption capacities, 
reduced porosity, decreased chloride permeability etc. A novel approach for selecting suitable 
bacteria in concrete mortar is presented in this study based on such requirements. In this study, 
suitable bacteria is selected from four bacteria for concrete mortar based on 4 criteria with fixed 
bacteria concentrations of 105. Based on this study, Bacillus subtitles is selected among four 
alternatives as suitable. Furthermore, the proposed MADM method is shown to be well suited to 


this problem after it has been compared with two existing methods. 


Keywords: SVPNS; SVPNESM; SVPNWESM; MADM. 


1. Introduction: 

The concept of fuzzy set (FS) was first grounded by Zadeh [48] in the year 1965 to deal with 
different real world problems having uncertainty. In a FS, each element has a membership value lies 
in the interval [0, 1]. Afterwards, Atanassov [3] felt that the non-membership of a mathematical 


expression has also plays a vital role in solving the problems having uncertainty, and established the 
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concept of intuitionistic fuzzy set (IFS) by generalizing the notion of FS. In every IFS, each element 
has both membership and non-membership values lies in the interval [0, 1]. Till now, many 
researchers around the globe applied the concept of FS, IFS and their extensions in the area of 
theoretical research and practical research. Many times, uncertainty events will also have some 
indeterminacy part, which can’t be expressed by using the idea of crisp set, FS and IFS. Keep in 
mind, Smarandache [42] grounded the idea of neutrosophic set (NS) by generalizing the concept of 
FS and IFS to deal with the uncertainty events having indeterminacy. In an NS, each element has 
truth, indeterminacy and false membership values respectively lies in the interval [0, 1]. In 2010, 
Wang et al. [44] introduced the idea of single-valued neutrosophic set (SVNS) by extending the 
notion of NS. The notion of SVNS is more effective in dealing with the uncertainty events having 
indeterminate information. Till now, many mathematicians around the globe used the notion of 
SVNS and their extensions in theoretical [5-6, 10-16, 43] as well as in the several branches of this real 
world such as weaver selection [18], location selection [33-34], medical diagnosis [19, 35-36], fault 
diagnosis [45-46], and other decision making problems [4, 21-22, 24, 28-31, 47]. 

The concept of single-valued pentapartitioned neutrosophic set (GSVPNS) was grounded by 
Mallick and Pramanik [27] by dividing the indeterminacy membership function into three 
independent membership function namely contradiction membership function, ignorance 
membership function and unknown membership function. Later on, Das et al. [7] grounded the 
notion of single-valued pentapartitioned neutrosophic Q-ideals of single-valued pentapartitioned 
neutrosophic Q-algebra. In 2021, Das et al. [9] established the single-valued pentapartitioned 
neutrosophic tangent similarity measure of similarities between the SVPNSs under SVPNS 
environment, and proposed a MADM technique under the SVPNS environment. In 2021, Das et al. 
[8] proposed a MADM technique based on grey relational analysis under the SVPNS environment. 
Later on, Das and Tripathy [17] extended the notion of topology on SVPNSs, and grounded the 
concept of pentapartitioned neutrosophoic topological space. Thereafter, Majumder et al. [26] 
established an MADM strategy based on cosine similarity measure under the SVPNS environment 
for the selection of most significant risk factor of COVID-19 in economy. Recently, Radha and Mary 
[37] introduced the idea of pentapartitioned neutrosophic pythagorean soft set as an extension of 


quadripartitioned neutrosophic pythagorean soft set. 


The rest of this article has been designed as follows: 

Section-2 presents several basic definitions and operations on SVPNSs those are very useful for 
developing the main results of this paper. Section 3 represents the concept of SVPNESM and 
SVPNWESM of similarities between two SVPNSs . A MADM strategy using SVPNWESM under the 
SVPNS environment is discussed in section-4. In section-5 the proposed MADM strategy is applied 


to areal world problem. Finally, in section 6, a comparative study has been conducted to validate 
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the results obtained from the proposed method. In section-7, wrap up the work presented in this 


article. 


List of abbreviations are shown in below: 


Short Terms 
Single-Valued Neutrosophic Set SVNS 
Multi-Attribute Decision Making MADM 
Single-Valued Pentapartitioned Neutrosophic Set SVPNS 
Single-Valued Pentapartitioned Neutrosophic Exponential SVPNESM 
Similarity Measure 
Single-Valued Pentapartitioned Neutrosophic Weighted SVPNWCSM 
Exponential Similarity Measure 
Decision Matrix DM 
Positive Ideal Alternative PIA 


2. Some Relevant Definitions: 


In this section some basic definitions and results are described . 


Assume that V be a universe of discourse. Then A, a SVPNS [27] over V is defined by: 


A={(t,0,(t),@4(#),3,(#).0 4 (t),4,(9):teV}- 


Here, 6,, 0,4, 3,, U,and @, are the truth, contradiction, ignorance, unknown and false 


membership functions from V to the unit interval [0, 1] respectively ie. 0,(t), @,(t), 3,(t), 


teV. 


a(t)and ¢,(t)e¢[0,1], for each teV . So,0<6,(t)+@,(t)+3,(4)+0 ,(t)+2,(t) <1, for each 


The absolute SVPNS (1pn) [27] and the null SVPNS (Open) over a fixed set V are defined as follows: 


(i) Ipy ={@110,0,0):t eV}, 


(ii) Op ={@0,0,1,1,D:teV}. 


Let A={(1,0,(t),@4(t),3,(¢).0 (2), €,(1)):t eV and B={(1,0,(t),@,5(t),5,(1).0 5(t),€,(t)):t eV} 


be any two [27] SVPNSs over V. Then, 


(i) Ac Bif and only if, (t)<03(t), @4(t)S p(t), Sa(t)2 3a (1), Da()2 w(t), fa()2 lal), 


forall teV. 
(ii) A® ={(t,4,(), 


a(t) 1-3,(t).4 (4). (1)):teV} ; 
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(i?) AUB ={(t,max {0, (1),0, (2) }.max {, ().@, (2)}.min{, (7), 3, (¢)}.-min {0 ,(r),0 ,(2)}.min{¢, (2), ¢,()}):r eV} 


(iv) ANB ={(z,min{d, (7),0, (¢)} min {@, (r),, (1)}.max {3, (1), 5, (¢)},-max {0 ,(#),0 »(#)}.max {¢,(r), ¢,(s)}):t eV} 


Example 2.1. Suppose that A = {(p, 0.6, 0.1, 0.3, 0.4, 0.5), (q, 0.9, 0.1, 0.2, 0.2, 0.1)} and B = {(p, 0.9, 0.2, 
0.2, 0.1, 0.4), (q, 1.0, 0.3, 0.1, 0.2, 0.1)} be two SVPNSs over a universe of discourse V = {p, q}. Then, 
(ACB; 

(ii) Ac= {(p, 0.5, 0.4, 0.7, 0.1, 0.6), (q, 0.1, 0.2, 0.8, 0.1, 0.9)} and Be = {(p, 0.4, 0.1, 0.8, 0.2, 0.9), (q, 0.1, 0.2, 
0.9, 0.3, 1.0)}; 

(iii) AU B= {(p, 0.9, 0.2, 0.2, 0.1, 0.4), (q, 1.0, 0.3, 0.1, 0.2, 0.1)}; 

(iv) AM B= {(p, 0.6, 0.1, 0.3, 0.4, 0.5), (q, 0.9, 0.1, 0.2, 0.2, 0.1)}. 


3. Single-Valued Pentapartitioned Neutrosophic Exponential Similarity Measure: 

The notion of SVPNESM is discussed in the current section. This notion depends on similarities 
between two SVPNSs. In this section, some basic results on SVPNESM and SVPNWESM are 
discussed. 


Definition 3.1. Suppose that A and B be two SVPNSs over a fixed set V such as 


A={(t,0,(t),@,(t),3, (0), a(t),£4(t)):reV} an B= {(1,0, (#),95(t),3, (0), y(t), ¢,(t)):t eV}. Then, 


the SVPNESM of similarities between A and B is denoted by P, A, B)and is defined by: 


VPNESM ( 


1 t t)i+}e,(t 1HS,(t)-3,(t)]410 ,(¢ rylele,(t ry 
Piped (A,B)=—Ye [l2al1)-8a(Hea(2)-eo( Sa) DOHENY (1) 


Nitey 
Theorem 3.1. Let Pyypyesy (A,B) be the SVPNESM between the SVPNSs A and B. Then, the 


following holds: 


1) Os Pvpnesm (A,B) <1; 


2) Byvewesu (A, B ) = Psvpnesm (B, A); 


3) Pyvenesw (A,B)=1< A=B. 


Proof. 


1) Since |6,(t)-0,(1)|20, 


a(t) (1/20, [34 (t)- Sy (20, 


a= a(?)| >0and 


le4(t)—€e(¢)|20 forall teV then from (1) Pypvesy (A,B)>0 
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Also, since exponential function is monotonically decreasing for all values in the set 0 * U {o} , SO 
from the equation (1) it is clear that Pypyesy (A,B) <1. 


Hence, 0< Pypyzsy (A,B) <1 


2) From the equation (1), 


2 


5 >; oLlea(#)-24()/+|e0()-@a( #4 S0(0)-Sa(0)f+(0 2(t)-O alt)|+{60(t)-24(0)] | 


n teV 


= Psvpnesm (B, A) 
Hence Poypyesy (A, B ) = Psvenesm (B, A) 


3) Let us assume that A and B be two SVPNSs over V such that A=B. This implies, 


04 (t)-Og(t)=0, @4(t)-@g(t)=0, 3,(t)-3e(t)=0, 0 ,(t)-0 g(t)=Oand ¢,(t)—¢,(t)=0, 


for all teV . Therefore, 


ga(t)—#2(1)|=0, [3a (t)-3p(0)|=0, 


84 (t)-Op(4)[=0, 


a(t)—U (x) =Qand fa (t)-£, (7) =Ofor all teV . Hence, from (1), 


1 1 
Psvpnesm (A,B) = De = apa : ails 
teV teV 


Conversely, let Pyypyesy (A,B) =1. This implies, 4(t)-@,(t)|=0, 


64 (t)-Op(t)|=0, 


[Sa (t)— Sp (t)|=0, [0 4(4)-U g(1)|=0and |e, (t)—¢,(2)|=Ofor all teV . Therefore, 


O4(t)=O05(t), @a(t)=@n(t), Sa(t)=3e(t), O,(t)=O0 g(t)and ¢,(t)=2,(¢), forall teV. 


Hence, A =B. 
Theorem 3.2. If A, B and C be three SVPNSs over U such that A c B CC, then 


P. 


SVPNESM 


(A, B) 2 Pyvpnesm (A, C) Pyvpnesm (B, C) 2 Psvpnesm (A, C) 7 


Proof. Assume that A, B and C be three SVPNSs over a fixed set V such that A < Bc C. Therefore, 


O4(t)<On(t), @alt)S@n(t), Sa(t)2S3e(t), Ca(e)20 (t), 2a(t)24e(t), O4(t)SOn(t), 


@a(t)<@c(t), Sa4(t)23c(t), O4(@)20 c(t), 24()2 c(t), forall tev. 


We have, 
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y y 


|O.4(t)-6p (2)| $|@4 (4)-@c (1) 


a(t)-U (|< a(@)-U c() 


PA (t)—-p (7) <|e.4 (t)-%c (t) 


ea (2) £2 (2) </la(2) 2 (9)| 


Therefore, 


Ney 


= Psvpnesm (A, C) 
Hence, Psvpnesm (A, B ) 2 Psvpnesm (A, C) 


Further, 


|On (t)-Oc (t)| $|@4 (4) - Oc (t) 


a(t)-U c()<P a@—Oc(4) 


, p (t)—%c (t)| <|@a (t)— c(t) , 7 


ea (1) Lc (2) $[la(t)— Le (0)| 


Therefore, 


Peg BC)= Aye teal-ecloHesl Pe(t)HSa(A)-Sc(A+0 o()-U (+ }E0(0)-£c(4) | 


n 


2 it o Lealt)-ec(+ al) /Sa()-Se( 442 a(t)-O c(t) +E4(t)-£c(2)|f 
7 n teV 
= Psvpnesm (A, C) 


Hence, Pypyesy (B, C) = Psvpvesm (A, C) 


Definition 3.2. Let us consider two SVPNSs A and B over a fixed set V such as 


A={(t,0,(t),@4(t),5,(#).0 (t),€,(t)):teV} and B={(t,0,(t),@,5(t).3,(#).0 5 (t),¢,(t)):t€V} 


Then, the single valued pentapartitioned neutrosophic weighted exponential similarity measure 
(SVPNWESM) of the similarities between two SVPNSs A and B is defined as follows: 
(A, B) = y w, yo LOalt)-20(0)}+1a(1)-0( HB (4)-So() a(t}-O a(t)|+[24 ()}-4,(0/T ea seh (2) 

n 


teV 


P. SVPNWESM 


where, }'w,=1 


teV 
In view of the above theorems, the two following two propositions can be formulated. 


Proposition 3.1. If Pyypywesy (A,B)be the single valued pentapartitioned neutrosophic weighted 
sine similarity measure of similarities between the SVPNSs A and B. Then, 
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1) O<Pyypywesm (A,B) <1; 
2) Psvewwesu (A,B) = Psvpwwesm (BA); 


3) Psvenwesm (A,B) =liff A=B. 


Proposition 3.2. If A, B and C be three SVPNSs over U such that A c B CC, then 


Pe vpnwesm (A, B) 2 EF vpNwesM (A, C) Pvpnwesm (B, C) 2 PSvpNwesM (A, C) 2 


y 


4. MADM Strategy Using SVPNWESM under SVPNS Environment: 


In this section, an attempt is made to propose a MADM model under the SVPNS environment 
using the SVPNWESM. 


In a MADM problem, let us consider two sets E={6,,0,,6,,....0,| and F={1, 15, /4,....1,,} Of 


all possible alternatives and attributes respectively. Then, a decision maker can give their evaluation 
information for each alternative 6,(i=1,2,...,m) with respect to the each attribute yu; (j =1,2,...,k) 
by a SVPNS. By using the decision maker’s whole evaluation information, a decision matrix (DM) 
can be formed. 


The steps of the proposed MADM strategy are discussed below. Figure 1 represents the flow 
chart of the proposed MADM strategy. 


Step-1. Formation of DM by using SVPNS. 


Suppose, the decision maker gives their evaluation information by using the SVPNS 


K, ={(4,,0, (9,.1,).@; (8,.4,).3; (6,.4,).0 f (9,,44;)., (9,.u;))} for each alternative 6, (i = 1,2,...,m) 


with respect to the attributes w, (j =1,2,...,k), where 


(0, (6.41; )y (8.2; ) 35 (9.4) 0 (8-4; )4y(-4;)) =(8.4;) Gay) (7=1,2,....m and j =1,2,....k) 


indicates the evaluation information of alternatives 6, (i = 12233 m) with respect to the attribute 


The decision matrix (DM) can be expressed as follows: 
LH My ob 
A ((9t4) (te) + (OH) 
9, | (Ath) (Oto) + (AH) 


6, (9,,. 44) (9,,, 4) chins (9,51) 
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Step-2. Determination of the Weights for Each Attribute. 
In every MADM strategy, the determination of weights for every attributes is an important task. 
If the information of attributes’ weight is completely unknown, then the decision maker can use the 


compromise function to calculate the weights for each attribute. 


The compromise function of 4; for each 6, is defined as follows: 


4, => [3+0,(4.u,)+0, (.4,)-3, (8.4))- (8,44; ) + &; (8,.44;) |/5 eh beta Eat (3) . Then, the 


i=l 


A, 
weight of the j-th attribute is defined by w, = q——weeeeeee (4) 


Here, Sw, =] 


jal 


Step-3. Selection of the Positive Ideal Alternative (PIA). 
In this step, the decision maker can form the PIA by using the maximum operator for all the 
attributes. 


The positive ideal alternative (PIA) I’ is defined as follows: 


Where, v; = (max {d, (6, 4,):i=1,2,....m},max {@, (9.,u;): 1= 1,2) 4.5 m},min{3, (8,.u,): i 21,2 s.0m), 


min {Clg (@cds,) 01,2) .qrnl tain | #,,(0,0u2) Jo =1;2, cast) asta (6), f=1,2,5k 


Step-4. Determination of the SVPNWESM between the PIA and K ; (i =1,2,...,m). 


In this step, the SVPNWESM between the decision elements from the decision matrix and the PIA 


is calculated by using eq. (2). 


Step-5. Ranking Order of the Alternatives. 

Finally, the ranking order of alternatives is determined based on the ascending order of 
SVPNWESM between the PIA and the decision elements from the decision matrix. The alternative 
associated with the highest SVPNWESM value is the most suitable alternatives. 
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The flowchart of the proposed MADM-strategy is given as follows: 


ce oa me Peon Selection of Attributes 
Making Problem 
P t 
a i Selection of Alternatives 
Selection 


Decision Making 


Decision Matrix Formation by Using SVPNS 


Process 


Selection of the Positive Ideal Solution or 


Negative Ideal Solution for the Decision Matrix 


Calculation of Attribute’s Weight 


Determination of the SVWPNWESM between 


the PIA and Other Alternatives 


Ranking Order of the Alternatives 


Figure- 1: Proposed MADM-Strategy 


5. Application of the Proposed MADM Strategy for Selecting Suitable Bacteria in Concrete 
Mortar under the SVPNS Environment: 


The calcite producing bacterium has been used in this research work to study its effect on 
strength and permeation properties of concrete. The calcite produced by the bacteria in the concrete 
pores, densities the matrix which results not only in improvement of compressive strength but also 
reduces the pore size, thereby, improving the permeation properties. Further, the rate of calcite 
precipitation is dependent upon the type of bacteria and the concentration of the bacteria. 

Bio mineralization process depends on the types of bacteria. Selection of bacteria is a key factor in 
the bio mineralization process. Bacteria must fulfill some of the requirements for improving the 
properties of concrete. It must be able to adjust to alkaline atmosphere in concrete for the production 


of calcium carbonate, it should produce copious amount of calcium carbonate without being affected 
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by calcium ion concentration, it must be able to withstand high pressure and should be oxygen 
brilliant to consume much oxygen and minimize corrosion of steel. 


The selection of the bacteria is depend on the survive capability of bacteria in the alkaline 
environment. Shewanella species bacterium able to survive up to 6 to 7 days inside the concrete, 
due to calcite precipitation and clogging of pores inside the concrete matrix. This life span and 
pathogenic property are the disadvantages of using as self-healing agent for a longer period. 
Generally, researchers used some alkali-resistant, calcite precipitating, ureolytic bacteria of the 
Bacillus genus like Bacillus subtillis, Bacillus sphaericus, Bacillus cereus, Bacillus magaterium etc. 
[1-2, 19-20, 23, 25, 32, 38-40]. 

From literature review it is concluded that these bacteria could survive up to hundreds of years 
without nutrients and can able to withstand environmental chemicals, high mechanical stresses as 
well as ultraviolet radiations [41]. Generally, in case of ureolytic process, urea generates a huge 
amount of COz and urea produces ammonia, which has a foul smell. So that to reveal from this 
situation researchers to investigate the calcite precipitating, alkali-resistant non-ureolytic bacteria. 
Afterwards the study showed aerobic alkaliphilic spore forming bacteria in concrete lead to the 
precipitation of CaCOs. Table 1 represents the list of bacteria used to concrete mortar base on 
compressive strength, water absorption capacities, porosity, chloride permeability as output. 


Table 1: List of Bacteria and Their Effect on Concrete Mortar 


Bacteria Concentratio | Material | Compressive | Water Porosity | Chloride 
n( 4) (44) strength(28 | absorption | reduction | permeability 
days) ( 4) reduction | (28 days) | reduction 
(28 days) (Hs) (28 days) 
(44) (Hs) 
Bacillus 1045 Mortar 18.30% 89.00% 45.00% 10.00% - 
sphaericus 40.00% 
(4, )[20] 
Bacillus cohnii | 10%5 Mortar 26.23% 
(Nonureolytic) 
(9, ) [40] 
Bacillus 1045 Mortar 27.00% 23.00% 
subtilis ( 0; ) (54 Map) 
[32] 
S. pasteurii 10%5 Mortar 22.00% 13.00% 
(9, ) [38] (28 Map) 


The decision hierarchy of the current MADM problem is given below: 
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Selection of Bacteria 


Water Chloride 


permeabilit 
ducti 
reduction y 


(28 days) reduction 


ae 


Compressiv Porosity 


Concentration 


absorption 


e strength reduction 


(28 days 


a, 


Bacillus sphaericus Bacillus cohnii Bacillus subtilis S. pasteurii 


(Nonureolytic) 


Figure- 2: Decision Hierarchy of the Current MADM-Problem 


Figure-2 represents decision hierarchy of the Current MADM-Problem and steps involve in the 


current MADM problem is presented as follows: 


By using the evaluation information for all alternatives given by the decision makers, prepare the 


decision matrix in Table-2. 


Table-2: Decision Matrix 


fas by HH; My Hs He 
0, (0.8,0.2,0.3,0.1,0.2) | (0.9,0.1,0.1,0.0,0.1) | (0.6,0.2,0.4,0.2,0.3) | (0.8,0.1,0.2,0.0,0.2) | (0.8,0.1,0.2,0.2,0.2) | (0.9,0.1,0.1,0.1,0.1) 
6, (0.9,0.1,0.2,0.0,0.1) | (0.7,0.2,0.3,0.2,0.2) | (0.7,0.1,0.1,0.1,0.3) | (0.9,0.0,0.1,0.2,0.1) | (0.8,0.2,0.1,0.1,0.2) | (0.9,0.0,0.1,0.0,0.1) 
A; | (0.9,0.1,0.2,0.0,0.1) | (0.7,0.0,0.3,0.2,0.2) | (0.9,0.0,0.1,0.0,0.1) | (0.9,0.0,0.1,0.1,0.1) | (0.9,0.0,0.1,0.0,0.1) | (0.9,0.0,0.1,0.1,0.1) 
0, (0.8,0.1,0.1,0.1,0.1) | (0.8,0.0,0.2,0.1,0.1) | (0.8,0.1,0.2,0.0,0.1) | (0.8,0.2,0.2,0.0,0.2) | (0.7,0.2,0.2,0.1,0.3) | (0.8,0.1,0.2,0.1,0.2) 


Now, by using the eq. (5) & eq. (6), the PIA (I*) is formed for the decision matrix is shown in 
Table-3: 


Table-3: Positive Ideal Alternative 


laa Hy H, Hy Hs Hs 
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A, | (0.8,0.2,0.3,0.1,0.2) | (0.9,0.1,0.1,0.0,0.1) | (0.6,0.2,0.4,0.2,0.3) | (0.8,0.1,0.2,0.0,0.2) | (0.8,0.1,0.2,0.2,0.2) | (0.9,0.1,0.1,0.1,0.1) 
A, | (0.9,0.1,0.2,0.0,0.1) | (0.7,0.2,0.3,0.2,0.2) | (0.7,0.1,0.1,0.1,0.3) | (0.9,0.0,0.1,0.2,0.1) | (0.8,0.2,0.1,0.1,0.2) | (0.9,0.0,0.1,0.0,0.1) 
A, | (0.9,0.1,0.2,0.0,0.1) | (0.7,0.0,0.3,0.2,0.2) | (0.9,0.0,0.1,0.0,0.1) | (0.9,0.0,0.1,0.1,0.1) | (0.9,0.0,0.1,0.0,0.1) | (0.9,0.0,0.1,0.1,0.1) 
A, | (0.8,0.1,0.1,0.1,0.1) | (0.8,0.0,0.2,0.1,0.1) | (0.8,0.1,0.2,0.0,0.1) | (0.8,0.2,0.2,0.0,0.2) | (0.7,0.2,0.2,0.1,0.3) | (0.8,0.1,0.2,0.1,0.2s) 
vi (0.9,0.2,0.1,0.0,0.1) | (0.9,0.2,0.1,0.0,0.1) | (0.9,0.2,0.1,0.0,0.1) | (0.9,0.2,0.1,0.0,0.1) } (0.9,0.2,0.1,0,0.1) | (0.9,0.1,0.1,0,0.1) 


Weights of the attributes are obtained by using the eq. (3) & eq. (4). The weights of the attribute are 
w1= 0.1710526, w2= 0.1602871, w3= 0.1602871, wa= 0.1698565, ws= 0.1662679, wo= 0.1722488. 


By using the eq. (2), obtained SVPNWESM of similarities between the PIA and the decision 


elements from the decision matrix as follows: 


SVPNWESM (6,,1*) = 0.1928416, 
SVPNWESM (6,,1*)= 0.2077046, 
SVPNWESM (6,,1*)= 0.2141489, 
SVPNWESM (6,,1°)= 0.2044531. 


The ascending order of the SVPNWESM of similarities between the PIS and the decision elements 


from the decision matrix is as follows: 


SVPNWESM (6,,1*) < SVPNWESM (0,,1*) < SVPNWESM (0,,1° ) < SVPNWESM (6,,1* ) 


6. Comparative Study: 


To verify the proposed result based on the SVPNWESM, an investigation has been conducted for 
the purpose of comparison with the existing MADM techniques [9, 26]. From the comparative 
Table-4, it is observed that the existing methods support the same performance as per the proposed 
method for best attribute. According to the Table-4 it is clear that the weighted values of all attribute 
are much closed for two existing methods. In case of proposed technique the weighted values of all 
attribute is not closed compare to existing tool, it helps to take better decision for considering 


attributes. So the proposed method is more effective compare to considering MADM methods. 
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Table-4: Comparative Study 


Methods Oi | ©2 | O3 | O4 Ranking Order 

MADM Strategy Based on a rs iS Ax Or< Ar< 3 
Tangent Similarity Measure Ss 3 iB = 
under SVPNS Environment [9] | & a DX on 
oO oO oO oO 

MADM Strategy Based on ‘ 16 ol i Ox Axx Ox< 3 
Cosine Similarity Measure 5 = Ne 2 
+ 15 + 
under SVPNS Environment % 2 =) 
= S S S 

[26] 

Proposed MADM Strategy sc g Dd bs Ox< O4< O2< O3 
+ S + ts 
ie‘e) N i + 
NI S + + 
ON j=) a jo) 
a N N N 
oO oO oO oO 


7. Conclusions: In this article, a novel MADM is proposed for selecting suitable bacteria in concrete 
mortar based on compressive strength, water absorption capacities, porosity, chloride permeability 
etc. The ranking order @1 < ©4 < @2 < ©3is derived by the proposed method. It is obvious from the 
ranking order generated by the new method that alternative @3 is the best among all alternatives. A 
comparison of the results obtained by the new MADM method is performed using different existing 
methods. Based on all methods, alternative ©3 i.e., Bacillus subtilis is the best alternative, and 
therefore, it is concluded that the proposed method is well suited for solving such a problem. 

The main limitation of this paper is that it compares alternatives based on a fixed concentration of 
bacteria. In future work, the effect of different concentrations of bacteria will be tested after selecting 


the most suitable bacteria from among the four alternatives discussed in this paper. 


Further, it is hoped that, the proposed MADM technique can also be used in solving other 
decision-making problems such as weaver selection [18], location selection [33-34], medical 


diagnosis [19, 35-36], fault diagnosis [45-46], etc. 
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Abstract: Aggregation operators can be used to combine and synthesise a finite number of numerical 
values into a single numerical value. Many areas, including decision-making, expert systems, risk 
analysis, and image processing, rely heavily on aggregating functions. In real-world situations, the 
neutrosophic set can manage the uncertainties associated with information from any 
decision-making challenge, whereas the fuzzy set and intuitionistic set cannot. The term "bipolarity" 
refers to the propensity of the human mind to weigh pros and drawbacks when thinking through 
decisions. Triangular norms are aggregation operators in a variety of fields, including fuzzy set 
theory, probability and statistics, and decision sciences. Thus, the individual assessments in this 
paper's study of and approach to multi-criteria decision-making (MCDM) problems that use bipolar 
neutrosophic numbers as the individual evaluations. Frank operational laws of bipolar neutrosophic 
numbers, bipolar neutrosophic Frank weighted geometric aggregation (BNFWGA) and the bipolar 
neutrosophic frank ordered weighted geometric aggregation (BNFOWGA) operators have been 
developed with its desirable properties. Additionally, the suggested aggregation operators have 
been used in the selection of bridges. The outcomes demonstrate the applicability and validity of the 


suggested approach. Comparative analysis has been performed using the current approach. 
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NS Neutrosophic Set 

IFS Intuitionistic fuzzy set 

IVIFS Interval-valued intuitionistic fuzzy set 

INS Interval neutrosophic set 

SVNS Single valued neutrosophic set 

MCDM Multi criteria decision making 

BNS Bipolar neutrosophic set 

MAGDM Multi attribute group decision making 

BNNs Bipolar neutrosophic numbers 

BNFWGA Bipolar neutrosophic frank aggregation weighted 
geometric aggregation 

BNFOWGA Bipolar neutrosophic ordered weighted 
geometric aggregation 


Keywords: Bipolar neutrosophic set, Frank Triangular Norms, Operational Laws, Aggregation 


Operators, Decision Making 


1. Introduction 

A newly established model typically fixes the flaws of prior models in fuzzy theory. Because 
ambiguity and uncertainty present challenges in many real-world situations, routine mathematics is 
not always available. Many methods, including statistical hypothesis, probability, and fuzzy set 
hypothesis, have been presented as alternatives to traditional models and to guard against 
weaknesses in order to handle such difficulties. The majority of these mathematical alternatives, 
regrettably, have drawbacks and shortcomings of their own. Most words are in fact ambiguous and 
cannot be quantified, for instance, authentic and best-known. The authors of [1] started thinking 
about the chance based on the participation function that awards a membership grade in [0, 1] to 
handle such muddled and ambiguous information. Fuzzy sets are unable to handle the difficult 
issue since they only have one membership degree. Presented the intuitionistic fuzzy set (IFS) 
concept in [2]. IFS is used to provide an extremely flexible description of uncertain information. IFS 
offers degrees that are both membership- and non-membership-based. Introduced the idea of an 
intuitive fuzzy set with interval values in [3]. [4] developed the idea of a neutrosophic set (NS). NS 
includes membership, non-membership, and indeterminacy membership functions to define 
incompletes, inconsistent, and uncertain information. In order to adapt NS to real-world 
decision-making scenarios, [5, 6] introduced the interval Neutrosophic set (INS) and single valued 
Neutrosophic set (SVNS) concepts. Bipolar fuzzy sets are a generalization of fuzzy sets that were 
created by [7, 8]. The bipolar fuzzy relations study, in which each tuple is connected to a pair of 
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satisfaction degrees, was first presented in [9]. Two applications for bipolar fuzzy sets in groups 


called the bipolar fuzzy groups and the norm have been introduced in [10]. 


A popular area of research in fuzzy theory of decision analysis is the study of fuzzy multi-attribute 
group decision-making. A sequence of judgments made in a fuzzy environment, which is usually 
ambiguous or uncertain, give decision information in the process of choosing the best possible 
options in terms of several criteria. Gaining a comprehensive understanding of the data is crucial for 
information fusion, particularly when making difficult decisions. Aggregation functions are one of 
the most efficient and simple methods for obtaining the aggregated result, although there are other 
methods as well. An n-tuple of data can be condensed into a single output using an aggregate 
function, which uses non-decreasing functions and keeps the output in the same set as the input. [11] 
In situations where all attribute values were defined as intuitionistic fuzzy numbers or 
interval-valued intuitionistic fuzzy numbers, aggregation functions were employed to handle 
dynamic multi-attribute decision-making in [11]. 

On the premise that the decision makers' criteria or preferences are unrelated and that the 
aggregating operators —defined by the independence axiom —are linear operators based on additive 
measures, multiple aggregation processes have been implemented in [12,13]. According to [14], real 
decision-making issues show the occurrence of unique dependencies or interactions between 
criteria. Decision-makers are typically invited from the same or related fields for a choice dilemma. 
They have a comparable social status, a similar level of knowledge, and similar tastes. Their 
arbitrary preferences can be demonstrated to exhibit nonlinearity. As a result, both the mutually 
preferred independence of these criteria and the independence of decision-makers are 
compromised. Advanced neutrosophic planar graph concepts and their applications were 
introduced in [15]. In [16], it was suggested to utilize a neutrosophic graph to predict linkages in 
social networks. A novel method of link prediction using the rsm index was developed by the 
authors of [17]. Radio fuzzy graphs and used radio k-colouring graphs to assign frequencies in radio 
stations introduced in [18]. [19] investigated the edge colouring of fuzzy graphs; chromatic index 
and the strong chromatic index have been proposed with its related properties in [19]. The colouring 
of directed fuzzy graphs based on the influence of relationship was proposed in [20]. Bipolar 
Neutrosophic TOPSIS was introduced in [21] as a method for resolving Multi Attribute 
Decision-Making (MADM) issues in a bipolar Neutrosophic fuzzy environment. In [22], methods 
based on Frank Choquet Bonferroni Mean Operators were developed to address MADM difficulties 
in a bipolar Neutrosophic fuzzy environment. [23, 24] discussed a few aggregation operators on 
different models. 

The lattice of closed interval-valued fuzzy sets has been extended using Frank t-norms-based 


extension operations, which were proposed in [25]. These operations have been given the necessary 
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and sufficient conditions to form a complete algebraic structure. [26] developed an analytical 
hierarchy process method for multi-attribute decision-making issues based on a logarithmic 
regression function and presented the idea of a triangular interval type-2 fuzzy set. [27] used 
arithmetic procedures like union and intersection between interval fuzzy linguistic numbers and 
Multi Attribute Group Decision Making problems to create a probabilistic linguistic framework. [28] 
a new signed distances-based linear assignment technique for MAGDM issues with fuzzy set 
information was created, and it was then applied to locate a landfill. [29] suggested a MAGDM and 
the idea of a trapezoidal interval type-2 fuzzy soft set. According to the aforementioned data, the 
research contribution based on bipolarity is relatively minimal, which is why we applied the concept 
in our research. MATLAB can be used to lessen the time complexity. The rest of the essay is 
organized as follows. Section 2 presents the fundamental antecedents. Section 3 established the 
Frank Aggregation operators’ operating laws for bipolar neutrosophic numbers (BNNs). We go into 
great detail on BNFWGA and BNFOWGA, as well as their attributes, in Section 4. On the basis of 
bipolar neutrosophic Frank aggregation operations, we propose a number of comprehensive MCDM 
techniques in Section 5. The presented principles are applied to extend comprehensive techniques in 
Section 6. The proposed aggregation operators are used in section 7 to resolve the decision-making 
problem for choosing the best bridge. The comparative analysis and current methods have been 
discussed in Section 8. Section 9 provides the conclusion of the current study along with future 


directions. 


2. Basic Concepts 
For a better understanding, basic definitions pertaining to the current work are provided in this 
section. 
Definition 2.1: Bipolar Neutrosophic Set (BNS) [30] 

Let U be a fixed set. Then BNS can be defined as follows. 


N(u) =< Zy (u).En (u) Ay (u). ty (u) En (4), Ay (u) > MeV}, 


Where 7 (u).&i(u),Az(u):U [0,1] and zy (u),&;(u).Ay(u):U >[-10]. The 
positive membership degrees 7; (u),&, (u),Ay, (uv) are the truth membership, indeterminacy 


membership degree and falsity membership degree of anelement U GU corresponding to BNSN 


and the negative membership degrees 7x (a) see (u),Ay (3) denote the truth membership 


degree, indeterminacy membership degree and falsity membership degree of anelement u€U to 
some implicit counter property corresponding to a BNSN. 


In particular, if ‘U’ has only one element, then 
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N(u) =< Zn (u),€y (u) Ay (u), Xy (U). Ex (U), Ay (u) >}, is called bipolar neutrosophic 
numbers (BNN). 


Definition 2.2 : Algebraic operations of BNNs [30] 


Let Ny =< 77.07 AT. 216 Ay > and N, =< 27,67+A3s%29S2>A2 > 40 two BNNs. Then 


algebraic operations are defined as follows: 

ON, ONy =X) F2s = 55S So Aah oa, HS a AY =H Ag = AGAR) > 
(2)N, ON, =< 27 Xa s6r +O3 — 91S A +g - AAS, — M2 — M1 a) “61 S2 -A A) > 
BY.N, =<1-0- xf),(6) (At) .(-zry, f f ( J )}.-(1-(-Cary}} >(I>0), 


(4)Ni =<(z") 1-(1-6") 1-(1-as), f f (zi) )) -Cay.-Cary> aro 


Definition 2.3: Score and accuracy function of BNNs [26] 


Let N, =< 77.6) AD MG AL or BNN. 


Then the score function s(aleph1),accuracy function 
a (Nv i} and certainty function 


c(aleph:) are defined as: 


s(W,)= eee om Sie oe oe So ae 


a ee (1) 
a(N,)=(2i-At)+(% -A;) pen adae (2) 
o(M,)= ai -A; sp landetasagebateectatied (3) 


Definition 2.4: Properties on Bipolar Neutrosophic Sets [30] 


Let N, =< Wi ie ais done, aa, > 


+ gt At 2 go Aan 
hia N, = 75 $63 asXe 67 A, > 
Be two BNNs therefore 


(1) If s(N,)>s(N, ),thenN, >N, . 


M. Lathamaheswari, S. Sudba, Said Broumi and Florentin Smarandache Bipolar Neutrosophic Frank Aggregation Operator and its application in 
Multi Criteria Decision Making Problem 


Neutrosophic Sets and Systems, Vol. 51, 2022 
425 


(2) If s(N,)=s(N,) &a(N,) a(N,),thenN, > Ny. 


(3) If s(N,)=s(N,) &a(N,)=a(N, )&e(N,)=c(N,).thenn, >N, 


(4) If s(,) 


I 
mn 
a 
= 
Ls 
2 
TT 


a(N,)&e(N,) = c(N, ).thenN, N, 


Definition 2.5: Frank Triangular Norms [27] 

The sum and product of Frank triangular norms are defined as follows. 

(a -1)(a'™ = 
A-1 


N, ©, N, =1-log,| 1+ ) A>I1V(N,,N,)€[0,1]? 


(2 -1)(2*-1) 
N, ®, N, =log,| 1+ ae A>IV(N,,N,) €[0,1]? 


3. Operational Laws of Frank Triangular Norms for Bipolar Neutrosophic Numbers: 


In this section, Operational laws are proposed using Frank triangular norms for BNNs. 
Definition 3.1: Let N, = rae ee eee and N, ELC Ae Mel iy tae be two 


BNNs and A =>1. Then the operational laws are as follows. 
(i). Addition: 
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cg le 
log, | 1 a als y log, ) a" ae " 
N,®,N,= (ans -1)(a"e -1) (a* -1\(a-* 1) 
log,| 1 a | bn ee 
I+Ay 1A, ~Ay “Ay 
log,| 1 l Ie y 1+log, ) fa Ie 


(ii). Multiplication: A-1 


At Ari-& grat _ gre At Ante —4e ae 
1-log, log, : 


4 Q2-AP-AZ_ gl-AT 9 1-A3 Qetns 
N, ®, N, =41 we, (4 a a i we, 


A-\ 


(iii). Multiplication by an ordinary number: 


Ra _] . Ae = 
<1-lo 1++——___ |, lo 14+ +——_— 
Sa Cay Sy (2-1) 
(a% -1 an -1) 
L..N, = 4log,| 1+ a-F ,-log,| 1+ Qa 
Cag I (a-" 1) 
lo 1+ 1,lo 1+ 
82 Gai 84 C= 


(iv) Power Operation: 
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a -1) (a -1 
<log,| 1+ ay ,l—log,) 1+ a- 
r Cae (a -1 
N, =91-1 1+ , 1+ — 
1 0g; (A-1)" Sa (A-1)" 
as -1) (2% -1) 
—| 1+ , 1+ 
Og, = me I] Oy" 


Theorem 3.2: 


Let Nj =(77.6" At. 4G A; and N, =(73,83,.A3, 25,6),A; ) be two BNNs and 


1,1,,1, > 0. Then the following properties can be proven easily 
(a) N,®,N,=N,0,N, 


(b) N, ©, N, a N, ®@;, N, 


() Ly (N, ®, N,] =1.,N,,1.,N, 


(d) (N, ®,. N,) = N, 


(e) (L+h).pN, =hepNo Op hypN, 


4. Bipolar Neutrosophic Frank Weighted Geometric Aggregation Operator 

In this section, we proposed bipolar neutrosophic Frank weighted geometric aggregation 
(BNFWGA) and the bipolar neutrosophic Frank ordered weighted geometric aggregation 
(BNFOWGA) operators and discussed different properties. 

Definition 4.1: 


Let N; = 6 Ae AG = 1523s n) be a family of BNN’s. 


A mapping BNFWGA: U ‘=U is called BNFWGA operator, if it satisfies 
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peers shes Nr) =® nN." 
: 
= Ni" @, No! @p see ®p No 
oi 
and o=(a,0,,0, eee o,) be the weight vector of Nj,@; €[0,1]J& > a, =1. 


j=l 
Theorem 4.1: 


Ler (N= ec teden 1.22388 n) be a family of BNN’s_ and 


<log, fo fy(2" -1)” Jato E](2" -1)"| 
j=l j=l 
=41-log (as -1)" log, t + Wa” -1)" } ne ce ree (6) 


j=1 j=l 


J 
“A [i (4% -1)" jos ho T(e” -1)" > (@>0) 
jal 


Proof: 
By mathematical induction we prove the result. 
Case (1): When n=2 


Based on the Definition 41, the following result can be _ obtained 


BNFWGA(Ni,N2)= Ni" @, No’ 


<log, [i+(a" 1)" }.1-108, [i+(a# -1)'), 
Ni =11-1og, [a+(a-" 1)" og, [1+(a" CH) -1)" )-1 
-log, [4(a8 -1)"},-tog, [14 (a-" - i)"}> 
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<log, [+(a4 1)" )a-tog, (14(2"* -1)"), 
NS I-tog, [1+(2"* =1)" tog, (1+(2"> 1)" )-1 
~log,(1+(4* -1)" tog, +(a" -1)")> 


j=l j=l 
AG Ae 2 1-At OF 2 1 = Qj 
Ni" ®,N2 =41-log] [(2" -1) log, [14] ] (2-1) f= 
j=l j=l 


Case (ii): When n=s 


Using equation (6), the following result can be obtained. 


BNFWGA(Ni,No....Ns)=@5.Ni 
< log, 1+] ] (2% -1)" 1-log| 1+] Cad i 
j=l j=l 
Jst6e (2 4 i log, | 1+] (ee i)" i 
j=l j=l 
-ve, HT (° -1) ‘}rtoe, (HT T(2" -1) |owo 
j=l j=l 
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Case (iii) When n=s+1 then following result can be obtained: 


<log,| 1 A a\" ,1—log} 14 j aot =)" 3 
ray gs 
jel 


j=l 


=) 4168 ya -1)" Joe, (eT? 4)” Jon 


j=l 


-log,| 1+] (2 1)" |e, [eT a)" } oo 


<log,| 1+ [] (2” -1) Joes TT a '"} 
j=stl j=stl 
®, j1-log| 1+ [] (4° 1} Joe, tT (2° oo 
j=stl j=stl 
-log,| 1+] a* —1) } we. (2 y \" }oeeo 
j=stl j=stl 


=}1-log[](2"* -1) toe, (Te -) ‘|n. 
j=l j=l 
ve, HT (2° -1)" | oe, aty(e* -1\'|» (@>0) 
j=l j=l 


Therefore, the theorem is true for n=s+1. 
Hence the theorem. 
N, =< 0.5,0.7, 0.3, -0.6, —0.2, 0.6 > 
Example 4.1: Let N, =< 0.2,0.5,0.5,—0.8, —0.4,—0.3 > 
N, =< 0.3, 0.6, 0.4, -0.7 —0.3, -0.1> 


be three BNNs and let weight vector of BNNs N j ( jH=l,2, 3) be 


131/ 1 3 1 
o-(.25| MOS gee = gene, mewce tot N, (j =1,2,3) such that [|], =! 
7a 


Then by above theorem 
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log, C + Chg -1) oS (BY -1) rf Ca 7 i) 
1—log, t + (ca - 1) + (ger? as 1) fs ‘Cae - 1) 
: 


BNFWGA(Ni,N2,N2) = 


log, fis -1) +(3"4 -1) +(3" | 
log, +(a -1) +3" -1) +(3"! =i} 


BNFWGA(Ni,N2,N3)=(1.0,0.0391, 0.2474, -0.3072, -1.0, 1.0) 


The BNFWGA operator has the following properties: 
(1) Idomopotency: 


Let all the BNN’s be N,=<y7,&',A%,77,6;,A; >=N(j=12,3...n) where 


¢ N}.@ j€[0.1] and ya, =1 then 


j=l 


O=(0,,Q,, Dy... ra) 
( ee ») be the weight vector of 


BNFWGA(Ni,No,N3 Reiter N,j)=N 


(2) Monotonicity: Let N, Gi =1, 2,3...) and N, Gi =1, 2; 3220) be two families of 


BNNs, where © =(@,,@), Qy....00-++ O, y N , and N, jO,E [0,1] 


be the weight vector of = / 


and |] @, =1. For all‘ if N, =; then 


jal 


BNFWGA(N1,N2, Na. Ni)> BNFWGA(Ni,.N2.N3 ces Nj] 
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(3) Boundedness: Let N, =< pay eT Sy par tee >=N(j =1, 2520) be a family of 


T 
BNNs. Where @=(@,,@y, Qj... o,) iratecea sien cadens N,,@; €[0,1] and 


3 
»; Oo, = 1, Therefore we have 
j=l 
ae 
9 


BNFWGA(N WN, Fen k N |< BNFWGA(Ni,Na,N3 ae N i) BNFWGA(N N Geshecd 


where N =< YA TN Den he ie 


min (e625 Ae susie a | mnaxd GE; Siesones eu), 
= max (A;,A3,A, ae 7a Pauch.< Ay ee eee ae 
Hu (pes es lah @ amin ANG NG ale A,)> 


. _ + + + - - - 
And N =< Hyer Sa NHS. A. > 


GNAX (2s git ee Von |e Eee ei), 
= min(Ay,A3,A3, sueet Ay ).min( 77 .22+45> ieteesen’ t,) 
HG (Se aia Cyaan Ne eMail facta A; )> 


Proof: Since N j= an Cah, ae Genike >=N ( ais 2, div) then, the following result can be 


obtained by using Equation (6). The following result can be obtained 


<log, ofl" -1) /jtoefI(2"* -1) ts 
jal jal 


n 


[ae -1)" Jee ; +T](2™ -1)" }> (o>0) 


—log, [1s 


jel 
<log, (1+ (4* -1)},1-log, (1+(a"e -1)), 
ioe! (1+(ar" -1)},log, (I+(aree -1})-1, 


_log, (1+(a* -1)),-log, (1+(a-* -1)) > 


See oe Ae A SSN “holds 
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(1) The property is obvious based on the equation (6). 


(2) Let N =< ae a. A X- a. A. >andN =< ae 1S A. ae 1S A. > 


There are following inequalities: 


<log, oty(2" -1) <log, fll" -1) <log, fa ty(2* -1)} 


j=l j=l 


ole srl) 


i los [(2" ‘e21)<1- woe] ](4 pon i -1)<1- log] [2° ‘e21), 


j=l 


ee, HT (Cee i) 1<log, hs T(: AY i) 1<log, C (a) 
_log, ice = )) <-log, fs 1 (a* -1) <-log, bata *1)} 
( 


-ig, [1 a a}} sto, T(E" -1)|- oe, eT I(2 *1)}> 

j= =! 

Hence 

BNFWGA(N WN Besta N’)< BNFWGA(N1,N2,Ns ee N,)<BNFWGA(N’.N’, aoe N’) 
holds. 


5. Bipolar Neutrosophic Frank Ordered Weighted Geometric Aggregation (BNFOWGA) 
Operator 
This section proposes the BNFOWGA operator and describes its properties in detail. 


Definition 5.1: 
Let Nj =( 77,6) N5.25 >) M5 )( f =1,2,3.....01) be a family of BNNs. 
A mapping BNFOWGA: U ‘=U is called BNDWGA operator, if it satisfies, 
BNFWGA(Ni,No,NaeeeNn) = ® Ny 
=I 
=N pa @, N 2) ®, seseees ®, N pn) 
Where p is permutation that orders the elements 
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N pay 2 N pay 2 N p03) 2 vveverveeee N pin) 2 
and @= (a, Wy OO coniheces, @,) be the weight vector of Nj, O,€ [0,1] & >a, =|. 
jal 
Theorem 5.1: 


Let N; a(7.6, A756 hs (jah 23 souls n) be a family of BNN’s_ and 
T 
O=(@,0,,0, pENeeee: oO ) be the weight vector of Nj,@, € [O.1J& >a, =1. Then, the value 
jel 
aggregated by using bipolar neutrosophic Frank ordered weighted geometric average operator is 


still a BNN 
BNFWGA(Ni,No, Ns er Nn) 2 @ Now 


Aa Ae Aon 
F F F 
=N pa @, N 2) ®, seeeees ®, N pn) 


feat) ete) 


k=1 


2 I-log] (2° -1)" slog, C +T]( yew -1)" } Fees (1) 
k=l k=l 
(a -1)" } 0, Colle -1)" }> (@>0) 
k=1 


k=l 


—log, [is 


Proof: 


If n=2, using Frank operations for bipolar neutrosophic numbers, the following result can be 


0 


épiined BNFWGA(Ni No) iy OLN. 
<log, [14 (a" -1)" ).1-tog, [+(a"* -1)" }. 
Ne Hite, [1 +(ars -1)" ) vlog, ( +(are@ -1)" ) aa 


—log, [+(a% -1)" ).t0e, [ie(a" -1)" ) > 
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<tog, {1+(2" 1)" ).t-tog, (14(2" -1)"). 
Ne Slog [1+(a'* -1)" ).t08, [e(ares ) 1)" )-1 
—log, [i+(a 1)" ) tog, (14(4-" -1)"}> 
(2” = i) jrtoe( HTT (2 fone } 
1 


j=l 


“1 Ae 7 _At OF 2 
Ni @,N2 ==41- log] ](4 a” ‘-1) 208 +TT(2 A i)" } 
de j=l 
2 2 AC CF 
-ve,{1+T]| (a - "} “ve, TT (2 ‘-1) Jrwro 


j=l 


<log, fat 
Jj 


If k=s then, 


BNFWGA(Ni,No.....Ns)=®j. Nos 


Ss 


<log,| 1+ (2# -1)" a-toa{ TI (2-1) 


k=l j=l 
. I-tos (2° -1)" vlog, aya -1)" ) = 
-log, fe TT(2 -1)" }-t8, T(E" -1)" }> (@>0) 
k=l k=l 


— 


<log, +T(* 1)" ja log{ 1 TT (" i -1)" 
* we, (HTT (2? -1) at 


_log, Hy] (4* i" log, (1 T(x “a1)" Jow>o, 


Gos 
~ 
| 
> 
? 
| 
aN 
ess 


1-log 


Hence the theorem true for r=s+1. Thus the result 
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<log, [+ T(2 -1)* }i-toe( 1+] (2"* -1)" | 
k=l k=1 
1-log] [(2"*" -1)" log, aye -1)" } 


k=l 

—log, [ef T(e -1)" } 10, Coie -1)" }> (@>0) 
k=l k=l 

holds for all n. 


N, =< 0.5,0.7, 0.3, —0.6, —0.2, —0.6 > 
Example 5.1: Let N, =< 0.2,0.5,0.5,—0.8, —0.4,—0.3 >be three BNNs and let weight vector of 
N, =< 0.3,0.6,0.4, 0.7 —0.3,-0.1> 


131/ 1 3 1 
BNNs WN, (k=1,2,3) be @=| —,—,—| .@ =-,0,=—,Q0,= the weight of ON 
k ( ) 7 [i 8 *) Po ge Bee, are the welg k 
(k =1, 2,3) such that [2 = . Then by above theorem 
kal 


1-log, ; +(3'°° -1)5 +(3'° -1) +(3°7 -1}} 


1-log, ; ica -1) +(3"°* -1) +(3°°- iy 
BNFOWGA(N1, No,N3) = 


log, f(a 1) +(3°° “1 +(3°° 1] 
BNFOWGA(Ni,N2, Ns) = (1.0,0.125, 0.2520, 0.0652, -1.0,—1.0). 


The BNFOWGA operator has the following properties: 
(4) Idomopotency: 


Let all the BNN’s be N,=<y,,&,Aj.u,>&.A;, >= N(k =], 2,3....2) where 


N,.@ ,€[0,1] and] [@, =1 then 


T 
(a) 
») be the weight vector of a 
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BNFWGA(Ni,No,N3 ee Mi)=N. 


(5) Monotonicity: Let NV, (K=152,3...2) and N, (pe 2,3.) be two families of 


T ' 
BNNs, where @=(0,,@), Oyessss0000 o,) Seat aai ay N, and N,,@, €[0,1] 


and | [@, =1.Forall 4 if N, >, then 


k=1 


BNFWGA(Ni,N2,N3 [oe Nu) BNFWGA(Ni,N2,N; bee Ni). 


(6) Boundedness: Let WN, =< ya ie eee er ae >= N(k =], 253aci) be a family of 
N, ,® [0,1] and 


T 
) be the weight vector of 


3 
> @, =1, Therefore we have 
k=l 


+ 
’ 


BNFOWGA(N .N es NS BNFOWGA(Ni,N2,N: ene N ;)< BNFOWGA(N N  yecccssseee Nn’) 


where N =< AE ON ey este ie 


min(7y.73+25- igiedeiehs ie, \ mex (ees, epeeaelacs aa 
= max (Aj, A3,A, saaMegete: AS) tilax (ast eee ta) And 
rt sa rary ne 2 Jammin AG SAG RAG ates A,)> 


ie + + + - - - 
N =< Hyer Sa No Hue 1S A. > 


MAK (Li Wis he ies: ee) staat (SP SEs 9 Se oe istacee é*), 
= min(AT,AS, AS cesses isa il cae cay eee ta) 

THN | G5 Gi Sa levee 2, ) mma ( Ay NG JN cca A, )> 
Proof: 


(3) Since N, =< ae ie ee Ais Cushy >= N(j =1, 2 324n) then, the following result can 


be obtained by using Equation (1)The following result can be obtained 
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<log, [TT -1)” }-tos](2"* -1)", 
k=l k=l 
BNFOWGA(Ni,N2,No.c0Nn) =41-log] [(4'™ -1)” log, Colas 1)" } 
k=1 


-log, fe TT( -1)" } 10, Cie -1)"}> (@>0) 
k=1 
<log, (1+ (2” -1)).1-log, (1+ (ae -1)}, 
ale, (1+(2-" -1)),og, (14(ae -1))-1 


-log, (1+ Ces -1)).-log, (1 +(a~ -1)) > 


=<y",€,A°,v,€,AN >=N holds 
(4) The property is obvious based on the equation (6). 
() Let N =< yt Ate EA > andN' =< Wise hie a. 
There are the following inequalities: 
<log, C Z i" -1)| <log, c +T(2" = i) <log, t = r(* -1)} 
k=l k=l jal 


1-log I] qi ew — 1 <1-log T(4* = 1) <,1-log ra = 1) 
k=l k=l 

1-log] | ae -1) <1-log] (2° -1) <1-tog] ]{ 4" m1), 
k=1 


fi ‘| re C +TT(a* -1) <-log, C 1(7= i) 


k=l 


[a 
“log, (1+ ' (2%) ste, (TT (" -1) tog, 1+T (41) > 


Hence 
BNFOWGA(N .N SFetac n | < BNFOWGA(Ni,No, N cdcacta Ns ) < BNFOWGA(N NN’, “ebsites Nn’) 
holds for all ‘n’. 
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6. Model for MCDM Using Bipolar Neutrosophic Information 


Using the BNFWGA and BNFOWGA operators that are suggested, two comprehensive MCDM 


approaches are expanded in this section. 


For MCDM model with bipolar neutrosophic fuzzy information, Let A= (A, A,, A, Seded A ) be 


the set of alternatives and C = (C, & Gn Ghee Ce. )be a set of attributes. 


T 
C3. 
be the weight to attribute ‘ 


Suppose that N=(Ny)  =(Zu-da Mir ZaSerAn),, G=L235)(EL 2) is 


Let O=(Q,, Oy, Oye. o,) 


BNN decision matrix, where Liysoasthy: indicates the truth membership degree, indeterminacy 
membership degree and falsity membership degree of alternative A, under attribute C, with 
respect to positive preferences and 7% ,,6,,»Aj, indicates the truth membership degree, 
indeterminacy membership degree and falsity membership degree of alternative A, under 


attribute C, with respect to negative preferences. We have conditions 


Hehehe lOl): ssuch’ that: OS 77 eA ey cpk, SO for 


6.1 Proposed Algorithm using BNFOWGA operator to solve MCDM problem 
Step 1 Collect information on the bipolar neutrosophic evaluation 


Step 2 Calculate score and the accuracy values of collected information. 
The score values Ss (N ix) and accuracy values a (wv ik of alternatives A, 


can be calculated by using Equations (1) and (2). 


Step 3 The compression method in Definition 4.1 to reorder information on evaluation under each 


attribute. The comparison method is used to reorder (Nv ik ) ; 


Step 4 Derive the collective BNN Nj ( Acad Renee s) for the alternative Aj ( React Mererrre s) 


Method (1) . 
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Utilize BNFWGA operator to calculate the collective BNN for each alternative, then 


Nj =BNFWGA(Na,Na,Na saeiee Nin)= ON 


<log, Coilca -1) ; 
k=l 
I-log, Co TT(2 -1) ) 


k=l 


1-log, llc -1) | 


k=l 


log, [ayy -1) X: a 


k=l 


-log, bora -1)" } 


k=l 


“tog, (1 (=) }>wor0 
k=l 
T n 
Wh =(O), Dy, Dyeceeeeeees €|0,1 a, =1 
ere = (a,c, 0, ©,) is the weight vector such that Ot [0 | a“ 2, ‘ 
Method (2). 


Utilize BNFOWGA operator to calculate the collective BNN for each alternative, then 


Ok 


N; = BNFOWGA(N1,N>....N i) = @"_ Nic 
< log, [+ T](2" -1)" )a-toe,{ oT] (2"* -"} 
[=1 k=l 
=11-log, fT T(2"" -1)" Jee, fe fy(a -1)")-1 
k=l k=l 
-log, eTy(e* -1)" 08, eT (e" -1)"}> (> 0) 
fa 


k=l 
Where / is permutation that orders the elements: N pj1) 2 N p(j2) 2 N p(j3) 2 eee N p(in) 
T n 
=(O,,Q,, Oy... @, €}0,1 d o,=1 
Where O=(4,0,,0, ») is the weight vector such that ' | | va 2, 7 
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Nj; & Nx are equal, then we calculate accuracy values a(N;)&a(Nx) of BNNs N; & Nx 
respectively and then rank the alternatives A, & A, as accuracy values a (w j &a (N k 


Step 6 Rank all the alternatives A, ( PHN 2, Bessie s) and select favorable one. 


Step 7 End 
7. Bridge Management to avoid traffic congestion using proposed Algorithm 


The best solution to a bridge management problem from Amin Amini & Navid Nikraz [32] is 
discovered in this part in order to prevent traffic jams. To determine the optimum path that avoids 
traffic jams. Additionally, parametric analysis and comparison analysis are performed to confirm the 
adaptability and efficiency of the suggested algorithm to address the problem of decision-making. 

People who reside in and travel through affected neighbourhoods, as well as on state routes, are 
greatly affected by traffic jams. The behaviour of road users, the safety of the road and bridge 
infrastructure conditions and characteristics, and vehicles interact continuously to form the traffic 
process. People that are delayed are late for key daily tasks including work, school, appointments, 
and other things. When clients and consumers have trouble contacting them, business suffers. When 
ambulances, rescue teams, and fire vehicles are unable to drive on their usual routes, routine 
incidents can quickly become life-threatening. Therefore, our programme was created to determine 


the optimum path while taking into consideration three factors: connectivity in a single lane, 


avoiding traffic incidents, and saving time for human resources. Consider three bridges A,,A,, A;. 


Based on the recommendations of the experts group in terms of three criteria, the roads departments 


chose to construct the bridge in order to reduce traffic namely multiple road connection in single 
lane (C, ) , avoid road accidents (C,), time saver for human resources (C, ) . 


Using the proposed algorithm bridge selection has been done as follows: 
Step1: Collect information on bipolar neutrosophic evaluation 


The information collected from expert discussion on evaluation is given in Table1 


Table 1: Bipolar-neutrosophic evaluation information under 


C, C, C; 


(0.5,0.7,0.2,-0.7,-0.3,-0.6) (0.4,0.4,0.5,-0.7,-0.8,-0.4) (0.7,0.7,0.5,-0.8,-0.7-0.6) 
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(0.9,0.7,0.5,-0.7,-0.7,-0.1) 


(0.7,0.6,0.8,-0.7,-0.5,-0.1) 


(0.9,0.4,0.6,-0.1,-0.7,-0.5) 


(0.3,0.4,0.2,-0.6,-0.3,-0.7) 


(0.2,0.2,0.2,-0.4,-0.7,-0.4) 


(0.9,0.5,0.5,-0.6,-0.5,-0.2) 


Step 2: Calculate Score and accuracy values of collected information. 


For each alternative A j the attribute C, jthe score values s(N ix] and the accuracy values 


a(N jk can be calculated based on Equation (1) and Equation (2). The Score values s(N ix] and 


the accuracy values a (v i] are shown in Tables 2 and 3 respectively. 


Table 2: Score values s (v jk 


C) C, C, 
A 0.4067 0.5000 0.5000 
1 
of 0.4667 0.3667 0.6667 
2 
A 0.5167 0.5833 0.5000 
3 
Table 2: Accuracy Values a (v ik 
C, C, C, 
A 0.2000 -0.4000 0 
A -0.2000 -0.7000 0.7000 
2 
A, 0.2000 0 0 


Step 3: Reorder information on evaluation under each attribute 


The comparison method in Definition 4.1 is used to reorder N jx 


Table 4 reordering bipolar neutrosophic evaluation information by using comparison method based 


on Definition 4.1 
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C, C, C, 
A, | (0:7:0-7,05,-0.8,-0.7-0.6) (0.4,0.4,0.5,-0.7,-0.8,-0.4) (0.5,0.7,0.2,-0.7,-0.3,-0.6) 
A, | 09,04,0.6,-0.1,-0.7,-05) 0.5,0.2,0.7,-0.5,-0.1,-0.9) (0.9,0.7,0.5,-0.7,-0.7,-0.1) 
A, | (0:2:0:2,0.2,-0.4,-0.7,-04) (0.3,0.4,0.2,-0.6,-0.3,-0.7) (0.9,0.5,0.5,-0.6,-0.5,-0.2) 


Table 5: Score values s (v ik 


C, C, C; 
*% 0.5000 0.5000 0.4067 
1 
0.6667 0.5167 0.4667 
A, 
A 0.5833 0.5167 0.5000 
3 


Table 6: Accuracy Values a (v ik 


(6 C, C, 
A 0 -0.4000 0.2000 
A, 0.7000 0.2000 -0.2000 
A, 0 0.2000 0 


Step 4: Derive the collective BNN Nj ( J=1, 2,3...5) for the alternative A, ( JH 2,38) Method 


1 BNFWGA operator using Eqn(8) and supporting 1=7 to calculate the collective BNN for each 


alternative, then 


N, =(0.1301,0.6857, 0.6345, -0.7517,-0.2494, -0.4480) 
N, = (0.5735, 0.6795, 0.7665, —0.6913,—0.1301,—0.1038) 
N, = (0.1301, 0.6857, 0.6345, -0.7517,—0.2494, -0.4480) 


The value of BNN by power operation when 2 =7 


(0.7168, 0.2758, 0.2858, —0.2968, —0.6981, —0.6484) 
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Method (2) Utilize BNFOWGA operator using Eq (9) and supporting A=7_ to calculate the 
collective BNN for each alternative, then 
N, = (0.1301, 0.6857, 0.6345,—0.78414, -0.2512, -0.4480) 
N, = (0.5493, 0.6357, 0.7496, 0.6569, -0.1193,—-0.1193) 
N, = (0.2160, 0.4527, 0.4264, -0.5661, -0.2506,—0.2335) 


The value is (0.7100, 0.2758, 0.2668, —0.2739, —0.6343, —0.6529) 
Step 5: Calculate the score values s(Ni) A, Gi =1, 2,3) of BNNs WN; Gi =1, 2,3) for each 


alternatives A, ( y=), 2;3) A, (k =1, 2,3) . The score values s (v ik are calculated using Equation 


(2) 

Method 1 The following score values are obtained by using the BNFWGA operation 

s(N1) = 0.2875: s(N2)=0.2783:s(N3)=0.3751 

Method 2 The following score values are obtained by using the BNFOWGA operation 


s(N:) = 0.2875: s(N2) = 0.2910: s(N3) = 0.3758 


Step 6: Rank all the alternatives A, ( pH, 3) and select favorable one. 


The alternative can be ranked in descending order based on the comparison method, and favorable 
alternative can be selected. 
Method 1 The following ranking order based on score values is obtained by using BNFWGA 


operator: 

A, >A, >A,Thus A, is favorable. 

Method 2 The following ranking order based on the score values is obtained by using BNFOWGA 
operator: A, >A, > A,Thus A, is favorable. 


Step 7: End 


8. Comparative Analysis 
To demonstrate the soundness of the suggested work, this section contrasts and compares it to the 
current approaches. 


Table: 7 Ranking Orders obtained by Different Methods. 


Methods Rankings 
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A, [22] A, > A, >A, 
G, 22] A, >A, >A, 
BNDGA Operator 2=7 [33] A>A>A 
BNDOGA Operator 2=7 [33] A> A >A 
FBNCGBM operator (s,t=1)[21] A,>A,>A, 
FBNCOGBM operator (s,t=1)[21] A,>A,>A, 
FATIT2FFAAOWA 2=71] A,>A,>A, 
FATTI2FFAAFWA 2=7 7/33) A, >A, >A, 
BNFWGA Operator 4 =7 A,>A,>A, 
BNFOWGA Operator 2 =7 A >A >A 
Table: 8 Characteristic Comparison of different methods. 
Methods Flexible measure 
easier 
A, [18] ne 
No 

Co 1g] 

BNDGA Operator 2=7 [29] No 

BNDOGA Operator 1 =7 [29] No 

FBNCGBM operator (s,t=1)[22] No 

FBNCOGBM operator (s,t=1)[22] No 

FATTT2FFAAOWA 2=7)31] bi 

FATTT2FFAAFWA A=7 31] ae 

BNEWGA Operator 1 =7 Yes 

BNFOWGA Operator 4 =7 No 
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In G, , BNDGA and BNDOGA methods, the proposed method based on proposed BNFWGA 
operator does not consider the interaction and interrelation among attributes. In contrast to A,,,G,,, 


FATTT2FFAAOWA (A2=7 FATTT2FFAAFWA (A =7)methods, the proposed BNFWGA 
and prop 


operator choose the appropriate parameters according to the preferences of Decision Makings. In 


similar to FRNCGBM operator (s,t=1) and FBNCOGBM operator (s,t=1), BNFWGA Operator for 


A=7 , BNFOWGA Operator for A4=7, the proposed BNFWGA operators can select the 


appropriate parameters according to preferences of the decision making. 


In G, , BNDGA and BNDOGA methods, the proposed method based on proposed BNFOWGA 
operator does not consider the interaction and interrelation among attributes. In contrast to A,,G,,, 


FATTT2FFAAOWA (A=7 FATTT2FFAAFWA (/A=7) methods, the proposed BNFOWGA 
and prop 


operator selects the relevant settings in accordance with Decision Makings' preferences. In similar to 
FBNCGBM operator (s,t=1) and FBNCOGBM operator (s,t=1), BNFWGA Operator A=7]; 
BNFOWGA Operator A=7 the proposed BNFWGA operators can select the appropriate 
parameters according to preferences of the decision makings. Therefore, based on the proposed 
BNFWGA operator, the proposed technique may be used for decision-making. As a result, the 
suggested operators are more dependable and adaptable. These suggested strategies can be used in 
practice MCDM situations for decision-making based on the suggested operators and their 


requirements. 


9. Conclusion 

The tendency of the human mind to think about both positive and negative impacts when making 
decisions is referred to as bipolarity. A generalization of fuzzy, intuitionistic, and neutrosophic sets, 
the bipolar neutrosophic set enables it to handle ambiguous information in the decision-making 
process with higher adaptability. As a result, the operational laws of the proposed aggregation 
operation for both BNFWGA and BNFOWGA have been investigated and given in this study 
utilising Frank triangular norms in a bipolar neutrosophic environment. The use of the BNFWGA 
and BNFOWGA operators’ proposed method to the MCDM bridge selection problem demonstrated 
its viability and cogency, and the suggested principles were used to choose the best bridge for 
reducing traffic congestion. Additionally, a comparison of the new method with the old method has 
been conducted. In the future, aggregation operators may be created employing a variety of 


triangular norms in different neutrosophic contexts. 


M. Lathamaheswari, S. Sudba, Said Broumi and Florentin Smarandache Bipolar Neutrosophic Frank Aggregation Operator and its application in 
Multi Criteria Decision Making Problem 


Neutrosophic Sets and Systems, Vol. 51, 2022 
447 


Funding: “This research received no external funding.” 


Conflicts of Interest: “The authors declare no conflict of interest.” 


References: 

[1] L.A. Zadeh, “Fuzzy sets”, Inf. and Cont., vol. 1, 8(3), pp. 338-353, (1965). 

[2] K. T. Atanassov, “Intuitionistic fuzzy sets,” Fuzzy Sets Syst., vol. 20, no.1, pp. 87-96, 

(1986). 

[3] K.T. Atanassov, G. Gargov, “Interval valued intuitionistic fuzzy sets” Fuzzy Sets Syst., vol. 33, no. 
1, pp. 343-349, (1989). 

[4] F. Smarandache, “A unifying field in logics: neutrosophic logic’, Multiplevalued Log., vol. 8, no. 
3, pp. 489-503, (1999). 

[5] H. Wang, P. Madiraju, Y. Zhang, R. Sunderrraman, “Interval Neutrosophic sets”, Mathematics 
vol.1, pp. 274-277,( 2004). 

[6] H. Wang, F. Samarandache, Y. Zhang, R. Sunderraman, “Single valued neutrosophic sets”. Rev. 
Air Force Acad., vol. 17, pp. 10-14, (2010). 

[7] K. M. Lee, Bipolar-valued fuzzy sets and their operations. Proc. Int. Conf.on Intelligent 
Technologies, Bangkok, Thailand (2000) 307-312. 

[8] K. J. Lee, Bipolar fuzzy subalgebras and bipolar fuzzy ideals of BCK/BCI-algebras, Bull. Malays. 
Math. Sci. Soc., 32/3 (2009) 361-373. 

[9] P. Bosc, O. Pivert, On a fuzzy bipolar relational algebra, Information Sciences, 219 (2013) 1-16. 
[10]S.V. Manemaran B. Chellappa, Structures on Bipolar Fuzzy Groups and Bipolar Fuzzy D-Ideals 
under (T, 5) Norms, International Journal of Computer Applications, 9/12, 7-10. 

[11] Wei, G.W.: Some geometric aggregation functions and their application to dynamic multiple 
attribute decision making in the intuitionistic fuzzy setting. Int. J. Uncertainty Fuzziness Knowl.- 
Based Syst. 17(2), 179-196 (2009). 

[12] Keeney,R.L., Raiffa,H.: Decision with Multiple Objectives.Wiley,New York (1976) 

[13]Wakker, P.: Additive Representations of Preferences. Kluwer Aca demic Publishers, Dordrecht 
(1999) 

[14] Grabisch,M., Murofushi, T., Sugeno, M.: Fuzzy Measure and Inte-grals. Physica-Verlag, New 
York (2000). 

[15] Rupkumar Mahapatra, Sovan Samanta, Madhumangal pal: Journal of applied mathematics and 
computing 65,693-712 (2021) 

[16] Rupkumar mahapatra etal., : International journal of computational intelligence system volume 


13, issue 1, 2020 1699-1713. 


M. Lathamaheswari, S. Sudha, Said Broumi and Florentin Smarandache Bipolar Neutrosophic Frank Aggregation Operator and its application in 
Mult Criteria Decision Making Problem 


Neutrosophic Sets and Systems, Vol. 51, 2022 
448 

[17] Mahapatra, Rupkumar; Samanta, Sovan; Pal, Madhumangal; Xin, Qin (2019). RSM index: a new 
way of link prediction in social networks. Journal of Intelligent & Fuzzy Systems, (), 
1-15. doi:10.3233/JIFS-181452. 
[18] Mahapatra, Rupkumar; Samanta, Sovan; Allahviranloo, Tofigh; Pal, Madhumangal 
(2019). Radio fuzzy graphs and assignment of frequency in radio stations. Computational and 
Applied Mathematics, 38(3), 117-. doi:10.1007/s40314-019-0888-3. 
[19] Rupkumar Mahaptra, Sovan Samanta,;Madhumanga: Applications of Edge colouring of fuzzy 
graphs Volume 31, issue 2 (2020) pp313-330. DOI. 10.15388/20-INFOR403. 
[20] Rupkumar Mahaptra. Etal., Colouring of COVID-19 affected region based on fuzzy directed 
graphs in computer materials and continua 68(1):1219-1233.Doi: 10.32604/cme.2021.015590. 
[21] P. Dey, S. Pramanik, B.C. Giri, “Toposis for solving multi-attribute decision making problems 
under bipolar neutrosophic environment”, Ponsasbl, Brus., Eur. Uni., pp. 65-77, 
(2016) 
[22] L. Wang, H. Zhang, J. Wang, “Frank Choquet Bonferroni Mean Operators of Bipolar 
Neutrosophic Sets and Their Application to Multi-criteria Decision-making Problems”, In. Fuzzy 
Syst., vol. 20, no.1, pp. 13-28, (2018). 
[23] S. Ashraf, S. Abdullah, M. Aslam, “Symmetric sum based aggregation operators for spherical 
fuzzy information: Application in multi-attribute group decision making problem”, J Intell. and 
Fuzzy Syst., vol 38, no. 4,pp.5241-5255, 2020. 
[24] H. Garg, “Some picture fuzzy aggregation operators and their applications to multicriteria 
decision-making”, Arab J Sci. Eng., vol. 42, no. 12, pp.5275-5290, 2017. 
[25] M.J. Frank, “On the simultaneous associativity of F (x,) and x + y- (x,),” 
Aequationes Mathematicae, vol. 19, no. 1, pp.194-226, 1979. 
[26] X. Liu, J. M. Mendel, and D. Wu, “Analytical solution methods for the fuzzy weighted 
average,” Information Sciences, vol. 187,pp. 151-170, 2012. 
[27] T. Calvo, B. De Baets, and J. Fodor, “The functional equations of Frank and Alsina for 
uninorms and nullnorms,” Fuzzy Sets and Systems, vol. 120, no. 3, pp. 385-394, 2001. 
[28] R. R. Yager, “On some new classes of implication operators and their role in approximate 
reasoning,” Information Sciences, vol.167, no. 1-4, pp. 193-216, 2004. 
[29] K. P. Chiao, “Multiple criteria group decision making with triangular interval type-2 fuzzy sets,” 
in Proceedings of the IEEE International Conference on Fuzzy Systems 

(FUZZ 11), pp. 2575-2582, Taipei, Taiwan, June 2011. 
[30] I. Deli, M. Ali, F. Smarandache, “Bipolar neutrosophic sets and their application based on 


multi-creteria decision making problems”, Int. Conf.Adv. Mech. Syst., pp. 249-254, 2015. 


M. Lathamaheswari, S. Sudha, Said Broumi and Florentin Smarandache Bipolar Neutrosophic Frank Aggregation Operator and its application in 
Multi Criteria Decision Making Problem 


Neutrosophic Sets and Systems, Vol. 51, 2022 

449 
[31] Qin, J., & Liu, X. (2014). Frank Aggregation Operators for Triangular Interval Type-2 Fuzzy Set 
and Its Application in Multiple Attribute Group Decision Making. Journal of Applied Mathematics, 
2014, 1-24. doi:10.1155/2014/923213. 
[32] Amin Amini & Navid Nikraz “A Fuzzy Approach for Maintenance Management of 
Urban Roadway Bridges” 2019, VOL. 11, NO. 1, 12-38. 
[33] Mahmood, M. K., Zeng, S., Gulfam, M., Ali, S., & Jin, Y. (2020). Bipolar Neutrosophic Dombi 
Aggregation Operators With Application in Multi-Attribute Decision Making Problems. IEEE 
Access, 8, 156600-156614. doi:10.1109/access.2020.3019485. 


Received: July 2, 2022. Accepted: September 20, 2022. 


M. Lathamaheswari, S. Sudba, Said Broumi and Florentin Smarandache Bipolar Neutrosophic Frank Aggregation Operator and its application in 
Multi Criteria Decision Making Problem 


ISS Neutrosophic Sets and Systems, Vol. 51, 2022 


T T, University of New Mexico 
Tuy oe 


Neutrosophic Statistical Process Monitoring 


Muhammad Aslam 
Department of Statistics, Faculty of Science, King Abdulaziz University 
Jeddah 21551, Saudi Arabia 


E-mail: aslam_ravian@hotmail.com 


Abstract: Woodall et al. [1] raised some issues regarding neutrosophic methodology. In this paper, 
we will address their comments and questions related to the use of neutrosophic statistics in process 
monitoring. We provided the responses to some important questions/comments related to 
neutrosophic statistical process monitoring. 
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1. Introduction 


Neutrosophic statistics as an extension of classical statistics was introduced by Smarandache [2]. 
Neutrosophic statistics is applied when the data is in the interval and has imprecise observations. 
Smarandache [37] provided a detailed discussion on the application of neutrosophic statistics. 
Smarandache [37] proved that neutrosophic statistics is more efficient than classical statistics and 
interval statistics. Smarandache [37] provided responses to questions of Woodall et al. [1] related to 
neutrosophic methodology. More applications of neutrosophic statistics can be seen in [3-5]. 

In this paper, we will address some important questions raised by Woodall et al. [1]. We provided 
the responses to some important questions/comments related to neutrosophic statistical process 
monitoring (NSPM) 

2 Some Comments/Questions 

In this section, we selected some important questions/comments from Woodall et al. [1] and 
provided the responses. 

2.1 Neutrosophic Sample Size 

The control charts using the fuzzy-based approach have been used for decades. These control charts 
are designed when uncertainty is found in sample size, data, and control chart parameters. Jean [6] 
presented a detailed discussion on the determination of the sample size for a control chart. Giilbay 
and Kahraman [7] proposed the control chart for imprecise data. Engin et al. [8] argued that the 
determination of sample size is a problem in attribute control charts. Moheb Alizadeh et al. [9] 
proposed control when observations in each sample are a canonical fuzzy number. Turano§glu et al. 
[10] presented the sampling plan when the sample size is fuzzy. Yimnak and Intaramo [11] designed 
a standard deviation control chart when uncertainty (fuzziness) is found in sample size. Haridy et al. 
[12] contradicted the common belief that the sample size for X-bar and R chart or X-bar and standard 
deviation should be between [4, 6]. Hesamian et al. [13] proposed the exponentially weighted 
moving average (EWMA) control chart when the random variable is fuzzy. Zhou et al. [14] proposed 
control chart by considering the fuzzy sample number. Yalgin and Kaya [15] presented the analysis 


using the process capability index using a neutrosophic sample [90, 100]. More information on such 
§ tne p Pp a & P Pp 
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as the control chart can be seen in [16] and [17]. Control charts using neutrosophic statistics are the 
extension of control charts using a fuzzy-based approach. Under the neutrosophic framework, the 
neutrosophic sample size is fixed before the sample is collected. Like the fuzzy theory, neutrosophic 
theory is workable under uncertainty where the decision-makers are uncertain about the sample size 
before the sample is collected. In addition, neutrosophic statistics reduce to classical statistics when 
the decision-makers are curtained about the sample before the sample is collected. Chen et al. [3] and 
Chen et al. [4] showed the efficiency of neutrosophic statistics over classical statistics. 

2.2 Extreme Amount of Imprecision in Attribute Control Charts 

In the attribute control chart, during the simulation, it was observed that there is a high jump in 
average run length while changing the other parameters slightly. Therefore, in attribute control 


charts, it is expected a high indeterminacy to meet the given conditions. 


2.3 Neutrosophic Sample Size in Acceptance sampling Plan 

Aslam [18] and Aslam [19] determined the neutrosophic parameters of sampling plans. The real data 
used in Aslam [18] and Aslam [19] is assumed to have neutrosophic numbers. Therefore, fixed 
sample size is selected from the indeterminate interval of the sample size. The neutrosophic sample 
size in the interval can be applied using the same lines when two data sets having neutrosophic 
numbers are available. The neutrosophic theory is flexible and can be modified according to the 
situation and underlying studies. 

2.4 Neutrosophic Control Limits Multiplier 

The development of control limits using the fuzzy-based approach can be seen in [20-22]. The 
smoothing constant (lambda) is expressed in intervals having the range between 0 and 1. Hunter [23] 
suggested that the smoothing parameter should be selected from 0.20 to 0.3. On the other hand, 
Montgomery [24] recommended selecting the values of the smoothing parameter from 0.05 to 0.25. 
The determination of the smoothing parameter is an important issue in designing the control charts; 
see [25-26]. Therefore, the decision-makers are not always sure about the value of the smoothing 
constant to be selected in designing the control chart. In addition, as neutrosophic statistics was 
applied for the interval data, therefore, it would be justifiable to express the parameters in intervals 
rather than the exact value. The control charts using neutrosophic statistics are designed when 
uncertainty is found in the smoothing parameter or moving average span. Note that all neutrosophic 
parameters of the control chart are fixed in advance. Therefore, it is important to study the behavior 
of control charts when uncertainty is found in observations or any parameters of the control charts. 
2.5 Approximation in EWMA Control Charts 

The use of approximations in the evaluation of the average run length of EWMA charts was 
provided, for example, by [27-29]. More information can be seen in Ziegel [30]. Using the 
approximation of Aslam et al. [31], it is found that the values of average run length (ARL) are close to 
Lucas and Saccucci [32] for the larger values of smoothing constant (lambda). It is not recommended 
to apply the approximation using the ARL=1/p for EWMA control charts. This type of 
approximation should be used for Shewhart control charts only. 

2.6 Efficiency of Control Charts using Repetitive Sampling 

Aslam et al. [33] found that the average sample number for the control chart using repetitive 


sampling is almost similar to the sample size. It means that the number of repetitions is quite small 
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(almost close to one). But, from the comparative study of the control chart using repetitive sampling 
and the control chart using single sampling, the average run length for the control chart using 
repetitive sampling is smaller than the average run length obtained from the control chart using the 
single sampling when the average sample number is equal to the competitor chart using single. By 
increasing the sample size to get smaller values of average run length cannot be encouraged. 

2.6 Equivalence of Multiple Dependent State Sampling and Runs-Rule 

Recently, Woodall et al. [34] showed that multiple dependent state sampling (MDSS) is equivalent to 
a run-rule chart. Aslam et al. [35] proposed control chart using MDSS when the process is in-control 
and by following the assumption of MDSS. Designing the MDSS by following [34] has less 
significant chance that (i+t1) samples are in intermediate region and will not be efficient as the 
approach adopted by Woodall et al. [34]. As suggested by Riaz et al. [36] “In real applications, 
having a wider indecisive zone may not be very practical, and hence we have chosen the indecisive 
regions of practical worth”. 

3 Concluding Remarks 

In this paper, we addressed some questions raised by Woodall et al. [1] on the application of control 
charts using neutrosophic statistics. From the study, it is concluded that like the fuzzy-based 
approach, the control charts using neutrosophic statistics can be designed and applied in an 
uncertain environment. 

Acknowledgements 

The author is deeply thankful to the editor and reviewers for their suggestions to improve the 


quality and presentation of the paper. 


References 

1. Woodall, W.H., A.R. Driscoll, and D.C. Montgomery, A Review and Perspective on 
Neutrosophic Statistical Process Monitoring Methods. IEEE Access, 2022. 

2. Smarandache, F., Introduction to Neutrosophic Statistics, Sitech and Education Publisher, Craiova. 
Romania-Educational Publisher, Columbus, Ohio, USA, 2014. 123. 

3. Chen, J., J. Ye, and S. Du, Scale effect and anisotropy analyzed for neutrosophic numbers of rock 


joint roughness coefficient based on neutrosophic statistics. Symmetry, 2017. 9(10): p. 208. 
4. Chen, J., et al., Expressions of rock joint roughness coefficient using neutrosophic interval statistical 
numbers. Symmetry, 2017. 9(7): p. 123. 


5. Das, R., A. Mukherjee, and B.C. Tripathy, Application of Neutrosophic Similarity Measures in 
Covid-19. Annals of Data Science, 2021: p. 1-16. 

6. Jean, S.-Y.C., Determining Sample Size for a Control Chart. 1974. 

7. Gilbay, M. and C. Kahraman, Design of fuzzy process control charts for linguistic and imprecise 


data, in Fuzzy Applications in Industrial Engineering2006, Springer. p. 59-88. 

8. Engin, O., A. Celik, and I. Kaya, A fuzzy approach to define sample size for attributes control chart 
in multistage processes: An application in engine valve manufacturing process. Applied Soft 
Computing, 2008. 8(4): p. 1654-1663. 

9. Moheb Alizadeh, H., A. Arshadi Khamseh, and S. Fatemi Ghomi, Fuzzy development of 
multivariate variable control charts using the fuzzy likelihood ratio test. Scientia Iranica, 2010. 
17(2). 


Muhammad Aslam, Neutrosophic Statistical Process Monitoring 


Neutrosophic Sets and Systems, Vol. 51, 2022 453 


10. 


11. 


12. 


13. 


14. 


15. 
16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 
25. 


26. 


27. 


28. 


29. 


Turanoglu, E., L. Kaya, and C. Kahraman, Fuzzy acceptance sampling and characteristic curves. 
International Journal of Computational Intelligence Systems, 2012. 5(1): p. 13-29. 

Yimnak, K. and R. Intaramo, An fuzzy scaled weighted variance S control chart for skewed 
populations. Thai Journal of Mathematics, 2019. 18(1): p. 53-62. 

Haridy, S., et al., Effect of sample size on the performance of Shewhart control charts. The 
International Journal of Advanced Manufacturing Technology, 2017. 90(1): p. 1177-1185. 
Hesamian, G., M.G. Akbari, and E. Ranjbar, Exponentially weighted moving average control 
chart based on normal fuzzy random variables. International Journal of Fuzzy Systems, 2019. 
21(4): p. 1187-1195. 

Zhou, J., Y. Huang, and Z. Wu, Research on fuzzy control charts for fuzzy multilevel quality 
characteristics. International Journal of Metrology and Quality Engineering, 2021. 12: p. 5. 
Yalcin, S. and I. Kaya, Analyzing of Process Capability Indices based on Neutrosophic Sets. 2021. 
Mendes, A.d.5., et al., Fuzzy control chart for monitoring mean and range of univariate processes. 
Pesquisa Operacional, 2019. 39: p. 339-357. 

Devrim, E. and H. Baracli, Design of Attributes Control Charts for Defects Based on Type-2 Fuzzy 
Sets with Real Case Studies from Automotive Industry. 2022. 

Aslam, M., Design of sampling plan for exponential distribution under neutrosophic statistical 
interval method. IEEE Access, 2018. 6: p. 64153-64158. 

Aslam, M., A new sampling plan using neutrosophic process loss consideration. Symmetry, 2018. 
10(5): p. 132. 

Sentirk, S. and N. Erginel, Development of fuzzy X-R and X-S control charts using a-cuts. 
Information sciences, 2009. 179(10): p. 1542-1551. 

Sentiirk, S. and J. Antucheviciene, Interval type-2 fuzzy c-control charts: an application in a food 
company. Informatica, 2017. 28(2): p. 269-283. 

Sentiirk, S., Construction of fuzzy c control charts based on fuzzy rule method. Anadolu University 
Journal of Science and Technology A-Applied Sciences and Engineering, 2017. 18(3): p. 
563-572. 

Hunter, J.S., The exponentially weighted moving average. Journal of Quality Technology, 1986. 
18(4): p. 203-210. 

Montgomery, D.C., Introduction to statistical quality control2007: John Wiley & Sons. 

Lazariv, T., Y. Okhrin, and W. Schmid, Behavior of EWMA type control charts for small 
smoothing parameters. Computational Statistics & Data Analysis, 2015. 89: p. 115-125. 

Ugaz, W., I. Sanchez, and A.M. Alonso, Adaptive EWMA control charts with time-varying 
smoothing parameter. The International Journal of Advanced Manufacturing Technology, 
2017. 93(9): p. 3847-3858. 

Huwang, L., C.-J. Huang, and Y.-H.T. Wang, New EWMA control charts for monitoring process 
dispersion. Computational Statistics & Data Analysis, 2010. 54(10): p. 2328-2342. 

Areepong, Y., Explicit formulas of average run length for a moving average control chart for 
monitoring the number of defective products. International Journal of Pure and Applied 
Mathematics, 2012. 80(3): p. 331-343. 

Chananet, C., Y. Areepong, and S. Sukparungsee, An approximate formula for ARL in moving 
average chart with ZINB data. Thailand Statistician, 2015. 13(2): p. 209-222. 


Muhammad Aslam, Neutrosophic Statistical Process Monitoring 


30. 
31. 


32. 


33. 


34. 


35. 


36. 


37. 


Neutrosophic Sets and Systems, Vol. 51, 2022 454 


Ziegel, E.R., Frontiers in Statistical Quality Control 5. Technometrics, 1999. 41(2): p. 179. 
Aslam, M., R.A. Bantan, and N. Khan, Design of SN 2- NEWMA Control Chart for Monitoring 
Process having Indeterminate Production Data. Processes, 2019. 7(10): p. 742. 

Lucas, J.M. and M.S. Saccucci, Exponentially weighted moving average control schemes: properties 
and enhancements. Technometrics, 1990. 32(1): p. 1-12. 

Aslam, M., N. Khan, and C.-H. Jun, A new S 2 control chart using repetitive sampling. Journal of 
Applied Statistics, 2015. 42(11): p. 2485-2496. 

Woodall, W.H., N.A. Saleh, and M.A. Mahmoud, Equivalences between multiple dependent state 
sampling, chain sampling, and control chart runs rules. Quality Engineering, 2022: p. 1-10. 
Aslam, M., A. Nazir, and C.-H. Jun, A new attribute control chart using multiple dependent state 
sampling. Transactions of the Institute of Measurement and Control, 2015. 37(4): p. 569-576. 
Riaz, M., et al., An enhanced nonparametric EWMA sign control chart using sequential mechanism. 
PloS one, 2019. 14(11): p. e0225330. 


Smarandache, F. (2022). Neutrosophic Statistics is an extension of Interval Statistics, while 
Plithogenic Statistics is the most general form of statistics, International Journal of 
Neutrosophic Science, 19 (1), 148-165. 


Received: July 3, 2022. Accepted: September 20, 2022. 


Muhammad Aslam, Neutrosophic Statistical Process Monitoring 


ar 4! 


T T, University of New Mexico 
Tuy ~ o 


PCTLHS-Matrix, Time-based Level Cuts, Operators, and unified 
time-layer health state Model. 


Shazia Rana ’and Muhammad Saeed 1 


! University University of Management and Technology, Johar Town Campus, Lahore, 54000, Pakistan; 
'shaziaranams@gmail.com; 2 muhammad.saeed@umt.edu.pk 


2 University of New Mexico, Mathematics, Physics, and Natural Science Division, 705 Gurley Ave., Gallup, NM 87301, USA; 
smarand@unm.edu 


Abstract: This article aims to introduce a unique hypersoft time-based matrix model that organizes and 
classifies higher-dimensional information scattered in numerous forms and vague appearances varying 
on specific time levels. Classical matrices as rank-2 tensors single-handedly relate equations and variables 
across rows and columns are a limited approach to organizing higher-dimensional information. This 
Plithogenic Crisp Time Leveled Hypersoft Matrix (PCTLHS-Matrix) model is designed to sort the higher 
dimensional information flowing in parallel time layers as a combined view of events. This matrix has 
several parallel layers of time. The time-based level cuts as time layers are introduced to present an 
explicit view of information on certain required time levels as a separate reality. The sub-layers are 
formulated as sub-level cuts that represent a partial view of the event or reality. Further subdividing these 
sub-levels creates sub-sub-level cuts, which are the smallest focused partial view of the event, serving the 
purpose of zooming. These Level cuts are utilized to construct local aggregation operators for PCTLHS- 
Matrix. And the concept of timelessness is introduced by unifying the time levels of the universe. This 
means all attributes that exist in various time levels are merged to exist in a unified time called the unified 
time layer. In this way, the attributes are focused and the layers of time are merged as if there is no time. 
The particular types of time layers are unified by local operators to introduce the concept of timelessness 
that is obtained by unifying time levels. Finally, for a precise description of the model, a numerical 
example is constructed by assuming a classification of various health states with COVID-19 patients in a 
hospital. 

Intuitionistic Fuzzy / Neutrosophic / and other fuzzy-extension IndetermSoft Set & IndetermHyperSoft 
Set are presented together with their applications. 


Keywords: : PCTLHS-Matrix; Time-Layers, Level-Cuts; Sub-Level Cuts; Sub-Sub- Level Cuts; Combined 
Event-View, Separate event-view; Partial event view; Aggregation-Operators. 
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1. Introduction 


The discipline of modeling and decision-making in an uncertain and vague environment consisting of 
higher-dimensional information is an incredible task. To enhance the field modeling and decision-making 
in an uncertain and vague universe, the field of fuzzy theory was developed by Zadeh [1] in 1965. Later, in 
1986, K. Atanassov [2] further expanded this state of vagueness by introducing intuition or hesitation into 
decision-making structures called intuitionistic fuzzy set theory (IFS). The three states of the human mind 
were represented by the level of membership, the level of non-membership, and the level of hesitation in 
IFS theory. In addition, K. Atanassov [3] introduced an interval-valued fuzzy set (IVFS) in 1999, which is 
another form of IFS (memberships and nonmemberships packed in unit intervals). Later, F. Smarandache 
[4-6] introduced neutrosophy by extending hesitation as an independent indeterminate neutral factor. 
Molodtsove formulated a soft set in 1999 [7-10], he expanded the theory of wage by considering multiple 
attributes parameterized by subjects. In 2018 [11] Smarandache introduced the Hypersoft set and the 
Plithogenic Hypersoft set earlier, giving the plithogenicy theory [12]. In these sets, he extended the 
attributes to the values of the attributes called sub-attributes and parametrized the subjects by several 
attributes and sub-attributes. By introducing the Hypersoft set and the Plithogenic Hypersoft set, he 
opened some problems in exploring these sets such as constructing aggregation operators and decision- 
making models. 


Shazia et al [13], explored and extended these sets and addressed the problems opened by Smarandache. 
In addition, they introduced the plithogenic Fuzzy Whole Hypersoft Set (PFWHSS) and formulated a 
matrix representation form named Plithogenic Fuzzy Whole Hypersoft-Matrix. They developed some local 
aggregation operators for the plithogenic Fuzzy Hypersoft set (PFHSS). This matrix was developed for a 
specific combination of attributes and sub-attributes. The application of this matrix has been provided in 
the form of a decision-making model referred to as the Plithogenic Frequency Matrix Multi-Attribute 
Decision-Making technique. Later, Shazia et al [14] extended the Plithogenic Whole Hypersoft Matrix to a 
generalized form of the Matrix called the Plithogenic Subjective Hyper-Super-Soft Matrix. 


It was a superior matrix to its previously developed matrix which has a greater capacity for expressing the 
variations of certain connected attributive levels. These attribute levels are presented as matrix layers. The 
application of this matrix is provided in the form of a new ranking model called the Plithogenic Subjective 
Local-Global Universal Ranking Model. 
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This model has provided a physical classification of the Universe (a combination of subjects with attributes). 
Later, in this research field, the hypersoft set expanded, and some MADM techniques and operators are 
developed. Saqlain, Saeed, et al [15] discussed the Generalization of TOPSIS for Neutrosophic Hypersoft 
set using Accuracy Function and its Application. Saqlain, et al [16] constructed some Aggregate Operators 
of Neutrosophic Hypersoft Set. Quek, et al [17] introduced Entropy Measures for Plithogenic Sets and 
Applications in Multi-Attribute Decision Making. Saqlain Smarandache [18] formulated octagonal 
neutrosophic numbers and discussed their different representations, properties, graphs, and de- 
eutrophication with the application of personnel selection. International Journal of Neutrosophic Science. 
Rahman et al, [19] developed a multi-attribute decision-support system that is based on aggregations of 
Interval-Valued Complex Neutrosophic Hypersoft Set. Saeed, Muhammad, and Atige Ur Rahman [20] 
constructed an optimal supplier selection model via a decision-making algorithmic technique that is based 
on a single-valued neutrosophic fuzzy hypersoft Set. Ihsan, Muhammad, Atige Ur Rahman, and 
Muhammad Saeed [21] discussed a single-valued neutrosophic hypersoft expert set with application in 
decision making. Saeed, Muhammad, et al. [22] formulated the model of the prognosis of allergy-based 
diseases using Pythagorean fuzzy hypersoft mapping structures and recommended medication. Rahman, 
Atige Ur, et al. [23] developed decision-making algorithmic techniques based on aggregation operations 
and similarity measures of possibility intuitionistic fuzzy hypersoft sets. 


This current article provides a further upgraded plithogenic Model. In this model, a new time-level 
variation has been introduced. This model is programmed with a magnified angle of vision to cope with 
scattered time-dependent information of the plithogenic Universe in a crisp environment. First, a three- 
dimensional expanded view of the PCTLHS matrix is presented to show the Plithogenic Crisp Time Lined 
Hypersoft Set. This PCTLHS The matrix is a third-rank tensor representing three types of variation; it 
consists of several matrix layers, each layer being a second-rank tensor expressed in the Crisp environment. 
Furthermore, this PCTLHS matrix represents multiple parallel universes or parallel realities. By using this 
connected-matrix expression, one can grasp and categorize all the information at a glimpse, i.e., the 
information from a crowd of people assigned to a combination of attributes and observed at different time 
levels. Therefore, it is obvious that the matrix expression is the most appropriate expression to represent 
the multidimensional data compared to the classical set expression. This new model would help to enhance 
and broaden the field of decision-making and artificial intelligence. After a detailed description, specific 
types of level cuts are constructed on the variation indices. These level cuts are named K-level cuts obtained 
by splitting the PCTLHS-Matrix at one of the three given variation indices. Further, these K-level cuts 
would provide a structure for viewing each event or reality separately and serve as the projection of higher- 
dimensional events in the lower-dimensional universe. Additionally, these K-level cuts are further broken 
down into sub-level cuts by splitting the matrix layer at either of the two remaining variation indices, i.e: J, 
I. While these sub-level cuts offer the projection of the previous lower dimension into a further lower 
dimension and provide an interior view of the expanded universe, this view may be called an implicit 


expanded universal view. 
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At a later stage from these sub-level cuts, sub-sub-level cuts are constructed by dividing the sub-level cuts 
(row or column of a given layer of the PCTLHS matrix) at the second variation index of the matrix and then 
further at the third variation index of the matrix. After applying all splits at indices the outcomes would be 
reflected as points. It is obvious that these level cuts, sublevel cuts, and sub-sub-level cuts serve to program 
zoom-in functions to look at an inside view of the event. This can be considered as a contraction of the 
expanded higher-dimensional universe. However, the sub-sub level cuts provide a contracted picture of 
the smallest part of single or multiple universes. In this way, the expanded universe of matrix layers could 
possibly be contracted at a single point. Similarly, by reversing the process, one can extend the same point 
to other higher dimensions of rows, columns, matrix, matrix layers, and clusters of matrix layers. In the 
final phase, plithogenic aggregation operators are developed and used to elaborate the activity of these 
different types of level cuts based on variation indices. These operators are plithogenic disjunction 
operators, plithogenic conjunction operators, plithogenic average operators, and vice versa. For a more 
precise and lucid explanation of the model, a numerical example related to the classification of COVID-19 
patients and their health states in a hospital at two different time levels. 


2. Prelimneries 


This section summarizes some basic definitions of Soft Sets, Hypersoft Sets, Crisp Hypersoft Sets, 
Plithogenic Hypersoft Sets, Plithogenic Crisp Hypersoft Sets. These definitions would help expand the 
theory of plithogecy. 


Definition 2.1 [7] ( Soft Set) 


Let U be the initial Universe of discourse, and E be a set of parameters or attributes with respect to U let 
P(U) denote the power set of U, and A & E is a set of attributes. Then pair (F, A), where F: A — P(U) is 
called Soft Set over U., In other words, a soft set (F, A) over U is a parameterized family of subsets of U. 
Fore e € A, F(e) may be considered as a set of e elements or e approximate elements 


(F, A) = {(F(e) € P(U):e € E, F(e) = gife ¢ A} (2.1) 
Definition 2.2 [11] (Hypersoft set) 
Let U be the initial Universe of discourse P(U) the power set of U. 


let ay, Q2,...,A, for n = 1 be n distinct attributes, whose corresponding attributes values are respectively 
the sets Ay, A2,...,An with Aj N Aj = gy fori #j andi,j € {1,2,...,n}. 


Then the pair (F, A; x A X...x A,) where, 

F:A, X AX...x A, > P(U), (2.2) 
is called a Hypersoft set over U 
Definition 2.3 [11] (plithogenic Crisp Hypersoft set) 


Let U, be the initial Crisp Universe of discourse P(U,) the power set of U. Let a1, a2,...,a, forn => 1ben 
distinct attributes, whose corresponding attributes values are respectively the sets Ay, A2,...,A, with Aj N 
A; = 9 fori # j andi,j € {1,2,...,n}. Then 


{ F,, A, X Az X...x An} is called plithogenic Crisp Hypersoft set over U, where, F,: Ay X A X 
..X Ay > P(U-), 
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Definition 2.4 [24][25] [26] (super-matrices) 


A square or rectangular arrangements of numbers in rows and columns are matrices we shall call them as 
simple matrices while a super-matrix is one whose elements are themselves matrices with elements that 
can be either scalars or other matrices. 


= be ie where 
Az, Az2! 
ie = 4) 8 k 40 
a” lo 1a"? leat 12" 
3 -1 4 12 
az, = 15 7 |, @g2=|-17 6 | a@isasuper-matrix. 
—2 9 3 7 


Note: The elements of super-matrices are called sub-matrices i.e. @11, A 12, Az1, Az2 are submatrices of the 


super-matrix a. 


in this example, the order of super-matrix a is 2 x 2 and order of sub-matrices a4, is 2 X 2, ay2 is2 Xx 2 
Az, is 3 x 2 and order of sub-matrix a2, is 3 x 2, we can see that the order of super-matrix doesn’t tell us 
about the order of its sub-matrices. 


Definition 2.5 [27] (Hypermatrices) 


For ny,...,Mq € N, a function f: (n,) X...x (ng) > F is a hypermatrix, also called an order-d hypermatrix 
or d-hypermatrix. We often just write ax, _,,to denote the value f(k,...kq) of f at (ky...Kq) and think of 


N4,...Ng 


f (renamed as A) as specified by a d-dimensional table of values, writing A = [ays al a 
1 


A 3-hypermatrix may be conveniently written down on a (2-dimensional) piece of paper as a list of usual 
matrices, called slices. For example 


A411 4421 9131 + 4412 A122 A132 
A= [ax] = ]4%211 4221 4231 + 4212 4222 4232 
4311 4321 4331 + 4312 4322 4332 


3. Plithogenic Crisp Time-Leveled Hypersoft Matrix 


Definition 3.1 (Plithogenic Crisp Time leveled Hypersoft Matrix): 


Let Uc(X) be the Crisp universe of discourse, P(Uc ) be the power set of Uc, Aj is a combination of 
attributes sub-attributes for some j = 1,2,3,...,N attributes, k = 1,2,3,...,L time-leveled-attributes and 
x; i = 1,2,3,..., M subjects under consideration then Plithogenic Crisp Time-Leveled Hypersoft-Matrix 
(PCTLHS-Matrix), is a mapping C from the cross product of attributes / time-leveled-attributes on the 
power set of universe P(U;) represented in matrix form. This mapping C and its matrix form in the 
plithogenic crisp environment is described below in Eq.3.1 and Eq.3.2 respectively, 


F: AE x Ak x AK x...x AK > P(U¢) (3.1) 


F = [aed (3.2) 


s.t ak (x;) € {0.1}, are crisp states as memberships either “0” or “1”, 


Shazia Rana, Muhammad Saeed,PCTLHS-Mattix, Time-based Level Cuts, Operators, and unified time-layer health state Model 


Neutrosophic Sets and Systems, Vol. 51, 2022 460 


L al (x;) are crisp memberships for given x; subjects regarding each given Ay attributes / time-leveled- 


attributes where, Ay is a combination of attributes / time leveled-attributes for some j = 1,2,3,...,N 
attributes, k = 1,2,3,...,L time levels associated to x; i = 1,2,3,..., M subjects under consideration. 

Or in simple words a Plithogenic Crisp Hypersoft Set, represented in the matrix form is called Plithogenic 
Crisp Time Lined Hypersoft Matrix, (PCTLHS-Matrix). 

This matrix has three possible expanded forms or views described in Crisp environments. 

3.2 PCTLHS-Matrix as a Tensor: 

As we know, all matrices in the real vector space are rank-2 tensors, similar to how the PCTLHS matrix 
with its three variation indices is a rank 3 tensor. The PCTLHS matrix contains layers of ordinary matrices 
called matrix layers or Level cuts (plane slices). 

A = [Ajjx] is an example of PCTLHS-Matrix. Index i refers to variations in rows used to represent subjects 
under consideration j specifies a variation in columns used to represent attributes of subjects, and k 
provides variations of layers of rows and columns used to represent the attributes on specific time levels 
(varying matrix layers as clusters of rows and columns). Similarly [Aji is interpreted as the index j 
referred to variation of rows k gives a variation of columns, and i offers a variation of clusters of rows 
and columns. 

3.3 Level Cuts, Sub-Level Cuts, and Sub-Sub-Level Cuts of PCTLHS-Matrix 

We may define Level Cuts, Sub-Level Cuts, and Sub-Sub-Level Cuts by specifying the variation indices 
i,j,k for their positive integer values. 

3.3.1 Level Cuts: Level Cuts are sub-matrices (first level splits) of PCTLHS-Matrix that can be further 
described as parallel matrix layers. The PCTLHS-Matrix is generated by uniting these matrix layers. These 
level cuts of PCTLHS-Matrix are obtained by assigning a specific integer value to one of the three variation 
indexes at a time. 

The level cuts are of three types according to three types of views of the PCTLHS-Matrix i.e i-Level Cuts, j- 
Level Cuts, k-Level Cuts the detailed mathematical description of k-Level Cuts is described in section 4. 
3.3.2 Sub-Level Cuts: Sub-Level Cuts are Level Cuts of Level Cuts (second splits applied over first splits) 
of PCTLHS-Matrix that are columns or rows of the Sub-Matrix or a Layer-Matrix. The Sub-Level Cuts are 
obtained by assigning a specific integer value to one of the two variation indices of a parallel layer (Sub- 
Matrix) of PCHS-Matrix. The detailed description and construction of sub-level cuts are presented in sec 
4, 

3.3.3 Sub-Sub-Level Cuts: The Sub-Sub-Level Cuts are obtained by assigning a specific Integer value to a 
variation index of sub-Level Cut (the third level splits over second splits). The Sub-Sub-Level Cut is one 
Specific element (point) of the Sub-Level Cut (Column or Row). These Level Cuts, Sub-Level Cuts, and 
Sub-Sub-Level Cuts are images of the higher dimensional Universe in the lower dimensional Universe 
and can be used as tools for getting images and transformations. 

The detailed organization of these level cuts, sub-level cuts, and sub-sub-level cuts are described in the 
next section with the specific time based view of the PCTLHS-Matrix. 

The utilization of these Cuts is that one can contract the expanded dimension of PCTLHS-Matrix to a 
Matrix, then to a row or column matrix, and then further to a single point. However, the reverse procedure 
would provide an expansion of the Universe in a similar manner. In PCHs-Matrix three types of variation 
indices are introduced on Crisp memberships pt ak (x;) . For example, in the Universe of subjects attributes 


and sub-attributes, one may consider the first variation on the index i that is referred to as subjects 
representing M rows of an M x N Sub-Matrix of an M x N x L PCHS-Matrix. The second variation on j is 
used to specify attributes representing N columns of a Sub-Matrix of an M x N x L Hs-Matrix. A third 
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variation on K is introduced to express attributive levels and is represented in the form of L layers or L 
level-Cuts of M x N x L PCHS-Matrix. 


4. Three-dimensional view and a front-to-back view of PCTLHS-Matrix 


Contraction 


Figure 1 (Three-dimensional view of PCTLHS-Matrix) 
The three-dimensional indexed-based PCTLHS-Matrix and level cuts, sub-level cuts, and Sub-Sub-Level 
Cuts are described below: 


Max (%1) Myx (%1) soon Hak (1) 
Mgk (X2) Mgk (X2) son Lyk 2) 

A=|' : fut a 4 (4.1)a 
Ik (xm) Ik (xu) Hak (xm) 


Figure 2 (front-to-back view of the matrix) 
front-to-back view of PCTLHS-Matrix is described in Eq. (4.1)a figure 2 
Front to back view of PCTLHS-Matrix in a more expanded form is described in Eq. (4.1)b as, 


Shazia Rana, Muhammad Saeed,PCTLHS-Mattix, Time-based Level Cuts, Operators, and unified time-layer health state Model 


Neutrosophic Sets and Systems, Vol. 51, 2022 462 


Mar (1) Mas (1) sone Mar, Orr) 
Mgr (%2) Mai (%2) sono Mgr, (%2) 
CEC) EE CD 
ACD) RACSD) soe M42, 1) 
Mg2 (x2) gz (X2) sone M42, (X2) 
A=||, | ie ae oe 
42 (xm) M42 Cy) ee Har (xu) 
pHa) Haya)» + Hy) 
Mat (%2) Mat (%2) sono Mal, (%2) 
Heap) Meghan) «+ Mak a) 


4.1 k-Level Cuts A'*! of PCTLHS-Matrix: 


| k=1, j=1, =1 


k*j"i-sub-sub level cut 


kj sub-level cut 


Front-to-back view 
PCTLHS-Matrix 


Figure 3 (level cuts sub-level cuts and sub-sub-level cuts) 
k-Level Cuts of PCTLHS-Matrix are front-to-back k-splits of the matrix obtained by varying the index 
stepwise. These are the L number of front-to-back Matrix layers of M x N x L PCTLHS-Matrix. Each layer 
is an M x N Matrix as described in Figure 3. L number of k — level cuts ( A!) of PCTLHS-Matrix in the 
general contracted form are described in the matrix form by specifying k =I , 


[1] — ; [2] — : [M] — ; 
AN = [eas (x) ,A [Haz (x) pon A [oat (x) 
i=1,2,...,M, j =1,2,...,N andk = 1,2,3,...,L 
k-Level Cuts of PHCTLHS-Matrix in the expanded form are described underneath in Eq. (4.2) 
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Mak) Mak 1) Be Bs Myk 21) 
Mak (X2) Mak (X2) sons Hak 2) 
AlKI —'|- . . . . . (4.2) 
Hak (xm) Hak (xm) Bias Hak (xm) 
k-Level Cuts Al! of PCTLHS-Matrix in the expanded form are given below in EQs. (4.3), (4.4), and (4.5). 
Hy} (x1) Hy eee Hah (x1) 
Hat (X2) Has Co) eee Hah (X2) 
Hy (xu) Hy} Cilia 2-8 Hah (xu) 
Hy2 (x1) 42 Cay os - ie os Har (x1) 
Hy2 (x2) 42 OE) > ip aie as Har (x2) 
42 (Xu) 42 (Mig) oes % Haz (Xm) 
Mat (%1) Mat (1) Ee 4s Mak 1) 
Mat (%2) Mat (X2) sono Mal 2) 
Mat (mu) PhO)? eas Mal Xm) 


4.2 k;-Sub-Level Cuts: For k-Level Cuts further offer i-splits (row-wise splits) by specifying i and varying j 
k;-Sub-Level Cuts that are obtained. These are rows of M x N Matrix Layer that are obtained by 
specifying k = l,i =m, .and varying j = 1,2...N 
All] = [Mat @m) Mal Om) + «+ Mat Om) (4.6) 
4.3 k;-Sub-Level Cuts: For k-Level Cuts further provide j-splits (column-wise splits) by specifying j and 
varying i k;-Sub-Level Cuts are obtained. These are columns of M x N Matrix Layer that are obtained by 
specifying k = l,j =n,and varying i = 1,2...M 
Hal (x1) 
Hal (x2) 
Alln] = (4.7) 


Hal (Xm) 
4.4 k;,-Sub-Sub-Level Cuts alt, For Specific k;-Sub-Level Cuts further specifying j alk Sub-Sub-Level 


Cuts are obtained. These are elements of rows of M x N Matrix Layer that are obtained by specifying k = 
Li=m, .and varying j=1,2..N. 


Abml = (40 Cm) (4.8) 
It observed that ki, -Sub-Sub-Level Cuts alé)| and k;, -Sub-Sub-Level Cuts Alki are identical i.e 


alr a [Mal, (Xm)] 
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Note: It is obvious that by following the division procedure mentioned above, one would zoom into 
the given PCTLHS matrix. The first split would provide a zoom into the layer of the matrix, then zoom 
into the column or row, then next zoom into the element of the column or row. And the reverse process 
can serve as a zoom-out function. In this way one can approach the smallest unit of the extended 
universe. 


5. COVID-19 Patients unified time-based health state Model 
The mathematical modeling of the organization and analysis of information and observations of some 
patients with COVID-19 symptoms is described in the given example. 
Example 5.1 
Considering Upc = {X1,X2,X3,X4,X5,X_} representing six patients (vaccinated) who presented to the 
hospital with symptoms of COVID-19. Description of an investigation case of a doctor who examined 
three of them for four symptoms (attributes) These symptoms are observed and organized as doctor visits 
at two specific times, considered as symptoms observed at two distinct time levels (time leveled 
attributes). Patients under observation are recognized as subjects (material bodies). The observations of 
the visits are expressed in the Crisp environment and analyzed using Plithogenic Crisp-Time-Leveled 
Hyper-Soft-Matrix. 
let T = {x,,X,x3} C Uc be the set of these three patients considered by a doctor for examination. 
Let the attributes be Ay ;j = 1,2,3,4 with Time Leveled-attributes k = 1, 2 are described as, 
At = Fever with numeric values, k = 1,2 representing first-time level and second-time level states of 
attributes 
Ai = State of fever at the first visit, A? = State of fever at the second visit 
AL = Dry cough, with numeric values, k = 1,2 
A} = Condition of cough at the first visit, AJ = Condition of cough at the second visit 
A = Breathing difficulty with numeric values, k = 1,2 
A; = Breathing difficulty level at first visit, 
A = Breathing difficulty level at first visit, 
Ak = Sickness record, with numeric values k = 1,2 
Ai = Sickness state at first visit,) 4% = Sickness state at second visit. 
In the next two subsections, this information now consisted of symptoms (attributes) of patients (subjects) 
observed at two stages, as two levels of time are organized and presented in two ways. One as a set, i.e. 
PCTLHS set and the other as a connected matrix of two matrices, that is the PCTLHS matrix. 


5.1 Plithogenic Crisp Time-Leveled Hypersoft set (PCTLHS-Set) representation: 
Let the Function A is reflecting given attributes/Time leveled-attributes as described below, 
A: AK x AK x AK x AE > P(Uc) 

St A(A}, A}, At, At) = {x1, x2, x3} (5.1) 
be a Time-leveled hypersoft set. Consider Aj, A}, A3,A4 a combination of attributes at the first visit level 
(a combination) 

A(Aj, A3, A3,A4) = (1, X2, x3} (5.2) 
A?, A%, A3, AZ a combination of attributes at the second visit level (6 combination) 
The Individual Crisp memberships are assigned to A = {x1,X2,%3} according to the doctor's opinion and 
then represented in PCTLHS-Set A={x,, x2, x3}. the opinion of the physician represented in the PCTLHS- 
Set as Crisp memberships i.e if the given symptom is present membership is one if not present 
membership is zero. 
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A={x, (Hat (x1)), X2 (Ha (%2)), x3 (Hat (x3))} as w,x(x;) for i = 1,2,3 and j = 1,2, 3, 4 in A (these plithogenic 
J 
crisp memberships reflect whether the Ay attribute is present ( “,(x;) = 1) in x; subject or not present ( 
if, 
H,k(x;) = 0 ) associated to time leveled a-combination of attributes. 
J 
x,(1,0,1,1), 
A(a) = A(Al, A}, A}, At) = 4x,(1,1,1,1), (5.3) 

x3(1,0,0,1) 

The first visit information is organized as PCTLHS-Set would produce the first level of the PCTLHS 

Matrix. 


Regarding the second visit ( second level of time) of patients for f-combination of attributes, the 
information is now presented as a PCTLHS Set 
x, (0,0,0,0), 
A(B) = A(At, Aj, A3,A4) = 4X2 (0,1,0,0), (5.4) 
X3(1,0,1,0) 
5.2 PCTLHS -Matrix representation: Let A be the representation matrix for PCTLHS-Set. The rows of the 
matrix represent X1,X2, x3 (physical bodies or subjects) and columns represent (the non-Physical aspect of 
subjects) Af, AS, AS, Af Attributes. 
This information is organized in the form of PCTLHS-Matrix A as, 


0; Ao 
aaa 

sat 4b oa 

E> I10: <0: 00 (5.5) 
010g 

10: 0 


This PCTLHS-Matrix consists of two layers for the first layer, it is interpreted that patient x, has a fever 
without a dry cough at the first visit but feels suffocation and nausea. Patient x, suffers from a fever with 
a dry cough, fits of suffocation, and nausea. Patient x3 has a fever with a dry cough, no difficulty 
breathing, but nausea. During the second visit, while the patient x, has all symptoms resolved, patient x, 
only feels difficulty in breathing, and patient x3 suffers from fever and difficulty breathing. One can see 
clearly by using this connected matrix expression, we can see and classify all the information at a glance, 
i.e. the information from a group of patients assigned to a combination of attributes and observed at 
different time levels. Therefore, it is obvious that the matrix expression is the more appropriate expression 
to represent the multidimensional data as compared to the classical Set expression. 

A= [Hed] i =1,2,3 j = 1,2,3,4,andk = 1,2 


This ( A ) is a PCTLHS-Matrix of rank 3 and order (i x j X k) = (8 x 4 X 2) 
The front-to-back view of this PCTLHS-Matrix consists of two parallel layers of ordinary 3 x 4 ordered 
matrices. These layers when separated are called k-level cuts described as underneath, 


5.3 k-Level Cuts Al*! of PCTLHS-Matrix 


1011 
111 1 
—{t1 1 0 1 
A= 000 0 (5.6) 
01 0 0 
101 0 
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Eq. (5.6) represents a front-to-back view of PHS-Matrix in Crisp environment for i = 1,2,3 j = 1,2,3,4 
and k = 1,2. This 3 x 4 x 2 hyper matrix has two 3 x 4 Matrices as two front-to-back layers. These layers 
are separated to construct k-level cuts (time-wise level cuts). 

The two k-Level Cuts of PCTLHS-Matrix (eq. (5.6) ) are given below, which serves to focus the time levels 


first. 
10141 000 0 
ates = ‘oe ee ate = 1 0 1 
de 2s: 01 101 0 


5.4 k;-Sub-Level Cuts: Sub-layers of PCTLHS-Matrix obtained by specifying k = 1,i = 1, and varying j = 
1,2,3,4 are given below as k;-Sub-Level Cuts as rows of the matrix layers. 

AMl=[1 0 1 1,4%J=[1 1 1 1,4%!=[1 1 0 1] 

AMl=[0 0 0 0],A”)=[0 1 0 oL, A@!=[1 0 1 0] 

For example the description of A’1! =[0 0 0 0] is that by the second visit to the first patient, all four 
symptoms are clear. 

5.5 kj-Sub-Level Cuts: Sub-layers of PCTLHS-Matrix obtained by specifying k = 1,j = 1, respectively, and 
varying i = 1,2,3, are given below as k;-Sub-Level Cuts as columns of the matrix layers. 


1 0 1 1 0 0 0 
Alta =/1 , Altz] =/1 , Als! =/1 , Alta] =/1 , Al2i] =10 , Al22] =/1 , Al2s] =10 
1 1 0 1 1 0 1 


For example the given Al's! describes that at the first time level state of the third symptom is described 
individually in all three patients. 

5.6 kj, Sub-Sub-Level Cut: For a given k; -Sub-Level Cuts after specifying the time and attribute 
respectively our final focus is the patient (subject) i.e specifying finally i = m we get k;, Sub-Sub-Level Cut 
for a fixed k;-Sub-Level Cuts. Al'mm| is obtained by specifying k = I, j =n respectively, and finally i = m. 
This sub-sub level cut is the smallest unit of the matrix that is the single element as described below, 


alti: lta] = [1] Alt2:] = [0] Al@s:) = [0] 
For example Al2s:] = [0] represents the condition of the first patient for the third symptom at the second 


time level. 
Example 5.2 
1 0 0 
1 1 1 
001 
B= 001 (5.7) 
0 1 1 
1 1 0 


Is a 3 X 3 X 2 PCTLHS-Matrix with two attribute time levels. 

i= 1,2,37 =1,2,3 andk = 1,2 

A Front to back view of PCTLHS-Matrix with two k-level cuts, each level cut is a 3 X 3 Matrix is given 
below in Eq. (5.9) 


10 0 
11 | 
_|{lo o 1 
Bel 4 a (5.9) 
011 
11 0 


k — level cuts of B are B\*! 
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10 0 OF 0:-ah 
a= 1 221 =[ 11 


00 1 1 1 0 


6 Local Aggregation Operators of k — Level Cuts 
Operations of PCTLHS-Matrix are the basic set laws of union, intersection, average, and compliment that 
is defined by using k-level cuts. After using these operations cumulative memberships Ok (x;) are 
J 


obtained by combining corresponding memberships of k-level cuts (time-based level cuts). These local 
operators serve to unify the time levels of the universe. This means that all attributes that are present in 
different time levels are considered as present in a unified single time level being reflected from many 
entities of the universe. In this way, attributes are focused and time levels are merged as there is no time, 
therefore, these special types of k-level cuts and their local operators introduce the concept of no time that 
is obtained by the unification of time levels by using aggregation operators. Three local operators are 
formulated and described, t = 1 used for max -operator t = 2 used for min-operator, and t = 3 used for 
the averaging-operator. These three operators are described as under, 


6.1 Union of k — Level Cuts: The union between front to back parallel layers is defined as 


Ur [Herd] = Max (uy6d) = [24,0 (6.1) 
[2 Ak (x)| is the cumulated layer of highest memberships considered as the Extreme front level layer. 
ji 


Example 6.1: For Matrix A given in Ex-1 U (A!1)) is 
10141 00 0 0 10141 
111 1 U f 1 O 1 = F 1 1 1 


1101 101 0 1111 


6.2 Intersection of j — Level Cuts: The intersection between front to back parallel layers is defined below, 
0 [ued] = Min (u(x = [94,0 (6.2) 
[2 Ak (| is the cumulated layer of lowest memberships considered as the Extreme back level layer. 
J 
Example 6.2: For Matrix A given in Ex-1 U (Al*1)) is 
1011 00 0 0 00 0 0 
F 1 1 i] 1 0 o|=[ 1 0 1 
1101 1 01 0 1 0 0 0 
This lowest back level layer is reflecting the accumulated lowest state of symptoms throughout the two 


time-levels. 
6.3 Average of k — Level Cuts: This is the average between front to back parallel layers is defined below, 


F [aed] = (2%, (x) such that 


a) 
1if Yt,» >05 
(2%, (x) = ate a (6.3) 


(+409) 
—— < 0.5 


N 


Oif Lin 
[2 Ak (x)| is the cumulated layer of average memberships considered as the interior level layer. 
J 


Example 6.3: For Matrix A given in Ex-1 U (Al*1)) is 
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1 01 1) JO 0 0 0 1011 
F 1 1 1 r f 1 0 1 = F 1 1 j 
11 0 13 1 0 1 0 1111 
This average middle-level layer is reflecting the accumulated average state of symptoms throughout the 


two distinct time levels. 


6.4 Compliment of k — Level Cuts: The complement of each membership of the k-Level Cut is defined in eq 
(5.3)d 


c(a") = [1 - we] (6.4) 
J 
Example 6.4: Compliments of k-Level Cuts - A ne 


c(Al!) = oo 0 ; . 
001 


1111 

,C(AP!) = F 01 1 
0101 

7. Conclusion & Analysis 

7.1 Conclusions 

1. We can portray an extensive indeterminable Plithogenic Universe by using PCTLHS-Matrix. 

2. We can display Multiple-dimensional views of the Universe (subjects versus attributes and time 
lined-attributes) By considering all possible views of the PCTLHS-Matrix 

3. We can classify and analyze the universe explicitly and implicitly through level cuts, sublevel cuts, 
and sub-sub-level cuts. 

4. The PCTLHS -Matrix provides the broader Exterior and interior view of displaying all possible 
Events (realities) together. 

5. The Level Cuts of PCTLHS-Matrix Portray an explicit event or reality at an instance 

6. Choosing the level cut based on the Variation index (i,j,k) Provides a view of reality or events 
from multiple angles of vision. 

7. We can analyze the Universe by choosing the best possible reality out of multiple possible realities 
with the help of level cuts and operators. This fact would be helpful in the development of artificial 
intelligence programs. 

8. The disjunction operator, i.e., the Max — operator Provides the optimist view of the reality. 

9. The conjunction operator, ie., the Min — operator Provides the pessimist view of the reality 

10. The Averaging operator Provides a neutral view of the reality. 

11. The Complement operator depicts the inverted reflection of the event or reality. 

12. These local aggregation operators that are designed for k-level cuts introduce the concept of 
timelessness by unifying the time levels of the universe. This means that all attributes that exist in 
different time levels are merged and considered to exist in a unified single time level. In this way, 
attributes are focused, and time layers are merged as if there is no time for them. 


7.2 Comparisons of former fuzzy extensions and models: 

This section describes a brief comparison of previous and recent fuzzy extensions. 

The soft set is an improved and extended version of the fuzzy set since it handles numerous attributes at 
the same time regardless of the fuzzy set, which only holds one attribute at a time. 

Hypersoft Set is a superior extension of Soft Set because it can adapt multidimensional information by 
handling various attributes and their values as sub-attributes simultaneously. 

Plithogenic Hypersoft Set The Plithogenic Hypersoft Set manages multiple attributes and their values 
(sub-attributes) simultaneously and beyond by observing each attribute separately therefore it is a more 
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inovative version as compared to the Hypersoft Set, Soft set, and Fuzzy Set. It manages detailed 


information in a single structure. The spectator can precieve the state of element x (subject) by observing 


each attribute separately. 
Plithogenic Fuzzy Whole Hypersoft-Set/Matrix (PFWHS-Set/Matrix) is a more aplicable choice 
compared to the previously mentioned extensions as it manages the states of subjects 


(attributes/sub-attributes) at the isolated level for each attribute/sub-attribute (the case of 


Plithogenic Hypersoft Set) and also at the combined level for merged attributes as a whole (the case 


of hypersoft set). Therefore, it is an extended and a hybrid version of the hypersoft set and 


plithogenic hypersoft set. By using PFWHS-Set/Matrix, one can observe a more transparent inner 


perception (case of a single state representation) or outer view (case of a combined state 


representation) of the information/facts/events. 


The Plithogenic Subjective Hyper-Super-Soft Matix (PSHSS-Matrix) It is a generalized and an advanced 


form of the PFWHS-Matrix, as it has a higher capability to manage numerous connected attributes/sub- 


attributes separately and as a whole by considering connected attribute / sub-attribute levels. 


Plithogenic Time-Leveled Hypersoft-Matrix (PTLHS-Matrix) is a unique case of the previous mentioned 


form (PSHSS-Matrix). It can manage time-based connected attributes. It is more suitable than other 
extended fuzzy sets mentioned (Soft Set, Hypersoft, Plithogenic Hypersoft Set, PFWHS Set / Matrix 
PSHSS Matrix) for the subsequent valid reasons. 


1. 


10. 


Most of the variations in this universe are time-dependent like weather graphs, stock exchange, 
website ratings, etc. Therefore, it is of great help if this PCTLHS-Matrix is used to manage the 
scattered time-varying piece of information. 

It manages several attributes sub-attributes interiorly such that each attribute has many 
values varying in the flow of time called time-based attributes. 

By using PCTLHS-Matrix one can organize and classify multidimensional information into 
the shape of connected matrix layers as hypermatrices. 

The matrix expression is the most applicable expression to represent multidimensional 
information compared to the classic set expression. 

The observer can see the information down to its innermost level through level cuts, sub- 
level cuts, and sub-level cuts of PCTLHS-Matrix. 

PCTLHS-Matrix offers a broader view of multi-dimensional information by viewing the 
entire universe as a hypersoft time-leveled matrix. Therefore, the observer can see and 
analyze the whole universe externally at a single glance. 

The level cuts offers the observer to focus on one required piece of information that is 
displayed as a single matrix layer of PTLHS-Matrix. Whereas the other information can 
vary in the flow of time being displayed as other matrix layers. 

The sub-level cuts can focus on required information that is displayed as a single column 
or row of the given layer (sub-matrix) of PTLHS-Matrix. 

The sub-sub-level cuts can focus on one required information that is displayed as a single 
element of the sub-matrix of PTLHS-Matrix. 

The Sub-Level Cuts offer the representation of the previous lower dimension in the further 
lower dimension and enable us to sneak in an inside view of the expanded universe, i.e 
after explicitly focusing on a subject through an i-level cut (single level of the layered 
matrix) our next focus is on that subject's (patient's) attribute (a particular symptom) 
through the sub-level cut (row or column of one layer of the multi-layered matrix). 
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11. It also offers the unification of the information by applying the aggregation operators, in 


this way all the extended information of the universe that is represented as a matrix having 
multiple layers can be transformed into a single layer of the matrix. 


Open problems: 


Now, let us list some of the open problems that might be addressed in future research. 


In this article, we have portrayed the Plithognic Hypersoft Matrix in a Crisp Environment. 

The expression of this matrix in other environments like Fuzzy, intuitionistic, and neutrosophic, 
or any mixed or combined environment, i.e., containing several environments, would provide the 
variation of fuzziness levels of reflected events. 

One can extend this model in other environments like intuitionistic environment, Neutrosophic 
environment, or any other mixed environment according to required conditions. 

By introducing these Level Cuts, we have provided the concept of contracting the expanded 
dimension of PCTLHS-Matrix to a single point (serving as a zoom-in function. 

Moreover, some other kinds of the local operator can be provided for unification purposes 
according to the requirement of the concerned bodies. 


The operations and properties of these hypersoft matrices need to be explored. 
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Abstract. The concepts of similarity measures and entropy have practical applications in computational in- 
telligence, machine learning, image processing, neural networks, medical diagnosis, and decision analysis. An 
interval-valued neutrosophic set (IVNS) is strong model for modeling and handling uncertainties by using inde- 
pendent intervals of truthness, indeterminacy, and untruth. We introduce new similarity measures, entropy and 
inclusion relation for interval-valued neutrosophic sets (IVNSs). We introduce new inclusion relation named 
as type-f for ordering of interval neutrosophic sets. Additionally, a robust multi-attribute decision-making 
(MADM) method is developed by making use of proposed measures of similarity for IVNSs. A practical appli- 
cation for ranking of alternatives with newly developed MADM approach is illustrated by a numerical example 
for the car selection. The validity and superiority of new similarity measures with existing approaches is also 


given with the help of a comparison analysis. 


Keywords: Similarity measure; entropy;interval-valued neutrosophic set; multi-attribute decision-making. 


1. Introduction 


Zadeh advanced his significant idea of fuzzy sets in 1965 to deal with various styles of un- 
certainties. From that time, it has been used prevalently in so many areas. Theory of fuzzy set 
is a more developed version of crisp set theory. By using fuzzy numbers or linguistic numbers 
which have numerical representation of inaccurate information, new mathematical methods 
have been developed for modeling the uncertain structure of today’s problems. There is not a 
single model in fuzzy set theory, it means that many options can be reached considering the 
features of the system to be modeled by using various extensions of fuzzy sets. Since the prob- 


lems encountered in life and human thoughts are too complex to be limited, fuzzy numbers 
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have been inadequate at the decision-making stage such as problems involving vague or incom- 
plete information. In this way, a fuzzy set’s extension have been proposed by Atanassov 
as intuitionistic fuzzy sets (IFS) in 1986 that include the degrees of membership and non- 
membership. It means that an IFS A = {< a, pa(a),A4(a) >: a € X} has been established by 
two mappings 14(a), A4(a) : X — [0,1] named as membership function and non-membership 
function, respectively, with the restriction 0 < wa(a) + Ay4(a) < 1,a € X. Later on IFSs 
extended towards interval-valued intuitionistic fuzzy sets (for brief: IVFSs) by Atanassov and 
G.Gargov 2}, Turksen (15, and Gorzalczany (4). IVIFSs have been used by these authors in 
the fields of signal processing, approximate inference, and controller, etc. Smarandache 
initiated the notion of neutrosophic sets which consider indeterminate/uncertain information 
in today’s problems and incorporated not only membership and non-membership grades, but 
also indeterminacy grades assigned each component of the discourse universe with is limita- 
tion that the sum of three independent grades chosen in the interval [0,3]. Later on, Wang 
et al. defined the notion of single valued neutrosophic set (SVNS) and interval neutro- 
sophic set (INS). Besides, in the definitions of fuzzy neutrosophic soft (FNS) o-algebra, 
FNS-measure and FNS-outer measure are established considering the concepts of soft sets and 
neutrosophic sets. Additionally, illustrative examples are given in [10]. Saqlain et al. 
suggested an algorithm involving neutrosophic soft set for decision making problems. 

Ye has created neutrosophic linguistic variables as well as any new assemblage operators 
for interval-valued neutrosophic linguistic data. A new MADM application is also suggested 
by [19]. Recently, Jun proposed new similarity methods for neutrosophic sets of inter- 
val values by using and Hamming distances an developed an application of these measures 
in MADM problems. Additionally, Simsek and Kirisci (14, and Kirisci defined the neu- 
trosophic contraction mapping and established a fixed point theorem in neutrosophic metric 
spaces. Similarity measures have been successfully used in various fields, for instance; pat- 
tern recognition, image processing, medical diagnosis, decision-making, etc. Majumdar and 
Samanta suggested a membership degree-based similarity measure between SVNSs. The 
cosine similarity measure and weighted cosine similarity measure of IVFSs with risk preference 
were described by Ye [22]. 

The remainder of this paper is structured as follows: Firstly, fundamental definitions are 
given about neutrosophic set theory such as interval-valued neutrosophic set, inclusion rela- 
tions. After, type-f inclusion relation for INS is defined. In section 3, we propose the idea 
of similarity measures and entropy for interval-valued neutrosophic sets. Section 4 provides 
the numerical example to indicate how the calculation, correction and suitability of similarity 
measures were done. Finally in Section 5, a comparative study is given and some conclusions 


are outlined. 
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2. Preliminaries 


In this section, we review some basic ideas of NSs, IVNSs, and distance measures. 


Any variable of is called an interval number and is represented by u. Find the following: 


HE = {u = [ue, ur] : ue, Ur € R, ue < u,}. For u,v € E, we haveu =v © ug = vg, Ur = Uy. Define 


the fundamental functions of addition + : E x E > E, multiplication of scalars -: R x E> E 


and product -: R x E> E, respectively, as follows: 


+(u,v) =utv = [ue + Up, Up + Up], 


[aug, aur], a>0 
au = 


[aur, au], a <0, 
-(u,v) =u-v = [min R, max R], R = {ugue, ugur, Urve, Urvr }. 


Any two random elements (interval number) in £ may not always be compared using the start 
and end points. A second way of comparing the interval numbers is given below: 

Let u = [ue,u,] € &. Then B(u) = max{|a —a’| : a,a’ € u} = u, — ug is called the length of 
interval number u. By using the property of B(w), the ordering of two interval numbers u and 


v can be defined as 
u<uv& Blu) < Biv) 


A fuzzy set F is a function F’' : X — I on the universe X, where J = [0,1]. The set of a 


levels (a-cut) [F']*, and the support of the set F’ are given as follows: 
[F]° ={ae X: F(x) > a}, a € (0,1]; 
supp|F'] = {a € X : A(a) > O}. 
Definition 2.1. A NS, N over universe X can be given by 


N = {[a, (tv(@), in (@), fy(@)] ae X} 


where ty(a),in(a), fy(a) are standard or non-standard subsets of |/0,1,[ which represent 


truth-function, indeterminacy, and untruth-function of a € N, respectively. 


Definition 2.2. A single-valued neutrosophic set (SVNS) on the universe X is defined 


A= { <2z,ta(a),i4(a), fa(a) >: a€ x} 


ta(a),7a(a), fa(a) € [0,1] indicate the degree of truthness, degree of indeterminacy, and degree 


of untruth, respectively. 
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Definition 2.3. Given a set X with generic elements showed by a. A neutrosophic set 
of interval values N (IVNS JN) is described by an interval truth-membership function t wa) = 
[tse,t sr], an interval indeterminacy-membership function i¢(a) = [¢5, ir], and an interval 
untruth-membership function fy(a) = [fixe fxr] for each 2 € X and ty(a),ig(a), fy(a) C 


[0, 1]. An IVNS N can be represented as 


N = {[a, (ty (a), ig (@), fe(a))] 1a € X}. 
Additionally, complement of N will be given as 
N° = {[a, (tg (a), ig. (a), fze(a))] 2 2 € X} 
where ty. (a) = f-(@), i¢-(a) = [1 — ipr(a), 1 —ige(a)). 


Inclusion relation is a fundamental to give definitions of union and intersection operations on 
any sets. In literature, there are two suggestions of the inclusion relation of neutrosophic sets. 
First inclusion definition for neutrosophic sets is introduced by Smarandache (see [25], [26}), 
it’s referred to it as a inclusion relationship of type-1 and represented by Cy; second is the 
type-2 inclusion relation, which is demonstrated by C 2. Now, we give definitions of these 


inclusion relations as in the following, respectively: 


Definition 2.4. A single valued neutrosophic set N is included in the other single valued 
neutrosophic set M, it means that N Cj M | ty(a) < tyy(a),in(a) > im(a), f(a) > fur(a) 


for anyae X. 


Definition 2.5. SVNS, JN is included in the other SVNS, M, it means that N Co Ms 


tw(a) < tu(@),tnw(@) < im(@), fv(@) 2 fu (a) for any ae X. 


Smarandache proposes an original description relation for the interval neutrosophic set 


as follows: 


Definition 2.6. An interval neutrosophic set N is included in the other interval neutrosophic 
set M, it means that N Cy M © tge(a) < tge(a), ter(a) < tyr(a), ige(a) > igze(a), igr(a) > 


igpr (a), fre(a) = frgel@), fer (@) = fagr (a) for anya € X. 
Now, we give new definition named type-f inclusion relation: 


Definition 2.7. Let u = ([uig, wir], [u2e, Uar|, [u3e, uar]) and v = ([v1g, vir], [v2e, Var], [v32, V3r]) 
be the interval neutrosophic values. We can say u <f v if and only if any conditions is satisfied 
given as in the following: 

(1) Bt(u) < BY(v) and Bf(u) > BY(v) 

(2) B'(u) = B'(v) and B/(u) > B/(v) 

(3) B'(u) = B‘(v) and Bf(u) = B/(v) and B*(u) > B*(v). 
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By this way, the inclusion relation Nc f M between interval neutrosophic sets N and M is 
satisfied if and only if one of the following three conditions exist: 

(1) BY(N) < Bt(M) and Bf(N) > Bf(M) 

(2) Bt(N) = BY(M) and Bf(N) > BS(M) 

(3) Bt(N) = Bt(M) and Bf(N) = Bf(M) and Bi(N) > BY(M). 


3. Similarity and Entropy of Interval Neutrosophic Sets 


In this section, firstly, we give definition of similarity measure between interval neutrosophic 
values by means of (20). 


Definition 3.1. (See [20}) Letting S : 9 x D — [0,1] is similarity between interval neutro- 
sophic values u and v if S has the following properties; 
(1) 0< S(u,v) <1; 
2) Sava 1 Se =; 
(3) S(u,v) = S(v, u) 
(4) Ifu<u<z, then S(u,z) < S(u,v), S(u,z) < S(v,z) for all u,v,z €D 


= {u [US (ure, Wir] [uoe, U2], [uze, uzr|) } : 
Now, we introduce new similarity by considering Cy as given below. 


Definition 3.2. Let u = ({wre, tay; [u2e, Uar], [uze, U3r]) and v = ([vie, Vir], [v2¢, var], [uze, U3r]). 
Then the similarity measure of wu and v is defined by 


max {|U2r — V2r|,|w2e — veel} 


S(u,v)=1 5 (1) 
in the case [u1e, Wir] = [vie, Vir] and [ugz, usr] = [v3e, v3] and 
1 
S(u,v) = 4 {max {|uir — Vir|, |Uie — Viel} + max {|uir — Vir|,|Ure— Vielt} (2) 
otherwise. 


Theorem 3.3. The values S(u,v) defined by and are similarity measure between u 


and v. 


Proof. Let u = ([use, vir], [u2e, var], (use, Uar]),v = ([vre, vir], (vee, er], [vse, var]) € D. If we 
choose [u1g, Uir] = [vie, Vir] and [u3e, u3r] = [v3e, v3r]; then 0.5 < S(u,v) < 1. In otherwise, 
0< S(u,v) < 0.5. 
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(a) [ure, wir] < [vie, vir], [use, usr] > [vse, usr] and [vie, vir] < [212,217], [v3e, Var] = 
23, 23r]. From here, [uie, ¥ir] < [vie, Vir] < [212,217], (Use, sr] = [v3e,¥3r] = 
23 <3r]- 

(b) [uwie, vir] < [vre, vir], (use, usr] = [v3e,03r] and [vze, vir] = [z12, 21r], [v3e, ¥3r] > 
230, 23r]. From here, [w1g, uir] < [vie, Vir] = [212, Z1r], (use, usr] > [vse,v3r] > 
230, 23r|- 

(c) [ure, Uar] < [vre, vir], (use, usr] = [v3e,03r] and [vre, vir] = [212, 21r], [v3e, V3] = 
230, 23r],[V2e,V2r] = [22¢,22r]. From here, [uie,uir] < [vie,vir] = 
210; 21r], use, Usr] = [v3e, v3r] = (232, Zar], [v2e, Var] = [Z2¢, Zar]. 

(d) [uie, vir] = [vre, vir], (use, usr] > [v3e,v3r] and [vze, vir] < [z12, 21r], [v3e, ¥3r] = 
230, 23r]. From here, [uie, tir] = [vie, vir] < [212, Z1r]; [use, usr] > [vse,v3r] = 
230, 23r]. 

(e) [ure, Uir] = [vie, vir], (use, usr] > [v3e,03r] and [vre, vir] = [Z18, 21r], [v3e, ¥3r] > 
230, 23r|. From here, [wig, uir] = [vie, Vir] = [212, Z1r], (use, usr] > [vse,v3r] > 
23, <3r]- 

(f) [ure, vir] = [vie, Vir], (use, usr] > [v3e,v3r] and [vie, vir] = [212, Z1r], (vse, var] = 
230, 23r|,(V2e,Var] = (228, Zar]. From here, [uie,u¥ir] = [vie vir] = 
210, Z1r], [U3e, Usr] > [vse, Ur] = [23¢, 23r], [vee, Var] = (222, Zar]. 

(g) [use, wir] = [vie, vir], (use, usr] = [vse, usr], [u2e, Uar] > [vee, ver] and [vie, vir] < 
210, Z1r], [U3e,U3r] > [z3¢, Z3r]- From here, [uie,uir] = [vie,vir] < 
210, Z1r]; (U3, Usr] = [v3e, v3r] = [23¢, Z3r], (wae, Yar] = [v2e, ver]. 

(h) [wie, vir] = [vie, Vir], (use, usr] = [v3e, V3], [v2e, ar] = [v2e, ver] and [vze, vir] = 
210, Z1r], [U3e,U3r] > [z3¢, Z3r]- From here, [ue,uir] = [vie,vir] = 
216; 21r], use, Usr] = [v3e, v3r] > (232, Z3r]- 

(i) [uie, vir] = [vre, vir], [Use, Usr] = [vse, vsr], [U2e, Yar] > [vee, ver] and [v1e, vir] = 
210, Z1r], [U3e,U3r] = [23¢, 23r], [v2e, var] = [z2e,22r]. From here, [u1e, wir] = 
V16, Vir] = [218 Z1r], [u3se,U3r] = [v3e,03r] = [232, Zar], [u2e, Yar] = [v2e, ver] = 
220, Z2r|. 


Finally, in all cases it is deduced that S(u, z) < S(u,v), S(u,z) < S(v, z). 


Consequently, it is d 


educed that S(u,v) is similarity on u and v. 


Fuzziness is significant topic in neutrosophic sets and there exist soo many ways to measure 


this fuzziness. Here, firstly we give definition of entropy for interval neutrosophic value then 


construct original entropy for neutrosophic value u. 


Definition 3.4. If E has the following properties, E : D — [0,1] is an entropy of interval 


neutrosophic value: 
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(1) E(u) =0 > [u1g, vir] = [0,0] or [1,1] and [u3e, u3r] = [0,0] or [1, 1]; 

(2) E(u) =1< [urg, urr] = (uae, ver] = (use, usr] = [0.5, 0.5]; 

(3) E(u) = E(u*); 

(4) Let u,v € D then v® = ([v3¢, v3r], [1 — ver, 1 — vee), (vie, vir]) and E(u) < E(v) if 


u<y v when v <; v° or vu <s u when v° <; v. 


Definition 3.5. Let u = ([uig, vir], uae, var], [u3e, U3r]). Then the entropy for u is defined by 
1— ae [ure, vir] = [use, usr] = [5, 5] 


Eu) = ; 
5 — 3 {max{|ure — use|, |uir — ugrl}}, otherwise. 


(3) 


Theorem 3.6. E(u) introduced as (3) isn entropy for u. 
Proof. If [uie, vir] = [use, usr] = [5, 5], then it is easy to see that 5 < E(u) < 1. In other case, 
0< E(u) <3 

(1) E(u) =0 5 — 5 {max{|ure — use|, wir — usr|}} = 0 


& 1 = max{|uie — uze|, |urr — usrl} 


> [wie, Ur] = (0, 0] or (1, I}, [u3e, U3r| = [L, 1] or |0, 
(2) E(u) =1 [ue, vir] = [uae, var] = [uge, usr] = [5, 
(3) E(u) = E(u’) = is clearly satisfied. 
(4) Let u,v € D and v® = ([ug¢, v3r], [1 — var, 1 — vag), [vie, vir]). If u <- v when v <+¢ v° 
or vu <f u when v° <y v then E(u) < E(v). 


0 
1 
2 


paca 


This completes the proof. 


3.1. Definition of Similarity and Entropy of INSs 


In (21), similarity and entropy measure definitions of interval neutrosophic values expanded 


to interval neutrosophic sets. Now, we introduce this definition as follows, respectively. 


Definition 3.7. (See (21}) Let M,N be two interval neutrosophic sets. Then, S is called 
similarity measure between M and N, if the following properties are satisfied: 
(1) 0< S(M,N) <1 
(2) S(ULN) H=1S =: 
(3) S(M,N) = S(N, M) 
(4) If MC NCP, then S(M, P) < S(M,N), S(M,P) < S(B, P) for all M, N, P € INSs. 


Definition 3.8. (See (21}) Let M be an interval neutrosophic set, then we give the definition 
FE as interval neutrosophic sets’ entropy if E contains the following assertions: 

(1) E(M) =0 6 B*(M) = [0,0] or [1,1], B/(M) = [0,0] or [1, 1]; 

(2) E(M) =1 B*(M) = BY(M) = BS(M) = [0.5, 0.5); 
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(3) E(M) = E(M*); 
(4) Let M,N are two INSs, E(M) < E(N) if M Cr N when N Cy N°, or N Cy M when 
NOC; N. 


In addition to above definitions, gain the literature similarity and entropy concepts 
of two neutrosophic sets. It means that similarity measure of interval neutrosophic values is 


carried on the interval neutrosophic sets as showed in the following definition. 


Definition 3.9. 
1 n 
S(M,N) = — 5° s(M(ai), N(«:)) 


n 4 
$=1 


where X = {21,22,...,%n} is a NS and s: D x D = (0, 1] is similarity of INS for M,N C X. 
And 


n 


E(M) = — S e(M(xi)),e: D > [0, 1]. 
1=1 


4. Multi-attribute Decision-making 


Ye employs a multi-attribute decision-making process for single valued neutrosophic 
sets. First we discuss the Hamming distance, Euclidean distance, and measure of similarities 
for INSs developed by Ye [20]. 


(1) The Hamming Distance: 
d,(A, B) = $ DE, (\tae(ui)—tee(us)|+|tar(ui)—ter(ua)|+|¢ae(us)—ipe(us)|+liar(ui)— 
tpr(ua)| + |fae(us) — fee(ua)| + |far(ui) — fer(us)|)- 

(2) The Euclidean Distance: 
do(A, B) = 2 7, (tae(us) — tee(us))* + (tar (ui) — tar(ua))? + (tae(ui) — tpe(us))? + 
(iar (ui) — tpr(wi))? + (fae(ui) — fee(ui))? + (far(ua) — fer(ui))?- 

(3) Similarity Measure: 
51(A, B) = 1— § Ey (ltae(ta) — te(us)| + [tar(us) — tar(ua)| + liae(us) — ipe(us)| + 
ltar(ui) — tpr(us)| + |fae(us) — fee(ui)| + |far(us) — fer(ua))). 

(4) Similarity Measure: 
S2(A, B) = 1 = §Ei (talus) —tee(us))? + (tar(us) —ter(u))? + 
(iac(ui) — ipe(us))°+(iar(us) — ipr(ui))?+(fae(us) — fee(us))?+(far(us) — fer (ui))?. 


Next we give a numerical example for MADM and a comparison analysis of Ye’s methods, 


Wang’s method with our proposed MADM method. 
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4.1. Numerical Example 


Let {M,, M2, M3, M4} be the set of cars (alternatives), and {P,, P2, P3} be the set criterion 
for the selection of a suitable car, where P; is fuel compatibility and performance, Mg is resale 
value and affordability, M3 is safety and ride. 


Let us consider the following interval neutrosophic set 
M = (((0.7, 0.8], [0.1, 0.2], [0.1, 0.3]) , ([0.8, 0.9], [0, 0.1], [0.2, 0.4]), ({0.6, 0.8], [0.1, 0.2], [0.3, 0.6])) 


as a model option for the selection of a best car under given criterion. 


The alternatives are evaluated under the given criterion and the interval neutrosophic decision 
matrix is computed and it is given in Table 1, where the columns represent the criteria and 
the rows represent the alternatives. 

First we calculate similarity measure values by using proposed similarity measures under in- 


terval neutrosophic set as given below: 
S.(M,, M) = 0.408, S.(M2, M) = 0.425, S$.(My, M) = 0.366, S.(Ms, M) = 0.4. 


Hence, 
S(Mo, M) > S(M, M) > S(Mi, M) > S(Ms3, M) 
That is, 
Mo> M, > My, > M3 


Here Mo is the best choice for selecting a car. 


Now we consider the similarity measure values by means of as given below. 
( {re ten 2) Ean n))] mn ia, (es) aan Cia) mn fears) rnin fen 2))}) 
Secondly, we use Ye’s method and obtain the following results: 
Si(Mi, M) = 0.55, S1(Mo, M) = 0.7, S1(M3, M) = 0.4, S1(Ma, M) = 0.6 
So(Mi, M) = 0.881, S2(M2, M) = 0.92, So(M3, M) = 0.823, So(M4, M) = 0.886. 
Hence, it is deduced that 
S2(M2,M) > S2(Ma,M) > S2(M1,M) > So(M3, M) 


That is, 
My > Ma > M, > M3 


Thus and so, Mo is the most suitable alternative. 
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Lastly, we calculate similarity measure by taking into account Yang et al. method and 


determine the best option also as below: 
S(M,, M) = 0.420, S(M2, M) = 0.445, S(My, M) = 0.375, S(My, M) = 0.416. 
We have following results, 
S(Mo2,M) > S(M1, M) > S(Ma, M) > S(Mz, M) 


That is, 
Mo> MM, > M4 > M3 


Finally, M2 is the best option for car selection. As shown in Table 2, the suggested MADM 
method is compared to established MADM methods. It can be noted in the comparison Table 
2, the selected alternative given by any one proposed method acknowledges the authenticity 


and the efficacy of the existing methodology. 


5. Conclusion 


The concept of interval neutrosophic set (INS) is a strong model for MADM. We intro- 
duced new similarity measures, entropy, and inclusion relation named as type-f for interval 
neutrosophic sets (INSs). Then we developed robust MADM method for car selection by us- 
ing proposed similarity measures for INSs. Meanwhile, a practical application for ranking of 
alternatives with newly developed MADM approach is illustrated by a numerical example. We 
computed similarity measures by our proposed method and compared the results with existing 
methods of Ye and Yang et al. (21). The validity and superiority of new similarity measures 
with existing approaches is also given with the help of a comparison analysis. Finally, it is 
deduced that proposed similarity measure and inclusion relations are more efficient, impressive 


and suitable. 
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Zarife Zararsiz, Construction of New Similarity Measures and Entropy for Interval- Valued 
Neutrosophic Sets with Applications 


Neutrosophic Sets and Systems, Vol. 51, 2022 482 


Appendix 


TABLE 1. The interval neutrosophic decision matrix 


Ci C2 C3 
M, ({0.3,0.5],[0.2,0.4],[0.3,0.5]) ([0.4,0.6],[0.1,0.2],[0.2,0.5]) ([0.6,0.8],[0.2,0.4],[0.3,0.6]) 
M2 ((0.7,0.8],[0.1,0.2],[0.2,0.3]) ([0.8,0.9],[0,0.1],[0.3,0.4]) ([0.4,0.5],[0.3,0.5],[0.7,0.8]) 
M3 ((0.4,0.5],[0.1,0.3],[0.4,0.5]) ([0.5,0.6],[0.3,0.4],/0.2,0.4]) ([0.3,0.5],[0.1,0.2],[0.7,0.9]) 
M,  ((0.7,0.8],[0.2,0.4],[0.1,0.3]) ([0.4,0.5],[0,0.2],[0.4,0.5]) ([0.5,0.6],[0.1,0.2],[0.7,0.8]) 
TABLE 2. Comparison analysis of final ranking with existing methods. 
Method Ranking of alternatives | The optimal alternative 
Proposed method | Mg > My > M4, > Ms Mo 
Ye’s method Mo > Mg> M, > M3 Mo 
Wang’s method | Mo > My > M4, > Mz Mp 
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Abstract. In this paper, we introduce and define a new version of a neutrosophic vector space. Indeed, this 
approach is a generalization of the notion of fuzzy vector space. Also, we study the neutrosophic subspace and 
linear independence. Furthermore, this study builds the basis and dimension of a neutrosophic vector space. 


Finally, we investigate the properties of the introduced notations. 


Keywords: Neutrosophic vector space, basis, dimension. 


1. Introduction 


After Zadeh introduced fuzzy sets, this fundamental concept has been generalized for a 
variety of purposes. Atanassov first proposed the concept of intuitionistic fuzzy sets (IFSs) 
in 1986. The notion of a neutrosophic set (NS) was introduced by Smarandache (1.41/15). Asa 
generalization of the fuzzy and intuitionistic sets, the theory of neutrosophic sets is expected 
to play an important role in modern mathematics in general. Since 2005, the concept of the 
neutrosophic set has gotten a lot of attention (7}[9}[22}{13}, and it has a lot of applications 
etal} 

Additionally, a number of works have been published by researchers to extend the classi- 
cal and fuzzy mathematical notions to the context of neutrosophic fuzzy mathematics. The 
difficulty in such generalizations lies in how to choose the most rational generalization among 
many available approaches. The concept of a neutrosophic vector space was introduced in [3}. 
In this study, we provide a new definition of the neutrosophic vector space, which represents 
the rational generalization of the fuzzy vector space. Also, we study the purely algebraic 
properties of neutrosophic vector spaces. Furthermore, we establish the idea of a neutrosophic 


basis and show that it exists in a large class of neutrosophic vector spaces. 
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The work is conceived as follows. In Section 2, some basic concepts in our study are recorded. 
Section 3 is devoted to introducing the new definition for a neutrosophic vector space as an 
extension of fuzzy vector space. Also, we introduced and studied some of the concepts. The 
conclusion remarks are reached in section 4. 

In order to clarify the picture, we present here the following standard notation. V will 


denote a vector space over any field K. 


2. Basic concepts 


In this section, we will go over certain definitions and outcomes that will be used in the 


next section. 


Definition 2.1. Let V be a vector space over K. A fuzzy vector space is the pair V = (V, 1) 
with the property that Va,b € R and u,v € V, we have 


(au + bv) > wu) A u(r), 
where 4: V — [0,1]. 
Definition 2.2. Let N be the universe set. A neutrosophic set NV on N (NS NV) is defined 
as: 
N = {< a,p(a),7(a),¢(a) > |a € N}. 
where p,y,¢: N — [0,1]. 


Definition 2.3. A set A is said to be upper well ordered if for all non-empty subsets 
BcCcA,supBeB 


Definition 2.4. A subset A C [0,1] is said to have an increasing monotonic limit x € [0, 1] 


if and only if x is a limit of a monotonically increasing sequence in A. 


Proposition 2.5. A set A C [0,1] is without any increasing monotonic limits iff it is 


upper well ordered. 
Proposition 2.6. All upper well ordered subsets of [0,1] are countable. 


3. Main result 


In this section, we present a new definition of a neutrosophic vector space and give examples. 
Also, we derive some properties concerning this definition. In addition, we define neutrosophic 
linear independence and investigate certain properties. Lastly, the neutrosophic basis and 


dimension are defined and studied. 


Definition 3.1. Neutrosohic vector space is a quaternary V = (V, 1,7, ¢) where V is a vector 


space over arbitrary field K with 
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wi V— (0,1), 
y:V— (0, 1], 
¢:V— (0,1), 
with the following properties 
u(au + bv) = plu) A p(w), 
y(au + bu) < y(u) V y(v), 
C(au + bv) < C(u) V C(v), 


where u,v € V anda,be K. 


Example 3.2. Let R? be a vector space over a field R, then V = (R?, 1, 7, ¢) is a neutrosophic 


vector space over a field R, where 


1 ifs=t=0 
u(s,t)=4 5 ifs =0,te€R-— {0} 

i ifs Ee R,t=0 

5 ifs=t=0 
y(s,t)=4 5 ifs=0,teR—{0} 

3 ifseR,t=0 

? ifs=t=0 
C(s,t)=4 5 ifs=0,te€R-— {0} 

2 ifs eR,t=0 


Proposition 3.3. If V = (V, 1,7, ¢) is a neutrosophic vector space over a field K, then 
(t) w(au) = p(w), Va € K — {0}. 
(i) y(au) = y(u), Va € K — {0}. 
(iit) C(au) = C(u), Va € K — {0}. 
iv) Ifu,v € V and p(u) > pw(v), then u(u+v) = p(v). 
) 
) 


o> 


(v) Ifu,v EV and y(u) < y(v), then y(ut+v) = ¥(v). 
(vi) Ifu,v €V and ¢(u) < ¢(v), then C(u+v) = ¢(v). 


Proof. We prove only (v) since the remainder are well-known. 
Since y(u) < y(v) we have y(v) < y(u+v). Also, y[(ut+v) —v] = 7(u) < y(utv) V 7(v). 
Since y(u) < y(v) we have y(u + v) < y(u). Consequently y(u + v) = y(v). 


Proposition 3.4. Let V = (V, 1, ,¢) be a neutrosophic vector space over K with u(u) 4 u(v), 
vy(u) #y(u) and C(u) # C(w), then 


wut v) = plu) A pv), 


y(utv) = y(u) V y(v), 
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C(u+v) = C(u) V C(v), 


where u,v € V. 


Proof. It is clear from Proposition [3.3] 


Proposition 3.5. Let V = (V,u,7,¢) be a neutrosophic vector space over a field K, then 


(i) 4(0) = supyey H(u) = sup[u(V)]. 
Gy) ey SN), 
(iit) C(O) = infuev ¢(u) = inf[¢(V)]. 
Proof. We prove only (ii) since (i) and (iii) are well-known. 


Let u € V, then 7(0) = y(Ou) < y(w). 


Definition 3.6. Let W be a subspace of a vector space V. Then (W, uw, yw, Gw) is called 
neutrosophic subspace of a neutrosophic vector (V, 4,7, ¢) if the following conditions are sat- 
isfied: 


Definition 3.7. Let Vi = (V, 411,71, ¢1) and V2 = (V, 2, y2, C2) be two neutrosophic vector 
spaces over K, then 
(i) The intersection of V; and V2 define as follows: ViN V2 = (V, pA pa, 91 V 2, G1 V C2) 
(ii) The sum of V; and V2 define as follows: Vi + V2 = (V, 1 + Ma, 91 +: 92,41 + ©), 
where (41 + H2)(a) = sup{pi(a) A p2(a—v)f, (1 +72)(@) = inf{n1(@) V y2(a—v)}, 
(1 + G2)(a) = inf{G(a) V @(a—v)} anda=u+t+v. 


Proposition 3.8. Let W; = (V, Li, yi, G:) be a set of family neutrosophic subspaces over a field 


K with i€ I =1,2,...,n, then NicrW; is a neutrosophic vector space over a field K. 


Proposition 3.9. Let W; = (V, 1:,7i,G:) be a set of family neutrosophic subspaces over a field 
Ke with 6 F = 1,25 x50, then W; is a neutrosophic vector space over a field K. 


Proof. We use contradiction to prove this result. Firstly, assume that 


(41 + pa +... +Un)(@ + y) < (ui t+ po +... + bn)(x) A (Ma + a +... + Mn) (y). 
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Thus, there exists uy +ug+...+Un41 and vy +vo+...+Un+41 such that for all 2) +22 +...4+ 2n41 


we have 
t1(21) A Me(Z2) A. A Un(@ + y — 21 — 29 — ee — Zn) < [a (ur) A pe(u2) A... A Un (@ — U1 — U2 Un)| 
A [pwi(v1) A po(v2) A... A in(y — v1 — v2 Un)| > («) 
but 
[1 (ur) Ap2(u2)A..-A pn (@—Uy — U2 —... — Un) |A [fa (01) Apa (v2) A... Abin (y—01 — 2... —Un)] = 
[i (ur) A 1(01) A pe (ug) A p2(v2) A... A Un (£2 — Uy — U2 — .. — Un) |] Abin (y — 01 — V2 — = Un) < 
fi(ur A v1) A pa(u2 A v2) A. A bn(@ + y — U1 — U1 — U2 — V2... — Un — Un). 
Therefore, there exists z; = u; + v; for which (x) is false, this we have a contradiction and 
therefore (141 + pa +... + Un)(@ ty) = (Ha + M2 +. + Bn)(@) A (ua + Ha +... + Hn) (y)- 
Secondly, suppose that 
(1 +792 4+. + m)(e+y) > (+92 ++ + In)(Z) V (91 + 92 + + In) (Y)- 
Thus, there exists uj +u2+...+Un41 and vy +v9+...+Upn41 such that for all zy + 2o+...+ 2n41 
we have 
yi(ei) V Y2(22) Vo. V Inlet y — a — 22 —-. — Zp) > (y(t) V ye(ua) V » V Yn (@ — 4 — Ue Un)| 
V [yi(v1) V Y2(v2) Ve V In(y — U1 — v2 Un)| > (**) 
but 
[V1 (ur) V¥2(u2) V..- Vn (@— Uy — U2 —... — Un) ] V [1 (01) V-¥a(V2) VV In (Y—V1 — v2 — --- — Un) | = 
91 (u1) V¥1(v1) V y2(u2) V ya(v2) V... V Yn (@ — U1 — U2 — ... — Un)] V _Yn(y — V1 — V2 — ... — Un) > 


yi(ur V U1) V y1(u2 V v2) Ve V In (@ + Yy — U1 — U1 — U2 — U2... — Un — Un). 
Therefore, there exists z; = u; + v; for which (x) is false, this we have a contradiction and 
therefore (V1 +72+...+%m)(U@ty) < (M+ y+. + In)(Z)V (M1 + 72+. + In) (y). Similarly, 
we find (yi +72 +... +n) +y) S a+ Fn) (@) V (i at +n) (y), 


Now, we proceed to characterize the neutrosophic linear independence. 


3.1. Neutrosophic linear independence 


Definition 3.10. Let V = (V,,7,¢) be a neutrosophic vector space over a field K. We say 
that a finite set of vectors {u;}'_, is a neutrosophic linear independence in V iff {u;}"_, is 


linear independence in V and V a CK, 
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A set of vectors is neutrosophic linearly independent in V if all finite subsets of it are 


neutrosophic linearly independent in V. 


Example 3.11. Let V be a neutrosophic vector space which define in Example The set 
of vectors {x = (2,0), y = (—2,1)} is linearly independent. Also, it easy to checked 


u(x) = uly) and p(x + y) > p(x), 


y(x) = y(y) and y(z +y) < 7(2), 


C(x) = C(y) and ¢(x + y) < C(2). 


This set is not neutrosophic linearly independent in V. 


Proposition 3.12. If V = (V, ,7,¢) is a neutrosophic vector space over a field K, then any 
set of vectors {x;}"_, C V — {0} which has distinct 1, y,¢-values is linearly and neutrosophic 


linearly independent. 


Proof. We use mathematical induction to prove this proposition. By [3}, p-values are linearly 
and neutrosophic linearly independent. We now show that y-values are both linearly and 
neutrosophic linearly independent. In the case n = 1 we find the statement is true. Also, 
suppose that the statement is true for n. Assume that {2;}"4) is a set of vectors in V\{0} 
with distinct 7-values. According to the inductive hypothesis we have {x;};__, is neutrosophic 
linearly independent. Suppose that {ayer is not linearly independent and thus p41 = 


Dies 42; where SC {1,...,n},S AO and for all i € S,a; # 0. Then 
¥ (@n41) = \V y (aizs) = \V 7 (as) 


and hence ¥ (an41) € {7 (ai) }"_, . This contradicts the fact that {x;}"1] has distinct y-values. 
Therefore {ayer is linearly independent. Finally Propositions|3.3] (ii), [3.4] ana|3.5] (ii) clearly 


show that {ant} is neutrosophic linearly independent. 


We conclude this section by providing definitions of the neutrosophic base and dimension 


and looking at some properties. 


3.2. Neutrosophic basis and dimension 


Definition 3.13. The linearly independent basis for V is the neutrosophic basis of a neutro- 


sophic vector space V = (V, 1, y,¢) over a field K. 


The following theorem illustrates how a neutrosophic basis may be used to create a large 


class of neutrosophic vector spaces. 
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Theorem 3.14. Let V be a vector space with basis B = {ux}yer, constants Lo, yo, Co € (0, 1] 


and any sets of constants {uy tres, {Yxtrer, {Gx frer C (0, 1] such that po > px, yo = Ix. G0 = 


Gy V NET. Define 


N 
Hu) = J\ wos.) = [\ ox, and 1(0) > no; 


w=1 


N 
y(u) = V y(or;) = \V a; and 7(0) > 0; 


i=1 


N N 
C(u) = VF C0ow,) = VV Gx, and 6(0) > Go, 


i=1 


whereu€ V with u = pe CiUy, and 1,7,¢ is well-defined. We assert that V = (V, 1,7, ©) 


neutrosophic vector space with basis B. 
Proof. Let u,w € V — {0}, then we can 


U 


W 


write u, w in a unique formula 


i? ) CiUN, > 


i€eCUDu 


= s divx, 


t€CUDw 


where CN Dy = ¢, CN Dy = ¢ and cq, dj € R— {0}. Suppose that a, b € R— {0} and 
au+bw #0. Let Z = {i € C: ac; + bd; = 0} and N = C— {Z}. Now, the proof boils down 


to showing that 


(au + bw) > wu) A w(w), 


Yau + bw) < 7(u) V yw), 


C(au 4 


we prove only and since 


y(au + bw) = OC + bdj)uj + ye acv; + S> bdv;) 


iEC 
N 


= WS o (ac + bd;)v; + > ACV; + > bdr) 


a 


see (3). Now, 


i€Du i€ Dw 


i€Du i€ Dw 


(3.21) 


(3.22) 


(3.23) 
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All of the coefficients according to the above linear combination are non-zero, and thus by 


definition of 7 we have 


y(au + bw) = (V vton)) v ( Vv v(m) v ( VV i) 


ieN i€Du i€Dy 
ieN i€Du i€Dw 
= YRi 
i€NUDUDw 
= VV Wi = ( VV ms Vv ( VV ms 
i€CUDuUDwy i€OUDu i€CUDw 


Therefore if a,b 4 0 and au+bw 4 0 then y(au+bw) < y(u)Vy(w). In case you do au+bw = 0, 
since 7(0) = wo < inf y(B) we must have y(au + bw) = 7(0) < y(u) V y(w). 
Without giving up generality, in the case where a or b is zero we may say a = 0, then 


(Ou + bw) = y(bw) < y(u) V y(bw) < y(u) V 7(w). 


Lemma 3.15. Let V = (V,y,7,¢) be a neutrosophic vector space over a field K with 


WV), y(V),¢(V) are upper well ordered and let U be a proper subspace of V, then du € 
V/Usuch that 


uu + v) = plu) A piv) 
y(u+v) = y(u) V y(v) 
C(utv) = C(u) V C(v) 


where v € V. 


Proof. We only prove y(u+v) = y(u) V y(v). Since y(V) is upper well ordered we can find 
u€V/U such that y(u) = inf[y(V/U)]. Now, if y(u) 4 7(v) then y(u) V y(v) = y(ut+ v) by 
Proposition [3.4] If y(u) = y(v) then y(u+v) < y(u) V 7(v). Also, since u+v € V/U and 
y(u) = infly(V/U)] we have y(u+ v) > y(u) V y(v) and thus y(u) V y(v) = y(ut+ v). 


Lemma 3.16. Let V = (V,p1,7,¢) be a neutrosophic vector space over a field K with 
WV), y(V),¢(V) are upper well ordered and let U be a proper subspace of V. Assume that 
B is a neutrosophic basis for U, then there exists w € V\U such that B* = BU {w} is a 
neutrosophic basis for W = (W = (B*), uw, yw, dw), where (B*) is the vector space spanned 
by B*. 
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Proof. Suppose that w € V\U such that p(w) = sup[u(V\U)], y(w) = inf[y(V\U)I, 
and ¢(w) = inf[¢(V\U)], then by Lemma |3.15| we have w is neutrosophic linearly inde- 
pendent from B. Assume that B* = BU {w}. Obvious B* is a neutrosophic basis for 


Theorem 3.17. Let V = (V,u,7,¢) be a neutrosophic vector space over K which 
u(V),y(V),¢(V) are upper well ordered, then V has a neutrosophic basis. 


Proof. Suppose that V = (V,p,7,¢) is a neutrosophic vector space over K_ which 
w(V),y(V),¢(V) are upper well ordered. Let 0) = {B C V | B is neutrosophic linearly 
independent }. We find ? is partial order by set inclusion. Assume that y is a totally or- 
dered subset of # and let A = U Bex B- Obviously, A is an upper bound for C. Assume 
@1,-.+;@m, € A. Then there exist By1),---,; Bain) € x such that a; € By. Since x is totally 
ordered, one of the sets, say By x), is a super set of the others. Hence aj,...,dn € Baz). Since 
Bx) is neutrosophic linearly independent a1,...,@, are neutrosophic linearly independent. 
Thus A is upper bound of y in J. By Zorn’s Lemma, there exists a maximal element B* 
in J. Suppose that (B*) = U is a proper subspace of V then by Lemma 3.15} there exists 
w € V\U such that B* U {w} = B® is a neutrosophic basis for W = (W, uw,yw,¢w). This 


contradicts the fact that B* is a maximal element in J. Thus we must have (B*) = V and B* 


is a neutrosophic basis for V. 


Corollary 3.18. Let V = (V,,7,¢) be a neutrosophic vector space over a field K with V 


finite dimensional, then V has a neutrosophic basis. 


Proof. Suppose that u(V), y(V) and ¢(V) are finite and therefore upper well ordered since V 
is finite dimensional. Thus, V has a neutrosophic basis, according to Theorem 


In what follows, we define the dimension of neutrosophic vector spaces. 


Definition 3.19. Let V = (V,,y,¢) be a neutrosophic vector space over a field K, then we 
define the dimension of a neutrosophic space to be 


dim(V) =(dimV, sup, (Dov), inf (Sav), int (D0 G(e))). 


xz a base for V “eG ’ @ a base for Vv ’ @ a base for Vv 


There is no doubt that the dimension is a function from the class of all neutrosophic vector 


spaces to [0,00[. Only when dim(V) = e < co does a neutrosophic vector space have a finite 


dimension. 
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Example 3.20. Let R? be a vector space over a field R. It is easily checked that V = 


(R?, 11,7, ¢) is a neutrosophic vector space over a field R, where 


1 ifs=t=0 
pu(s,t) = 5 ifs =t, se R- {0} 

: otherwise 

+ ifs=t=0 
¥(s,t) = 7 ifs=t, se R— {0} 

$ other wise 

- ifs=t=0 
C(s,t)=4 4 ifs=t, seR-— {0} 

5 otherwise 


It is also easy to check that dim(R?, 1, y,¢) = (2, 4, 3, 2). 


4. Conclusions 


Recently, it is important and applicable to study neutrosophic sets in the mathematical 
branch. In this paper, the author has made redefined the concept of neutrosophic vector space 
as an extension of the definition of fuzzy vector space. Furthermore, this definition was studied 
in order to define and study linear independence, basis, and dimension. The dimension of a 
class of neutrosophic vector space will be taken up by the author for future research. As 
a fuzzy vector space, we couldnt find an example of a neutrosophic vector space without a 
neutrosophic basis or prove that all neutrosophic vector spaces have one. It is, in my opinion, 
a difficult problem, and this is an open problem for the next research. However, there is a 
simple condition that a neutrosophic vector space must satisfy in order to have a neutrosophic 
basis. 
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Abstract. The idea of an interval complex neutrosophic soft set (I-CNSS) emerges from the interval neutro- 
sophic soft set (I-NSS) by the extension of its three membership functions (T, I, F) from real space to complex 
space (unit disc) to better handle uncertainties, vagueness, indeterminacy, and imprecision of information in the 
periodic nature. The novelty of I-CNSS lies in its more significant range of activity compared to CNS. Measures 
of similarity and distance are important tools that can be used to solve many problems in real life. Hence, this 
paper presents some interval complex neutrosophic soft similarities based on Hamming and Euclidean distances 
of I-CNSSs to deal with real-life problems that include uncertain information such as decision-making issues 
and medical diagnosis stats. Firstly, this paper reviews the definition of an interval complex neutrosophic soft 
set. Secondly, we defined distance Hamming measures and distance Euclidean measures on I-CNSSs . Next, the 
axiomatic definition of similarity measures based on Hamming and Euclidean distances of I-CNSSs is proposed. 
Moreover, a numerical example is given and relations between these measures are introduced and verified. 
Meanwhile, some applications are given to show how similarity can be used to help the user in making decisions 


and making medical diagnoses. Finally, a comparison of some current approaches is used to back up this study. 


Keywords: similarity measure; decision making; interval complex neutrosophic soft set;distance measure. 


1. Introduction 


The idea of a complex fuzzy set (CFS) was established by Ramot as a generalization of 
traditional fuzzy set theory from real numbers to complex plane (unit disc) to represent 


the uncertain information that exists in two dimensions. The enormous success of this idea 
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has brought about the building up of many extensions of CFSs, such as complex intuitionistic 
fuzzy sets (CIFSs) [3]. complex multi-fuzzy sets (CMFSs) [4], complex vague sets (CVSs) (5), 
complex hesitant fuzzy sets (CHFSs) iG) and interval-valued complex intuitionistic fuzzy sets 
(I-VCIFSs) which have been introduced and examined in several fields in our life, such 
as decision-making, image restoration and medical diagnosis. Ali and Smarandache |8) intro- 
duced a new model knowing a complex neutrosophic set where the three membership functions 
T,LF instead of being real-valued functions with a range of [0,1] is replaced by a complex- 
valued functions of the form T = t4(x).e/#4@),T = i,(x).e/°4@ and F = fa(x).e?84@) with 
(j = V1) and pa(x), 8a(x),Na(x) are periodic functions.To make the CNS more flexible 
and adaptable to cover vague periodic information in real-life problems, Ali and Smarandache 
again generalize the CNS idea to interval complex neutrosophic sets (I-CNSs) (91, which are 
characterized by the degrees of three complex membership functions that are characterized by 
interval values. Researchers utilized CNS and ICNS in different application areas and intro- 
duce new contributions, such as Broumi et al. presented some of the potential properties 
and theorems with a multi-criteria decision-making process on bipolar complex neutrosophic 
sets. Quek et al. introduced a new approach to neutrosophic graphs named complex 
neutrosophic graphs. Al-Quran et al. investigated the relation between CNSs depending 
on the cartesian product of CNSs. Dat et al. provided the connotation of a linguistic 
ICNS number, which is categorised independently by three membership functions linguistic 
variables for multiple attribute group decision-making (MGDM). All the existing mentioned 
theories work in several fields of life without considering the parameterization factor during the 
analysis. Consequently, these models lack parametrization tools to handle uncertainties and 
ambiguous issues in parameterized form. To cope with such challenges, Molodtsov (1999) 
benchmarked and identified the theory of soft sets (SS) to handle uncertainty and vagueness 
by providing a general mathematical tool that can represent the problem parameters in a more 
wide and more complete form. A soft set is a set-valued map that provides a rough description 
of the things under consideration depending on several parameters. Since its inception, soft 
set has been studied and extended by researchers to several different hybrid models. First of 
all, Maji et al.employed the soft set theory with FSs and IFSs and introduced new notions of 
the fuzzy soft set (FSS) and intuitionistic fuzzy soft set (IFSS) [16]. Thus, the hybridiza- 
tion process of soft set theory with the other uncertainty concepts created many hybrid fuzzy 
structures, such as interval fuzzy soft set (17, interval-valued intuitionistic fuzzy soft set [18], 
neutrosophic soft set [19], interval neutrosophic soft set Q-neutrosophic soft set (21/22), 
etc. are introduced. Later, in order to incorporate the advantages of complex numbers into 
the concept of soft sets, fuzzy sets, and their generalizations, Thirunavukarasu et al. devel- 


oped the complex fuzzy soft set and tested it in decision making problems. Selvachandran and 
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Singh extended the CFSSs theory and established a new vision which is known as interval- 
valued complex fuzzy soft sets (I-VCFSs). Kumar and Bajaj introduced the concept of 
complex intuitionistic fuzzy soft sets, while Selvachandran et al. proposed the concept of 
complex vague soft sets and defined several distance measures between these sets. Broumi et 
al. presented the notion of CNSSs with their essential properties. Following that, these 
uncertainty sets have been actively used to address uncertainty in a variety of decision-making 
problems [28]- [35]. Recently, Al-Sharqi et al. developed a hybrid model of complex neu- 
trosophic sets with soft sets in an interval setting called the interval complex neutrosophic soft 
set (ICNSS). An ICNSS is defined by a complex interval-valued truth membership function 
which represents uncertainty with periodicity, complex interval-valued indeterminacy member- 
ship function which represents indeterminacy with periodicity, and a complex interval-valued 
falsity membership function which represents falsity with periodicity. This notion handles the 
neutrosophic environment data in a periodic manner, while the interval neutrosophic soft set 
provides a parameterization tool to handle the neutrosophic environment data. In addition, 
Al-Sharqi et al. also kept building on the idea of ICNSS by combining it with other mathe- 
matical techniques to solve problems with uncertainty more efficiently [37], [38]. 

Similarity measures are an important tool in fuzzy set theory and its hybrid structures. This 
tool indicates the degree of similarity between two objects in a fuzzy environment. Various 
similarity measures of fuzzy sets and their extensions have been offered and they have been 
successfully applied in solving real-world problems such as decision making [39], [40], medical 
diagnosis [41], [42], and pattern recognition [43], [44]. In neutrosophic environment, Broumi 
and Smarandache introduced the concept of similarity of NSs. Jun Ye proposed the 
concept of similarity measures between interval neutrosophic sets. Following that, Mukherjee 
and Sarkar studied several similarity measures on interval neutrosophic soft sets with an 
application in pattern recognition. Abu Qamar and Hassan applied similarity and entropy 
tools to Q-NSS and they examined these tools in decision-making problems and a medical di- 
agnosis. The development of the uncertainty sets under the similarity measures environment 
mentioned above is not restricted to the real field but developed in the complex field. Recently, 
researchers [49]- made noteworthy additions to the literature on similarity measures envi- 
ronments by using hybridized models to handle the uncertainty of periodic data, where time 
plays a vital role in describing it. Following this trend and to make our concept (ICNSS) 
more useful in modeling some problems in real life, in this article the Hamming and Euclidean 
distances between two interval complex neutrosophic soft sets (ICNS sets) are defined and 
similarity measures between two ICNS sets based on these distances are presented. Similarity 
measures between two ICNS sets based on a set theoretic approach are also proposed in this 


article. An application in decision-making and medical diagnosis methods is established based 
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on the proposed similarity measures. The rest of this paper is organized in the following way: 
In Section 2, we recall the fundamental concepts related to interval complex neutrosophic soft 
sets. In Section 3, we develop some similarity measures of interval complex neutrosophic soft 
sets based on the distance measures: Hamming distance and Euclidean distance. In Section 
4, we apply these similarity measures to a decision-making problem and a medical diagnosis 
with interval-valued complex neutrosophic soft information.A detailed comparison between 
the tools used in this work and other existing tools in section 5. Finally, the conclusions are 


offered in Section 6. 


2. Preliminaries 


Now, in this current section, we recapitulate the idea of soft set(SS) [14] nneutrosophic set 
(NS) [521/53], interval neutrosophic set (INS) [54], complex neutrosophic set |8] and show an 
overview of the I-CNSS model [36]. 


2.1. Neutrosophic Set (NS) 


Definition 2.1. A N is a neutrosophic set (NS) on universe of a non-empty uni- 
verse V and defined as N = {(v,Tn(v), In(v), Fn(v))},where Tw(v), In(v), Fw (v) are truth 
,indeterminacy and falsity memberships respectively, such that 0 < Ty(v)+In(v)+Fn(v) < 3. 


2.2. Interval-Neutrosophic Set (INS) 


Definition 2.2. [54]. An INS A defined on V is given by: 

A= { (v,Pa(v), Lav), Far) ue v} where, 

Fa(v) = [B4(v),P4(0)] © 0, -Lalv) = [a4(v),44{(0)] € [0,1] and Fa(v) = [F4(0),74(0)] C 
[0, 1] represent the interval truth membership, interval indeterminacy membership, and interval 


non-membership degrees such that 0~ < T'4(v) + I4(v) + F4(v) < 3+ for allu eV. 


2.3. Complex Neutrosophic Set (CNS) 


Definition 2.3. Let V be an initial universe, EF be a set of parameters and A C E. Let 
P(V) denote the complex neutrosophic power set of V. Then, a pair (5 A) is dubbed a 
complex neutrosophic set (CNS) on V, where ddotF defined as a mapping F : A > P(V) 
such that 


S(v) = {a, (Téa) (v) Fans (v), Pa (v)) AEC ACH VE v}, 
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where Te (u),T gq) (v) and are (v) are complex truth-membership function, complex 
indeterminacy-membership function and complex false-membership function and defined as 
bellow: 

rae (PTB Ra) (») 

wo i Da Go) es 
lags (v) = die) (v) ee W gq) (v) 


F g¢q) (0) = F g(a) (0) PSO. 


Pia) (v) 48a) (v) and T 50a) (v) indicate to amplitude terms and el tH 3(a)() Fm 8(0)() and 
jane 8(a) () indicate to phase terms. 


2.4. Soft Set (SS) 


Definition 2.4. Let V be an initial universe and F be a set of parameters.Then, a pair 
(F E) is dubbed a soft set on V, where F’ defined as a mapping F : E > P (V) such that 


P(V) denotes the power of parameters set in V. 


2.5. Interval-Complex Neutrosophic Soft Set (I-CNSS) 


Faisal et al. introduced the idea of I-CNSS by combined both concepts SS and INS 
under complex setting to address two-dimensional indeterminate and incompatible data in 
periodic nature. 


Definition 2.5. |36].An I-CNSS (6, A) defined on V is a set given by: 


(G4) = { (Tere) (v) does (v), Fea) (v)) :aEC ACE VE v}. 
Where, 

T Gay () = Peay (v) LMAO, Leia (0) = aGjqy (0) G™, 

F G(ay (%) = Pa(ay (v) PA. 

And the amplitude interval terms PE(a) (%) 94a) (%) Tea) (v) can be write as 
Decay (&) = [PHpay (0) Pa) (| 

deta) (Y) = [aca (0) 4% 4) (W)] 

"G(a) (¥) = dey ) Gey (| 

and for the phases interval terms /1¢(,) (0) Wea) (v) Para) (v) can be write as 
Heqay 0) = [Hea (0) HB) | 

We(q) (¥) = Be) () Gra) (») 


Bacay (0) = [PE (%) Pi) | 
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L L L U U U 
where Pé(a) (v) Ia) (v) Ala) (v) »Peva) (v) » I4(a) (v) T Ala) (v), 
Hee) (v) Era) (v) Pans (v) Hara) (v) Wea) (v) ,and Parcs (v) represent the lower and upper 


bound of amplitude interval terms and phases interval terms respectively. 


3. Similarity measures based on distance measures between I-CNSSs 


Now, first we present several distances in the interval-complex neutrosophic soft sets (I- 
CNSSs) case and support it with some numerical examples. Second, based on the proposed 


distance measures between I-CNSSs, we give the following definition of similarity measures: 


Definition 3.1. Assume that € = (4.4), e= (K, A) and = (i. A) are an interval-complex 
neutrosophic soft sets (I-CNSSs) on universe of discourse V. A function d: [—CNSS(V) x 
I—-CNSS(V) — [0,1]is called distance measure I-CNSS(V) if d fulfill the following three 
axioms: 
(1) d (E,€) > 0 and d (E,€) = 0 if and only if € = €. 
a (6.8 =aG8). 
(3) d (é, é) <d(é,6)+d (é é) .(triangle inequality) 


Definition 3.2. If V = {vj, v2,...,Un}is a nonempty universal set, A = {a4, Q2,..., %m}being 
a parameters set. Then for all € = (G.4), &= (K, B) are a I-CNSSs(V) and d a distance 
measure between I-CNSSs for all a; € E. Then, the diverse distances between two I-CNSSs & 


and € are defined as follows: 


(1) The Hamming distance measure: 


a; ye (GO) = 
a CNSS 
gle lol | 
é y > ti PE(ox) (v3) — co ) (vs) 4 Pala m) (v;) =D eas (vj), + 96a) (v;) = Te(a) (vj) + 
J= i=l 
1 | 
vt %) = Ta) v3) + ee (0) = PK (ex) (9), + )7E(auy (I) = TK (au) (5), + 
| lo I. 
ae (Hi ccs) (vj) — Hie (a4) cal + HE(a) (vj) — HX (0) 5) + 6 (a,) (vj) — Pee (ox) (vj) 
Pa(aa) YA) — Pre (aa) YA), + Ela) A) — HR (ax) (9) + HE (ax) (YH) — WR (a) (2) 


(2) The normalized Hamming distance measure: 
NH ay ag 
d7“cNnss (€,€) a aa owss\ d 


(3) The Euclidean distance measure: 


ay CNSS (€, €) = 


[25 re 
a = oy [Pe (a;) (vj) — PK(a) (vj), + Pela) (vj) — Pe (ox) (vj), + 9G (a) (vj) Ces (vj), a 
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oie! 4 war, es! ao a, a 
\IG(az) UG) ~ TK (ai) P9)) "G(az) 5 K (az) Y5) ["G(ag) Y9 K (a4) ¥5) 


t Phe Fah Al slog eee: aes: Sel al 
ae (ban (9) — Hhcas OY Hela (28) = Hao 29), Hela (2) — Peay (a), + 


(4) The normalized Euclidean distance measure: 


d7_owss (68) 
donee (€,£) == Ta 


Based on these distance measures, the following properties clearly hold: 


(a) O< Opa (€,€) < mn. 
(b) 0 < dress (68) <1. 


) 
(0) O< OP oyss (68) < Vinh. 
(dd) ved... (62) ei 


I-CNSS 


Theorem 3.3. All the distance measures on I-C'NSSs which are given in Definition 3.2 are 


distance functions of I-CNSSs. 


Proof. It is clear that all the distance measures presented in Definition 3.2 fulfil the mentioned 
conditions in Definition 3.1. Thus, tracking brevity, we only go to prove condition (3) (triangle 
inequality) for the Hamming distance measure. 


Let €,€ and ra be three I-CNSSs and for Hamming distance measure, we have: 
di’ enss (&€) +47_onss (é é) = 


it Se 5 Syl Ala We & 2. ll AN g Nee ees y! 
12 > Pete) (v;) PE (cx) (vj), + Pai) (v;) PR (cx) (vj), =F G(cz) (v;) Teles) (vj), ae 


=a 
ge. 
& 
“— 
iso! 
&. 
~~" 
| 
Q 
ee 
& 
— 
< 
~" 
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— 
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12 X& Xu { PK (ai) (v;) Piva) (vj), + PR (as) (v;) Pi hes) (vj) + 17K (cx) (vj) ret (vj), 
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ee (| | | | I 
=H DUPE) M8) — Pre(aay (I), PR (eu) MD — PE aay PA TF hag) MI) — Mean) MA} 
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lu +) _ eee ee A. gil slg Ne jk 
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L A gh Ala lay A lt i 
"Gay 2) Pte CIF ea a T eas 8) - | 
4 fle eer: ; U A aca fofll L es ope 
Ks a (03) — Hava.) WH) + Hota) 7) Hes 9) F Pete 0) Pa eu 
U ape L _ . . 
+ Pas) YF) — PE (ag AF MS ceayy PH) — Flay MH), + Glas) PH) — “Een (A), \ 


= di’ onss G é) 


Now, we will introduce the concept of a similarity measure between I-CNSSs. We can look 


into ambiguous data in interval-complex neutrosophic soft sets by using these measures. 


Definition 3.4. Assume that € = (G4), = (KA) and é = (i. A) are an interval-complex 
neutrosophic soft sets (I-CNSSs) on universe of discourse V. A function S: J -CNSS(V) x 
I—CNSS(V) — [0, lis called similarity measure between I-CNSSs if S fulfill the following 


axioms: 

($1) 0< 9 (€,é) <1, 

(S2) $ (€,€) = lif and only if € =, 

(s3) 8 (¢,€) =5 (Ee), 

(S4) Ife C EC &then $(¢,£) < min fs (¢,2) 9 (€2)}. 


Distance and similarity measures are related concepts in mathematics. Thus, we can use 
the proposed distances in definition 3.2 to describe similarity measures between I-CNSSs. As 


a result, we can provide several measures of similarity between I-CNSSs, as shown below. 


A ¢\) _ 1 
* SiLowss (68) = Trarcmaslea 


e 
ne 
Qs 
2 
w 
H 


( 
(6.2) = caer 
( 


EB -\ _ 1 
* ST_cnss éé) ~ «14+dF onsgs (6) 


e 
. 
& 


2 ‘ _ 
Eke (<8) ~ HANE vos (66) 


Example 3.5. Let € = (6, A) and € = (KA) be two IL-CNSSs on V = {v 1, vg}and defined 
as follows: 

([0.4,0.6].¢72"19-5.9-6] [0.1,0.7].692710-1.9-31,[0.3,0.5].e7210-8.0-91) 
: = a1, U1 ’ 


( [0.2,0.4].e92710-3,0-6] (9.1,0.1].e/2719-7,0-9] 10,5,0.9].e92710-2.0-5] ) \i 
v2 
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and, 


é= 


~ ([0.2,0.7].e727 19-79-81 [0.4.0.9] .6/2710-8.0-8] ,[0.6,0.8].e72710-5.0-6] \ 
1, V1 ’ 


( [0.15,0.52].e92710-1,0-3] [9 0.5].¢92710-6,0-8] [9.3,0.3].e32710-6.0.7] ) \} 


V2 


Now, by Definition 3.2, we have the following results: 


en 


b 
12 
= 


(|0.4 — 0.2| + 0.6 — 0.7| + |0.1 — 0.4] + |0.7 — 0.9] + [0.3 — 0.6 + [0.5 — 0.8] + 
ee al As ee eer ed eee 


|0.4 — 0.52| + |0.1 — 0| + |0.1 — 0.5] + |0.5 — 0.3] + |0.9 — 0.3] + 


+2 (0.2 — 0.15] 4 


az (|0.37 — 0.174 


= 0.350 


and 


dNtxss (68) = 


dF owes (66) = 


|0.67 — 0.37|+|0.71 — 0.67|+ |0.97 — 0.87| + |0.2m — 0.6x| + |0.5 — 0.77|)) 


0.350 — 0.0875 


zs ((\0. 4— 0.2)? 
a amma 


zl ip (0-2 ~ 0.15)? 


+ (0.6 — 0.7|7 + |0.1 — 0.4]? + |0.7 — 0.9|?+ [0.3 — 0.6]? + [0.5 — 0.8|7+ 
+ |0.60 — 0.87 |2+ |0.1 — 0.37|2+]0.30 — 0.50|2+ [0.8m — 0.57|2 + [0.99 — 0.6n|*) ) 


+ |0.4 — 0.52]? + |0.1 — 0? + 0.1 — 0.5]?+ |0.5 — 0.3]? + |0.9 — 0.3]? + 


= 0. 


. and 


dV. vgs (€€) = 


a (Io. 3m — 0.1? 
209 


10.67 — 0.3m|2+|0.7m — 0.67|2-+|0.9m — 0.87 |2-+ 0.2m 0.6n|? + [0.5 — 0.7x|?) ) J 


0.209 = 0.1045 


Now, by Equations in definition 3.4, respectively, we get the similarity between two I-CNSSs 


as following: 


Sf! onss (é ,€) = 
S?_onss (€,€) = 


Nonetheless, in 


dw; >0,7=1,2,. 


Wo NH _ 1 = 
T0350 = 9-741, Sjonss (€,€) = Trooa7s = 0-919. 
T5209 = 0-827, SMonss (££) = repro = 0.905. 


practice, A different weight may have been assigned to the different sets. i.e, 


.m, and » w; = 1,for each element v; € V.Therefore, in this work, we will 


propose the weighted Hamanne and Euclidean distance measures for I-CNSSs. 
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e The weighted Hamming distance measure: 


| lo | | 
on (bce (v;) _ Mie (a4) (vj), + HG (a) (v;) =< Xa) (vj), - PE (a) (v;) — Peo) (vy) + 
| | 1 | | 
Bay A) ~ Pca) (A, + Gay UA) ~ WR cauy (1), + HE (awy (4) ~ “Rea (0s),) f 
and 


e The normalized weighted Hamming distance measure: 
Pe, qui ec 
di Enss (3 - a, 
e The weighted Euclidean distance measure: 


= 
I-CNSS : 
Los, fle E olay U Pye Lb F 
T2 Zs = Wi Peau) (v;) — PK (ai) (vj), + \PG(ai) (uj) — PR (aj) (v3), + IG (ai) (vj) — IK (ai) (v3), a 


2 | 
| 


- | 
Wo, (vj) _ WK) (vj), ca "E(ax) (vj) > Tela) (vj), < Ela) (v;) _ (a) (vj), - 


ae 71 
HE (a4) (v;) _ Hite) (vj), + HG(a:) (vj) in HX (ex) (v3), + 6 (a.) (vj) _ PK (ai) (v3), = 


1 


U ee al? il aes PP ae 5 asl PV? 
|PG(ai) (vj) ~ PR(aj) (vj), TG (ai) (vj) ~ WK (ai) (vj), a |G(ai) (v;) —~ WK (a) (vj), 
e The normalized weighted Euclidean distance measure: 


z dee fe 
dens (3 aa” aan onss| ) 


Also, the similarity measure on weighted Hamming and Euclidean distance measures for I- 
CNSSs defined as following: 


wH ¢\ _ 1 


wn ¢\) _ 1 
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wE ¢\ _ 1 
Sows (6) = Trae nscl@) 


° SP"Enss (é.€) = Tae AEE 
Theorem 3.6. If S be the similarity measure between two I-CNSSs £,€.Then, 
1. 5 (¢,é) = $(&¢). 
20< s(¢,é) <i, 
3. 0<5(é,€) =0ift =e. 


Proof. Immediately follows from definitions 3.4. 


4. Applications 


I-CNSS is a hybrid tool for modeling two-dimensional information of a periodic nature in 
our everyday lives. In this section, we introduce some practical examples of I-CNSSs to show 
that the proposed similarity measures play an important role in solving some real-life problems 


such as decision-making problems and medical diagnosis. 


4.1. Similarity Measures of I-CNSSs Applied to Medical Diagnosis 


In this current subsection, we developed an algorithm based on the Hamming similarity 
measure of two I-CNS sets to evaluate the possibility that a sick person having related symp- 
toms is suffering from typhoid. This algorithm depends on data described by two I-CNSS 
models, and it is built with the assistance of a medicinal master person. where the first I- 
CNSS indicates illness, and the second I-CNSS indicates the ill person. Then we find the 
similarity measure of these two I-CNS sets. We also think that the person may have typhoid 
if the similarity measure between these two I-CNS sets is greater than or equal to 0.6, which 


can be fixed with the help of a medical professional. 


4.1.1. Algorithm 


Step 1: Construct a model I-CNSS over the universe V for illness, which may be developed 
with the aid of a medical expert person. 

Step 2: Build I-CNSS over the universe V for the patient person by helping a medical expert 
person. 

Step 3: Compute Hamming distance between the model I-CNSS for illness and the I-CNSS 
for the patient person. 

Step 4: Compute similarity Hamming measure between the I-CNSS for illness and the I-CNSS 
for the patient person. 
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Step 5: If the similarity Hamming measure between two I-CNSSs is greater than or equal to 
0.6, then the person may possibly be suffering from typhoid, while if the similarity Hamming 
measure between two I-CNSSs is less than 0.6, then the person may not possibly be suffering 


from typhoid. 


Now, we give a numerical example that shows a way out of these diagnosis problems from a 
scientific point of view. This is done to show how the above-proposed algorithm can be used 


to tell a patient if they have typhoid or not. 


Example 4.1. Let V = {v; = typhoid, v2 = not typhoid}, and 
E = {ay = flu, ag = headache, a3 = body pain} be set of parameters which consist of 


symptoms of typhoid disease. 


Step 1: Construct the model I-CNSS for typhoid: 


{ ([0.3,0.4].¢72710-4,0.5] ,[0.4,0.5] e427 10-2,0-3] ,[0.6,0.7] .e92710-1,0.2]\ ) 
VI ’ 


0.6.0.7 Ee) 27 [0.2,0.3 0.2.0.3 ce 27 [0.60.7 0.1.0.2 e)27(0.6,0.8 
[0.6,0.7] ,[0.2,0.3] ,[0.1,0.2] 
V2 ’ 


([0.3,0.4] e327 0.7,0.8] ,[0.0,0.3].e727 0.4,0.6] ,[0.3,0.4].e727 cv) 
V1 ’ 


0.5.0.6 EJ 27 [0.2,0.3 0.5.0.6 e) 27 [0.1,0.2 0.0.0.1 ec) 27 [0.2,0.4 
[0.5,0.6] ,[0.5,0.6] ,[0.0,0.1] 
’ 


v2 
([0-4,0.6].¢72"19-5.0-€] [9.1,0.7].¢72710-1,0-3] (0.3,0.5].e72710-8,0.2)\ 
3; V1 ’ 
( [0.6,0.7].e92710-4,0.6] | 0.1,0.1].e92710-7,0-9] 0.5,0.9}.e92710-2,0.5] ) \} 
v2 


Step 2: Create two models of I-CNSS for patients X and Y, respectively, as: 


([0-3:0.45] 6727 10-280-81[0:3,0.5] 72m P22.0-58] [0.5.0.7].6727 0-4) 
Q1, UV ; 
1 
( {[0.2,0.4].e427 10-60-71 [9.05,0.3].¢42710-5,0-7] ,[0.3,0.4].¢42710-6,0.65] \ ) } 
V2 ’ 


V1 


——N 


( ([0:05,0.2].6727 10-49-41, [0.10.2] .c7#10-5-0-71 ,|0:1,0;3) e747 10-820:4), ) 
a2, ’ 


v2 


———~ 


([0.25,0.4].72710-5,0.6] ,[0.6,0.6].e22710-2,0.25] ,[0-25,0:3].2727 10-40-21) } 
’ 


([0.2,0.5].672710-4,0-21 [0 0.3].e7771914.0-21. 10.1,0:3].272710-5.0-7)) 
a3, V1 ) 
( [0.3,0.5].e92710-2,0-4] [9.2.0.2].e42710-3.0.5] 10.6,0.7].e92710-3.0-6] ) \} 
v2 
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([0.8,0.9].¢42710-3,0.6] [0.3,0.7].e72710-4,0.6] ,[0.2,0.3].672710-4,0.5)) ) 
VI ’ 


_—~ a 
Q 
e 


[0.1,0.5].e92710-2,0.4 


,[0,0.3].¢92719-3,0.3] ,[0.2,0.3].e72710-2,0.5] 


a aaa 


V2 


0-40-41 [0.1,0:2].27?* 


Ni 


0.2,0.3] ,[0.2,0.4].e92710-1,0.4] 


25 


——s 
i) 


( ([0.5,0.6].¢32* 


([0.1,0:3].6727 10-40-56 


V1 


,[0.4,0.4].e92710-1,0.2 


#[0:3,0-5].672010-2.0-e)), 


—~ 


([0.3,0.6].e27 


v2 


0.2.0.3] (0.1,0.1].e27 


p) 


0.3,0.4] JOA, S)el2nll-28-6)) 


a3, 


[0.6,0.6].e92710-3,0.2] 


V1 


0.1,0.4].e52710-2,0.4] 


—_oo 


V2 


0.3,0.5].e42710-2,0.6] ) \ \ 


rf 


In € and é above, which are based on the physician’s report, the amplitude term of the lower 
and upper bounds of the complex interval truth membership function denotes the strength and 
intensity of the symptoms that the patient suffers, and the phase term of the lower and upper 
bounds of the complex interval truth membership function denotes the period of the symp- 
toms. At the same time, the amplitude term of the lower and upper bounds of the complex 
interval indeterminacy membership function means the inability to indeterminate these symp- 
toms during the period mentioned in the phase term. The lower and upper bounds of the 
complex interval falsity membership function denote the absence of these symptoms during 
the period mentioned in the phase term of the lower and upper bounds of the complex interval 
falsity membership function. Here it is necessary to point out that the values of the amplitude 
term closer to 1 describe heavy symptoms, and values of the amplitude term closer to zero 
represent moderate symptoms. The period of the phase term is defined as weeks, so for values 


equal to 1, the period will be maximum. 


Step 3:Based on Definition 3.2, the Hamming distance between fand Eis 0.725 while between 
€and tis 0.821. 

Step 4:Based on Definition 3.4, the similarity Hamming measure between €and €is 0.579 while 
between €and is 0.549. 

Step 4:Here OF cares (é,€) ~< 0.6and SF owas (E€ ~< 0.6 that means both patients X and 
Y may possibly suffer from no typhoid. 


Remark 4.2. In case no such conclusion can be drawn with the given information then we 
need to reassess all the symptoms with the help of expert and then repeat all the steps proposed 
in LCNSSM-algorithm 
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4.2. Similarity Measures of I-CNSSs Applied to Multicriteria Decision Making 


In this section, we developed an algorithm based on similarity measures of interval complex 
neutrosophic soft sets as defined in definition 3.4 for possible application in multicriteria deci- 


sion making. 


4.2.1. Algorithm 


Step 1: Construct a model I-CNSS € = (K, A) over the universe V depends on the opinion 
of one of the experts and the customer satisfaction rate. 


2n{1.1]) andl 


Step 2: Compute the distance measured between the optimality choice ({1, 1] .e 
a; (fori = 1,2,3) with the weighting vector w. 

Step 3: Compute similarity measure for all the distances we got in Step 2:. 
Step 4: Analyze the result and the decision is to select the alternative which has the highest 
similarity to the optimality of LCNSS. 


Example 4.3. Suppose a customer wishes to buy a new computer for his personal usage. 
There are four computers (four alternatives) that can be represented by V = {v1, v2, v3, v4}, a 
customer can pick out one of them. The customer considers three features (attributes) in his 
choice, namely performance, service, and price, which can be represented by A = {a1, a2, a3} 
respectively with the weight vectors w = {0.3,0.3,0.4}. To help the customer choose the right 
apparatus, we will apply the proposed algorithm. 


Step 1: Construct the model I-CNSS for the opinion of one of the experts and the customer 


satisfaction rate: 


V1 


( ([0-8,0.9) 227 10-7,0-2] 16.0,0.:3].220(04.0-2] [0 2,0.4).<272 0-4) ) ( ([0-4,0.65] 6227 10-35.0-71, (9.10.4) f° 10-15.0-41 (9.4.0.6). 10-20-28) 
a1, ’ V2 


U3 


([0.3,0.7].e32710-6:0-8] [9.4,0.5].e72*10-3.0-6] 19.5,0.8].01210-6.0.64]) ) ( ([0.2,0.4] e927 10-6,0.7] ,[0.05,0.3].e42*(0-5.9-71 19.3,0.4].¢32710-6.0.65] ) } 
V4 ? 


V1 


(i ([o. ————E———er—vOOOr) 
v2 


V3 VA 


0.2,0.5 eJ27([0. 25,0.3] 0.4,0.7 eJ27(0. 45,0.5] 0.3,0.6 emia ee]) ([0.25,0.4 ef 27[0.5,0.6] 0.6,0.6 ef 27[0.2,0.25] 0.25,0.3 e27[0.4,0.8] 
[ FE i I. i F ]. i |: i |: 
2 


(ee e127 [0.4,0.5] ,[0,0.3]. e927 [0.14,0.2] ,{0.1,0.3] ere P-8s0-71) 
3, 


(i ([0.6 0.6]. eJ27[0.3,0.6] ,[0. 33 0.4]. e927 (0.51,0.61] ,[0. 4,0. 8]. eJ27[0.2,0. *) 
U1 } 


v2 


| 
{ (ie 5,0. 6]. eJ27([0. 4,0.5] ,(0. 1,0. 2). ei27[0. 5,0.7] ,[0. 1,0. 3). e27[0. 3,0. 3} 
a2, 


([0.3,0.45].¢52710-35,0-5] [9,4,0.5].e72719-18.0-5] 10,6,0.9].e72710-3.0-51) ) ( Da ocLePrO POA [020 eT eOe psoreirioce ) yi 
U3 i U4 
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In ILCNSS model € = (K,A)the interval complex neutrosophic soft values clar- 
ify the expert opinion about the attributes of all alternatives. For instance, in 
the interval-complex neutrosophic soft value of the alternative v, under a, attribute 
(0.8, 0.9] .e2719-7-9-8), (0.2, 0.3] .e2719-1.0-2]. (0.2, 0.4] 2712-93) the truth interval membership func- 
tion [0.8, 0.9] .e271-7.°-8] show that the expert here means that the performance of the computer 
v, is marked by an amplitude interval value of 0.8 to 0.9, and this percentage confirms that 
this computer is characterized by high performance, while the phase interval value of 0.7 to 0.8 
indicate that the customer satisfied degree between 70% to 80% . While the indeterminacy in- 
terval membership function [0.2, 0.3] .e2711.°-2] reveal that the expert cannot determine if this 
computer has high performance or not by degree between 0.2 to 0.3, and the phase interval 
value indicates the degree of confusion of the customer for this device between 10% to 20%. 
Also, for the falsity interval membership function [0.2, 0.4] .e2710-2,0-3] show that the expert is 
unsatisfied with this device by a degree ranging from 0.2 to 0.4, and the customer is unsatisfied 
by a degree of 20% to 30%. 

Step 2: Compute the distance measured between the optimality choice ((1, 1] cern) and 
a; (for i=1,2,3) with the weighting vector w = {0.3,0.3,0.4} and obtain the results as shown 
in Table 1. 


TABLE 1. Distance Measures results 


V; a? d® ge ge Coe gee 
U1 1.439 0.863 0.119 0.253 0.4848 0.253 
v2 1.268 0.760 0.105 0.223 0.418 0.228 
U3 1.166 0.699 0.097 0.205 0.388 0.203 
U4 1.357 0.814 0.113 0.239 0.453 0.236 


Step 3:Compute similarity measure for all the distances we got in Table 1. 


TABLE 2. Similarity Measures results 


V; gH gf gn gnk gnwH — gnwE 
V1 0.410 0.5386 0.893 0.798 0.673 0.798 
v2 0.440 0.568 0.904 0.817 0.705 0.814 
U3 0.461 0.588 0.911 0.829 0.720 0.831 
U4 0.424 0.551 0.898 0.807 0.688 0.809 
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TABLE 3. Ordering of the given alternatives. 


Ordering. 
SH U3 >Ug >U4 -U 
S= v3 >U2 >U4 +U 
gui v3 >U2 >U4 -U 
gre v3 >U2 -U4 +U 
Srv ys su. +U4 -U 
SVE yg + ug +U4 +U 


Step 4: From Table 3, we analyse the similarity values in Table 2, which we got based on the 
distance measures given in Table 1. Clearly, the most useful alternative is v3, which is the one 


with the highest similarity to the ideal choice. 


5. Comparison with Existing Models/Methods in Literature 


This work is based on the similarity measures of interval-complex neutrosophic soft sets 
(I-CNSSs) and employs these measures to solve some real-life applications such as decision 
making and medical diagnosis under uncertainty. In this section, we compare the I-CNSS 


model to other similar models in the literature based on the characteristics in Table 4. 


TABLE 4. Characteristic comparison of the ILCNSS with other variants. 


Methods Uncertainty Three membership function Parameterization Interval form Periodicity 
T T F F F 
T F T T F 
T fT T T F 
T F T F T 
Our model:I-CNSS T T T T T 


On the other hand, compared with INSSM [20], which used the INSS setting to describe 
the decision-making information, our suggested I-CNSS is a new approach created to concep- 
tualize uncertainty issues that have two dimensions. From Example 4.1, it can be noted that 
the concept of INSS cannot cover the factors affecting the problem (symptoms severity and 
period of symptoms) in two stages simultaneously. Because it is not adapted to deal with 
two-dimensional issues, i.e., it doesn’t have enough tools to do that. But the ILCNSS model 
can put the phase and amplitude terms together and can be used to represent these two vari- 
ables together. So, we can say that the INSSM can’t directly handle the problem given above 
with two-dimensional information in this way. Otherwise, we can say that the INSS model is a 
particular case of our model I-CNSS and can be conceptualized in the form of I-CNSS. In other 
words, the INSS is an LCNSS with phase terms equal to zero. For example, the INSS. On the 
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other hand, we can say that the INSS model is a particular case of our model I-CNSS and can 
be conceptualized in the form of I-CNSS. In other words, the INSS is an I-CNSS with phase 
terms equal to zero. For example, the INSS ([0.3, 0.7] , [0.1, 0.4] , [0.5,0.6]) can be represented 
as ([0.3, 0.7] 6727191, (0.1, 0.4] e727! (0.5, 0.6] eF?n(0,0)) employing I-CNSS. Furthermore, our 
approach I-CNSS, is appropriate for other methods such as interval intuitionistic fuzzy soft 
problems, since interval intuitionistic fuzzy soft sets are a particular case of INSS and I-CNSS. 
For example, the interval intuitionistic fuzzy soft value ([0.3, 0.3] , [0.5,0.5]) can be written as 
({0.3, 0.3] , (0.5, 0.5] , [0.2, 0.2]) employing INSS and hence can be written as 

((0.3, 0.3] .eJ2r 0,0] | (0.5, 0.5] .€727 1091, (0.2, 0.2] .eF 20,01) using I-CNSS, since the sum of the de- 
grees of lower and upper interval true membership, lower and upper interval nonmembership, 
and lower and upper interval indeterminacy membership of an interval intuitionistic fuzzy 
value is equal to ({1,1]).Note that the lower and upper interval indeterminacy degree in an 
interval intuitionistic fuzzy set is provided by default. It cannot be defined alone, unlike the 
interval neutrosophic set, where the lower and upper interval indeterminacy membership are 
determined independently and quantified explicitly.As for the CVSS model (50), this model 
is based on a vague set model and also misses indeterminacy membership. Therefore, it is 


difficult for this model to deal with the data of the problem entirely like our proposed model. 


5.1. Pros of I-CNSS model 


Based on all of the above, our proposed method has particular advantages. Firstly, the main 
feature of IL-CNSS is the presence of a phase and its membership in the form of an interval. Re- 
searchers realized that the time period is an important factor along with the membership value 
so that decision-makers can make the real decision, and it is more reliable and more acceptable 
than the other existing theories in which there is no scope for considering time-period. So, 
this new concept provides more scope for the decision-makers to make real decisions with more 
feasibility. Secondly, a practical formula is utilised to convert the IL-CNSVs (complex stats) to 
the INSVs (real stats), which sustains the entirety of the original data without diminishing 
or distorting them. Thirdly, our technique allows for decision-making using a simple compu- 
tational procedure that does not require the use of directed operations on complex numbers. 
Finally, the I-CNSS that is used in our approach has the capability to handle the imprecise, 
indeterminate, inconsistent, and incomplete information that is captured by the amplitude 
terms and phase terms simultaneously. As a result, the proposed method is capable of dealing 


with more uncertain data. 
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e Established on all that is mentioned in this comparison, we see that the similarity 
measures based on I-CNSS that are given in this work are more effective in dealing 


with uncertainty issues than other concepts mentioned in the literature. 


6. Conclusion 


Al-Sharqi et al. established the idea of ICNSS as a substantial and essential general- 
ization of the soft set to deal with the uncertain, inconsistent, and incomplete information 
in periodic data. In this paper, we have proposed several distance measures in the case of 
the interval complex neutrosophic soft sets, which are very helpful in dealing with the two- 
dimensional data in some real-world applications. Based on these distance measures, we 
introduced an axiomatic definition of similarity measure to measure the degree of fuzzy infor- 
mation in interval complex neutrosophic soft sets. Moreover, a numerical example is given, 
and relations between this similarity measure and these distances are introduced and verified. 
In addition, a proposed algorithm based on these measures has been built and applied in some 
daily life applications like decision-making problems and medical diagnoses. Finally, a com- 
parison between the existing methods and I-CNSS was given, and some features of I-CNSS 
were revealed. In future possible research, we can extend from soft to hypersoft set (by 
transforming the function F into a multi-attribute function). We also want to combine these 


measures with other kinds of algebraic structures, such as group structures [57|- [59], ring 


structures [60}- (62, and topological structures [63}- (65). 
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Abstract. The aim of this paper is to extend the concept of hyperideals to the SuperHyperAlgebras. In 
this paper, we introduce the concept of 2-SuperHyperLeftAlmostSemihypergroups which is a generalization of 
£.A-semihypergroups. Furthermore, we define and study 2-SuperHyper-£.A-subsemihypergroups, SuperHyper- 
Left(Right)HyperIdeals and SuperHyperHyperldeals of 2-SuperHyperLeft AlmostSemihypergroups, and related 
properties are investigated. We give an example to show that in general these two notions are different. Finally, 
we show that every SuperHyperRightHyperldeal of 2-SuperHyper-£.A-semihypergroup S with pure left identity 
is SuperHyperHyperldeal. 


Keywords: SuperHyperAlgebra; £A-subsemihypergroup; 2-SuperHyperLeftAlmostSemihypergroup; Super- 
HyperHyperldeals; SuperHyperLeft(Right) HyperIdeal. 


1. Introduction 


The concept of left almost semihypergroups (£.A-semihypergroups), which is a generalization 
of £A-semigroups and semihypergroups, was introduced by Hila and Dine [9] in 2011. They 
defined the concept of hyperideals and bi-hyperideals in £A-semihypergroups. Until now, 
£A-semihypergroups have been applied to many fields [2,4H6, (3), 06,18]. In 2013, Yaqoob et 
al. [7] have characterized intra-regular £.A-semihypergroups by using the properties of their 
left and right hyperideals and investigated some useful conditions for an £.A-semihypergroup to 
become an intra-regular £.A-semihypergroup. In 2014, Amjad et al. [I] generalized the concepts 
of locally associative £A-semigroups to hypergroupoids and studied several properties. They 
defined the concept of locally associative £A-semihypergroups and characterized a locally 
associative £.A-semihypergroup in terms of (m,n)-hyperideals. In 2016, Khan et al. [10] proved 
that an £A-semigroup S is 0(0,2)-bisimple if and only if S is right 0-simple. In 2018, Azhar 
et al. [8] applied the notion of (€, € Vq,)-fuzzy sets to £A-semihypergroups. They introduced 
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the notion of (€, € Vq,)-fuzzy hyperideals in an ordered £.A-semihypergroup and then derived 
their basic properties. In 2019, Gulistan et al. [8] presented a new definition of generalized 
fuzzy hyperideals, generalized fuzzy bi-hyperideals and generalized fuzzy normal bi-hyperideals 
in an ordered £A-semihypergroup. They characterized ordered £A-semihypergroups by the 
properties of their (€,,€ Vq5)-fuzzy hyperideals, (€,,€, Vqs5)-fuzzy bi-hyperideals and (€y 
, €y Vqs)-fuzzy normal bi-hyperideals. In 2021, Suebsung et al. [2] have introduced the notion 
of left almost hyperideals, right almost hyperideals, almost hyperideals and minimal almost 
hyperideals in £.A-semihypergroups. In 2022, Nakkhasen [I] characterized intra-regular £A- 
semihyperrings by the properties of their hyperideals. 

In this paper, we extend the concept of hyperideals to the SuperHyperAlgebras. In this 
paper, we introduce the concept of 2-SuperHyperLeftAlmostSemihypergroups which is a gen- 
eralization of £A-semihypergroups. Furthermore, we define and study 2-SuperHyper-£A- 
subsemihypergroups, SuperHyperLeft(Right)Hyperldeals and SuperHyperHyperldeals of 2- 
SuperHyperLeft AlmostSemihypergroups, and related properties are investigated. We give an 
example to show that in general these two notions are different. Finally, we show that every 
SuperHyperRightHyperldeal of 2-SuperHyper-£.A-semihypergroup S$ with pure left identity is 
SuperHyperHyperldeal. 


2. Preliminaries and Basic Definitions 


In this section, we give some basic definitions and properties of left almost semihypergroups 
and classical-type Binary SuperHyperOperations that are required in this study. 

Recall that a mapping o : Sx S + P*(S'), where P*(S) denotes the family of all non empty 
subsets of S, is called a hyperoperation on S. An image of the pair (x,y) is denoted by 
xoy. The couple (5,0) is called a hypergroupoid. 

Let x be an elements of a non empty set of S and let A, B be two non empty subsets of S. 


Then we denote Ao B = U aob,roB={r}oBand Aox=Ao{z}. 
ac A,beB 
In 2011, Hila and Dine [9] introduced the concept and notion of left almost semihypergroup 


as a generalization of semigroups, £.A-semigroups and semihypergroups. 


Definition 2.1. [9] A hypergroupoid (S,°) is called a left almost semihypergroup (L£A- 


semihypergroup) if o is left invertive law, that is (ro y)oz = (zoy)oz for every 2,y,z € S. 


Clearly, every £A-semihypergroup is £A-semigroup. If (S,o) is an £A-semihypergroup, 
then U aoz= U bow for all x,y,z € S. 


acxoy bEzoy 
The concept of classical-type binary SuperHyperOperation was introduced by Smarandache 


(14, 15). 
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Definition 2.2. [14,5] Let P?(S) be the n‘"-powerset of the set S such that none of 
P(S),P7(S),...,P"(S) contain the empty set. A classical-type binary SuperHyperOp- 


eration e,, is defined as follows: 
en: SxS > PPS) 


where P”(S) is the n‘’-power set. of the set S, with no empty set. 


An image of the pair (x,y) is denoted by xe, y. The couple (S,e,,) is called a 2- 
SuperHyperGroupoid. 
The following is an example of Examples of classical-type binary SuperHyperOperation (or 


2-SuperHyperGroupoid). 


Example 2.3. [14] Let S = {a,b} be a finite discrete set. Then its power set, with- 
out the empty-set 0, is: P(S) = {a,b,S} and P?(S) = P?(P(S)) = P? ({a,b,S}) = 
{a,b,S,{a,S},{b, S},{a,b,S}}. The classical-type binary SuperHyperOperation defined as 
follows, e2 : S x S + P?(S) 


© | a b 
a | {a,S} {b, S} 
b a {a,b,S} 


Then (S,e2) is a 2-SuperHyperGroupoid and is not a hypergroupoid. 


3. 2-SuperHyperLeft AlmostSemihypergroups 


In this section, we generalize this concept in left almost semihypergroup and introduce Su- 
perHyperLeft (Right) Hyperldeals of 2-SuperHyper-£.A-semihypergroups and study their prop- 
erties. 

The 2-SuperHyperLeftAlmostSemihypergroups is generated with the help of left almost 
semihypergroups and classical-type binary SuperHyperOperations. So we can say that 2- 
SuperHyperLeftAlmostSemihypergroup is the generalization of previously defined concepts 
related to binary SuperHyperOperations. We consider the SuperHyperLeft AlmostSemihyper- 


group as follows. 


Definition 3.1. A 2-SuperHyperGroupoid (S, @,,) is called a n= 
SuperHyperLeftAlmostSemihypergroup (2-SuperHyper-£A-semihypergroup) if it 
satisfies the SuperHyperLeftInvertive law; (x en y) en z = (Zen y) en x for all x,y,z € S. 


The following is an example of a 2-SuperHyper-£.A-semihypergroup S. 


Example 3.2. Let S = {a,b} be a finite discrete set. The classical-type binary SuperHyper- 
Operation defined as follows, e2 : S x S — P?(S) 
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e | a b 
a | {a,S} b 
b | {b,S} {a,b, S} 
Then, as is easily seen, (S,e2) is a 2-SuperHyper-£.A-semihypergroup. Since 


(aega)egb = {a,S}eoa 
= (ae,a)U(Sega) 
=. fa,ohU U rena 
res 
= {a,S}U(aega)U (beg a) 
= {a,S}U {a,S}U {b, S} 
= {a,b,S} 
#~ b 
= aeob 


= ae) (aed), 


we have eg is not Strong SuperHyperAssociativity. 


Theorem 3.3. Every 2-SuperHyper-LA-semihypergroup S satisfies the SuperHyper Medial 
law, that is, for all a,b,c,d € S, (aep b) en (cen d) = (ae, c) ey (De, d). 


Proof. Let a,b,c and d be any elements of S. Then we have 


(@en b) en (Cond) = ((Cend) en b) ena 
= ((bend) enc) ena 
= (ae, C) e, (be, d). 


This completes the proof. 


Theorem 3.4. If S is a 2-SuperHyper-CA-semihypergroup, then (ae, b)* = a? e,, b* for all 
a,be S. 


Proof. Let a and b be any elements of S. Then by Theorem B.3, 


(ae, b)? = (ae, b) e, (ae, b) 
(ae, a) @n (be, db) 


a? e,, b?. 


An element e of a 2-SuperHyper-£.A-semihypergroup S is called left identity (resp., pure 
left identity) if for alla € N(S),a € ee, a (resp., a= ee, a). The following is an example 
of a pure left identity element in 2-SuperHyper-£.A-semihypergroups. 
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Example 3.5. 1. Let S = {a,b} be a finite discrete set. The classical-type binary SuperHy- 
perOperation defined as follows, e2 : 5 x S + P2(S) 


e | a b 
a a {a,b,S} 
O° |4bSt S 


Then, as is easily seen, (S,e2) is a 2-SuperHyper-£A-semihypergroup with left identity a. 
2. Let S = {a,b} be a finite discrete set. The classical-type binary SuperHyperOperation 
defined as follows, e2 : S x 9 — P?(9) 


ela b 
ala 6b 
b6 |b S$ 


Then, as is easily seen, (S,e2) is a 2-SuperHyper-£.A-semihypergroup with pure left identity 


a. 


Theorem 3.6. A 2-SuperHyper-L.A-semihypergroup S with pure left identity e satisfies the 
SuperHyperParamedial law, that is, for all a,b,c,d € S, (a en b) en (cen d) = (den c) en 
(be, a). 


Proof. Let a,b,c and d be any elements of S. Then we have 
(a ep dD) ep, (cen d) 


This completes the proof. 


The following may be noted from the above definitions. 


Lemma 3.7. [If S is a 2-SuperHyper-LA-semihypergroup with pure left identity, then a ey 
(be, c) = be, (ae, c) holds for all a,b,c ES. 


Proof. Let a,b and c be any elements of S. Then by Theorem 3), 


ae(be,c) = (ee,a)e(be,c) 


(€ en b) © (ae, ¢) 


= be, (ae,c). 


This completes the proof. 


Now, we give the concept of 2-SuperHyperLeft AlmostSemihypergroups (2-SuperHyper-LA- 
subsemihypergroup) of 2-SuperHyper-£.A-semihypergroups. 
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Definition 3.8. A nonempty subset A of a 2-SuperHyper-£A-semihypergroup S$ is called 2- 
SuperHyperLeftAlmostSemihypergroup (2-SuperHyper-£A-subsemihypergroup) 
ifAe, ACA. 


The following may be noted from the above definitions. 


Proposition 3.9. Let A and B be two 2-SuperHyper-LA-subsemihypergroups of a 2- 
SuperHyper-LA-semihypergroup S. If ANB #4 Q, then AN B is a 2-SuperHyper-LA- 
subsemihypergroup of S. 


Proof. Let A and B be two 2-SuperHyper-£A-subsemihypergroups of S$ such that AN B # 0. 
Then have that 


(AN B) e2 (AN B) [Ae, (AN B)|N[Be, (AN B)] 
(Ae, A)N (Ae, B) (Be, A)N (Be, B) 
(Ae, A)N (Be, B) 


ANB, 


INIA 


and so AM B is a 2-SuperHyper-£A-subsemihypergroup of S. 4 


Now we mention some special class of 2-SuperHyper-£A-subsemihypergroups in a 2- 


SuperHyper-£A-semihypergroup. 


Definition 3.10. A nonempty subset L of a 2-SuperHyper-£.A-semihypergroup S' is called 
SuperHyperLeft (Right )HyperIdeal if 


Se, CL(Re,S C R). 


A nonempty subset I of S is called a SuperHyperHyperldeal of S$ if it is both a SuperHy- 
perLeft and a SuperHyperRightHyperldeal of S. 


Proposition 3.11. Let N(S) be a 2-SuperHyper-LA-semihypergroup with pure left identity. 
Then the following properties hold. 


(1) If L is a SuperHyperLeftHyperldeal of S, then Se, L = L. 
(2) If N(R) is a SuperHyperRightHyperldeal of S, then Re, S = R. 
(3) Say 8 =: 


Proof. 1. Since LE is a SuperHyperLeftHyperldeal of S, we have Se, L C L. On the other 
hand, let a be an element of S such that a € L. Then we havea=ee,ae€ Se, L and hence 
Se,L=L. 
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2. Since R is a SuperHyperRightHyperldeal of S, we have Re, S C R. On the other hand, 
let a be an element of S such that a € R. Then we have 
a= ee,a 
= (ee, c)e,a 
= (ae, €) ene 
(Re, S)e,S 
Re, S. 
Therefore we obtain that RC Re, S and hence Re, S = R. 
3. The proof is similar to the proof of (2). 


By applying the above definition, we state the following result. 


Theorem 3.12. Let S be a 2-SuperHyper-LA-semihypergroup with pure left identity. Then 
the following properties hold. 

(1) If x is an element of S, then xe, S is a SuperHyperLeftHyperldeal of S. 

(2) If x is an element of S, then Se, x is a SuperHyperLeftHyperideal of S. 

(3) If x is an element of S, then Se, xUxe, S is a SuperHyperRightHyperldeal of S. 


Proof. 1. Let x be an element of S. By Lemma B-7 and Proposition B-1II (3), we have 
Se, [ren S|] = rey (Se, S| 
= re,S. 
Therefore we obtain that x e,, S is a SuperHyperLeftHyperldeal of S. 
2. Let x be an element of S. By Theorem B.6 and Proposition B-1II (3), we have 
Se,(Se,2) = (Se, S)e, (Se, x) 
= (xe, S)e, (Se, S) 
= [(Se, S)e, Sle, z 
= Se,c. 
Therefore we obtain that Se, x is a SuperHyperLeftHyperldeal of S. 
3. Let x be an element of S. By Theorem B-6, Lemma B77 and Proposition B11 (3), we 


have 
(Se, czUre, S)e, S [(S eo, x) e, S]U [(x e, S) e, S] 
= [(Sen x) en (Sen S)|U[(S en S) on x] 
= [(S en 5S) en (x en S)]U(S en x) 
= [ren (Sen 8) en S)}U(S en 2) 


= Se,rUcxe, S. 


Therefore we obtain that Se, 7U xe, S is a SuperHyperRightHyperldeal of S. 


For that, we need the following theorem. 
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Theorem 3.13. Let S be a 2-SuperHyper-LA-semihypergroup with pure left identity. Then 
the following properties hold. 


(1) If x is an element of S, then x? e,, S is a SuperHyperHyperldeal of S. 
(2) If x is an element of S, then S ey x? is a SuperHyperHyperIdeal of S. 
(3) If x is an element of S, then Se, xUxe, S is a SuperHyperHyperldeal of S. 


Proof. 1. Let x be an element of N(S). By Theorem (1), we have that 2? e, 9 is a 
SuperHyperLeftHyperIdeal of N(S'). Since 


(a? e, S) e,, 5 (Se, S) e, 2? 


= ge, (Se, S) 


x? en, S, 


we have 27e,,5 is a SuperHyperRightHyperldeal of S$ and so xe, S is a SuperHyperHyperldeal 
of S. 

2. The proof is similar to the proof of (1). 

3. Let x be an element of S. By Theorem (3), we have that Se, rUze, Sisa 
SuperHyperRightHyperldeal of N(S). By Theorem B26, Lemma B77 and Proposition B= (3), 


we have 


Se,(Se,cUre, S) = e, (Se, x)|U[S e, (xe, S)] 


[S 
= [(Sen S) en (S en x)] U [2 en (S en S)] 
= |(ven S) eo, (Sen S)]U (x ey S) 
= [((S en S) en S) en x] U (x ey S) 


= Se,rUcxe, S. 


Therefore we obtain that Se, x Uae, S is a SuperHyperLeftHyperldeal of S and hence 


Se, x«Uxe, S is a SuperHyperHyperldeal of S. 


Theorem 3.14. Every SuperHyperRightHyperldeal of 2-SuperHyper-LA-semihypergroup S 
with pure left identity is SuperHyperHyperIdeal. 


Proof. Let R be a SuperHyperRightHyperldeal of S. By Theorem 8-6, Lemma B-/ and Propo- 
sition B11 (3), we have 
Se,R = (Se, S)e,R 
= (Re,S)e,S 
Re, S 
R. 


INIA 


Therefore we obtain that R is a SuperHyperLeftHyperldeal of S and hence R is a SuperHy- 


perHyperldeal of S. 
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Abstract. Single-valued neutrosophic set is being extensively used in solving real-life problems. Recently 
neutrosophic topological space was developed based on redefined single-valued neutrosophic set operations. 


The purpose of this article is to investigate some covering properties of these neutrosophic topological spaces. 


Keywords: Neutrosophic Lindelof ; Neutrosophic continuous function ; Neutrosophic compact ; Neutrosophic 


countably compact ; Single-valued Neutrosophic set. 


1. Introduction 


In the year 1965, Zadeh introduced the concept of a fuzzy set. But after some decades 
a new branch of philosophy, acknowledged as Neutrosophy, was developed and studied by 
Florentin Smarandache (22124). Smarandache proved that the neutrosophic set was a 
generalization of the intuitionistic fuzzy set which was developed by K.Atanassov |1| in 1986 
as an extension of a fuzzy set. Like an intuitionistic fuzzy set, an element in a neutrosophic 
set has the degree of membership and the degree of non-membership but it has another grade 
of membership known as the degree of indeterminacy and one very important point about the 
neutrosophic set is that all three neutrosophic components are independent of one another. 

After Smarandache had introduced the concept of neutrosophy, it was studied by many 
researchers (7\[12}[29)[32). In the year 2002, Smarandache introduced the notion of neu- 
trosophic topology on the non-standard interval. Lupidnez studied and investigated 
many properties of neutrosophic topological spaces. In the year 2012, Salama & Alblowi 
introduced neutrosophic topological space as a generalization of intuitionistic fuzzy topological 
space developed by D.Coker (9| in 1997. Salma et.al. studied generalized neutrosophic 
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topological space, neutrosophic filters, and neutrosophic continuous functions. In the year 
2016, Karatas and Kuru redefined the single-valued neutrosophic set operations and intro- 
duced neutrosophic topology and then investigated some important properties of neutrosophic 
topological spaces. Later, various aspects of neutrosophic topology were developed by many 
researchers (2}[8][12})30)[31). 

Neutrosophy, due to the fact of its flexibility and effectiveness, is attracting researchers 
throughout the world and is very useful not only in the development of science and technology 
but also in various other fields. For instance, Abdel-Basset et.al. studied the applications 
of neutrosophic theory in a number of scientific fields. In 2014, Pramanik and Roy studied 
the conflict between India and Pakistan over Jammu-Kashmir through neutrosophic game 
theory. Works on medical diagnosis (13133), decision-making problems [4}[5}, image processing 
[14], etc. were also done in a neutrosophic environment. Recently some studies on COVID- 
19 (6/10) had been done with the help of neutrosophic theory. 

There are still many concepts to be developed in connection with neutrosophic topological 
spaces. Very recently Ray and Dey introduced the idea of neutrosophic points on single- 
valued neutrosophic sets and studied various properties. The authors also studied the 
relation of quasi-coincidence for neutrosophic sets. In this article, we investigate some covering 


properties of neutrosophic topological spaces. 


2. Preliminaries 


In this section we confer some basic concepts which will be helpful in the later sections. 


2.1. Definition: 


Let X be the universe of discourse. A neutrosophic set A over X is defined as A = 
{(x, Ta(x),Z4(x), Fa(x)) : « € X}, where the functions 74,Z,4,¥F, are real standard or non- 
standard subsets of }~0,17[, ie., Ta : X 3 ]7-0,1t[, Za: X 3 J°0,17[, Fa : X > )70,1°[ 
and ~0 < Ta(x) + Za(x) + Fa(x) < 37. 

The neutrosophic set A is characterized by the truth-membership function Ty, 


indeterminacy-membership function 24, falsehood-membership function F 4. 


2.2. Definition: 


Let X be the universe of discourse. A single-valued neutrosophic set A over X is defined as 
A = {(x,Ta(x),Za(x), Fa(x)) : & € X}, where 74,74, Fa are functions from X to [0,1] and 
0< Ta(x) + Ta(x) + Fa(x) < 3. 

The set of all single valued neutrosophic sets over X is denoted by V(X). 

Throughout this article, a neutrosophic set (NS, for short) will mean a single-valued neu- 
trosophic set. 
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2.3. Definition: 


Let A,B € N(X). Then 
(i) (Inclusion): If Ta(x) < Tp(x),Za(x) > Ta(x), Fa(x) > Fp(x) for all x € X then A is 
said to be a neutrosophic subset of B and which is denoted by A C B. 
(ii) (Equality): If AC Band BC Athen A= B. 
(iii) (Intersection): The intersection of A and B, denoted by AN B, is defined as AN B = 
{(x,Ta(x) A Ta(2), Za(x) V Tp(x), Fa(x) V Fp(x)): 2 € X}. 
(iv) (Union): The union of A and B, denoted by AUB, is defined as AU B = {(z, Ta(x) V 
Tp(x),Za(x) ATp(x), Fa(x) A Fp(x)) : 2 € X}. 
(v) (Complement): The complement of the NS A, denoted by A‘, is defined as A° = 
1(o, FA) 1 — Zale), Tale) sae Xx} 
(vi) (Universal Set): If T4(x) = 1,Z4(x) = 0, F4(x) = 0 for all x € X then A is said to be 
neutrosophic universal set and which is denoted by X. 
(vii) (Empty Set): If T4(x) = 0,Z4(a) = 1, F4(x) = 1 for all x € X then A is said to be 
neutrosophic empty set and which is denoted by 0. 


2.4. Definition: 


Let {A; : i €A} C N(X), where A is an index set. Then 


(i) Chen Ag = 4 a Vien TA(®) Aven BA (o) Mica Fa (e)) te eX}. 
(ii) Mea Ag = 4 Aten TA AZ), Vieatal@); Vien A(@)) > 2 € X}: 


2.5. Definition: 


Let N’(X) be the set of all neutrosophic sets over X. An NS P = {(x, Tp(x),Z p(x), Fp(x)) : 
x € X} is called a neutrosophic point (NP, for short) iff for any element y € X, Tp(y) = 
a,Zp(y) = 8,F p(y) =y for y =z and Tp(y) = 0,Zp(y) = 1,F p(y) =1 for y 4 x, where 
0<a<1,0<6<1,0<y7< 1. Aneutrosophic point P = {(x,Tp(x),Zp(x), Fp(x)): a2 € X} 
will be denoted by Py py Ol P< 2,0; 6,7 > or simply by %o,¢,y. For the NP zg,4,y, x will be 


called its support. The complement of the NP Py By will be denoted by (Py, By) or by 26, By" 


2.6. Theorem: 


Let f : X + Y bea function. Also let A, A; € V(X),i € I and B, Bj € N(Y),j € J. Then 
the following hold. 
(i) Ar Ap @ f(A1) € f(A2), Bi © Bo & fo'(Bi) © f-"(Ba). 
(ii) AC f-!(f(A)) and if f is injective then A = f—!(f(A)). 
(iii) f-'(f(B)) C B and if f is surjective then f~!(f(B)) = B. 
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(iv) f*(UBj) = Uf-*(B;) and f~"(NBj) =f (Bj). 

(v) f(UA:) = Uf (As), f(N As) C MF (Az) and if f is injective then f(NA;) = Nf (Ai). 
(vi) f-1@y) =0x, f(Y) = X. 
(vii) f(Ox) = Oy, f(X) =Y if f is surjective. 


2.7. Definition: 


Let X and Y be two non-empty sets and f : X — Y bea function. Also let A € V(X) and 
BeN(Y). Then 
(1) Image of A under f is defined by 
f(A) ={y, F(Ta)(y), FZa)(y), Il - FO. — Fa))(y)) :y € ¥}, where 


sup{Ta(x): a € f7'(y)} if f-t(y) 40 


f(Ta)(y) = 
: if f(y) =0 
in z):a2€ f— if fol 
f(Za)ly) = EA BEL} HF) 40 
: if f~"(y) =0 
in v):2 -1 sf fol 
item ee 
: if f-"(y) =0 


(2) Pre-image of B under f is defined by 
f-"(B) = {(s, F* (Ta)(a), f-* (Za)(a), f-" (F)(@)) + & € X} 


2.8. Definition: 


Let 7 C V(X). Then 7 is called a neutrosophic topology on X if 
(i) @ and X belong to r. 
(ii) An arbitrary union of neutrosophic sets in 7 is in T. 
(iii) The intersection of any two neutrosophic sets in 7 is in T. 
If 7 is a neutrosophic topology on X then the pair (X,7) is called a neutrosophic topological 
space (NTS, for short) over X. The members of 7 are called neutrosophic open sets in X. If 


for a neutrosophic set A, A® € 7 then A is said to be a neutrosophic closed set in X. 


2.9. Definition: 


Let (X,7) and (Y,o) be two neutrosophic topological spaces and f : X — Y be a function. 
Then 


(i) f is called a neutrosophic open function if f(G) € o for all Ger 


(ii) f is called a neutrosophic continuous function if f~!(G) € 7 for all G eo. 
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3. Main Results 
3.1. Definition : 


Let (X,7T) be a neutrosophic topological space. A subcollection B of 7 is called a neu- 
trosophic base (or simply, base) for 7 iff for each A € 7, there exists a subcollection 
{A;:i€ A} CB such that A = U{A; : 7 €A}, where A is an index set. 

A subcollection B, of 7 is called a neutrosophic subbase (or simply, subbase) for 7 iff the 


finite intersection of members of 6, forms a neutrosophic base for T. 


3.2. Definition : 


An NTS (X,7) is said to satisfy the second axiom of countability or is said to be neutrosophic 
Cyr (or simply, Cy;) space iff r has a countable neutrosophic base, i.e., an NTS (X,7) is said 
to be Cy; space iff there exists a countable subcollection B of 7 such that every member of + 


can be expressed as the union of some members of B. 


3.3. Definition : 


Let (X,7) be an NTS. A collection {G) : A € A} of neutrosophic closed sets of X is said 
to have the finite intersection property (FIP, in short) iff every finite subcollection {G), :k = 
1,2,--- ,n} of {G) : \ € A} satisfies the condition (];_, Ga, 4 @, where A is an index set. 


3.4. Definition : 


Let (X,7) be an NTS and A € N(X). A collection C = {G) : A €A} of neutrosophic open 
sets of X is called a neutrosophic open cover (NOC, in short) of A if A C Uye,Gy. We then 
say C' covers A. In particular, C is said to be an NOC of X iff X = UyeaGy. 

Let C be an NOC of the NS A and C’ C C. Then C’ is called a neutrosophic open subcover 
(NOSC, in short) of C if C’ covers A. 

An NOC of A is said to be countable (resp. finite) if it consists of a countable (resp. finite) 


number of neutrosophic open sets. 


3.5. Definition : 


An NS A in an NTS (X,7) is said to be neutrosophic compact set iff every NOC of A has 
a finite NOSC. In particular, the space X is said to be neutrosophic compact space iff every 
NOC of X has a finite NOSC. 


3.6. Definition : 


An NTS (X, 7) is said to be neutrosophic countably compact space iff every countable NOC 
of X has a finite NOSC. 
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3.7. Definition : 


An NTS (X,7T) is said to be neutrosophic Lindeléf iff every NOC of X has a countable 
NOSC. 


3.8. Example : 


Let. X= {1,2}, A-=- {1)1,0,0),42;.0,1, +, B= {0;0,1,1),2,1,0,0)} and + = 
{X,@,A, B}. Clearly (X,7) is an NTS. It is clear that (X,7) is neutrosophic compact, neu- 


trosophic countably compact as well as neutrosophic Lindelof. 


3.9. Example : 


Let X = {a,b} and G, = {(a, eas wee wpa) (0, we aap aan EN = {1,2,3,---} 
and r = {X,0} U{G, : n € N}. Clearly (X,r) is an NTS. Also it is easy to see that 


UnenGn = X. Therefore {G, :n € N} is an NOC of X. Now Gi = {(a, 4, 5, 4)> (0, 3,45 a) hs 


G2 = {(a, z, ie s)s (b, 3 é ay} G3 = {(a, 3, ‘ é)s (b, - i t)} and so on. Clearly Gj UG2 = Go, 
G UG3 = Gs and G; U G2 UG3 = G3. So, for any finite subcollection {G,, :n, €¢ M, M isa 


finite subset of N} of {G, :n € N}, we have U,,, Gn, = Gm # X, where m = max{n, : nz € 


M}. Therefore (X,7) is not a neutrosophic compact space. 


3.10. Theorem : 


Finite union of neutrosophic compact sets is neutrosophic compact. 


Proof: Very obvious. 


3.11. Theorem : 


Let (X,7) be an NTS. An NS A= {(2,7a(x),Za(x), Fa(x)) : x € X} in X is neutrosophic 
compact iff for every collection C = {G) : \ €A} of neutrosophic open sets of X satisfying 
Ta(@) S Vyeq Ta, (#), 1 — Za(x) S Vye,(1 — Ze, (#)) and 1 — Fa(r) < Vye,(1 — Fea, (2), 
there exists a finite subcollection {G), : k = 1,2,3,...,n} such that T4(x) < Vi_1 Tey, (2), 
1 —Ta(x) < Via (1 — Ze,, (x) and 1 — F(z) < Veni (1 — Fey, (2)). 

Proof: Necessary Part : Let C = {G) : \ €A} of neutrosophic open sets of X satisfying 
Ta(&) S Vyen Te, (&), 1-La(x) < Vyen(1-Ze, (@)) and 1—Fa(r) < Vye,(1—-Fea, (x)). Now 
1—Ta(zx) < Vye,(1-Ze, (x)) = 1-La(x) < 1-Zea, (x) for some 8 €A => Ta(x) > Te, (r) > 
Tale) 2 Nie, Le) Similarly T= Fa@) = Vixen = Fox (2) SFA) 2 Nx Fe). 
Therefore A C UyeqGy, ie, C is an NOC of A. Since A is compact, so C has a finite 
NOSC {G), : & = 1,2,3,---,n}. Therefore A C Uf_,Ga,- Then Ta(z) < Via Tey, (2), 
La(z) = NgaiZe,, (x) and Fa(x) > Ngai Fey, (2). Now Za(z) = Ajai Tey, (2) > La(z) 2 
Tq,,,(x) for some m1 < m<n=>1-Ta(x) <1-Te, (2), 1<m<n>1-Ta(z) < 
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Ve-1(1 — Zq,, (x)). Similarly we can show that Fa(rz) > Apo Fa,,(@) > 1- Fa(z) < 
Via(l — Fey, (z)). Thus Ta(z) < Vig Tes, (2), 1 - Fala) < Vity(1 — Zoy, (@)) and 1 
Fa(&) S Vai (1 — Fey, (@)). 

Sufficient Part : Let C = {G) : » EA} be an NOC of A. Then A C UyegGy, ie, 
Ta(t) S Vyen Tay(@), Za(x) 2 Ayen Za, (x) and Fa(x) = Ayen Fay(2). Now La(x) 2 
Aven Le, (#) > La(z) > Te,(x) for some a > 1 — Ta(z) < 1-Te,(4) > 1- Tala) < 
Vien — Ze, (x))« Similarly Fa(e) > Agen Foy (2) > 1— Fale) S Vue, (1 — Fe, (2))- Thus 
the collection C' satisfies the condition T4(x) < Ve, Ta, (#), 1 — Za(x) < Vye, (1 — Za, (2)) 
and 1 — Fa(x) < Vye,(1 — Fa, (x)). By the hypothesis, there exists a finite subcollection 
{Gy,. ¢ & = 1,2, 3,«.97} such that Tat) < Vio4 Tey, (@), 1— Za(a) < View (1 — Te, (2)) 
and 1 — F(x) < Ve_1(1 — Fa,, (2)). Now 1—TZa(z) < Ves (1 — Te,, (x) > 1-TZa(x) < 
1—TZg,_ (x) for some m => Ta(x) > Ta, (t) > La(z) > Ager Tg,, (x). Similarly we shall 
have Fa(x) > Axi Fo, (x). Therefore A C Uf_,G),, ie., the NOC C of A has a finite 
NOSC {G), :k =1,2,3,---,n}. Thus A is neutrosophic compact. 


Hence proved. 
3.12. Theorem : 


Let (X,7) be an NTS. Then X is neutrosophic compact iff for every collection C = {G) : 
A €A} of neutrosophic open sets of X satisfying V\-, Ta, (%) = 1, Vyeq(1 — Za, (x)) = 1 and 
Vaxe, (1 — Fa, ()) = 1, there exists a finite subcollection {G), : k = 1,2,3,...,n} such that 
Vie=t Teo. (x) =1, Via me cere (x)) = 1 and Via (1 ~ Fay, (x)) =1. 

Proof: Immediate from |3.11 


3.13. Theorem : 


Let 8 be a neutrosophic base for an NTS (X,7). Then X is neutrosophic compact iff every 
NOC of X by the members of ( has a finite NOSC. 

Proof: Necessary Part : Obvious. 

Sufficient Part : Let 8 = {Ba : a €A} be the neutrosophic base. Also let C = {G) : \ €A} 
be an NOC of X. Then each member G) of C is the union of some members of 6 and the 
totality of such members of 6 is evidently an NOC of X. By the hypothesis, this collection 
of members of 6 has a finite NOSC D = {Ba, : j = 1,2,3,---,n}, say. Clearly for each 
Ba, in D, we can find a Gj, in C such that By, C G),. Therefore the finite subcollection 
{G), :j =1,2,3,--- ,n} of C is an NOC of X. Therefore X is neutrosophic compact. 


3.14. Theorem : 


If the NTS (X,7) is Cz; then neutrosophic compactness and neutrosophic countably com- 
pactness are equivalent. 
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Proof: First we show that if (X,7) is neutrosophic compact then it is neutrosophic count- 
ably compact. Let A = {A; : i €A} be a countable NOC of X. Since X is compact, so A has a 
finite NOSC. Therefore X is neutrosophic countably compact. Next we show that if (X,T) is 
neutrosophic countably compact then it is neutrosophic compact. Let A = {A; : i €A} be any 
NOC of X. Since X is Cy;, so there exists a countable base B = {B,,:n = 1,2,3,---} for 7. 
Then each A; € A can be expressed as the union of some members of 6. Let A; = ee Brgs 
where B,, € B and ig may be infinity. Clearly Bp = {Bn,} is an NOC of X. Also Bo is 
countable as By C B. Since X is countably compact, so By has a finite NOSC Bj, say. Since 
by construction, each member of 6, is contained in one member Aj, so these A;’s form a finite 
subfamily of A and certainly a cover of X. Thus the NOC A of X has a finite NOSC. Therefore 


X is neutrosophic compact. Hence Proved. 


3.15. Theorem : 


If the NTS (X,7) is Cy; then it is neutrosophic Lindeldf. 

Proof: Let A = {A;: i €A} be an NOC of X. Since X is Cy;, so there exists a countable 
base B = {B, :n = 1,2,3,---} for 7. Then each A; € A can be expressed as the union of some 
members of B. Let Aj = (ees Bn,, where By, € B and io may be infinity. Let By = { Bn, }. 
Then Bo is an NOC of X. Also Bo is countable as By C B. By construction, each member of 
Bo is contained in one A; . So, these A;’s form a countable NOSC of A. Thus the NOC A of 
X has a countable NOSC. Therefore X is neutrosophic Lindelof. Hence proved. 


3.16. Theorem : 


An NTS (X,T) is neutrosophic compact iff every collection of neutrosophic closed sets with 
the FIP has a non-empty intersection. 

Proof: Necessary part : Let A = {N; : i €A} be an arbitrary collection of neutrosophic 
closed sets with the FIP. We show that Nje,N; # @. On the contrary, suppose that Ne, N; = i 
Then (Nica Ni)° = (0)° > Uren NE = X. Therefore B = {N¢ : N; € A} is an NOC of X and 
so B has a finite NOSC {N¢,Né,..., NZ}, say. Then US_, Ne = X > k_, Ni, = 0, which is 
a contradiction as A has FIP. Therefore Nic, Ni 4 0. 

Sufficient part : Let C = {G; : i €A} be an NOC of X. Suppose that C has no finite NOSC. 
Then for every finite subcollection {G;,, Gis, ..., Gi, } of C, we have Uk_,Gi, £X=> GE x 
0. Therefore {GE : G; € C} is a collection of neutrosophic closed sets having the FIP. By the 
assumption, Nje,GS F i= UienGi # X. This implies that C is not an NOC of X, which is a 
contradiction. Therefore C must have a finite NOSC. Therefore X is neutrosophic compact. 

Hence proved. 
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3.17. Theorem : 


Let (X,71) and (Y,72) be two NTSs and let f : X — Y be a neutrosophic continuous 
function. If A is neutrosophic compact in (X,7)) then f(A) is neutrosophic compact in (Y, 72). 

Proof: Let B = {G) : \ €A} be an NOC of f(A), where G, = {(y, Ta, (y), Za, (y), 
Fa,(y)) :y € Y}. Then f(A) © UxeaGy > fo(F(A)) © FT 'UreaGa) > f(F(A)) CS 
Uyeaf (Gy) > A C Ujeaf (Gy) A C fo'(f(A))]. Since Gy is open in Y, so f—1(G)) 
is open in X as f is continuous. Therefore C = {f~!(G,) : \ € A} is an NOC of A. 
Since A is compact, so C has a finite NOSC {f~!G),, f-'G),,--- , f-'G),,}. Therefore A C 
Ub fMGy,) = F(A) © FUR FNGa)) & FA) CULLUM) & f(A) © UL, 
Thus the NOC B of f(A) has a finite NOSC. Therefore f(A) is neutrosophic compact. Hence 


proved. 


3.18. Theorem : 


Let (X,71) and (Y,72) be two NTSs and let f : X — Y is a neutrosophic continuous onto 
function. If (X,7,) is neutrosophic compact then (Y,72) is neutrosophic compact. 

Proof: Since f is onto, so f(X) =Y. Let B = {Gy : \ € A} be an NOC of Y, where G) = 
{(y, Ta, (¥), Za, (y); Fa, (y)) + y € Y}. Then UeaGy = Y > fo (UreaGa) = fUY) = 
Urea f'(Gy) = X. Since G) is open in Y, so f~!(G) is open in X as f is continuous. 
Therefore C = {f~1(G)) : A € A} is an NOC of X. Since X is compact, so C has a finite 
NOSC {f-!G),,f-'G),,-°- ;f7'G), }. Therefore U"_, f-1(Gy,) = X > f(UZ,F-1(G),)) = 
f(X) > ULF (F-(G),)) = Y > UL Ga, = Y.. Thus the NOC B of Y has a finite NOSC. 


Therefore Y is neutrosophic compact. Hence proved. 


3.19. Theorem : 


Let (X,71) and (Y,72) be two NTSs and let f : X — Y is a neutrosophic continuous 
onto function. If X is neutrosophic countably compact then Y is also neutrosophic countably 
compact. 

Proof: Since f is onto, so f(X) = Y. Let A = {G) : \ € A} be a countable NOC of Y, 
where Gy = {(y, Ta, (y), Za, (y); Fa, (y)) 2 y © Y}. Then UjeaG@y = Y > fo '(UneaGy) = 
fO(Y) > Urea f7!(Gy) = X. Since Gy is open in Y, so f~!(G,) is open in X as f is 
continuous. Therefore C = {f~!(G)) : \ € A} is an NOC of X. Obviously C is count- 
able as A is countable. Again since X is neutrosophic countably compact, so C' has a finite 
NOSC {f-!G),, f-'G),,-:- , f7'G), }. Therefore U_, f-1(Gy,) = X > f(ULF—1(G),)) = 
f(X) > UR M(G,)) = Y > UL Gy, = Y. Thus A has a finite NOSC. Hence Y is 
neutrosophic countably compact. 
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3.20. Theorem : 


Let (X,71) and (Y,72) be two NTSs and let f : X — Y is a neutrosophic continuous onto 
function. If X is neutrosophic Lindelof then Y is also neutrosophic Lindelof. 

Proof: Since f is onto, so f(X) = Y. Let A = {A; : i EA}, be an NOC of Y. Then 
¥ = Uses Ai > PMP) = Fen Ai) + X = Uses FMA) > (FAD : é €a} is an 
NOC of X. Since X is neutrosophic Lindeléf, so {f~!(A;) : i CA} has a countable NOSC 
B={f-1(A;,) 2 k= 1,2,3,...}. Therefore X = es; f—'(Aj,), where i9 may be infinity. 
This gives #(X) = fIUIL, f2(Aa)) > Y =U UGH 4a)] > F =U Aa, > (Aig = 
1,2,3,---} an NOC of Y. Since B is countable, so {A;, : k = 1,2,3,---} is also countable. 
Therefore the NOC A of Y has a countable NOSC {A;, : k = 1,2,3,---}, ie., Y is neutrosophic 


Lindelof. Hence proved. 


3.21. Theorem : (Alexander subbase lemma) 


Let 8 be a subbase of an NTS (X,7). Then X is neutrosophic compact iff for every collection 
of neutrosophic closed sets chosen from {° having the FIP, there is a non-empty intersection. 

Proof: Necessary part : Immediate. 

Sufficient Part : On the contrary, let us suppose that X is not compact. Then there 
exists a collection C = {G; : i € I}, where G; = {(x,7c,(x),Za,(x),Fa,(x)) : « € X}, of 
neutrosophic closed sets of X having the FIP such that Nje,G; = (. The collection of all such 
collections C can be arranged in an order by using the classical inclusion(C) and the collection 
will certainly have an upper bound. Therefore by Zorn’s lemma, there will be a maximal 
collection of all the collections C. Let M = {M; : j € J} be the maximal collection, where 
Mj; = {(2, Tu, (x), Zu, (2), Fu; (x)) : 2 € X}. This collection M has the following properties : 
()0¢M ii) PEM,PCQSQEM (iii) LQ EM=> PNQEM (iv) MN8B) =8. 
Clearly the property (iv) delivers a contradiction to the hypothesis. Therefore X is compact. 


Hence proved. 


3.22. Definition : 


An NTS (X,7) is said to be neutrosophic locally compact iff for every NP xq,g, in X, there 


exists neutrosophic T-open set G such that r%q,g,y € G and G is neutrosophic compact in X. 


3.23. Theorem : 


Every neutrosophic compact space is neutrosophic locally compact space. 

Proof: Let (X,7) be a neutrosophic compact space and let x,y be an NP in X. Since X 
is neutrosophic compact and since Xisa neutrosophic open set containing %,g,y, 80, X is a 
neutrosophic locally compact space. 
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3.24. Remark : 


Every neutrosophic locally compact space need not be neutrosophic compact space. We 
establish it by the following example. 

Let X = N= {1,2,3,---}. Forn EN, we define G, = {(2, Ta, (x), Za, (x), Fa, (x) : 2 € X}, 
where Tea) = lie) =O Fe (a) S01 & < wand Je. (a) =02e, (2) = 1 Fee) = 1 
if c > n. Let 7 be the set consisting of 0, X and the neutrosophic sets G,, n € N. Obviously 
(X,7) is an NTS and it is also clear that (X,7) is a neutrosophic locally compact space but 


not a neutrosophic compact space. 


3.25. Theorem : 


Let f be a neutrosophic continuous function from a neutrosophic locally compact space 
(X,7) onto an NTS (Y,¢). If f is neutrosophic open function then (Y,o) is also neutrosophic 
locally compact space. 

Proof: Let yp. be any NP in Y. Also let xa, be an NP in X such that rag, € 
f-'(Yp.qr). Then f(a,8,7) = Yp,qr- Since Lo,8,y € X, and X neutrosophic locally compact, 
so there exists a T-open set G such that r.,g,, € G and G is neutrosophic compact in X. 
Now %o,8,7 € G => f(®a8,7) € f(G) > Yar € f(G). Since f is neutrosophic continuous 
and G is neutrosophic compact in X, so f(G) is neutrosophic compact in Y. Again since f 
is a neutrosophic open function, so is f(G) is a o-open set. Thus for any any NP yp¢, in Y, 
there exists a o-open set f(G) such that yp¢r € f(G) and f(G) is neutrosophic compact in 


Y. Therefore (Y,o) is neutrosophic locally compact space. 


4. Conclusions : 


In this article, we have defined neutrosophic compactness, neutrosophic countably compact- 
ness, neutrosophic Lindeldfness and investigated various covering properties. Especially we 
have shown that if a neutrosophic topological space is neutrosophic C7; then neutrosophic 
compactness and neutrosophic countably compactness are equivalent. We have proved that 
the neutrosophic compactness is preserved under neutrosophic continuous function. We have 
also stated and proved the neutrosophic version of “Alexander subbase lemma”. Lastly, we 
have defined neutrosophic locally compact space and put forward two propositions with proofs. 
Hope that the findings in this article will assist the research fraternity to move forward for the 


development of different aspects of neutrosophic topology. 
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Abstract. Pythagorean neutrosophic soft set (PNSS set) is a new approach towards decision making under 
uncertainty. The PNSS set has much stronger abilities than the neutrosophic soft set and the Pythagorean 
fuzzy soft set. In this paper, we discuss aggregated operations for aggregating the PNSS decision matrix. 
The TOPSIS and VIKOR methods are strong approaches for multi criteria group decision making (MCGDM), 
which is various extensions of neutrosophic soft sets. In this approach, we propose a score function based on 
aggregating TOPSIS and VIKOR methods to the PNSS-positive ideal solution and the PNSS-negative ideal 
solution. Also, the TOPSIS and VIKOR methods provide the weights of decision-making. Afterward, a revised 


closeness is introduced to identify the optimal alternative. 


Keywords: Pythagorean neutrosophic soft set, MCGDM, TOPSIS, VIKOR, aggregation operator. 


1. Introduction 


The classic article of 1965, Zadeh proposed fuzzy set theory [39]. According to this definition 
a fuzzy set is a function described by a membership value . It takes degrees in real unit interval. 
But, later it has been seen that this definition is inadequate by considering not only the degree 
of membership but also the degree of non-membership. Neutrosophic set is a generalization 
of the fuzzy set and intuitionistic fuzzy set, where the truth-membership, indeterminacy- 
membership, and falsity-membership are represented independently. Atanassov described 
a set that is called an intuitionistic fuzzy set to handle mentioned ambiguity. Since this set 


has some problems in applications, Smarandache introduced neutrosophy to deal with 
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the problems that involves indeterminate and inconsistent information. Yager as being 
introduced by the concept of Pythagorean fuzzy sets. It has been extended from intuitionistic 
fuzzy sets and is distinguished by the requirement that the square sum of their degrees of 
membership and non-membership not exceed unity. A neutrosophic set is used to tackle 
uncertainty using the truth, indeterminacy, and falsity membership grades by Smarandache 
[30]. The theory of soft sets was proposed by [15]. Maji et al. proposed the concepts of the 
fuzzy soft set and the intuitionistic fuzzy soft set [14]. These two theories are applied 
to solve various decision making problems. In recent years, Peng et al. [29|have extended 
the fuzzy soft set to the Pythagorean fuzzy soft set. Smarandache et al. discussed the 
concept of Pythagorean neutrosophic set approach. A decision-making (DM) problem is the 
process of finding the best optional alternatives. In almost all such problems, the multiplicity 
of criteria for judging the alternatives is pervasive. That is, for many such problems, the 
decision maker wants to solve a multiple criteria decision making (MCDM) problem. A survey 
of the MCDM methods has been presented by Hwang and Yoon (7). A MCDM problem can 


be expressed in matrix format as: 


Gi CQ ws Gp 
Ay aj, ajQ ... Aim 
Ao a2, a22 ... Am 
Qnxm = : . . A 
An \Qn1 Gn2 --. Anm 


where Aj, Ag,..., An are possible alternatives among which decision makers must choose, 
C1,C2,...,Cm are criteria with which alternative performance is measured, aj; is the rating 
of alternative A; in relation to criterion Cj. 

Many researchers have studied the TOPSIS and VIKOR methods for decision mak- 
ing problems, including Adeel et al. (2), Akram and Arshad 2], Boran et al. [4], Eraslan 
and Karaaslan (6, Peng and Dai [28], Xu and Zhang and Zhang and Xu |40]. In 2021, 
Zulqarnain discussed the TOPSIS technique as it applies to interval valued intuitionistic fuzzy 
soft sets (IVIFSS) information, where the mechanisms are assumed in terms of IVIFSNs. To 
measure the degree of dependency of IVIFSS’s, discussed a new correlation coefficient for 
IVIFSS’s and examined some properties of the developed correlation coefficient. To achieve 
the goal accurately, the TOPSIS technique may be extended to solve MADM problems. The 
basic idea of TOPSIS is rather straightforward. It simultaneously considers the distances to 
both positive ideal solutions (PIS) and negative ideal solutions (NIS), and a preference order 
is ranked according to their relative closeness and a combination of these two distance mea- 
sures. The VIKOR method focuses on ranking and selecting from a set of alternatives, and 
determining compromise solutions for a problem with conflicting criteria, which can help the 
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decision makers reach a final decision (16}[17]. Opricovic and Tzeng suggested using fuzzy 
logic for the VIKOR method. Tzeng et al. used and compared the VIKOR and TOPSIS 
methods in solving a public transportation problem. Newly, Pythagorean fuzzy logical with 


real life applications discussed many authors (3}(9][321[34}|35][37]. Recently, Palanikumar et al. 
discussed various field of applications including algebraic structures . 


2. Preliminaries 


Definition 2.1. Let U be a non-empty set of the universe. A neutrosophic set A in U 
is an object having the following form : A = {u,o4(u),o4(u),o4(u)|u € U}, where oJ (u), 
o4,(u) a4 (u) represents the degree of truth membership, degree of indeterminacy membership 
and degree of falsity membership of A respectively. The mapping ae os, a, :U = [0,1] and 


0<o4(u) +o4(u) +04 (u) <3. 


Definition 2.2. Let U be a non-empty set of the universe, Pythagorean neutrosophic set 
(PNSS) A in U is an object having the following form : A = {u,o4(u),04(u), 04 (u)|u € U}, 
where oJ, (u), 04(u) 0% (u) represents the degree of truth membership, degree of indeterminacy 
membership and degree of falsity membership of A respectively. The mapping ae we a, : 
U = [0,1] and 0 < (04, (u))? + (04 (u))? + (04 (u))? < 2. Since A = (04,04, 04) is called a 


Pythagorean neutrosophic number(PNSN). 


Definition 2.3. The score function for any PNSN A = (04,04,0%) is defined as S(A) = 
a2? — 9] — oF where —1 < $(A) <1. 
3. MCGDM based on PNSS sets 


Definition 3.1. Let U be a non-empty set of the universe and F be a set of parameter. The 


pair (A, A) or Ay is called a Pythagorean neutrosophic soft set (PNSS set) on U if AC E 


and A: A— PNS", where PNSY" is represent the aggregate of all Pythagorean neutrosophic 


subsets of U. (ie) Ay = Gre u } ceAwen 


K,(w,0K , (w),o% , (u)) 


Remark 3.2. If we write aj; = on, (eat); big = oR , (€5) (tus) and te = on ,(e7) (ui), where 


i= 1,2,...,m and 7 = 1,2,...,n then the PNSS set A, may be represented in matrix form as 


| (a11, 611, C11) (Gia, 0igsCig) axa. ‘(iy Dig, Cig) 
(a21, b21, 21) (a22,b22,C€22) .-- (Gan, ban, Can) 
Ag = [(aij, 043, Ci) |mxn = 

(rats bmi, Cai) (Gimn2 bm2; Cm2) see ( teins Dinas Crave) 


This matrix is called Pythagorean neutrosophic soft matrix (PNSSM). 
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Definition 3.3. The cardinal set of the PNSS set Ay over U is a PNSS set over E and 


is defined as cAy = -e € ES , where o, , of. and o%,, are 
(0%; (0%, (€).0% 4(€)) oe me 

mapping from EF to unit interval respectively, where of (e) = eat oe, (€) = cat 

and my = extol where |d,4(e)|, |Ca(e)| and |ya(e)| denote the scalar cardinalities of 


the PNSS sets d4(e), Ca(e) and ya4(e)respectively, and |U| represents cardinality of the uni- 
verse U. The collection of all cardinal sets of PNSS sets of U is represented as cPNS. If 
ACE = {e, : i = 1,2,...,n}, then cA, € cPNS" may be represented in matrix form 
as [(oag, 01g, Cig) en = (C14, bias C12); (G19; 0197019), «+5 (Gin; Dim, Cin)|,. Where (14, Dix, e173) = 


McA, (ej), for j = 1,2,...,n. This matrix is termed as cardinal matrix of cA, of E. 


Definition 3.4. Let Ay ¢ PNS™ and cA, € cPNS"”. The PNSS set aggregation operator 
PNSSagg : cPNS” x PNS”  PNSS(U, E) is defined as 


PNSSqqq(CA4, AA) = § “a ue US = u :u€U>. This collec- 
ages, Aa) {sat f 1),0%, (u) 


ol, (u),o7, ( 

54 SA 
tion is called aggregate Pythagorean neutrosophic set of PNSS set Ay. The degree of truth 
membership o3. (u) : U = [0,1] by On (i) = wl er (05, (0.08, (e)) (wu), degree of inde- 
terminacy membership Ob (u) : U > [0,1] by Of (a) = iz eee (0%, (c), 02, (€)) (u) and 
degree of falsity membership oon (uw) : U > (0, 1] by oe (u) = Hl Deer (620, (6), 0%, (e)) (u). 

The set PN.S'Sqgg(cA4, Aa) is expressed in matrix form as 


(a31, 611, C11) | 


(a21, b21, 21) 
[thea bi, Gi)|mx1 = 


(Cone bmi, Crt) 


where [(ai1, bi, ci1)] = HAx(ui), for 7 = 1,2,...,m. This matrix is called PNSS aggregate 
matrix of PNSSagg(cAa, Aa) over U. 


Definition 3.5. Let A = (of, O%;, 0%) € PNSSMm xn, then the choice matrix of PNSSM A 

ae _ | ( DjaloG)? Nha)? Vj (0%)? : 

is given by @(A) = h Vi when weights are equal. 
mxX1 


n , n ’ 


Definition 3.6. Let A = (of, 0%, 0%) € PNSSMmpxn, then the weighted choice matrix 
jar wi (OF)? Doja1 5 (9%)? doja1 5 (9F)? 


of PNSSM A is given by @ (A) = ( a ‘ Su, , Sy )] Vi where 
mx 


w; > 0 are weights (means weights are unequal). 


Theorem 3.7. Let Ay be a PNSS set. Suppose that Ma,,Mca,,MjA, are matrices of 
Aa,cA4,A%, respectively, then Ma, x Mi, = Mj, x |E|, where Min, is the transpose 
of Mea ,: 
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Proof. The proof follows Definition [3.3] and Definition [3.4] 
We can make a MCGDM based on PNSS sets by the following algorithms: 


Algorithm-I 

Step 1: Construct PNSS set A, over the universal U. 

Step 2: Compute the cardinalities and find the cardinal set cA, of Ay . 

Step 3: Find aggregate PNSS set A%, of Ay. 

Step 4: Compute the value of score function by S(w) = 027 — 024 — 027, Vue U. 


Step 5: Compute S(u) is maximum is the best alternative. 


Example 3.8. Suppose that an automobile company produces ten different types of cars 
U = {C1,Co,...,Cio} and lets a set of parameters EF = {e1, €2,...,e5} represent fuel economy, 
acceleration, top speed, ride comfort, and good power steering, respectively. Suppose that a 
customer has to decide which car purchase ? Following the discussion, each car is evaluated 


using a subset of parameters A = {e1,€2,e4} C FE. We apply the above algorithm as follows. 


Step-1: We Construct PNSS set Ay of U is defined as below: 
Aa = 


€ Ci C4 Cz Co Cio 
15 ) (0.55,0.75,0.6)’ (0.8,0.7,0.65) ’ (0.7,0.75,0.55) ? (0.9,0.5,0.8) ? (0.65,0.6,0.6) {)? 


e C2 C3 C5 Cg Cio 
25 (0.6,0.75,0.5) ? (0.65,0.55,0.8) ? (0.55,0.65,0.6) ? (0.65,0.7,0.7) ? (0.5,0.8,0.55) ’ 


e C3 C4 C6 Cg Co 
45) (0.75,0.7,0.7)? (0.5,0.6,0.75) ’ (0.6,0.65,0.8)? (0.7,0.75,0.7) ? (0.9,0.55,0.7) : 


. 7 — eL1 e2 e4 
Step-2: The cardinal set of Ay as cA, = jaa: (0.295,0.345,0.315)? (0.345,0.325,0.365) 


Ma ,xMI, 


Step-3: The aggregate PNSS set A% of Ay is Max = 


[EF] 
0.55 0 0 0 0 0.75 0 0 0 0 
¢ t6 o@ 0 « 0 075 0 0 O 
| 0 0.65 0 0.75 0| | 0 0.55 0 0.7 0| 
0.36 0.33 
08 0 0 05 O 0 0 0 06 0 
0.295 0.345 
1 0 055 0 0 O 0.65 0 0 O 
= = 0 5 0 4 
5) 0 0 0 06 0 0 0 0.65 0 
0.345 0.325 
| 0.7 0 0 0 0| | 0 0 0 0| 
0 0 
0 065 0 07 0 07 O 0.75 i 
09 0 0 09 0 05 O 0 055 0 
0.65 05 0 O il 06 08 0 O | 
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0.0396 0.0495 0.0384 
oe fo eS 0.0354 | |0.05175| | 0.0315 
0 05 0 0 O 
0.0901 0.08345 0.1015 
0 O08 0 07 0 ae 
06 0 0 075 0 ee | 0.0921 | 0.0852 | | 
0 06 0 0 0 : _ J {0.03245} | 0.04485 0.0378 
0 0 0 08 O 7 : | , | 
, aoe acne | 0.0414 | 0.04225 0.0584 
55 6 | 0.0504 | | 0.0495 | | 0.0352 | 
_ ee oe 0.08665} | 0.09705 0.0952 
08 0 0 07 0 | | | 
06 058 0 0 0 0.1269 0.06875 0.1023 
0.0763 0.0948 0.07305 
Hence, A* =f Cy C2 C3 
2 A (0.0396, 0.0495, 0.0384) ? (0.0354, 0.05175, 0.0315) ? (0.0901, 0.08345, 0.1015) ? 


C4 C5 Ce Cz 
(0.0921, 0.0852, 0.09635)’ (0.03245, 0.04485, 0.0378)? (0.0414, 0.04225, 0.0584)’ (0.0504, 0.0495, 0.0352) ’ 


Cg Cog Cio 
(0.08665, 0.09705, 0.0952)’ (0.1269, 0.06875, 0.1023)’ (0.0763, 0.0948, 0.07305) f° 
Step-4: The values of the score function S(C;) for each element of U are tabulated as follows. 


Car S(C;) 
C; —0.00236 
Cy —0.00242 
C3  —0.00915 
C4  —0.00806 
C5  —0.00239 
C5 —0.00348 
Cz —0.00115 
Cg  —0.01097 
Co 0.00091 
Cio 0.0085 
9.005 
0 
3a «A OH «& /e9\ co 


0.015 


Figure 1 Graphical representation using MCGDM based on PNSS. 


Step 5: Since max; S(C;) = 0.00091 which corresponds to Cg. Therefore in this case the most 


suitable car Cg for the customer would be purchased. 
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Algorithm-II 


Step-1: Construct Pythagorean neutrosophic soft matrix (PNSS matrix) 


on the basis of the parameters. 


Step-2: Case-I (Equal weights) Compute the choice matrix for the positive membership, 


neutral membership and negative membership of PNSS matrix. 


Case-II (Unequal weights) Compute the choice matrix for the positive membership, 


neutral membership and negative membership of PNSS matrix. 


Step-3: Choose alternative with maximum score value. 


Case-I: By Example]3.8| 


0.0605] [0.1125] | 0.072 Car 8(C;) 
0.072 | | 0.1125 0.05 a. =o 
0.197 0.1585 0.226 Co  —0.00997 
0.178 | 0.17 | | 0.197 | C3;  —0.03739 
(A) 0.0605 | 0.0805 | | 0.072 | ‘ C4 0.03603 
— core value = = 
0.072 | |0.0845] | 0.128 ee 
Ce  —0.01834 
0.098 | wa pees C, —0.00671 
0.1825 0.2105 0.196 cg  —0.04942 
0.324] |0.1105| | 0.226 Cy 0.04169 
0.1345 0.1325 Cio —0.03947 
Case-II: Weights (w;) = {0.16, 0.19, 0.25, 0.22, 0.18}. 
By Example [3.8] 
0.0484 0.09 0.0576 Car S(C,) 
0.0684 0.106875 0.0475 F anne 
al hs 
| 0.204025 | | 0.165275 | 0.2294 | Cs —0.009 
0.1574 | | 0.1576 | 0.19135 | C3  —0.03831 
0.057475| | 0.080275 0.0684 C4 —0.03668 
Cw(A) = Score value= ¢, _9.00782 
0.0792 0.09295 0.1408 
Cs 0.02219 
0.0784 0.09 0.0484 C 0.0043 
0.188075 | 0.21685 0.2009 | Cs 0.05201 
0.3078 0.10655 0.2102 Cy 0.0392 
0.1151 0.1792 0.115075 Cio —0.03211 
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Algorithm-III 

Step-1: Obtain the aggregated Pythagorean neutrosophic weighted averaging 
(PNSWA) numbers @(A) = oe wef, ea Wie et wjo5). 

Step-2: Compute the score function of S(C;). 

Step-3: Select the optimal alternative by max; .$(C;) value. 


Weights (w;) = {0.16, 0.19, 0.25, 0.22, 0.18}. 


By Example [3.8 
0. el 0.12 0. sad Car S(G;) 
0.114 | | 0. =| | 0.095 | C, 0.01587 
0.2885 0.2585 0.306 Co  —0.01634 
0.238 | | 0.244 | | 0.269 | C3 —0.07723 
(A) 0. 1085] | 0. 1235) | 0.114 | ‘ C4 0.07525 
= core value = ¢, —0.01733 
0.132 0.143 0.176 : 
jf ons || 276 ane 
112 12 
2 | . | | a08S | C, — 0.0096 
0.2775 0.298 0.287 Cs  —0.09417 
0.342 0.201 0.282 Cg  —0.00296 
0.199 | | 0.248] {0.2005 Cio — 9.0621 
3.1. Analysis for PNSS-Methods: 
Analysis of final ranking as follows: 
Methods Ranking of alternatives Optimal alternatives 
Algorithm — I Cg < C3 < Ca < C6 < Co <C5 << Cy <C7 < Cig < Co Co 
Algorithm — IT Case — (i) Cg < Cio <C3 < C4 <Ce5 < Cy < Co < C5 <C7 <Co Co 
Algorithm — IT Case — (it) Cg <C3 <C4 < C10 <Cé5 < Cy < Co <Cs5 <C7 <Co Co 
Algorithm — III Cg <C3 << C4 < Cig < Cg < C5 << Co < Cy <C7 <Co Co 


Therefore most suitable car Cg for the customer would be purchased. 


4. MCGDM based on PNSS-TOPSIS aggregating operator 

Algorithm-IV (PNSS-TOPSIS) 
Step-1: Assume that J = {F; : i € N} is a finite set of decision makers/experts, @ = 
{zi : 7 © N} is the finite collection of alternatives and D = {e; : i € N} is a finite family of 
parameters/criterion. 
Step-2: By selecting the linguistic terms and constructing weighted parameter matrix Y can 
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be written as 


P= [wig]nxm = | 


| Wil Wi2 oe Wim 


. Wn2 eran von 


Where w;; is the weight assigned by the expert Y to the alternative WY; by considering 


linguistic variables. 


Step-3: Construct weighted normalized decision matrix using the following 


M11 «12 Nim 
N21 722 Nam 
~ : 
N = [Nijlnxm = |. As 
N41 M42 Nim 


a MnQ +++ -| 


n~ Wii . ra . re . 08 . 
where nj; = —— is the normalized criteria rating and obtaining the weighted vector 
i=1 Vij 
W = (m,,Mz2,...,Mm), Where m; = Jean is the relative weight of the j*” criterion and 
l=1 Whi 
Doha May 
w= Se, 
Step-4: Construct PNSS decision matrix can be calculate as follows 
iy ie aah, Wee 
Gey Bae ue, Me, 
; : 
2, = Ee ‘elim => : 
a xt ot xi 
ji j2 jm 
Li, Lig +++ Lim 


Where vi, is a PNSS element for i’” decision maker so that ZY; for each i. Then obtain the 


aggregating matrix of = At244% = [yi |i. 
Step-5: Find the weighted PNSS decision matrix by 
is Z1Q2 «es a 
221 222 +++ 22m 
Y= lth lxna= 
251 %jQ ees Bim 


Ls 212 sae i 
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Where 2j~4 = Mg X Yjr- 

Step-6: Calculate PNSSV-PIS and PNSSV-NIS. Now, 

PNSSV-PIS = [27,22 524,24 | = {Vez Antes Apeix) 2 = 1,2,.4m} and PNSSV-PIS = 
[27 1 2 5-5 2] = {(An Zaks Vez je, VeZjk) 1k = 1,2,...,m}, where V stands for PNSS union and 
/ represents PNSS intersection. 

Step-7: Compute PNSS-Euclidean distances of each alternative from PNSSV-PIS and 
PNSSV-NIS. Now, (d})? = "yh { (of - a’) + (ait — Cae - ia! - ey} and 


(d;)? = os {(oF, — oi + (of - ae + Cs - os where j = 1,2,...,n. 


Step-8: Calculate the relative closeness of each alternative to the ideal solution by C*(z;) = 
d> 
J 

Fd € (0, 1]. 

Step-9: The rank of alternatives in decreasing or increasing order of their relative closeness 


coefficients. The bigger C*(z;), the more desirable alternative z;. 

Step-10: The best alternative is the one with the highest relative closeness to the ideal 
solution. 

Example 4.1. Assume that a firm plans to invest some money in stock exchange by purchasing 
some shares of best five companies. In order to minimize the risk factor, they decide to invest 


their money 30%, 25%, 20%, 15% and 10% in accordance with the top ranked five companies. 


Step-1: Assume that FZ = {Y; : i = 1,2,3,4,5} is a finite set of decision makers/experts, 
6 = {zx :i = 1,2,...,10} is the collection of companies/alternatives and D = {e; : i = 
1,2,...,5} is a finite family of parameters/criterion, where e; = Momentum, e2 = Value, e3 = 
Growth, e4 = Volatility, e5 = Quality. 


Step-2: Forms a Linguistic terms for judging alternatives as given below: 


Linguistic terms Fuzzy weights 
Very Good Testing(VGT) 0.95 
Good Testing(GT) 0.80 
Average Testing(AT) 0.65 
Poor Testing(PT) 0.50 
Very Poor Testing(V PT) 0.35 


Construct weighted parameter matrix 


Pp [wig]5x5 
GC VGC PC VPC AC 
AG GC VFC PC GC 
PC AC VGC VGC VPC 
VGC PC AC GC PC 


AC VPC VGC GC VPC 
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0.8 0.95 0.5 0.35 
0.65 0.8 0.385 0.5 


= | 0.5 0.65 0.95 0.95 
0.95 0.5 0.65 0.8 
0.65 0.35 0.95 0.8 


Where w;; is the weight provided by the specialist Z; to each parameter Y;. 


Step-3: The normalized weighted decision matrix is 


— 


N = ([niy)sxs 
0.4926 
0.4002 
0.3079 

0.585 


0.4002 


0.6214 
0.5233 
0.4251 
0.327 
0.2289 


0.3101 
0.2171 
0.5892 
0.4031 
0.5892 


And weighted vector is W = (0.1231, 0.1308, 0.124, 0.1251, 


0.65 
0.8 
0.35 


0.5 
0.35 


0.219 0.5208 
0.3128 
0.5943 
0.5005 
0.5005 


0.641 | 
0.2804] . 
0.4006 
aeee| 


0.1603). 


Step-4: The aggregated decision matrix .< can be written as 


af = AtRtB*A+D 


5 
(0.78,0.48,0.7)  (0.7,0.45,0.6) (0.68, 0.6, 0.65) 
(0.8,0.7,0.9)  (0.65,0.75,0.85) (0.64, 0.66, 0.64) 


(0.75, 0.65,0.75) (0.72, 0.68,0.42) (0.72, 0.87, 0.45) 
| (0.8,0.95,0.62)  (0.9,0.8,0.65) (0.85, 0.8, 0.41) 
(0.8,0.55,0.95)  (0.55,0.65,0.9) (0.62, 0.61, 0.68) 
(0.84, 0.83, 0.62)  (0.9,0.8,0.45) (0.9, 0.43, 0.73) 
(0.79, 0.65,0.75) (0.75,0.55,0.65) (0.78, 0.65, 0.55) 
(0.75,0.7,0.68) (0.76, 0.7,0.42) (0.8, 0.43, 0.43) 
(0.85, 0.61,0.74) (0.66,0.58,0.65) (0.7, 0.62, 0.78) 
(0.9,0.55,0.65) (0.63, 0.62,0.8) (0.69, 0.72, 0.55) 


[yjn]10x5 


0.65, 0.75, 0.9 
0.69, 0.8, 0.67 
0.74, 0.7, 0.59 
0.81, 0.8, 0.56 
(0.69, 0.54, 0.67) 
0.83, 0.49, 0.8) 
0.65, 0.75, 0.9) 
0.47, 0.8, 0.85) 
(0.4, 0.9, 0.64) 

0.83, 0.6, 0.49) 


NS NN 


0.78, 0.57, 0.6) 
0.68, 0.81, 0.7) 
(0.62, 0.56, 0.85) 
0.9, 0.69, 0.75) | 
0.68, 0.62, 0.7) 
0.9, 0.68, 0.45) | 
(0.8, 0.57, 0.6) | 
0.83, 0.5, 0.55) 
0.58, 0.77, 0.6) | 
(0.62, 0.49, 0.78) 


Step-5: The weighted PNSS decision matrix Y can be written as Y¥ = mz X yj~ = 


(0.0961, 0.0591, 0.0862) 
(0.0985, 0.0862, 0.1108) 
(0.0924, 0.08, 0.0924) 
(0.0985, 0.117, 0.0764) 
(0.0985, 0.0677, 0.117) 
(0.1034, 0.1022, 0.0764) 
(0.0973, 0.08, 0.0924) 
(0.0924, 0.0862, 0.0837) 
(0.1047, 0.0751, 0.0911) 
(0.1108, 0.0677, 0.08) 


= |z;x]10xs- 


(0.0916, 0.0589, 0.0785) 
0.085, 0.0981, 0.1112) 
0.0942, 0.089, 0.0549) 
0.1177, 0.1047, 0.085) 
0.0719, 0.085, 0.1177) 
(0.1177, 0.1047, 0.0589) 
0.0981, 0.0719, 0.085) 
(0.0994, 0.0916, 0.0549) 
0.0863, 0.0759, 0.085) 
(0.0824, 0.0811, 0.1047) 


0.0843, 0.0744, 0.0806) 
0.0794, 0.0819, 0.0794) 
0.0893, 0.1079, 0.0558) 
0.1054, 0.0992, 0.0509) 
0.0769, 0.0757, 0.0843) 
0.1116, 0.0533, 0.0905) 
0.0967, 0.0806, 0.0682) 
0.0992, 0.0533, 0.0533) 
0.0868, 0.0769, 0.0967) 
0.0856, 0.0893, 0.0682) 


(0.0813, 0.0938, 0.1126) 
(0.0863, 0.1001, 0.0838) 
(0.0926, 0.0876, 0.0738) 
(0.1013, 0.1001, 0.0701) 
(0.0863, 0.0676, 0.0838) 
(0.1039, 0.0613, 0.1001) 
(0.0813, 0.0938, 0.1126) 
(0.0588, 0.1001, 0.1064) 
(0.05, 0.1126, 0.0801) 
(0.1039, 0.0751, 0.0613) 


0.125, 0.0913, 0.0962) 
0.109, 0.1298, 0.1122) 
(0.0994, 0.0897, 0.1362) 
(0.1442, 0.1106, 0.1202) 
0.109, 0.0994, 0.1122) 
0.1442, 0.109, 0.0721) 
(0.1282, 0.0913, 0.0962) 
0.133, 0.0801, 0.0881) 
(0.0929, 0.1234, 0.0962) 
0.0994, 0.0785, 0.125) 
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Step-6: We find PNSSV-PIS and PNSSV-NIS can be written as 


a PNSSV — PIS 


zit (0.125, 0.0589, 0.0785) 
zf (0.109, 0.0819, 0.0794) 
zt — (0.0994, 0.08, 0.0549) 

2} (0.1442, 0.0992, 0.0509) 
zt — (0.109, 0.0676, 0.0838) 
zt (0.1442, 0.0533, 0.0589) 
zt (0.1282, 0.0719, 0.0682) 
zt (0.133, 0.0533, 0.0533) 
zt (0.1047, 0.0751, 0.0801) 
zf (0.1108, 0.0677, 0.0613) 


Z- PNSSV — NIS 


27 (0.0813, 0.0938, 0.1126) 
zy (0.0794, 0.1298, 0.1122) 
zz (0.0893, 0.1079, 0.1362) 
zz (0.0985, 0.117, 0.1202) 
zz (0.0719, 0.0994, 0.1177) 
ze (0.1034, 0.109, 0.1001) 
zz (0.0813, 0.0938, 0.1126) 
zg (0.0588, 0.1001, 0.1064) 
z (0.05, 0.1234, 0.0967) 

zy (0.0824, 0.0893, 0.125) 


149 


Step-7: We found PNSS euclidean distances of each alternative from PNSSV-PIS and PNSSV- 


NIS. 


Alternative (z;) 


21 
22 
23 
24 
25 
26 
27 
28 
29 


710 


dy d- 


au 


0.0979 0.0906 
0.0899 0.0964 
0.0979 0.1446 
0.1166 0.1174 
0.0863 0.0859 
0.1282 0.1025 
0.0983 0.0851 
0.1408 0.1381 
0.0906 0.1217 
0.0937 0.1101 


Step-8: We calculate closeness coefficients of each alternative from PNSSV-PIS and PNSSV- 


NIS. 


Alternative (z;) CF 


7 


A 
22 
23 
24, 
25 
26 
27 
28 
29 


710 


0.4807 
0.5174 
0.5962 
0.5017 
0.4988 
0.4444 
0.4639 
0.4951 
0.5734 
0.5404 
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Step-9: The order of the alternatives for C7 is z3 > 29 > 2190 > 22> USS eS US 


06 
0.4 
TTT 
0 

a @ 4a Ss c? 


c3 cB cc co cl0 
Figure 2 Graphical representation using MCGDM based on TOPSIS. 


27 > B&. 


Step-10: The above ranking, it conclude that the firm should z3 invest 30%, zo invest 25%, 


Z19 invest 20%, zo invest 15% and z4 invest 10%. 


5. MCGDM based on PNSS-VIKOR aggregating operator 


Algorithm-V (PNSS-VIKOR) 
Step-1: Assume that J = {F; : i € N} is a finite set of decision makers/experts, @ = 


{zi : 7 © N} is the finite collection of alternatives and D = {e; : i € N} is a finite family of 
parameters/criterion. 
Step-2: By selecting the linguistic terms and constructing weighted parameter matrix YW can 


be written as 


" W12 | 
W21 W22 W2m 
Y= [eras laser = 
| Wil Wi2 Wim 
a Wn2 ee tel 


Where w;; is the weight assigned by the expert Y to the alternative Y; by considering 
linguistic variables. 


Step-3: Construct weighted normalized decision matrix using the following 


ni N12 tee Nim 
No1 Ne ... Nam 
N = [Nijglnxm = |. Zs 
j 
NGL N42 Aor Nim 
LS Ny2 eae ia 
n~ Wii . . . - . Ii . 
where 7;; = t= is the normalized criteria rating and obtaining the weighted vector 
ie Wry 
W = (m1,™Mg2,...,Mm), where m; = Jean is the relative weight of the 7” criterion and 
1=1 Wli 


— dea May 
ae 
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Step-4: Construct PNSS decision matrix can be calculated as 


Zip Vig «+s Lim 

B51 QQ «++ Lom 
F = : : 
Y= [2 in]ixm _ i i i 
x x. x. 

jl j2 jm 

Ly L[g «+s Lim 


Where wi, is a PNSS element for i’” decision maker so that ZY; for each i. Then obtain the 


ageregating matrix of = AtBt+-+F — [yd cin. 


Step-5: Construct the weighted PNSS decision matrix by 


411 712 +++ 21m 

221 222 ees Z2m 
=| enh = 

Zj1  25Q +e Zim 


bi ZiQ +6 =| 
Where zj~4 = Mr X Yjk- 
Step-6: Calculate the values of PNSSV-PIS and PNSSV-NIS. Now, PNSSV-PIS = 
ists es | = 4 (Veazey Antanas) + 9 = 1,2,44)} and PNSSV-PIS = lz; ,25 5.42, |= 
{(AkZjk, VkZjk, VkZjk) ? J = 1,2,...,1}, where V stands for PNSS union and A represents PNSS 
intersection. 


Step-7: Find the values of utility .%;, individual regret #; and compromise 2;, where .%; = 


d(z3,27) d(zi;,z7) Sf. P- R;-R#- 
Port ms (2 2), &; = max’ | ™3 (3 =) and Q; =K (45) + (1 kK) (#2%-). 
FUG ae 


Where .%t = max;.%, 4% = min;.%, Zt = max; Z; and Z& = min; Z;. The real number 
k is called a coefficient of decision mechanism. The role of & is that if compromise solution is 
to be selected by majority if « > 0.5; for consensus if « = 0.5 and kt < 0.5 represents veto. Let 
mj, represents the weight of the jt criteria. 

Step-8: The rank of choices and derive compromise solution. Arrange .%,, @; and Q; in 
increasing order to make these three ranking lists. The alternative zq will be declared com- 
promise solution if it ranks the best in 2; (having least value) and satisfies the following two 
requirements simultaneously: 

[C — 1] acceptable: If z, and zg represent top alternatives in Q;, then Q(zg) — Q(za) > 4 
where n is the number of parameters. 

[C — 2] acceptable: The alternative z, should be best ranked by .Y%; and /or &;. 

If above two conditions are not met simultaneously, then there exist multiple compromise so- 
lutions: 
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(i) If only condition C — 1 is satisfied, then both alternatives z, and zg are called the compro- 
mise solutions: 


(ii) If condition C' — 1 is not satisfied, then the alternatives zy, zg,..., 2¢ are called the com- 


tl 
n—-1* 


promise solutions, where z¢ is founded by 2(z¢) — Q(za) = 


Example 5.1. We resolve Example using VIKOR method. The first five steps are the 
same as in Example [4.1] So we start with step 6. 


Step-6: We compute PNSSV-PIS and PNSSV-NIS are listed as follows. 


Zs PNSSV — PIS Z PNSSV — NIS 


(0.1108, 0.0591, 0.0764) zy] (0.0924, 0.117, 0.117) 
(0.1177, 0.0589, 0.0549) zy (0.0719, 0.1047, 0.1177) 
zt (0.1116, 0.0533, 0.0509) 23 (0.0769, 0.1079, 0.0967) 
(0.1039, 0.0613, 0.0613) zz (0.05, 0.1126, 0.1126) 
(0.1442, 0.0785, 0.0721) zz (0.0929, 0.1298, 0.1362) 


Step-7: Taking « = 0.5, we found that the values of utility .“,, individual regret 4; and 
compromise 2; for each alternative 2;. 


Alternative (z) S;, &; Q; 


zy 0.2972 0.0897 0.2208 
Zz 0.457 0.1225 0.9271 
23 0.3763 0.1309 0.7881 
24 0.4024 0.0997 0.5843 
25 0.4104 0.1189 0.7732 
6 0.3065 0.0737 0.1049 
27 0.3031 0.0897 0.2364 
2 0.2666 0.1033 0.2591 
z9 0.4212 0.1196 0.8079 
210 0.3184 0.1148 0.4958 


Step-8: The rank of alternatives for Qj: zg < 2 < 27 < 2g < 219 < 24 < 25 < 23 < 29 < zs. 
Now, Q(z) — Q(z) = 0.1159 # F. Thus, the condition C-1 is not satisfied. Further 2(z19) — 
Q(z) = 0.3909 > i Therefore, we decide 26, 21, 27, 28, 219 are multiple compromise solutions. 


Hence the firm should invest 30% on zg, 25% on z1, 20% on z7, 15% on zg and 10% on 249. 


1 


08 


ee 


adedi dec c? & cS 10 


M.Palanikumar, K.Arulmozhi, MCGDM based on TOPSIS and VIKOR using Pythagorean 
neutrosophic soft with aggregation operators 


Neutrosophic Sets and Systems, Vol. 51, 2022 453 


Figure 3 Graphical representation using MCGDM based on VIKOR. 


6. Analysis and discussion 


We used the above example to analyse the two methods in the literature. The ranking 
results of all ten alternatives were obtained using these two approaches. These two methods 
assume a scale component for each criterion. The normalisation approach is different in these 
two methods. The TOPSIS method utilises a vector normalisation approach and the VIKOR 
method utilises a linear normalisation approach. The TOPSIS method uses “n”- dimensional 
Euclidean distance that by itself could constitute some balance between total and individual 
contentment, but the VIKOR method uses a different way by which weight “«” is introduced. 
The major difference between the two methods is in the aggregation function. We can find 
the ranking of values using an aggregating function. The best ranked alternative by VIKOR 
is closest to the ideal solution. However, the best ranked alternative by TOPSIS is the one 
using the ranking index, which does not mean the closest to the ideal solution. Hence, the 


advantage of the VIKOR method gives a compromise solution. 


7. Conclusion: 


In this communication, we studied various properties of PNSSS and PNSSM that occur 
in investment decision making. We proposed the first four algorithms, followed by MCGDM 
under PNSS. The last two algorithms are based on PNSS linguistic TOPSIS and VIKOR ap- 
proaches using aggregation operators. Again, we interact with the PNSS aggregation operator 
and score function values based on some technique. Also, we made use of various sorts of 
statistical charts to imagine the rankings of different alternatives under consideration. We 
have analyzed an application of the new approach in a DM problem regarding the selection 
of particulars where we can see the different conclusions obtained by using different types of 


aggregation operators. 


Acknowledgments: The authors would like to thank the Editor-InChief and the anonymous 
referees for their various suggestions and helpful comments that have led to the improved in 


the quality and clarity version of the paper. 


Conflicts of Interest: The author declares no conflict of interest. 


References 


1. Adeel, A.; Akram. M; and Koam, A.N.A.; Group decision-making based on m-polar fuzzy linguistic TOPSIS 
method, Symmetry; 2019, Vol. 11(735), pp. 1-20. 

2. Akram, M. and Arshad, M.; A novel trapezoidal bipolar fuzzy TOPSIS method for group decision making, 
Group Decision and Negotiation; 2018. 


M.Palanikumar, K.Arulmozhi, MCGDM based on TOPSIS and VIKOR using Pythagorean 
neutrosophic soft with aggregation operators 


Neutrosophic Sets and Systems, Vol. 51, 2022 554 


Atanassov, K.; Intuitionistic fuzzy sets, Fuzzy sets and Systems; 1986, Vol. 20(1), pp. 87-96. 


4. Boran, F.E.; Genc, $.; Kurt, M. and Akay, D.; A multi-criteria intuitionistic fuzzy group decision making 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


for supplier selection with TOPSIS method, Expert Systems with Applications; 2009, Vol. 36(8), pp. 11363- 
11368. 

Broumi, S.; Deli. I. and Smarandache, F.; Neutrosophic Parametrized Soft Set theory and its decision 
making problem, International Frontier Science Letters; 2014, Vol. 1(1), pp. 1-11. 

Eraslan, S. and Karaaslan, F.; A group decision making method based on TOPSIS under fuzzy soft envi- 
ronment, Journal of New Theory; 2015, Vol. 3, pp. 30-40. 

Hwang, C.L.and Yoon,K.; Multiple Attributes Decision Making Methods and Applications, Springer Berlin 
Heidelberg; 1981. 

Jana, C.; Senapati, T. and Pal, M.; Pythagorean fuzzy Dombi aggregation operators and its applications 
in multiple attribute decision making, International Journal of Intelligent Systems; 2019, Vol. 34(9), pp. 
2019-2038. 

Jana, C. and Pal, M.; Application of bipolar intuitionistic fuzzy soft sets in decision making problem, 
International Journal of Fuzzy System Applications, 2018, Vol. 7(3), pp. 32-55. 

Jansi, R.; Mohana, K. and Smarandache, F.; Correlation measure for Pythagorean neutrosophic sets with T 
and F as dependent neutrosophic components, Neutrosophic Sets and Systems; 2019, Vol. 30, pp. 202-212. 
Mohanraj, G.; and Palanikumar, M.; On Prime k-ideals in Semirings, Nonlinear studies; 2021, Vol. 27(3), 
pp. 769-774. 

Mohanraj, G.; and Palanikumar, M.; On Various Prime and Semiprime bi-ideals of Rings, Nonlinear studies; 
2021, Vol. 27(3), 811-815. 

Maji, P.K.; Biswas, R. and Roy, A.R.; Fuzzy Soft Set, Journal of Fuzzy Mathematics; 2001, Vol. 9(3), pp. 
589-602. 

Maji, P.K.; Biswas, R. and Roy, A.R.; On intuitionistic Fuzzy Soft Set, Journal of Fuzzy Mathematics; 
2001, Vol. 9(3), pp. 677-692. 

Molodtsov, D.; Soft set theory First results, Computers and Mathematics with Applications; 1999, Vol. 37, 
pp. 19-31. 

Opricovic, S.; Tzeng, G.H.; Extended VIKOR method in comparison with outranking methods, Eur. J. 
Oper. Res.; 2007, Vol. 178, pp. 514-529. 

Opricovic, $.; Fuzzy VIKOR with an application to water resources planning, Expert Syst. Appl.; 2011, 
Vol. 38, pp. 12983-12990. 

Opricovic, 5. and Tzeng, G.H.; Fuzzy multicriteria model for post-earthquake land-use planning, Natural 
Hazards Review; 2003, Vol. 4, pp. 59-64. 

Palanikumar, M.; Arulmozhi, K.; On Various ideals and its Applications of Bisemirings, 2020; Gedrag and 
Organisatie Review, Vol. 33(2). pp. 522-533. 

Palanikumar,M.; Arulmozhi, K.; On New Ways of various ideals in ternary semigroups, 2020; Matrix Science 
Mathematic, Vol. 4(1). pp. 06-09. 

Palanikumar, M.; Arulmozhi,K.; On New Approach of Various fuzzy ideals in Ordered gamma semigroups, 
2020; Gedrag and Organisatie Review, Vol. 33(2). pp. 331-342. 

Palanikumar, M.; Arulmozhi, K.; On Various Tri-ideals in ternary Semirings, 2021; Bulletin of the Inter- 


national Mathematical Virtual Institute, Vol. 11(1). pp. 79-90. 


Palanikumar, M.; Arulmozhi, K.; and Jana, K.; Multiple attribute decision-making approach for 
Pythagorean neutrosophic normal interval-valued aggregation operators, 2022; Comp. Appl. Math., Vol. 
41(90). pp. 1-27. 

Palanikumar, M.; Arulmozhi, K.; On intuitionistic fuzzy normal subbisemirings of bisemirings, 2021, Non- 
linear studies; Vol. 28(3), 717-721. 


M.Palanikumar, K.Arulmozhi, MCGDM based on TOPSIS and VIKOR using Pythagorean 
neutrosophic soft with aggregation operators 


Neutrosophic Sets and Systems, Vol. 51, 2022 555) 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 
40. 


Al. 


Palanikumar, M.; Iampan, A.; Spherical Fermatean Interval Valued Fuzzy Soft Set Based On Multi Criteria 
Group Decision Making, International Journal of Innovative Computing, Information and Control; 2022, 
Vol. 18(2), 607-619. 

Palanikumar, M.; Arulmozhi, K.; (a, 3) neutrosophic subbisemiring of bisemiring, Neutrosophic Sets and 
Systems; 2022, Vol. 48, 368-385. 

Palanikumar, M.; Iampan, A.; A Novel Approach to Decision Making Based on Type-II Generalized Fer- 
matean Bipolar Fuzzy Soft Sets, International Journal of Innovative Computing, Information and Control; 
2022, Vol. 18(3), 769-783 

Peng, X.D. and Dai, J.; Approaches to single-valued neutrosophic MADM based on MABAC, TOPSIS and 
new similarity measure with score function, Neural Computing and Applications; 2018, Vol. 29(10), pp. 
939-954. 

Peng, X.D.; Yang, Y and Song, J.P.; Pythagorean fuzzy soft set and its application, Computer Engineering; 
2015, Vol. 41(7), pp. 224-229. 

Smarandache, F.; Neutrosophic set- generalization of the intuitionistic fuzzy set, International Journal of 
Pure and Applied Mathematics; 2005, Vol. 24(3), pp. 287-297. 

Smarandache,F.; A unifying field in logics Neutrosophy Neutrosophic Probability, 1999; Set and Logic, 
Rehoboth American Research Press. 

Ting Yu Chen; An Interval Valued Pythagorean Fuzzy Compromise Approach with Correlation Based 
Closeness Indices for Multiple Criteria Decision Analysis of Bridge Construction Methods, Complexity; 
2018, pp. 1-29. 

Tzeng, G.H.; Lin, C.W. and Opricovic, S.; Multi-criteria analysis of alternative-fuel buses for public trans- 
portation, Energy Policy; 2005, Vol. 33, pp. 1373-1383. 

Ullah, K.; Mahmood, T.; Ali, Z. and Jan, N.; On some distance measures of complex Pythagorean fuzzy 
sets and their applications in pattern recognition, Complex and Intelligent Systems; 2019, pp. 1-13. 

Xiao, Z.; Chen, W.J. and Li, L.L; A method based on interval-valued fuzzy soft set for multi attribute 
group decision making problems under uncertain environment, Knowledge and Information Systems, 2013, 
Vol. 34, pp. 653-669. 

Xu, Z. and Zhang, X.; Hesitant fuzzy multi-attribute decision-making based on TOPSIS with incomplete 
weight information, Knowledge-Based Systems; 2013, Vol. 52, pp. 53-64. 

Yager, R.R. and Abbasov, A.M.; Pythagorean membership grades, complex numbers, and decision making, 
International Journal of Intelligent Systems; 2014, Vol. 28, pp. 486-452. 

Yager, R.R.; Pythagorean membership grades in multi criteria decision making, IEEE Trans. Fuzzy Systems; 
2014, Vol. 22, pp. 958-965. 

Zadeh, L. A.; Fuzzy sets, Information and control; 1965, Vol. 8(3), pp. 338-353. 

Zhang, X. and Xu, Z.; Extension of TOPSIS to multiple criteria decision making with Pythagorean fuzzy 
sets, International Journal of Intelligent Systems; 2014, Vol. 29, pp. 1061-1078. 

Zulqarnain, R.M.; Xiao Long Xin; Muhammad Saqlain and Waseem Asghar Khan, TOPSIS 

Method Based on the Correlation Coefficient of Interval-Valued Intuitionistic Fuzzy Soft Sets and Aggre- 
gation Operators with Their Application in Decision-Making, Journal of Mathematics; 2021, pp. 1-16. 


Received: June 1, 2022. Accepted: September 25, 2022. 


M.Palanikumar, K.Arulmozhi, MCGDM based on TOPSIS and VIKOR using Pythagorean 
neutrosophic soft with aggregation operators 


UNSS Neutrosophic Sets and Systems, Vol. 51, 2022 


University of New Mexico 


Tn, 
Ny! ap 


Clustering Algorithm Based on Data indeterminacy in Neutrosophic 
Set 


Dan Zhang |, Yingcang Ma 1*, Florentin Smarandache 2, Xuezhen Dai 3 and Yaqin Qiao 
' School of Science, Xi’an Polytechnic University, Xi’an, China; 

? Mathematics and Science Division, Gallup Campus, University of New Mexico, Gallup, NM, USA; 

3 The Public Sector, Xi’an Traffic Engineering Institute, Xian, China; 


* Correspondence: mayingcang@xpu.edu.cn; 


Abstract: Clustering research is an important field in machine learning, pattern recognition and 
other fields. The neutrosophic set characterizes the data through true membership functions, 
indeterminate membership functions and false membership functions. Data clustering using 
neutrosophic set has become one of the current research hotspots. In this paper, first, a new 
definition of data uncertainty in a neutrosophic set is proposed in this paper based on the density 
of data. Next, a clustering model based on the uncertainty value of neutrosophic set data is 
proposed by considering the main cluster (true membership) and the noise cluster (false 
membership) in the data set. The model takes into account the distance of the data points to the 
cluster centers and the indeterminacy value of each data point, and then minimizes the proposed 
cost function by the method of Lagrangian multipliers. The true membership value and false 
membership value of each data point can be obtained. Finally, the effectiveness of the method is 
demonstrated by experiments on the various datasets. Experimental results show that the cost 
function has more accurate membership degree when dealing with boundary points and outliers, 
and outperforms existing clustering methods on datasets. 


Keywords: neutrosophic set; data indeterminacy; clustering algorithm 


1. Introduction 


Clustering is to divide data into disjoint groups, each of which satisfies two rules: Objects are 
similar (or related) to each other within the same group (minimizing intra-cluster distance), and at 
the same time different (or unrelated) to other groups (maximizing inter-cluster distance). Data 
clustering is an important field in machine learning and has a wide range of applications in 
computer vision, image processing, medicine, geology, and pattern recognition [1-6]. 

In k-type clustering, the clustering method represented by k-means [7] is hard clustering, and 
k-means makes each data point belong to exactly one cluster. It divides the data into k clusters by 
minimizing the intra-cluster squared distance and the main disadvantage is that it cannot ensure a 
global minimum variance. K-medoid is a variant of k-means that computes the median of each 
cluster for its cluster center. One of the strongest assumptions in median-based clustering models is 
that objects must belong to one (and only one) cluster. However, Krishnapuram proposed the fuzzy 
k-center clustering algorithm (FKM) [8]. The essential difference between FKM and k-means is that 
FKM allows each data point to have membership in all clusters, rather than a single cluster with 
different memberships. Kannan [9] proposed a robust kernel-based FKM by combining normed 
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kernel function and center initialization algorithm. Reference[10] introduced adaptive spatial 
information theory fuzzy clustering into traditional FKM to improve robustness. 

Different from the hard clustering, the fuzzy clustering allows each object to be assigned to all 
clusters with different degrees of membership. FCM [11] is the most typical fuzzy clustering 
algorithm. But FCM has four major problems: 1) It just minimizes the variance within the class and 
does not consider the variance between clusters like the k-means algorithm does. 2) The result of 
clustering depends largely on the initialization. 3) It is sensitive to noise, and the membership degree 
of noise points may be high. 4) It is also sensitive to the type of distance metric and cannot 
distinguish between equally likely and equally less likely data points. Krishnapuram and Keller 
proposed a new possibility c-means (PCM) [12]. However, it is sensitive to cluster center 
initialization, requires additional parameters to be tuned, and may generate overlapping clusters. 
Reference [13] proposed a robust sparse fuzzy k-means algorithm (RSFKM), which introduced a 
robust function to deal with outliers and noise points to enhance the robustness and sparsity of the 
FCM algorithm. Reference [14] proposed a variant of fuzzy clustering and hard clustering called 
relational fuzzy c-means. In recent years, many clustering methods have been developed based on 
different theories [15-17]. 

The neutrosophic theory [18] was first proposed by Smarandache in 1995. Picture fuzzy set is a 
standardized form of neutrosophic set. Thong [19] proposed an picture fuzzy clustering 
algorithm(FC-PFS). This algorithm needs to calculate three matrices of the same scale, and the 
clustering effect is not good for high-dimensional data. Li [20] proposed a single-valued 
neutrosophic clustering algorithm based on Tsallis entropy maximization in the framework of 
picture fuzzy set clustering and single-valued neutropenic set. The algorithm showed good results 
in image segmentation. Another the algorithms are based on the original neutrosophic set 
framework. For example, Guo [21] proposed the neutrosophic c-means clustering algorithm (NCM) 
based on the neutrosophic set and FCM, which can effectively distinguish the sample points, 
boundary points and outliers in the cluster. The true membership is not affected by noise, which 
effectively solves the problem that the FCM algorithm cannot detect abnormal data points. Rashno 
[22] proposed a neutrosophic clustering algorithm based on data indeterminacy, which can 
effectively separate boundary points and noise points. Ye [23] proposed a single-valued 
neutrosophic minimum spanning tree clustering algorithm (SVNMST) by defining a generalized 
single-valued neutrosophic set distance measure, which showed great superiority in the clustering 
of single-valued neutrosophic observation data. Kandasamy [24] proposed a dual-valued 
neutrosophic minimum spanning tree clustering algorithm (DVNMST) to cluster data represented 
by dual-valued neutrosophic information. All previous methods deal with boundaries and outliers 
directly in the cost function. This paper mainly deals with boundary points and outliers by 
proposing an indeterminate set (I) in the NS set, and expressing this set as a new clustering cost 
function. The rest of the paper is organized as follows. Section II reviews the FKM algorithm and the 
NS set. Section III presents the proposed method(INCA). Section IV presents the experimental 
results of the method on scatter and real datasets. Finally, Section V concludes the paper. 


2. Related Algorithms 
2.1 Definition of NS 
X is a set of objects, x is an element in X, and the neutrosophic set A on X can be expressed as 


A={lx,(0,(0),1,00), F,@))] |x eX}, (1) 


where T, (x)is the true value of the object, T, (x)is the indeterminate value, F, (x) is the false 


value. They belongs to the standard and non-standard subsets in ]0,1'[ , namely 
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T,(x),1,(«),F,(%):X >)0,0[. . The sum of 7,(x),/,(x),F,(x) has no limit, so there is 
O <sup7,(x)+sup/,(x)+sup F(x) <3" . 


2.2 FKM 


The FKM algorithm is a clustering algorithm based on the median of objects, and its objective 
function is as follows 


min Zpxy = 4 (e, ’ (2) 


ey Ss € 5p i = k; (3) 
e, €[0,1, Vi, je{L--n} ix J; 
e, € {0,1}, Vj e{I,---,n}. 


where e,, is the representation of the data object o, to the cluster center o, (if o, is not the cluster 
center, then e,,), and his the fuzzy factor. The fuzzy factor is a hyperparameter that represents the 
expected degree of overlap between the clusters to be found. When ht — 1+, data objects are often 
assigned to a cluster, the clustering is very clear. When hh > ©, objects tend to be evenly distributed 
in each cluster. The final membership value for each non-cluster center and each cluster center is 1/k. 

Given a set of known cluster centers (selected from sample points), the membership of each 
object to the selected cluster center can be found by computing the following expression: 


= 1 


ey = W(h-l) 7 
y | % (4) 
tle, =1 d, 


2.3 NCM 


The neutrosophic c-means (NCM) [10] defines the true membership, false membership and 
indeterminate membership of the data. NCM can handle boundary points and outliers contained in 
the dataset itself . Solve the following convex optimization problem: 


XKeSHC 
i 


H(P.1.F)=>S(o,) 


i max 


2 Ww ia 
x; -c,| +>\(a,1,) 
i=] 


+S oF)", (5) 


ll 
— 
ll 


where m is a constant. 7,,J,,F, are the membership value belongs to the determinate clusters, 


i 


boundary regions and noise datasets. Define 0<T,,/,,F, <1 , satisfying the following constraints: 


; 
DB th+F =1, (6) 


j=l 


For each data point i, the cluster centeris cimax calculated using 7, with the largest and second 


largest value: 
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cc. =" = (7) 


Pp; = arg max(T;, ) 


fH1,2,..€ 


(8) 


q; = arg max(T;;) 


J# pid j=l,2,...C 


3. INCA 


3.1 Characterization of indeterminacy 


A new clustering method is proposed in this paper, which can cluster data containing outliers 
and boundary points. The basic idea is to combine the FCM algorithm with the neutrosophic set. 
First, we define the indeterminate for each data point through Euclidean distance, and use the 
uncertainty in the neutrosophic set to describe it. 


1, x<0O 

P; =Lix(4, 4.) x)={p x>0’ (9) 

isda; Leo 
6, = ei > (10) 

max , d,\, [=O 
Ti={k:p,>p,} (11) 

1 
—— 

a) ve 


where p, is the local density of the i-th data sample and 6, is the distance attribute of the i-th data 


sample. If a point is denser than its neighbors and has a relatively large distance from the more 
dense point, the point is considered to be within the main cluster and should have less uncertainty. 
Instead, the point has a larger indeterminate value. This idea makes the uncertainty close to 1 for 
noise points and close to 0 for the points within the main cluster. Lower uncertainty is assigned to 
the points in dense regions and not vice versa. As shown in Figure 1, points 1 and 18 in the left figure 
are the cluster centers of the two clusters. It can be seen from the right figure that the values 
of 5, and p, of the two points are large, so the indeterminate value is small. The indeterminate values 


of 11, 14 and 16 points are relatively large. 


2 eu 


Figure 1. The distribution of data points, , and 6, (a) data points; (b) p, and 6, 
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3.2 Model 


In INCA, the determinate and indeterminate membership of the main cluster and noise points is 


considered. Set A is the union of determinate clusters and indeterminate clusters, 
A=C,UR;i=1,2,---,k; where C, and R represent determinate clusters and indeterminate clusters I, 


and Uis the union operator. In clustering applications, C, and R represent the membership degree of 


the true set and the false set. Therefore, C, and R are the union of true and false set in the NS set. We 
hope that a smaller distance [x —C || corresponds to a larger true membership 7,, and a smaller false 
membership F,. It indicates that the data points x, are easily divided into the corresponding 
clusters c, . A larger distance ls Se | corresponds to a smaller true membership 7,, and a larger false 


membership F,. It indicates that the data points are not easily divided into the corresponding 


clusters c , . The objective function of the proposed algorithm is: 
n n 2 Pei n n m -lx,-x, 2 
EEE) = 22s —x,|| (@17,) +L (1-1,)F)"e bs—at (13) 
i=l j= i=l j= 
where 7,, and F; are the membership of the data i to the main cluster j and the membership of the 


noise cluster. For each data point, the following conditions are simultaneously met: 


St. VT +F i=l Vie{l--n}, (14) 


jel 
The decision variable 7, (i, jeth 2,---n}) is the membership degree that assigns the data object i 
to the cluster center j (if the data point j is not a cluster center, 7, = 0). To comply with the constraints 


of NS theory, constraints (14) are defined. As can be seen from the above model, there are two 
conditions for data point i to have the highest membership degree to the cluster j: a) the distance of 
data point i to cluster center j is less than the distance to other cluster centers. b) The data point i 
should have a small indeterminacy. Similarly, there are two conditions for data point 7 to have the 
highest membership to a noisy cluster: a) it has the largest sum distance from all main clusters. b) 


The data point i should have a large indeterminacy. 
3.3 Model solution 


The Lagrangian function of the model is: 

L(T,F)= Lok - x, (LT, ‘i + Ld (% (1-1,)F, " ered 
oe ai 415) 
A [Sy +F, 1 


are inlay" Eon lx: -¢, |, -4,, (16) 
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aL m) prise beesl 
—=mio,(1-I,) |F A, 
OF ( 2 ( i ) ) i 2 
. 2A os : OL OL 
The norm is specifified as the Euclidean norm. Let — =0 and ane 0, then: 


iy i 


Therefore: 


T,, = Ktemp(al,)™ le =e, |", 


y 2 


1 


Ms = HGP (o, (1 = I; yn [Se " - y 


j=l 


“ al (a, (1 ij baa 


(17) 


(18) 


(19) 


(20) 


(21) 


(22) 


The above equations allow the formulation of INCA algorithm. It can be summarized in the 


following steps: 
INCA algorithm: 
input: X, n, ky D 
output: T, F; 
: randomly select k centers; 
: Calculate T using Equation (21); 
: Calculate F using Equation(22); 
: Calculate the value of the objective function Z, ; 
: Select k centers by exhaustive method; 
: Calculate T2; 
: Calculate F2; 


: Calculate the value of the objective function Z, ; 


ON BD oO FW NY 


9: Compare the values of Z, and Z,, if Z, < Z,, go back to step 5. 
If Z, >Z,, assign the center of Z, to Z,,7, to T, F, to F and 


the end. 


The time complexity of INCA is divided into two parts. The first part is the calculation of the 
memberships T and F. It is related to the sample dimension, the number of samples and the number 
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of categories, and needs to traverse all the data points in the data. If the dimension of the given 
dataset is m, the number of sample points is n, and the number of clusters is c, the algorithm 
complexity is O(n?mc+n?m). The second part is the exhaustive optimization process, which needs to 
iteratively calculate the memberships T and F, so the complexity of this part of the algorithm is 
O[n!(n?mct+n?m)]. The overall algorithm complexity of this paper is O[n!(n?2mc+n?m)]. We can see that 
the computational complexity is very high when m and n are large. 


4. Results 


4.1. Datasets 


The performance of INCA is evaluated on artificial datasets and real datasets. The proposed 
method is compared with INCM [22], FC-PFS [19], RFKM [13], NCM [21], and FKM [8] methods. In 
the experiment of the exhaustive clustering center, we only extract the same proportion of sample 
points from each class, and appropriately reduce the running time of the algorithm. 

The parameter dc of the uncertainty calculation part is set by the method in the article [25]. In 
the cost function of INCA, the parameters are configured as m =1.3,@, =1,@, =2. 

In this section, three types of datasets are used to evaluate the performance of INCA. The first is 
the diamond dataset, including the X19 and X24 scatter datasets proposed by Guo [25], and a scatter 
dataset we designed. In these datasets, border points between the main clusters and outliers far from 
the main clusters are considered. It is easy to see how the clustering method is affected by the main 
points in each dataset. The second is the UCI dataset, which includes higher-dimensional and 
larger-scale datasets. There are mainly dermatology, pima, TOX-171, votel, ecoli, iris, ionosphere 


and vote. 
4.2. Results 
4.2.1. Artificial datasets 


The X19 dataset has three clusters in Figure 2, points 1-5, 7-11 and 13-17 are points in the main 
cluster, points 6 and 12 are boundary points, points 18 and 19 are noise points. Figure 3 shows the 
clustering results of INCA. The memberships calculated by INCA and the FKM are counted in Table 
1. Although INCA and FKM assign the same cluster label to all points, INCA assigns the points(e.g. 
5, 7, 11, 12) with higher indeterminate membership in their corresponding clusters. Data point 5 has 
the same distance between the main and border clusters, but it belongs to the main cluster. FKM 
cannot distinguish point 5 as a boundary or a main cluster. INCA solves this problem, and the 
membership of point 5 assigned to the main cluster is 0.67, while the FKM is 0.36. Figure 4 visually 
depicts the membership of INCA and the FKM algorithm. 
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=0-Ti—6-—T2-—0-3B 


(a) 


fe) fe) te) 
23 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 


Figure 3. Clustering results of INCA on X19 
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Figure 4. Membership calculated by FKM and INCA on X19 


Table 1. Clustering results of X19 


O—0—_0—0—_0—_0—_0—-U_0—-0—0. 
8 9 10 1 122 13: 144 «15 16 «17 «18 19 


FKM INCA 
U; U2 U3 T\ T T3 F 
0.2844 0.3259 0.3897 0.8122 0.0478 0.1400 0 
0.2974 0.3469 0.3556 0.5882 0.1176 0.2941 0 
0.2821 0.3313 0.3865 0.7944 0.0467 0.1589 0 
0 0 1 1 0 0 0 
0.2843 0.3462 0.3695 0.6762 0.0638 0.2601 0 
0.2868 0.3704 0.3429 0.4545 0.0910 0.4545 0 boundary 
0.2819 0.4099 0.3082 0.2470 0.1107 0.6422 0 
0.3068 0.3865 0.3068 0.25 0.25 0.5 0 
0 1 0 0.1429 0.1429 0.7143 0 
0.3158 0.3684 0.3158 0 0 0 1 
0.3082 0.4099 0.2819 0.1107 0.2470 0.6422 0 
0.3429 0.3704 0.2868 0.0910 0.4545 0.4545 0 boundary 
0.3695 0.3462 0.2843 0.0638 0.6762 0.2601 0 
0.3556 0.3469 0.2974 0.1176 0.5882 0.2941 0 
0.3865 0.3313 0.2821 0.0467 0.7944 0.1589 0 
1 0 0 0 1 0 0 
0.3897 0.3259 0.2844 0.0478 0.8122 0.1400 0 
0.3304 0.3287 0.3409 0 0 0 1 
0.3437 0.3289 0.3274 0 0 0 1 


We also conduct more experiments, using the four-class X24 shown in Fig. 5 to compare INCA 
and FKM. Data points 6, 12 and 18 are boundaries and 24 is an outlier. Fig. 6 presents the clustering 
results of INCA. Table 2 lists the results of INCA and FKM. The first five data points belong to a 
main cluster because their Ts values are higher for the other clusters (Tz, T3and Ts). It can also be 
inferred that similar observations data points 6, 12 and 18 are ambiguous because there are two 
highest T values. The last data point 24 was inferred as an outlier. Fig. 7 visually depicts the degree 
of membership. 
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(a) (b) 
Figure 7. Membership calculated by FKM and INCA on X24 


Table 2. Clustering results of X24 


FKM INCA 

Ui U2 U3 U4 T; T> T3 T4 F 
1 0.0106 0.0687 0.0279 0.8929 0.0106 0.0219 0.0691 0.8984 0 
2 0 0 0 1 0 0 0 1 0 
3 0.0064 0.0542 0.0188 0.9207 0.0064 0.0142 0.0544 0.9250 0 
4 0.0203 0.1842 0.0589 0.7366 0.0216 0.0457 0.1554 0.7772 0 
5 0.0130 0.1572 0.0437 0.7861 0.0130 0.0318 0.1592 0.7959 0 
6 0.0222 0.4444 0.0889 0.4444 0.0227 0.0619 0.4577 0.4577 0 boundary 
7 0.0183 0.7409 0.0926 0.1482 0.0187 0.0591 0.7685 0.1537 0 
8 0.0360 0.5843 0.2337 0.1461 0 0 1 0 0 
9 0.0132 0.8435 0.0937 0.0496 0.0136 0.0519 0.8826 0.0519 0 
10 0 1 0 0 0.0427 0.1368 0.6838 0.1368 0 
11 0.0252 0.6181 0.3091 0.0476 0.0304 0.1519 0.7593 0.0584 0 
12 0.0221 0.1594 0.7969 0.0215 0.0595 0.4405 0.4405 0.0595 0 boundary 
13 0 0 1 0 0.0584 0.7593 0.1519 0.0304 0 
14 0.0942 0.0801 0.8007 0.0250 0 1 0 0 0 
15 0.0550 0.0517 0.8797 0.0135 0.0519 0.8826 0.0519 0.0136 0 
16 0.0925 0.0983 0.7861 0.0231 0.1657 0.6628 0.1325 0.0340 0 
17 — 0.2698 »=—-(0.0934.—S 0.6071 390.0296 0.1537 0.7685 0.0591 (0.0187 0 
18 0.6281 0.0679 0.2791 0.0249 0.4577 0.4577 0.0619 0.0227 0 boundary 
19 0.9168 0.0183 0.0573 0.0075 0.7959 0.1592 0.0318 0.0130 0 
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20 1 0 0 0 0.9250 0.0544 0.0142 0.0064 0 
21 0.9433 0.0139 0.0363 0.0065 0.7461 0.1865 0.0467 0.0207 0 
22 0.9426 0.0147 0.0363 0.0064 1 0 0 0 0 
23 0.9562 0.0117 0.0266 0.0056 0.8984 0.0691 0.0219 0.0106 0 
24 0.6499 0.1098 0.1805 0.0597 0 0 0 0 1 


In this paper, a dataset is constructed as shown in Fig. 8. The dataset contains 83 data points, 
including 2 outliers and 3 boundary points. INCA can accurately distinguish main cluster points, 
boundary points and outlier points, as shown in Fig. 9. Data points 41 and 42 are outliers (blue 
circles in Figure 8), data points 61, 69 and 70 are boundary points (magenta circles in Figure 8), and 
the rest belong to the main cluster. Figure 10 visually depicts membership. 
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Figure 10. Membership calculated by FKM and INCA on dataset 1 


4.2.2. Real dataset 


To further evaluate the proposed clustering method, the UCI dataset is considered a standard 
dataset in the field of machine learning. In this study, the "dermatology", "pima", "TOX-171", "vowel", 
"ecoli’ 


Ws 


, ‘iris" and "vote" datasets were selected among other UCI datasets. Table 3 summarizes the 
number of features, classes, and samples in each data. These datasets are used for traditional 
clustering methods such as FKM, RSFKM, FC-PFS, NCM and INCM. 


Table 3. Datasets 


Datasets No. of instance No. of feature No. of class 
dermatology 366 34 6 
pima 768 8 2 
TOX-171 171 5748 4 
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vowel 528 10 11 
ecoli 336 343 8 
iris 150 4 3 
vote 435 16 2 


Table 4 summarizes the accuracy of the proposed method and the FKM, RSFKM, FC-PFS, INCM 
and NCM methods. The accuracy rates of the proposed method on the "dermatology", "pima", 
"TOX-171", "vowel", "ecoli", "iris" and "vote" datasets were 82.24%, 74.35%, 51.46%, 40.15%, 76.79%, 
98.00% and 84.60%. The accuracy of INCA is higher or second than other comparison algorithms. 
Table 5 summarizes the mutual information of INCA and FKM, RSFKM, FC-PFS, INCM and NCM 


methods. The mutual information of INCA is higher or second than other comparison algorithms. 


Table 4. ACC of the different datasets 


dermatology pima TOX-171 vowel _ ecoli iris vote 
INCM 0.5314 0.6510 0.3918 0.2708 0.6875 0.9466 0.8000 
FC-PFS 0.5027 0.6589 0.3977 0.2321 0.6250 0.8933 0.8138 
RSFKM 0.8689 0.6602 0.2632 0.2746 0.6518 0.9267 0.8253 
NCM 0.5000 0.6302 0.2865 0.2348 0.6280 0.9000 0.8138 
FKM 0.6995 0.6563 0.4912 0.3655 0.6280 0.8933 0.8230 
INCA 0.8224 0.7435 0.5146 0.4015 0.7679 0.9800 0.8460 


Table 5. NMI of the different datasets 


dermatology pima TOX-171 vowel _ ecoli itis vote 
INCM 0.0117 0.0022 0.0685 0.2341 0.4867 0.8081 0.2918 
FC-PFS 0.3193 0.0317 0.0722 0.2063 0.2614 0.7501 0.3333 
RSFKM 0.8477 0.0267 0.0000 0.3027 0.3247 0.7933 0.3644 
NCM 0.1998 0.0521 0.0231 0.2168 0.2711 0.7540 0.3297 
FKM 0.6070 0.0294. 0.2178 0.3915 0.4625 0.7515 0.3359 
INCA 0.7240 0.0092 0.2248 0.3933 0.5895 0.9187 0.3636 


Figure 11 shows the average accuracy of different algorithms. It can be seen that the average 


accuracy of INCA is higher than that of other comparison algorithms. 
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Figure 11. Average accuracy of different algorithms 
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4.3. Parameter analysis 


In this section, the influence of parameters on the clustering results is analyzed. For this task, the 
Iris was selected for parameter evaluation. In each step, one parameter is changed and the others are 
fixed. Table 6 reports the results of the clustering methods for different parameter values. In each 
column, one parameter is considered to have 7 different quantities, while the other parameters are 
considered to be fixed and the quantities are in the fourth row. Each row in the table is a combination 
of parameters, and the fourth row is the best combination we chose in our experiments. The reasons 
for this choice will be discussed in detail in the following chapters. 

Based on (13) each data point depends on two factors, namely the distance from the data to the 
cluster center and the uncertainty of the data, both of which influence each other. The parameter m 
determines the weighting effect of these factors. If m increases, @J,7,,and @, (1—1,) F,are used more 
for membership assignments for main clusters and boundary points, respectively, and vice versa. By 
reducing m, the distance to the cluster center is a more important factor for membership assignment, 
which is almost the same as FKM. This parameter is 2 in this paper. 

The parameters @, and @, are based on equation (18), on the one hand an increase in @, leads to a 
decrease in 7, and an increase in F,;, which means that the cost function pays more attention to the F 
set (boundary points) and reduces the accuracy. On the other hand, a smaller number of a, has 
positive and negative effects on the main and border clusters, respectively. w, =lis configured, 
which is the best balance between the main cluster and the border cluster. The parameter @, has the 
same effect in equation (19). Figure 12 shows the effect of different parameter combinations on the 


clustering results. 


Table 6. Parameter sensitivity analysis 


m Qa, a, 
m=1.3 o, = 0.3 o, =0.5 
ACC=0.9667 ACC=0.9533 ACC=0.9667 
m=1.5 a, = 0.6 Q, =1.1 
ACC=0.9533 ACC=0.9267 ACC=0.9400 
m=1.8 , =0.7 o, =1.5 
ACC=0.8800 ACC=0.9533 ACC=0.9400 
m=2 a, =1 @, =2 
ACC=0.9800 ACC=0.9667 ACC=0.9800 
m=2.5 @, =1.5 a, =3 
ACC=0.9300 ACC=0.9200 ACC=0.9567 
m=3 a, =2 a, =4 
ACC=0.9600 ACC=0.9600 ACC=0.9600 
m=4 a, =3 Q, =5 
ACC=0.9400 ACC=0.9600 ACC=0.9400 
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Figure 12. Parameter sensitivity analysis 


In this section, the advantages and disadvantages of the proposed method are discussed. Border 
points and outliers are not considered in methods such as FKM. For example X19: 5, 7, 11, 13 and X24: 
5, 7, 11, 13, 17, 19 are not assigned to the main cluster with a high degree of certainty. The reason is 
that such points are located at the same distance from the center of the main cluster and the center of 
the boundary cluster.For boundary points, such as X19: 6, 12 and X24: 6, 12, 18, the distances 
between the two main clusters are equal, but they are forcibly divided into one of the main clusters, 
which does not meet the actual situation and requirements. 

From the above experiments, it can be seen that INCA is robust and the main cluster centers are 
not forced away from the boundary points. The experimental results show that INCA is more 
suitable for partitioning data, especially fuzzy and unclear data. Traditional methods only describe 
the degree of each cluster. For some samples in the boundary between different clusters, it is difficult 
to determine which group it belongs to. The method proposed in this paper aims to deal with these 
shortcomings of traditional partitioning methods. 


5. Conclusions 


The cost function in the neutrosophic set is proposed. Two types of clusters are considered in 
the proposed cost function, including main clusters and noise clusters. Experiments on different 
datasets show that INCA can not only deal with outliers and boundary points, but also outperform 
the comparative methods in both scatter data clustering and real datasets with these shortcomings of 
traditional partitioning methods. 
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Abstract. In psychology and sociology fields, the information is either dependent or independent and some- 
times requires combinations of both. The existing structures like the fuzzy set, intuitionistic fuzzy set, and 
Pythagorean set have limitations when the information requires combinations of dependent and independent 
components. To overcome these limitations, we introduce the concept of a simplified intuitionistic neutrosophic 
hypersoft set. We present some properties of the correlation coefficient, weighted correlation coefficient, and 
aggregation operators on a simplified intuitionistic hypersoft set. Finally, we develop an algorithm and illustrate 
with a case study for identifying the leader; who can bring changes to society in the socio-political context. 


Keywords: neutrosophic set; intuitionistic set; soft set; hypersoft set. 


1. Introduction 


Zadeh defined the concept of fuzzy set (FS). The membership value of each element in 
FS is specified by a real number from the closed interval of [0,1]. Atanassov |5| proposed the 
notion of an intuitionistic fuzzy set (IFS), an extension of FS. In IFS, the elements possess both 
membership and non-membership values such that their sum does not exceed unity. Smaran- 
dache presented the concept of neutrosophic set (NS), characterized by the values of truth, 
indeterminacy, and falsity grades for each element of the set. Later, Wang et al. proposed 
the notion of single-valued NS (SVNS) with a restricted condition for the membership values 
to overcome the constraints faced in NS. Molodtsov introduced the concept of a soft set 
to deal with uncertainties. Smarandache presented the concept of hypersoft set (HSS) 
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to overcome the restriction faced in the soft set. Smarandache proposed the concept of 
degree of dependence and the degree of independence between the components of the FS and 
NS. Also, for the first time, Smarandache presented the concept of neutrosociology. Chin- 
nadurai and Bobin [3]. (9| introduced the concepts of the simplified intuitionistic neutrosophic 
soft set (SINSS) and interval-valued intuitionistic neutrosophic soft set (IVINSS) and studied 
some of their properties. In SINSS and IVINSS, the membership grades of truth and falsity 
are dependent on each other such that their sum cannot exceed one and the membership grade 
of indeterminacy is independent with a value less than or equal to one. Hence, in SINSS and 
IVINSS the sum of the membership grades cannot exceed two. 

Khan et al. introduced a programming language to solve multi-objective multi-product 
production planning problems. Smarandache extended for the second time the nonstan- 
dard analysis by adding the left monad closed to the right, and right monad closed to the left. 
New theorems, better notations for monads and binads, and examples of nonstandard neu- 
trosophic operations were discussed. Akram et al. introduced the notion of hesitant fuzzy 
N-soft sets and used it in decision-making problems. Abdel-Basset et al. |1) presented the con- 
cept of type -2 neutrosophic numbers and presented a real case study using the technique of 
order of preference by similarity to ideal solution (TOPSIS). Abdel-Basset et al. |2) combined 
the neutrosophic analytical network process (ANP) method and the ViseKriterijumska Op- 
timizacija I Kompromisno Resenje (VIKOR) method for solving supplier chain management 
problems. Arora and Harish |4| studied the properties of aggregation operators on IFS. Ayele 
et al. (6) proposed a method for traffic signal control using an interval-valued neutrosophic 
soft set. Ejegwa et al. used intuitionistic fuzzy correlation measure and programming lan- 
guage in the medical diagnosis field. Harish and Rishu proposed TOPSIS method based 
on correlation measures on IFS to solve multi-criteria decision-making (MCDM) problems. 
Jana and Pal presented the concept of aggregation operators on SVNS for solving MCDM 
problems. Naeem and Riaz introduced Pythagorean fuzzy soft sets and established some 
of their algebraic properties. Naeem et al. compared TOPSIS, VIKOR, and generalized 
aggregation operators models and showed that all the three techniques rendered the same 
optimal choice. Riaz et al. presented an investment strategic decision making problem to 
illustrate the application of the Pythagorean m -Polar Fuzzy Weighted Aggregation operators 
and demonstrated its effectiveness. Naeem et al. discussed an application of Pythagorean 
m-polar fuzzy sets in the decision-making problem for selecting an appropriate mode of ad- 
vertisement by using the TOPSIS method. Zulqarnain et al. introduced the concept of 
intuitionistic fuzzy HSS and used the TOPSIS method based on correlation coefficient (CC). 
Zulgarnain et al. studied the fundamental operations of interval-valued neutrosophic HSS. 
Muhammad et al. defined aggregation operators on neutrosophic HSS and studied some 
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properties. Saqlain et al. presented the concepts of single neutrosophic HSS and multi- 
valued neutrosophic HSS. They used tangent similarity measures to solve MCDM problems. 

The main aim of the present study is to rank the alternatives of simplified intuitionistic 
neutrosophic hypersoft sets (SINHSS) by using aggregation operators and also by using the 
TOPSIS method based on CC. To the best of our knowledge, research on SINHSS is confined 
to its theory and related development and applications. Therefore, we examine and provide 
a suitable solution to the decision-makers in ranking the alternatives. We present a MCDM 
approach based on TOPSIS, and the effectiveness of this method is demonstrated through the 
selection of a leader who influences society in a socio-political context. To prove the efficacy 
of the proposed method, a comparative analysis between the proposed and existing method is 
illustrated with examples. Thus, the SINHSS is a robust tool to predict uncertainties when 
the membership grades of truth and falsity are dependent on each other. 

The manuscript consists of the following sections. Section 2 briefs on existing definitions. 
Section 3, 4 and 5 introduces the concept of SINHSS and discusses some properties of CC 
and weighted CC of SINHSS. Section 6 deals with the simplified intuitionistic neutrosophic 
hypersoft weighted average operator(SINHSWAO) and simplified intuitionistic neutrosophic 
hypersoft weighted geometric operator (SINHSWGO). Section 7 highlights the combination of 
CC with the TOPSIS method. Section 8 shows the significance of the proposed method with 


comparative analysis. Section 9 ends with a conclusion. 


2. Preliminaries 


We present some of the basic definitions required for this study. Let us consider the following 
notations throughout this study unless otherwise specified. Let V be the universe and v € VY, 
P(V) be the power set of V, N represents natural numbers, and SY represent the collection of 


simplified intuitionistic neutrosophic sets (SINS) over V. 


Definition 2.1. A SINS in V is of the form Q = {(v,7n(v),Za(v), Fa(v))}, where 
Ta(v),Za(v),Fa(v) : Y — [0,1], are the membership values of truth, indeterminacy and 
falsity of the element v € V respectively, such that 0 < Jo(v) + Fo(v) < 1 and 0 < 
Ta(v) + In(v) + Fa(v) < 2. 


Definition 2.2. Let Aj, Ao,..., Az, be distinct attribute sets, whose corresponding sub- 
attributes are Ay = {Aq1,A12,-.-,A1¢}, Ao = {Aa1, Ava, --) Aag}s-) Mk = {Abi AK25--) Aknt; 
where 1 < f<p,1<g<q,1<h<randp, g, r EN, such that A;N A; = 9, for 
each i,j € {1,2,...,k} and 7 # 7. Then the Cartesian product of the distinct attribute sets 


Ay x Ag xX... X Ap = A= {Arf X Avg X «» X An}, represent a collection of multi- attributes. 
A pair (©, A) is called a hypersoft set (HSS) over V, where Q : A — P(V). HSS can be 
represented as (Q, A) = {(A, Q(A))|A € A, QA) € py)} : 
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3. Simplified intuitionistic neutrosophic hypersoft set 


We present the notion of simplified intuitionistic neutrosophic hypersoft set (SINHSS). Also, 
we discuss some basic properties of correlation coefficient (CC) and weighted CC (WCC) on 


SINHSS. 


Definition 3.1. A pair (Q,A) is called a SINHSS over V, where Q : A > SY. SINHSS 


—_ {(A,Q))IA € A, 0) € SY (0, 1}, where Q() = 


{(»,Tagy(): Fa (v), Fay ()) lu € v}, Toa) (v), Lox) (v) and Foxy (v) represent the mem- 
bership values of truth, indeterminacy and falsity, such that 0 < Tox) + F 93) (v) < 


0,A 
can be represented as (Q, A 


Example 3.2. Let V = {v1, v2, v3} be a set of sociologists responsible to evaluate a leader, the 
role of the leader is to bring socio-political changes to society. Let A;, Ag and Ag be distinct 
attribute sets whose corresponding sub-attributes are represented as A; = leader attributes = 
{\11 = personality variables, \j2 = cognitive ability and skills, 413 = sense making}, 

A>, = leader behavior = {Ag1 = setting sub culture, A292 = conflict management}, Ag = 
group behaviors = {3; = living the sub culture}. Then A = A, x Ay x Ag be distinct at- 
tribute sets, such as 


A = Ay x Ag x Ag = {Ait At2, A13} x {Az21, Aza} x {Asi}. 
={(an, 21, X31), (Ars; A22, Aa); (Ar, Aza; A31), (A12, A22, Asi); (Ais, Aza; A381), (A13; A22; Au). 
= {Aides kas Xa, Aah 
A SINHSS (Q, A) is a collection of subsets of V, given by the sociologists for a leader based 
on the description in Table 1. 


TABLE 1. Shows leadership skills of a leader in SINHSS (Q, A) form. 


Y M1 ro 3 nA Xs Xb 

v1 (0.4,0.9,0.5)  (0.2,0.5,0.7) (0.8,0.9,0.1) (0.7,0.9,0.2)  (0.1,0.4,0.3) (0.9, 0.9, 0.1) 
ve  (0.2,0.8,0.5)  (0.6,0.2,0.4)  (0.7,0.4,0.2) (0.4,0.5,0.4)  (0.3,0.4,0.2) (0.5, 0.2, 0.1) 
vg (0.4,0.4,0.4) (0.3,0.3,0.3) (0.2,0.1,0.7) (0.5,0.5,0.5)  (0.4,1.0,0.6) (0.4, 0.8, 0.4) 


4. Correlation coefficient for SINHSS 


Let (M%,A1) = { (is Tardy) Za.d) (Foray (da EV} and (,Ar) = 
{ (is Tergtigy (8) Ferg iy) Cs Fing ign (OOD) es E v} be two SINHSS over Y. 


Definition 4.1. Let (1, A,) and (Q2, Az) be two SINHSS. Then the simplified intuitionistic 
neutrosophic informational energies of (91, Ai) and (Q2, Ao) are represented as 
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(9, Ai) = > acyl) + (Zo, (i,) (Mi) tr (Fo, (5, (%)) | (1) 
k=1 i=1 

(2,82) = 29 | Fagin (0)? + Loaciy (0)? + Fayag(od)?| (2) 
k=1 i=1 


Definition 4.2. Let (;, A) and (Q2, As) be two SINHSS. Then the correlation measure 
between (1, A) and (Q2, Ag) is defined as 


A 
Caa((O1, Ar), (M2, Ag)) = Sy CF cay 0) * Fagg) 0) + Cindy) * Fyn) 


+ (Fo, (i,) (Mi) * (Fo,(i,) (Mi) . 
(3) 
Proposition 4.3. Let (0,41) and (M2, Ae) be two SINHSS. Then, 


(i) Cra ((O1, Ar), (1, Ar)) = ®(O1, Ar) 
(ii) Cu ((Q2, Ag), (Q2, Ag)) = &(p, Ay). 


Proof. Straight forward 


Definition 4.4. Let (01, A) and (Q2, Ay) be two SINHSS. Then, the CC between (,, A;) 


and (Q2, Ag) is given as 
)) = CM ((Q1, Ay ); (Q2, As)) 
(M1, Ar) (Mp, Ao) 


Example 4.5. Let the values of (1, A;) be as in Table 1 and the values of (Q2, Ay) be as in 
Table 2 


Co((M1, Ar), (Q2, Ar (4) 


TABLE 2. Shows leadership skills of a leader in SINHSS (Qz, Ay) form. 


Vv 1 Xo X3 MM 5 6 

v1 (0.2,0.8,0.5) (0.6,0.2,0.4) (0.7, 0.4,0.2) (0.4,0.5,0.4) (0.3,0.4,0.2) (0.5, 0.2, 0.1) 
vg (0.4,0.4,0.4) (0.3,0.3,0.3) (0.2,0.1,0.7) (0.5,0.5,0.5) (0.4,1.0,0.6) (0.4, 0.8, 0.4) 
v3 (0.4,0.9,0.5) (0.2,0.5,0.7) (0.8,0.9,0.1) (0.7,0.9,0.2) (0.1,0.4,0.3) (0.9, 0.9, 0.1) 


Then, Co((1, Az), (Q2, Az)) = 0.7738. 


Proposition 4.6. Let (,,A 1) and (Q2, Az) be two SINHSS. Then, the following CC prop- 
erties hold: 
(i) 0 < Co((M, Ar), (Q2, A2)) <1 
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(it) Co((M1, A1), (Q2, Az)) = Co((M2, Aa), (1, Ar); 
(itt) If (1, Ar) = (Me, Ag), then Co((M1, Ar), (M2, Az)) = 1. 


Proof. (i) Obviously, Co((91,A1),(M2,A2)) > 0. Now, we present the proof of 
Co((M%, Ar), (M2, Ag)) < 1. 
Cu ((O1, Ar), (Q2, Ar) 


n 


Fun) * Fatig (0)) + Cas dyy (0) * Fagin 0) + Ford) * Foon (es) 


BH 


3 


 ( Fasigy (00) * Fatigy 00) + Enya, (00) # Eng, (00)) + Fay) (00) * Faas) ] 


‘3 (To, (5, (v2) 7 (To (5,) (v2) a (Zo, (5,) (v2) . (Zo,(5,) (v2) so (Fo, (iy) (2) . Foxcuy(2))) aa 


+ (Taxain( 0) * (Tory (ig)(n)) + (Lo, (ig) Mn)) * Zorg (iy) m)) + Fry (yy (n)) * (Fonsduy(m))) 
By applying Cauchy-Schwarz inequality, we get 
Cu ((Q1, Ar), (M2, Az))? 


2: Hf Fastin oo? z (Tory i,) (Y2))” a ae (Fnciay(on))*} + { Fans)? + (Zon 4) (2) + 


=> Cu ((M1, At), (Q2, Ag))? < B(Q1, Ar) x B(M, Ad). 
=> Cu ((M1, Ar), (M2, Ae)) < (Ai) x B(M2, Ay). 
Cur ((1,A1),(M2,A2)) < 1 
VV O(1,A1) x V/(Q2,A2) — : : 
By using Definition 4.4, we get Co((1, A1), (M2, A2)) < 1. 


Hence, O0< Co((M1, At), (Qo, Az)) <1. 


Proof. (ii) Straight forward. 
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Cu ((91,A1),(Q2,A2)) : 
VO(1,A1) x V'(Q2,Az) 


Proof. (iii) Co((M, Ar), (Q2, A2)) => 
Since, (91, Ay) = (Q2, Ag). 
Co((M1, Ar), (M2, Az) 


SEES ; aa (O? + Fag 0)? + Faget)? | 


“2 1 uit | (Togs, 0)? + Zags, (vs)? + Foy? 


k=1 i=1 


; : ey 2 Tonag 9? aa (Zo, (a4) (vi)? + Foay()?| : 


=> Co((O1, Ar), (M2, A2)) = 


Definition 4.7. Let (01, A) and (Q2, Ay) be two SINHSS. Then, the CC between (,, A;) 
and (Q2Ag) is defined as 


Cm((O1, Ar), (M2, Av) (5) 
max { (0%, Ai), &(Q2, A,)} 


Co((M1, Ar), (Q2, Az) = 


Co((M1, Ar), (M2, Ae) 


het iwi (Fay aay 00) * (Ta (i,,) )) ot (Zo, (5,,) (%)) (Zoe, (5,,) )) + (Fa, (a,) a) * Fanci (v0)] 


max { Da Dia [Fay ayy 0)? + Fara? + Fay yO?) 


> | (Fagcaay (22) (¥%))? + Loa, (ag) 0)” + Fax oor}. 


k=17=1 


Proposition 4.8. Let (,,A1) and (Q2, Az) be two SINHSS. Then, the following CC prop- 


erties hold: 

(i) 0 < Co((M, Ar), (M2, As)) <1 

(ii) Co((Q1, Ar), (M2, Aa)) = Co((M2, Az), (M1, Ar)); 

(iti) If (Q1, Ar) = (Qe, Ag), then Co((M1, Ar), (M2, Ag)) = 
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Proof. (i) Obviously, Co((M1,A1),(M2,A2)) > 0. Now, we present the proof of 
Co((O1, Ar), (Q2, Ag) < 1. Cas((M1, Ar), (2, Ao) 


=S0 | ( Frncin()* Fracin() + Fain) * Fagin Od) + Farin) * Fracin(ro)) 


+{ (To, (4) (¥2)) * (Targigy (¥2)) + Zar, (i,) (2) * Zon ayy (U2) + (Fong Ay) (2) * Focuy(2))) Foe 


By applying Cauchy-Schwarz inequality, we get 
Cur((Q1, Ar), (M2, Av) 


$10 |{ Caan)? + ayy)? + + Tayo (m))?} + { Eaysnl OY? + Fay) 
a arene + (Fy) (t2))? +» + Fayaey(tn)) fx 


> { Toa (Ar) (v1)) * + (Toys i) (02))° Teer Tayciy(on)??} - { Fons)? + (Zong 4) (2) + 
k=1 


1 


ap at Zoncin(o))? SY Fancy)? + (Fry (ayy (02)? ++ (Fo uy(m))? S| ix 


Cus((M1, Ar), (Q2, Aa) 


n 


[ Toa, 54) M))? + Zo, i,) a)? + Fag? ~ 
k=1 i=1 i 


< { (max{ > : 7 an (5,)(%))” + Zo, 5,) i)? + Fac? x 3 Fancy + 


k=1 i=1 


if 


(Zo,(i,)(0))” + Foxy? ne 


Cas (v;))?+ 
k=1 i=1 
Zag(i)())” + Foc? \ 
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=> Cy ((M1, Ay), (M2, Ae)) < manc{ (0%, An) x (02, Aa)}. 
Cur ((1,A1)(M2,A2)) a 7 

maf 8O.5s)-s423a)} 7 

By using Definition 4.7, we get Co((1, A1), (Q2, A2)) < 1 

Hence, 0 < Co((M1, Ar), (Q2, A)) <1 


Proofs of (ii) and (iii) are same as in Proposition 4.6. 


=> 


5. Weighted correlation coefficient for SINHSS 


We present the concept of weighted correlation coefficient (WCC) for SINHSS. WCC fa- 
cilitates decision-makers (DMs) to provide different weights for each alternative. Consider 
= {D,,D2,...,Dm} and W = {W,W,... Wr \ as weight vectors for alternatives and ex- 


perts, es such that Dz, Wi > 0 and > D, = 1, ‘ W; = 1. 
k=1 i=l 


Definition 5.1. Let (01, A) and (Q2, A») be two SINHSS. Then, the WCC between (,, A;) 
and (Q2, Ag) is defined as 


m ((O1, Ar), (Q2, Ae) 


Cay (Oi Ri Ox Aya 2 
V ®(21, Ar) y/ (M2, Ao) 


(6) 


Cow ((O1, Ar), (Q2, Ag) 


De ( 35 We [Tan cy (08) * Tag ayy (00) + Fons Hig) (M8) * Fag (5) M0) + Fry 5) MH) * Fra ayy a) 


E de S wil Fara)? + Fay ay? + Faso] ) 


i=l 


=p =P “(ow at (Toy, Md)? + Zag i,) U))? + Foxy oo)"])). 
k=1 4=1 

he ee 
in Eq.(4). 


} and W = {4,4 }, then WCC given in Eq.(6) reduces to CC as 


at, nin?’ hs 


Example 5.2. Let the values of ((, A;) be as in Table 1 and the values of (2, Az) be as in 
Table 2 
Then, Coy, ((1, Ar), (Q2, Az)) = 0.7903. 


Proposition 5.3. Let (Q;,A1) and (Q2, Az) be two SINHSS. Then, the following WCC prop- 
erties hold: 

(i) 0 < Coy ((O1, Ar), (M2, Ae) <1 

(ii) Coy, ((1, Ar), (M2, Av)) = Coy, (M2, Aa), (1, Ad); 

(iii) If (Q1, Ar) = (Q2, Ag), then Coy, ((O1, Ar), (M2, Ae)) = 
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Proof. Similar to Proposition 4.6. 


Definition 5.4. Let (1, Az) and (M2, Ag) be two SINHSS. Then, the WCC between (91, Aj) 
and (Q2Ag) is defined as 


Cu ((O1, Ar), (M2, Ao) 


Coy ((Q1, Ar), (M2, Av) = foo x BA 7 yy 
max 1,41); 2,2 


(7) 


((Q1, Ax), (Q2, Aa) 


WwW 
BE De ( 35 Wel (Fag iy 00) * Teng) 80) + Eon) (00) * CEng yy (00) + Feng) ()) * Frngciyy(e0)]) 


max { 3 De( 35 Wi[ Tay ay )(0)? + Fay yy)? + Foy ayy?) 
5 p.( om | Faacig) 0)? + Fag sy OO)? + Fags eo)?] )}- 
k=1 i=1 


UD = 1 ei ia and W = neni 
in Eq.(5). 


then WCC given in Eq.(7) reduces to CC as 


Proposition 5.5. Let (91, A1) and (Q2, Az) be two SINHSS. Then, the following WCC prop- 
erties hold: 

(i) 0 < Coy, ((M1, Ar), (Q2, Aa) < 1; 

(ii) Coy, ((21, Ar), (M2, Av)) = Coy, (M2, Ae), (1, Ar); 

(iii) If (Q1, Ar) = (Qe, Ag), then Coy, ((Q1, Ar), (M2, Az)) = 1. 


Proof. Similiar to Proposition 4.6. 


6. Aggregation operators for SINHSS 


We now present the concept of simplified intuitionistic neutrosophic hypersoft weighted 
average operator(SINHSWAO) and simplified intuitionistic neutrosophic hypersoft weighted 
geometric operator (SINHSWGO) by using operational laws. Let « represent the collection of 
simplified intuitionistic neutrosophic hypersoft numbers (SINHSNs). 


6.1. Operational laws for SINHSS 


Definition 6.1. Let Q.,, = (Ti1,Z11, Fi1) and Q¢,, = (Viz, LZi2, Fi2) be two SINHSS and 6 a 
positive integer. Then, 

(i) Qe, B Ney = (Fir + Tie — Ti Ti2, Fir + Liz — Dir Ti2, Fr F 12) ; 

(ii) Qe,, @ Qe. = (M1 Tha, Fir Dia, Fr + Fa — FF) ; 

(iii) BQe,, = ([(1 -— (1 — T1)%, (1 — (1 — Za)9, (Fi)* J); 

(iv) (Qe4)8 = ([(Far)®, (Zar), (1 — (1 — Fi)*]).- 
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6.2. Simplified intuitionistic neutrosophic hypersoft weighted average operator 


Definition 6.2. Let D, and LW, be weight vectors for alternatives and experts, respectively, 


such that Dz, W; > 0 and = D, = 1, > W; = 1 and Q,, = (Tix, Liz, Fix) be a SINHSN, 
=1 
where i = {1,2,..n}, k= 1, 2. as Then, A: kk” — k, SINHSWAO is represented as 


A siecle.) -Or.(@w Q s 


Theorem 6.3. Let Qc, = (Tik, Lik, Fix) be a SINHSN, where i = {1,2,...n}, k = {1,2,..m}. 
Then, the aggregated value of SINHSWAO is also a SINHSN, which is given by 


A(Qe1 4; %e495 ++) Menm) = (1- I (TI (1-7) ") "1 I (II (»-2 \" pa I (I (7 yyy. 


k=1 k=1 k=l Sa=1 


Proof. If n = 1, then W,; = 1. By using Definition 6.1, we get 


A(MQe11 Mera) +) Qeim) = < DyQey,: 


= (ECL (79) LTE 24)" ELT) ")"): 


If m= 1, then D; = 1. By using Definition 6.2, we get 


A(Qe1; reg, Qenr) -@ WiQei- 


; iii) “TE (TEO-%)") TLL) ")") 


Hence, the results hold for n = 1 and m= 1. 


Now, if m =1, +1 and n = ly, then, 


4,41 


€tg(ty-41) ) -@? (e Wi Mex) 
= (TE (E014) ) "2-25" (IE() ")") 


Similarly, ifm =1,, n = lg +1, then, 
lo+1 
A(Qe11 lees eae Qeas sit) - Dr (4 © Wi Mex) 
ly lot Wi\ Pr ly lo+1 Wii Per lu lo+1 Wis Dy 
“HCC HEY HHCY) 


k=1 ‘ i=1 k=1 ‘ i=1 k=1 \ i=1 
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Now, ifm =i, +1, n=l. +1, then, 
PN ADs end ) 


NE (g +1) (4 +1) 


+1 lg+1 
= Hr(@ WiMax) 


k=1 i=1 
4j4+1 lo iy4+1 
= Ds ( WM DP: (WierMeosre 
K=1 i=1 k=1 
A(Qe11; Qe, abe Qe aye) 


iy+1 lo Wi Dr iy+1 Wr +1) Dk 
= (IE(- 74) ) er IE ((-teoem) OY) 


k=1 ‘i=1 k=1 
iy+1 i) W; Dr +1 Wig +1) Dr 
TEDL -t4) ) Sot TE (tesa) 7) 
k=1 ‘i=l k=1 
+1 lo W; Dr +1 W+1) Dr 
(1) ) 2H (Fm) °") > 
k=1 ‘i=l k=1 
+1 /lo+l Wi Dy +1 /le+1 Wi Dy itl /let+l Wi\ Dr 
= (TE CEE (m4) ")9 EHEC)" IEE)" 
k=1 i=1 k=1 i=l k=1 i=1 


Hence, the results hold for n = ly +1 andm=1, +1. 
Therefore, by induction method, the result is true V m,n > 1. 


Since 


O< Ti+ Fix <1 andO <7, <1. 


“fi (-n)") Ghey"P = 


k=1 ‘i=l k=l \i=1 
m n Wi Dr 
andl — || (II (1-21) ) <i, 
kaL ‘1 
m n Wi Dr m n Wi Dr 
2 fii PCO) 
k=1 ‘i=1 k=1 “t=1 
m n Wi\ Dr 
ond 1~ TT (TI (1-2) a 
k=1 *4=1 
m n Wi Px m n Wi Dx m n Wi Dx 
#1-H(I(-%) ) +H (IEG-7) ) +1-T( (0-2) ) <2 
k=1 \i=1 k=1 \i=1 k=1 \i=1 


Therefore, the aggregated value given by SINHSWAO is also a SINHSN. 


Example 6.4. Let us consider the same values mentioned in Example 3.2. Also, let W; = 
{0.50, 0.30, 0.20} and D; = {0.14, 0.13, 0.23, 0.20, 0.18, 0.12} be the weight of sociologists and 
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attributes, respectively. Then, 
A(Men; Qers; ane) Qes¢) 


= TE)" G-) "EE )")”)- 


= (0.55, 1.00, 0.27) . 


6.3. Simplified intuitionistic neutrosophic hypersoft weighted geometric operator 


Definition 6.5. Let Dz, and LW be weight vectors for alternatives and experts, respectively, 


such that Dz, W; > 0 and by Dy = 1, p> W; = 1 and Q,, = (Tik, Lik, Fiz) be a SINHSN, 
=1 
where i = {1,2,..n}, k= {L. 2. smn} Then, G:K” —+ k, SINHSWGO is defined as 


m n Wi\ Dr 
G(Qeq1 Mera; +++) Qenm) =®& (® (2...) ) 
k=1 ‘i=1 


Theorem 6.6. Let Qc, = (Tik, Lik, Fix) be a SINHSN, where i = {1,2,...n}, k = {1,2,...m}. 
Then, the aggregated value of SINHSWGO is also a SINHSN, which is given by 


Le ee (TI (11 (m) "YT (10 (20) )*2- F(T (1-72)"")"). 


k=1 ‘i=1 k=1 ‘i=1 k=1 ‘Si=1 


Proof. Similar to Theorem 6.3. 


Example 6.7. Let us consider the same values mentioned in Example 3.2 and the weight of 
sociologists and attributes be as in Example 6.4. Then, 
G(Qe, ? Qe, aaa ese) 


= (HL (IE%)” ) ECT @)") "IE 


= (0.40, 0.52, 0.37) . 


I (1 -Fx)”)") | 


7. MCDM problems based on TOPSIS and CC method 


TOPSIS method helps to find the best alternative based on minimum and maximum distance 
from the neutrosophic positive ideal solution (NPIS) and neutrosophic negative ideal solution 
(NNIS). Also, when TOPSIS method is combined with CC instead of similarity measures, it 
provides reliable results for predicting the closeness coefficients. We present an algorithm and 
a case study to illustrate the SINHSS TOPSIS method based on CC. 
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7.1. Algorithm to solue MCDM problems with SINHSS data based on TOPSIS and CC method 


Let A = {A}, A?, song AM } be a set of selected leaders aspiring to bring in socio-political 
changes to society and V = {v1,v2,...,Un} be a set of sociologists responsible to evaluate the 


leaders with weights W; = (W1,W42,...,Wn), such that W; > 0 and >> W; = 1. Let A= 
i=l 


{ir Das soy Am} be a set of multi-valued sub-attributes with weights Dy, = (D1, Do,...,Dm), 


m 

such that D, > 0 and 5> D; = 1. The evaluation of leaders A‘, (t = 1,2,...,2) performed by 
k=1 

the sociologists v;, (i = 1,2,...,2) based on the multi-valued sub-attributes Az, (k = 1, 2,...,m) 


are given in SINHSS form and represented as 0%, = Cone FD. such that 0 < 7,+Fi, <1 
and 0<7j,+Zi,+Fi <2Vi,k. 


Step 1. Construct the matrix for each multi-valued sub-attributes in SINHSS form as below: 


a re . Fs 
U1 (Ti Thi, Fix) (Tio, To, Fie) tee (Tim Fim Fim?) 
(A Mien =A ea OF ee ae a ee 
Ey Ur) ok ear) 


Step 2. Obtain the weighted decision matrix for each multi-valued sub-attributes, 


[Ai,Inxm 


= (EEC (m6) "4 FLT 2-24)" EET) ")) 


= (Fix, Tin, Fix) . 
Step 3. Determine the NPIS and NNIS for weighted SINHSS as below: 


Pi ( ae a a _ (70a), Zi), FD ) and 


ia 
Am = (7 i ae i = (TO in) FD), 
where V;; = arg max, { vi,} and Aj; = arg min, {vi,} 
Step 4. Determine the CC for each alternative from NPIS and NNIS. 
Cu(At, At) 
o(At « /(@4*) 


ie 
NM = Cc(At, A-) = ES d 
/9(48) « \/a(4-) 

Step 5. Compute the closeness coefficient of neutrosophic ideal solution as below: 

; 1—. 

€ = ——_—_ 

2— xt — rt 
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Step 6. Arrange the e’ values in descending order and determine the rank of the alternatives 


At, (t =1,2,...,x2). The one with the maximum value is the best alternative. 


7.2. Application based on TOPSIS and CC method 


Let A = {A’, A At A} be a set of leaders aspiring to bring in socio- 
political changes with their leadership skills and A; and A» be distinct attribute 
sets whose corresponding sub-attributes are represented as A; = leader attributes = 
{\11 = personality variables, \;2 = cognitive ability and skills}, Ag = leader behaviors = 


{\21 = setting sub culture, \22 = conflict management}. Then A = A, x Ao be distinct at- 


tribute sets, such as 


A= Ay x Ag = {Au1, At2} X {A21, A22} - 
={ (An 2a) (A11, A22), (A1z2, A21), (ia, 2a) 


={% 2, A3, ius with weights D, = (0.20, 0.25, 0.30, 0.25). 


An expert team selects a set of sociologists and provides the weightage depending on their 
tenure and knowledge. Let V = {v1, v2, v3, v4} be a set of sociologists responsible to evaluate 
the leaders with weights W; = (0.35, 0.15, 0.30,0.20). This study aims to find a leader who 
can bring major socio-political changes in a larger way to society. 

Step 1. Construct A!, A?, A® and A‘ matrices for each multi-valued sub-attributes in SINHSS 


form. 


TABLE 3. Representation of values in SINHSS form for A!. 


Al yi de d3 M 

v1 (0.65, 0.92, 0.34) (0.55, 0.48,0.25) (0.78,0.88,0.21) (0.23, 0.24, 0.35) 
v2 (0.55, 0.72, 0.24) (0.65, 0.56,0.25) (0.55,0.77,0.12) (0.43, 0.45, 0.45) 
v3 (0.63, 0.87, 0.35) (0.45, 0.76,0.35) (0.67, 0.55, 0.32) (0.41, 0.67, 0.55) 
v4 (0.53, 0.79, 0.45) (0.67, 0.34,0.31) (0.57, 0.66, 0.42) (0.32, 0.87, 0.53) 


TABLE 4. Representation of values in SINHSS form for A?. 


A M1 A2 A3 MM 

v, (0.74, 0.27, 0.24) (0.69, 0.43, 0.25) (0.54, 0.22,0.12) (0.32, 0.67, 0.24) 
vg (0.44,0.95,0.54) (0.79,0.56,0.15) (0.66, 0.33, 0.31) (0.42, 0.78, 0.15) 
v3 (0.35, 0.85,0.45) (0.57, 0.32, 0.25) (0.53, 0.44,0.21) (0.52, 0.89, 0.43) 
v4 (0.45, 0.76, 0.35) (0.82, 0.78,0.16) (0.64, 0.55, 0.24) (0.34, 0.91, 0.61) 
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TABLE 5. Representation of values in SINHSS form for A®. 


A3 M1 A2 A3 M4 

v1 (0.65, 0.78,0.34) (0.65,0.78,0.21) (0.65,0.65,0.23) (0.63, 0.34, 0.19) 

vg (0.45,0.55,0.42) (0.54,0.88,0.19) (0.58, 0.45,0.33) (0.53, 0.47, 0.25) 

v3 (0.55, 0.76,0.35) (0.75, 0.33, 0.24) (0.46,0.35,0.45) (0.23, 0.78, 0.34) 

v4 (0.35,0.45,0.24) (0.58,0.44,0.25) (0.74,0.25,0.19) (0.45, 0.81, 0.17) 
TABLE 6. Representation of values in SINHSS form for A‘. 

A* M do d3 M 

v1 (0.81, 0.46,0.12) (0.35,0.45,0.24) (0.23, 0.32, 0.42) (0.54, 0.93, 0.45) 

v2 (0.64,0.56,0.14) (0.59, 0.65, 0.34) (0.33,0.43,0.52) (0.45, 0.48, 0.38) 

v3 (0.54, 0.76,0.23) (0.63, 0.76, 0.26) (0.12,0.54,0.72) (0.56, 0.79, 0.41) 

v4 (0.76,0.45,0.16) (0.67,0.88,0.31) (0.18,0.65,0.45) (0.66, 0.58, 0.34) 


Step 2. Obtain A!, A?, A® and A‘, the weighted matrices for each multi-valued sub- 


attributes. 


TABLE 7. Representation of weighted values in SINHSS form for A!. 


M 


r2 


d3 


M 


0.0709, 0.1621, 0.9273 
0.0237, 0.0375, 0.9581 
0.0580, 0.1153, 0.9390 
0.0298, 0.0606, 0.9686 


a x SR 
oe ae oe 


0.0675, 0.0557, 0.8858 
0.0387, 0.0304, 0.9494 
0.0439, 0.1016, 0.9243 
0.0540, 0.0206, 0.9432 


ae oS oS SS 


( 
( 
( 
( 


0.1470, 0.1996, 0.8489 
0.0353, 0.0640, 0.9090 
0.0950, 0.0694, 0.9026 
0.0494, 0.0627, 0.9493 


er Se 
Wo ee Se ee 


0.0227, 0.0238, 0.9123 
0.0209, 0.0222, 0.9705 
0.0388, 0.0798, 0.9562 


( 
( 
( 
(0.0191, 0.0970, 0.9688 


) 
) 
) 
) 


TABLE 8. Representation of weighted values in SINHSS form A? . 


M 


r2 


X2 


M 


0.0900, 0.0218, 0.9050 
0.0173, 0.0860, 0.9817 
0.0256, 0.1076, 0.9533 


( 
( 
( 
(0.0237, 0.0555, 0.9589 


SS See 


0.0975, 0.0480, 0.8858 
0.0569, 0.0304, 0.9314 
0.0614, 0.0286, 0.9013 
0.0822, 0.0730, 0.9125 


wee SS ES 


( 
( 
( 
( 


0.0784, 0.0258, 0.8005 
0.0474, 0.0179, 0.9487 
0.0657, 0.0509, 0.8690 
0.0595, 0.0468, 0.9180 


AS SES NR 
Se ee, ee 


0.0332, 0.0925, 0.8827 
0.0203, 0.0552, 0.9314 
0.0536, 0.1526, 0.9387 
0.0206, 0.1135, 0.9756 


oo ES eS, AS 


) 
) 
) 
) 


Step 3. Determine the NPIS and NNIS from the weighted matrices, A!, A? , A? and A‘. 


M 


d2 


r3 


M 


0.1098, 0.0218, 0.8621 


( 
At — v2 (0.0302, 0.0237, 0.9428 
v3 | (0.0580, 0.0821, 0.9156 
va | (0.0555, 0.0237, 0.9294 


) 
) 
) 
) 


0.0975, 0.0480, 0.8724 
0.0569, 0.0304, 0.9314 
0.0988, 0.0286, 0.8985 
0.0822, 0.0206, 0.9125 


eee See: 


( 
( 
( 
( 


( 
( 
( 
( 


0.1470, 0.0258, 0.8005 
0.0474, 0.0179, 0.9090 
0.0950, 0.0381, 0.8690 
0.0777, 0.0172, 0.9052 


) 
) 
) 
) 


0.0834, 0.0238, 0.8648 
0.0280, 0.0222, 0.9314 
0.0598, 0.0798, 0.9223 
0.0526, 0.0425, 0.9153 


~~ a ee 


SS aS ee 
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TABLE 9. Representation of weighted values in SINHSS form for A® . 


A3 


At 


dz 


ds 


Ma 


V1 
v2 
U3 


V4 


0.0709, 0.1006, 0.9273 
0.0178, 0.0237, 0.9744 
0.0468, 0.0821, 0.9390 


( 
( 
( 
(0.0171, 0.0237, 0.9446 


se Se NSE 


0.0878, 0.1241, 0.8724 
0.0287, 0.0765, 0.9397 
0.0988, 0.0296, 0.8985 


( 
( 
( 
(0.0425, 0.0286, 0.9331 


Moe. eee A 


0.1044, 0.1044, 0.8571 
0.0383, 0.0266, 0.9514 
0.0540, 0.0381, 0.9307 
0.0777, 0.0172, 0.9052 


2 as BS Ss 
ae So ae 


0.0834, 0.0358, 0.8648 
0.0280, 0.0236, 0.9494 
0.0195, 0.1074, 0.9223 
0.0295, 0.0797, 0.9153 


SS PS 


we oS oe 


TABLE 10. Representation of weighted values in SINHSS form for A? . 


At 


At 


dz 


ds 


dM 


V1 
U2 
U3 


V4 


0.1098, 0.0423, 0.8621 
0.0302, 0.0244, 0.9428 
0.0456, 0.0821, 0.9156 
0.0555, 0.0237, 0.9294 


Qe 


( 
( 
( 
( 


0.0370, 0.0510, 0.8827 
0.0329, 0.0387, 0.9604 
0.0719, 0.1016, 0.9040 
0.0540, 0.1006, 0.9432 


SS SE 


( 
( 
( 
( 


0.0271, 0.0397, 0.9130 
0.0179, 0.0250, 0.9711 
0.0115, 0.0676, 0.9709 
0.0119, 0.0611, 0.9533 


AS SS IS 
SS ee SS 


0.0657, 0.2076, 0.9326 
0.0222, 0.0243, 0.9644 
0.0598, 0.1105, 0.9354 
0.0526, 0.0425, 0.9475 


SE eS 


eS Se ee 


Step 4. 


Step 5. 


Step 6. 


M 


d2 


As 


M 


V1 
v2 
U3 


V4 


os Se eS eS 


0.0709, 0.0218, 0.9273 
0.0173, 0.0218, 0.9817 
0.0256, 0.0237, 0.9533 
0.0171, 0.0237, 0.9686 


Se Se a SE 


0.0370, 0.0480, 0.8858 
0.0287, 0.0304, 0.9604 
0.0439, 0.0286, 0.9243 
0.0425, 0.0206, 0.9432 


Xe 


) 
) 
) 
) 


0.0271, 0.0258, 0.9130 
0.0179, 0.0179, 0.9711 
0.0115, 0.0381, 0.9709 
0.0119, 0.0172, 0.9533 


Br, BS AS 
SS SS oS 


0.0227, 0.0238, 0.9326 
0.0203, 0.0222, 0.9705 
0.0195, 0.0798, 0.9562 


) 
) 
) 
0.0191, 0.0425, 0.9756) 


OS 


Determine the CC for the alternatives by using the values of NPIS and NNIS. 


x! = 0.9968, x? = 0.9981, x? = 0.9983 and y* = 0.9962. 


dt = 0.9961, \? = 0.9975, A? = 0.9979 and \* = 0.9975. 


Compute the closeness coefficient of neutrosophic ideal solution as below. 


ce! = 0.5493, e* = 0.5682, e? = 0.5526 and ¢* = 0.3968. 


Arrange the values in descending order. 


ese Se Se. 


=> A2> A> Als A‘. 


Hence, A? is the best leader among the group and can play a significant role in bringing 


socio-political changes to society. 


8. Comparative Analysis 


We compare existing TOPSIS methods with the proposed method. Also, we provide ex- 
amples to show the advantage of the TOPSIS method based on CC instead of distance or 


similarity measures. 
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Example 8.1. Consider the SINHSS values mentioned in Table 10. By applying the existing 
neutrosophic simplified TOPSIS method discussed in Elhassouny and Smarandache (11), 


ASfe4 24 =047, 
Hence, it is not possible to identify the best alternative. 


By applying the proposed method, 
A* = 0.58, A? = 0.56, A? = 0.51 and A! = 0.48 


Hence, the best alternative is A‘. 


TABLE 11. Representation of values in SINHSS form for A’. 


Ai At r2 A3 nA A5 Ae 

Al (0.55, 0.89,0.34) (0.46, 0.87,0.25)  (0.62,0.54,0.11) (0.23,0.91,0.35)  (0.55,0.77,0.24) (0.63, 0.44, 0.21) 
A2 (0.65, 0.87, 0.24) (0.72, 0.56,0.12) (0.45, 0.56,0.12) (0.25, 0.93, 0.45) (0.44, 0.95, 0.54) (0.78, 0.57, 0.15) 
A3— (0.76,0.85,0.14) (0.57, 0.76,0.24) (0.67, 0.55, 0.32) (0.58, 0.67,0.55) (0.42, 0.75, 0.45) (0.57, 0.54, 0.25) 
A‘ (0.53, 0.65,0.45) (0.71, 0.69,0.11) (0.57, 0.66, 0.33) (0.42, 0.87,0.54) (0.55, 0.89,0.14) (0.69, 0.56, 0.16) 


Example 8.2. Consider the SINHSS values mentioned in Table 11. By applying the existing 
TOPSIS method discussed in Biswas et al. (7|, 


Al 


aa 


At 


0.48. 


Hence, it is not possible to identify the best alternative. 


By applying the proposed method, 


Hence, the best alternative is A?. 


TABLE 12. Representation of values in SINHSS form for A’. 


A? = 0.57, A? = 0.54, A* = 0.51 and A! = 0.06 


Ai M d2 A3 M As 6 

A! (0.45,0.79,0.45) (0.34, 0.34,0.65) (0.47,0.54,0.52) (0.52, 0.23,0.42) (0.41,0.77,0.49) (0.35, 0.44, 0.61) 
A? (0.65, 0.85, 0.24) (0.66, 0.88,0.12) (0.45,0.56,0.12) (0.47,0.93,0.24) (0.44,0.95,0.54) (0.78, 0.57, 0.15) 
A? (0.76, 0.85,0.14) (0.57, 0.76,0.24) (0.67,0.55, 0.32) (0.71, 0.88, 0.23) (0.52,0.75,0.45) (0.59, 0.54, 0.21) 
A* (0.53, 0.65,0.45) (0.71, 0.69,0.11) (0.57,0.66,0.33) (0.42,0.83,0.54) (0.42,0.79,0.14) (0.49, 0.56, 0.34) 


Example 8.3. Consider the SINHSS values mentioned in Table 18. By combining the existing 
neutrosophic simplified TOPSIS method discussed in Elhassouny and Smarandache (12), with 
the similarity measures given in Table 12, it is not possible to identify the best alternative. 
However, by using the proposed method, the best alternative is identified for all the cases, as 
shown in Table 14. 
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TABLE 13. Framework of existing similarity measures. 


Existing similarity measures 


Sz (1, 2) p- a > 


2 - 2 
1 (72 (wi) ¥E3 


ZT : 
; (ui) +FG, (ua) (TF, (ua) Ti, (ua) Fi, (ua) TF 


where TI => Tw, (Ui) Trbs (ui) + Ly, (us )Zapo (ui) + Fraps (Ui) Fy (ui). 


(Ty (Ui) Tyg (Ua) t Ly, (Ui)Zyg (Ui) + Fy, (Ui) Fug (ui)) 


Sp (v1, v2) ae 4 DS. Ga 
i=1 wy 


py iL y, (Mat Fy, (Ma H(T GE, Ma tLe, ua) FFG, CH)" 


S1(41, Y2) bs} + SY cos 
4=1 


[Fmax(|Ty, (wi) — Troy (wa)ls [Zyy (ta) — Lypy (wa) |Frp, (us) — Fepy (wi))]- 


S2(¥1, ~2) pst + = cos [2 (|Try, (ts) — Trpa (wa) | + [Zap (a) — Layo (ua)| + |Fapy (wi) — Frpo (us))]- 


S3(w1, 2) ae + > tan 
i=1 


Sa(h1, 2) ae zs > tan [ 


mL 
12 


[Gmax(|Ty, (Ui) — Tho (wa)|s [Lary (wa) — Dopo (ui) | [Fag (wa) — Fp (ua)I)]- 


S5 (#1, P2) ae 4 7 cot [F + Fmax(|Ty, (wi) — Teh (ua) |, |Z, (us) — Dyrg (us), Fry, (us) — Fepy (ui)I)]- 


S6(¥1, V2) bl 4 > cot [= 


+ E(|Ty, (us) — Typo (ua)| + [Zy, (us) — Dopy (ua)| + | Fry, (ua) — Faps (us)])]- 


TABLE 14. Representation of values in SINHSS form for A’. 


Ai M1 d2 3 M As 6 
A! (0.55, 0.89, 0.34) (0.46, 0.87,0.25) (0.62,0.54,0.11) (0.23,0.91,0.35) (0.55, 0.77,0.24) (0.63, 0.44, 0.21) 
A? (0.65, 0.87,0.24) (0.72, 0.56,0.12) (0.45,0.56,0.12) (0.25,0.93,0.45) (0.44,0.95,0.54) (0.78, 0.57, 0.15) 
A? (0.76, 0.85,0.14) (0.57, 0.76,0.24) (0.67,0.55, 0.32) (0.58, 0.67,0.55) (0.42, 0.75,0.45) (0.57, 0.38, 0.25) 
A* = (0.53, 0.65, 0.45) (0.71, 0.69,0.11) (0.57,0.66,0.33) (0.42, 0.87,0.54) (0.55, 0.89,0.14) (0.69, 0.46, 0.16) 


TABLE 15. Comparison of existing similarity measures with proposed method. 


Unable to rank using existing similarity measures 


Able to rank using Proposed method 


Sz (1, Pe) 28) A? = A? = A*=0.50 A*=0.58,> A? = 0.56, > A? = 0.51, > Al = 0.50. 
Sp (v1, W2) A? = A? = A*=0.50 A*=0.58,> A? = 0.56, > A? = 0.51, > Al = 0.50. 
S1i(w1, p2) A? =A? = A*=0.50 A*=0.58,> A? = 0.56, > A? = 0.51, > Al = 0.50. 
S2(w1, W2) A? = A? = A*=0.50 A*=0.58,> A? = 0.56, > A? = 0.51, > A! = 0.50. 
S3(1, P2) A? = A8 = A*=0.50 At =0.58,> A2 = 0.56, > A? = 0.51, > A! = 0.50. 
Sa(1, W2) A? = AS = A*=0.50 A*=0.58,> A? = 0.56, > A? = 0.51, > A! = 0.50. 
S5 (1, P2) A? = A8 = A*=0.50 At =0.58,> A? = 0.56, > A? = 0.51, > A! = 0.50. 
S6 (1, v2) A? = AS = A*=0.50 A*=0.58,> A? = 0.56, > A? = 0.51, > A! = 0.50. 
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9. Conclusions 


Existing theories fail to handle the information when each component is interrelated. To 
overcome this limitation, we establish the properties of a simplified intuitionistic neutrosophic 
hypersoft set. We propose an application based on the TOPSIS method to identify a leader in a 
socio-political context. We apply CC instead of the usual distance or similarity measures in the 
TOPSIS method to understand the closeness coefficients in a better way. We have presented 
a comparative study between the proposed method and the existing TOPSIS method to prove 
the reliability of the proposed model. The proposed concept may be extended to algebraic 
structures, VV soft set, and other hybrid structures. Apart from the theoretical dimension, the 
discussed concepts may be implemented to real-world challenges in fields such as psychology, 
economics, pattern recognition, artificial intelligence, and many more. 


Funding: This research received no external funding. 
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Abstract. In multi-criteria decision-making problems, we may have to deal with numbers that are in inter- 
val forms, like those of membership, non-membership grades and indeterminacy grades representing unique 
attributes of elements. When decision-makers come across such an environment, the decisions are harder to 
make and the most significant factor is that we need to combine these interval numbers to generate a single 
real number, which can be done using aggregation operators or score functions. To overcome this hindrance, 
we introduce the notion of interval-valued intuitionistic neutrosophic hypersoft set. This eventually helps the 
decision-maker to collect the data with no misconceptions. The primary aim of this study is to establish some 
operational laws for interval-valued intuitionistic neutrosophic hypersoft set. Also, we present the fundamen- 
tal properties of two aggregation operators, interval-valued intuitionistic neutrosophic weighted average and 
interval-valued intuitionistic neutrosophic weighted geometric operators. Also, we propose an algorithm for the 
technique of order of preference by similarity to ideal solution (TOPSIS) method based on correlation coeffi- 
cients to choose a suitable employee among the alternative using Leipzig leadership model in an organization 
for an upcoming new project. Finally, we present a comparative study with existing similarity measures to 
show the effectiveness of the proposed method. 


Keywords: interval-valued neutrosophic set; intuitionistic set; hypersoft set. 


1. Introduction 


Zadeh introduced the concept of fuzzy set (FS) and FS has been widely used in various 
fields. The idea of intuitionistic FS (IFS) was presented by Atanassov 3], an extension of 
FS. Smarandache developed the notion of the neutrosophic set (NS) characterized by the 


values of truth, indeterminacy, and falsity grades for each element of the set. Later, Wang et 
al. 27], proposed the concepts of single-valued NS (SVNS) and interval-valued NS with 
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a restricted condition for the membership values to overcome the constraints faced in NS. 
Chinnadurai et al. (9| discussed a solution to find out unique ranking among the alternatives. 
Chinnadurai and Bobin proposed a concept to identify the profit and gains in decision- 
making problems by using Prospect theory. Chinnadurai and Bobin introduced the concept 
of single valued neutrosophic N soft set. Also, Chinnadurai and Bobin established the 
properties of interval-valued neutrosophic N soft set. Molodtsov introduced the idea 
of the soft set (SS) to deal with uncertainties. Smarandache presented the notion of the 
hypersoft set (HSS) to overcome the restriction faced in SS. Saeed briefed the fundamental 
concepts of HSS. Ihsan et al. used a hypersoft expert set for the recruitment process in 
MCDM problems. 

Selvachandran et al. presented a modified TOPSIS deviation method of SVNS. Wang 
and Chen proposed a TOPSIS method, in which they got the optimal weights of at- 
tributes using linear programming of interval-valued IFS. Wang and Wan investigated 
group decision making with interval-valued IFS. Nabeeh et al. contributed to the per- 
sonnel selection process among different alternatives by combining the analytical hierarchy 
method with the TOPSIS. Abdel-Basset et al. combined type 2 NS and TOPSIS for sup- 
plier selection. Abdel-Basset et al. |2| proposed the use of bipolar neutrosophic numbers in the 
TOPSIS method for selecting smart medical devices. Endalkachew Teshome Ayele et al. 
presented a method for traffic signal control using an interval-valued neutrosophic soft set. 
Christianto and Smarandache proposed the idea of a third-way leadership model, a blend 
of hard-style and soft-style leadership. Harish et al. used a combination of TOPSIS and 
Choquet integral method in hesitant FS to solve multi-criteria decision-making (MCDM) prob- 
lems. Rana Muhammad Zulgarnain et al. introduced the concept of intuitionistic fuzzy 
HSS and used the TOPSIS method based on correlation coefficient (CC). Rana Muhammad 
Zulgarnain et al. studied the fundamental operations of interval-valued neutrosophic HSS. 
Saqlain Muhammad et al. defined aggregation operators on neutrosophic HSS and studied 
some properties. 

Rahman et al. extended the concept of HSS to complex FS, complex IFS, and complex 
NS. Zulgarnain et al. developed the TOPSIS method in a fuzzy environment and used it 
in the medical staff recruitment process. Zulqarnain et al. established the concept of gen- 
eralized TOPSIS method to solve MCDM problems. Zulqarnain and Dayan presented a 
method for choosing the best criteria by using the fuzzy TOPSIS method. Zulqarnain et al. 
proposed an idea for predicting diabetes using TOPSIS analysis. Zulqarnain et al. used the 
TOPSIS method based on correlation coefficient and aggregation operators under intuitionistic 


fuzzy hypersoft set (IFHSS) environment. Zulqarnain et al. used aggregation operators 
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in the IFHSS environment to solve MCDM problems. Zulqarnain developed a new TOP- 
SIS method based on the correlation coefficient of interval-valued intuitionistic fuzzy soft sets 
in MCDM problems. Zulqarnain established aggregation operators under Pythagorean 
fuzzy soft environment to solve MCDM problems. Zulgarnain et al. developed aggrega- 
tion operators of Pythagorean fuzzy soft sets for selecting green supplier chain management. 
Zulgarnain discussed an application towards green supply chain management by using 
Pythagorean fuzzy soft set. Zulqarnain et al. developed the concept of Pythagorean fuzzy 
hypersoft set (PFHSS). Zulgarnain et al. discussed an idea of solving MCDM problems by 
using the generalized neutrosophic TOPSIS method. Zulqarnain et al. used the concept of 
PFHSS in selecting the antivirus mask during the pandemic. Zulqarnain et al. presented 
an application for solving MCDM problems using neutrosophic hypersoft matrices. 

Zulgarnain et al. discussed MCDM problems using the aggregation operators in the 
PFHSS environment. Zulqarnain discussed an integrated TOPSIS model in a neutrosophic 
environment. Zulqarnain proposed algorithms for a generalized multi-polar neutrosophic 
soft set to solve medical diagnoses. Zulqarnain et al. proposed the generalized aggregate 
operators on neutrosophic HSS (NHSS) such as extended union, extended intersection, OR- 
operation, AND operation, etc., and established their properties. Samad et al. extended 
the TOPSIS method based on correlation coefficient under NHSS environment in selecting 
an effective hand sanitizer during the pandemic. Rahman et al. developed the concept 
of neutrosophic parametrized hypersoft set theory to solve MCDM problems. Zulqarnain et 
al. discussed the concepts of the decision-making approach based on correlation coefficient 
under interval-valued neutrosophic hypersoft set (IVNHSS). Zulqarnain et al. presented 
the fundamental operations on IVHSS and established their properties. Smarandache 
proposed the notion of dependence and independence between the components of the FS and 
NS. Chinnadurai and Bobin [7], defined the concepts of simplified intuitionistic neutrosophic 
SS (SINSS) and interval-valued intuitionistic neutrosophic SS (IVINSS) and studied some of 
their properties. In SINSS and IVINSS, the membership grades of truth and falsity depend on 
each other such that their sum cannot exceed one and the membership grade of indeterminacy 
is independent with a value less than or equal to one. Hence, in SINSS and IVINSS, the sum 
of the membership grades cannot exceed two. 

All the above mentioned fuzzy hybrid sets cannot accommodate the membership grades of 
truth and falsity, which depend on each other such that their sum cannot exceed one and 
the membership grade of indeterminacy is independent with a value less than or equal to 
one. Therefore, to solve this problem, in this article, we present some aggregation operators 
for IVINHSS. We develop an algorithm to solve the decision-making problem based on the 


established operators. We have presented a numerical example to ensure the practicality of 
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the developed algorithm. The main aim of the present study is to rank the alternatives based 
on interval-valued intuitionistic neutrosophic hypersoft set (TVINHSS) data using aggregation 
operators and also making use of the TOPSIS method based on CC. To the best of our knowl- 
edge, research on IVINHSS is confined to its theory and related development and applications. 
Therefore, the new method proposed in this paper can examine and provide a suitable solution 
to the decision-makers in ranking the alternatives. We present an MCDM approach based on 
TOPSIS, and the effectiveness of this method is showed through the selection of a suitable 
employee who can lead the project successfully. To prove the efficacy of the proposed method, 
a comparative analysis between the proposed and existing similarity measures (SMs) is given. 
Thus, the IVINHSS is a robust tool to predict uncertainties when the grades are in interval 
form for all truth, falsity, and indeterminacy grades for all the attributes. 

The manuscript comprises the following sections. Section 2 briefs on existing definitions. 
Section 3 introduces the concept of IVINHSS and discusses some properties of CC and weighted 
CC of IVINHSS. Section 4 deals with the interval-valued intuitionistic neutrosophic hypersoft 
weighted average operator (IVINHSWAO) and interval-valued intuitionistic neutrosophic hy- 
persoft weighted geometric operator (IVINHSWGO). Section 5 highlights the combination of 
CC with the TOPSIS method. Section 6 shows the significance of the proposed method with 


comparative analysis. Section 7 ends with a conclusion. 


2. Preliminaries 


We present some of the basic definitions required for this study. Let us consider the following 
notations throughout this study unless otherwise specified. Let V be the universe and vu; € V, 
P(V) be the power set of VY, N represents natural numbers, C[0,1] denotes the set of all 
closed sub intervals of [0,1] and NY represent the collection of interval-valued intuitionistic 
NS (IVINS) over V. 


Definition 2.1. A fuzzy set (FS) is a set of the form F = {(v,7¢(v)) : v € V}, where 
Tz : VY — [0,1] defines the degree of membership of the element vu € V. 


Definition 2.2. An intuitionistic FS (IFS) is an object of the form C = {(v, Te(v), Fe(v)) : 
vE Vv}, where Jc : V — [0,1] and Fe : V — [0,1] define the degree of membership and degree of 
non-membership of the element v € V, respectively and for every v € V,0 < Te(v)+Fe(v) <1, 


where m¢(v) = 1 — Te(v) — Fe(v) represents the degree of hesitancy. 


Definition 2.3. A single valued neutrosophic set (SVNS) is an object of the form 
N= {(v, Tn(v),IZn(v), Fm(v)) : v € VS, where In : V > [0,1], In : V > [0,1] and Fr : 
VY -— [0,1] represent the degree of truth membership, degree of indeterminacy membership 
and degree of falsity membership of the element v € V, respectively and for every v € VY, 
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0 < Tr(v) + In(v) + Fr(v) < 3. NY denote the set of all single valued neutrosophic subsets 
of V. 


Definition 2.4. An interval valued neutrosophic set (IVNS) is a set of the form R = 
{(v, [Fr(v), Fr(v)], Zev), Zr(v)], [Fr(v), Fr(v)]) : v € V}. IVNS can be represented as 
R= {(v, Tr(v), Zr(v), Fr(v)) :uv € V}, where Tr: V—>C(0,1], IR: V > C[0,1] and Fr : 
VY — C{0,1] represent the degree of truth membership, degree of indeterminacy membership 
and degree of falsity membership in closed sub-intervals of the element v € VY, respectively 


and for every v € V, 0 < Tr(v) + Ig(v) + Fr(v) < 3. RY denote the set of all interval valued 


neutrosophic subsets of V. 


Definition 2.5. An IVINS in Y is an object of the form 2 = {(v,aq(v), ba(v), ya(v)) }, 
where ag(v) : V > C[0,1], Ga(v) : V > Cl0,1] and ya(v) : V > C/O, 1]. ag(v), Ba(v) 
and yq(v) are closed sub intervals of [0,1], representing the membership grades of truth, in- 
determinacy and falsity of the element v € VY. The lower and upper ends of ag(v), 8a(v) 
and yo(v) are denoted, respectively by ag(v), @a(v), B,(v), Ba(v), and Yq(v), Ya(v), where 
0 < Go(v) + Fa(v) < Land ag(v), 8, (v), Y9(v) 2 0, 0 < Gav) + Bo(v) + Fav) $2, VveEV. 


Definition 2.6. A pair (Q,€) is called a soft set (SS) over V, if: € > P(V). Then for 
any p € €, Q(p) = 1 is equivalent to v € Q(p) and Q(p) = 0 is equivalent to v ¢ Q(p). Thus a 


SS is not a set, but a parameterized family of subsets of V. 


Definition 2.7. Let Aj, Ag,..., Ax, be distinct attribute sets, whose corresponding sub- 
attributes are Ay = {A11,A12,-.-,A1¢}, A2 = {Aar, Ava, -.-, Ag} 5.) Mk = {Ar Ak25 ++) Ann}; 
where1 < f <p, 1<g<q,1<h<randp, g, r EN, such that A; A; = 9, for 
each 7,7 € {1,2,...,k} and 7 # j. Then the Cartesian product of the distinct attribute sets 


A, x Ag x... X Ap=AZ= {Aig X Aag X ... X Agn}, Vepresent a collection of multi- attributes. 
A pair (9, A) is called a hypersoft set (HSS) over V, where Q : A > P(V). HSS can be 
represented as (Q, A) = {(A, Q(A))|A € A, QA) € p(y} ; 


3. Interval-valued intuitionistic neutrosophic hypersoft set 


We present the notion of interval-valued intuitionistic neutrosophic hypersoft set (IVINHSS). 
Also, we discuss some basic properties of correlation coefficient (CC) and weighted CC (WCC) 
on IVINHSS. 


Definition 3.1. A pair (Q,A) is called an IVINHSS over V, where 0: A > NY. Iv- 
INHSS can be represented as (2, A) = {(A, A(A))|A € AQ) € NY € CL, i}, where (A) = 
{(v, e945) (0); Bay) Yay) lu € v}, where Oq(5) (v) :V—>C(0, 1], Baya) (v) :V> C0, 1] 
and (5) (v) : V + C0, 1). Aj) (v), Box) (v) and Yay) are closed sub intervals of 
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[0,1], representing the membership grades of truth, indeterminacy and falsity. The lower 
and upper ends of Boe (x v), Bo (x) (¥ v) and Yaa y(v v) are denoted, respectively by Qo 5) (v), 
Fai), Boray(Y)> Bay), and Fors) (Y)s Tayi) (¥), where 0 < q(x) (¥) + Faia) (¥) < 1 and 
(3%), Borgy re > 0,0 < Aqq3)(v) + Bagy(v) + Vag (r) S 2: 


Example 3.2. Let V = {v1,v2,v3} be a set of managers who evaluate an em- 
ployee based on the Leipzig leadership model for an upcoming project. Let Ay, 
As, Ag and Ay be distinct attribute sets whose corresponding sub-attributes are rep- 
resented as A; = purpose = {2j; = achieve goals}, Ag = entrepreneurial spirit = 
{\21 = quick decision, A22 = logical decision}, 

A3 = responsibility = {A31 = inspire and motivate, A32 = time management} and A, = 
effectiveness = {A4, = successful accomplishment}. Then A = A, x Ay x Ag x Ag is the 


distinct attribute set given by 
A = A, x Ay x Ag x Ag = {Ars} x {Aa1, A22} x {Agi Aga} x {Adi}. 


={(an, X21, 31; X41); (Ai; Az, A325 A41); (Arn, A22, A31; A41), (Ara, A22; A32; Au}. 


= {Xin Sasha, Sal. 


An IVINHSS (Q, A) is a collection of subsets of V, given by the managers for each employee 
based on the description in Table 1. 


TABLE 1. Shows leadership skills of an employee in IVINHSS (2, A) form. 


Vy 1 NMS X3 MM 


v1 ((0.3, 0.4], (0.7, 0.8], [0.2,0.3]) — ([0.2, 0.4], (0.5, 0.6], [0.5,0.6]) (0.6, 0.7], [0.2, 0.1], 0.1,0.2]) (0.3, 0.4], [0.4, 0.5], [0.2, 0.3]) 
v2 ([0.2, 0.4], (0.8, 0.9], [0.1,0.3]) (0.6, 0.7], (0.5, 0.6], [0.2,0.3]) (0.4, 0.5], [0.4, 0.6], (0.1,0.2]) (0.2, 0.5], [0.5, 0.6], [0.2, 0.4]) 
v3 ([0.1, 0.2], (0.5, 0.7], [0.2,0.3])  ([0.3, 0.4], (0.6, 0.7], [0.2,0.4]) (0.2, 0.3], [0.1, 0.3], [0.6,0.7]) — ([0.2, 0.3], [0.6, 0.8], [0.4, 0.6]) 


3.1. Correlation coefficient for IVINHSS 
Let the two IVINHSS over V be as given below. 
(1, Ar) = {04 lag, 54) (8): Fe, jy} Bo, > Bard) He, 5,9 > Tard Al} 
(Q2, Aa) = { (vi, [09,549 (8) Fa, 5,) I] (Be, (5, (> Borgia) A] [5 (5) MA)» Ferg yy DIF 
Definition 3.3. Let (1,A1) and (Q2, Ay) be two IVINHSS. Then the interval-valued in- 


tuitionistic neutrosophic informational energies of (Q1, A,) and (Q2, A) are represented as 


(9%, Ar) =2> [lana (ig) (M)) *+ (Bo, 5, (a)? + Oa, 5, (ed)? 


k=1 i=1 


- (Go, (34) (vi)? aa (Bo, (5,) a)? a Fa, (5, (va)? » (1) 
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(M2, Ao) =), [ A945) (V4))> + (Bo, a, (id)? og (Yogi, OD)” 
k=1 i=1 
+ (Ge, i, (i)? sa (Bog (i,) a)? + Fasting . (2) 
Definition 3.4. Let (01, A;) and (Q2, Ay) be two IVINHSS. Then the correlation measure 
between (1, A) and (Q2, Ag) is defined as 


Cra((1, Ar), (%, Av) => [eaiay (0) (29,4,)) + Boag (%)) * Bosay (ei) 
a 


Bo, c(i) * Baga) + Foray) * Faga,y(0))]- 8) 


a 


Proposition 3.5. Let (1, A) and (M2, As) be two IVINHSS. Then, 
(i) Ca ((M1, Ar), (1, Ar)) = (Or, Ar) 
(ii) Cu ((M2, Az), (M2, Az)) = &(Q2, Ag). 


Proof. Straight forward 


Definition 3.6. Let (01, A;) and (Q2, Ay) be two IVINHSS. Then, the CC between (,, A;) 
and (Qs, Ag) is given by 


We Cm ((O1, Ar), (Q2, Av) 
VV B(M1, Ar) y/ (M2, Aa) 


Proposition 3.7. Let (Q;,A1) and (Q2, Az) be two IVINHSS. Then, the following CC prop- 
erties hold: 

(i) 0 < Co((M%, Ar), (M2, Av) <1 

(ii) Co((Q1, Ar), (Q2, Az) = Co((M2, Aa), (1, Ar); 

(iii) If (Q1, Ar) = (Q2, Ag), then Co((Q1, Ar), (Q2, Az)) =1 


Co((Q1, Ai), (Qa, Ao 


(4) 


Proof. (i)Obviously, Co((1, Az), (Q2,A2)) > 0. Now, we present the proof of 
Co((M1, Ar), (Q2, Az) <1 


Cra((M1, Ay), (Q2, Ad)) 
= YY [ley iy) * ng yD) + Be 54D) * Bayi) + a iy) * Onge,y 0) 


k=13=1 
7 (Gq, (X,) (%)) = (Gq, (X,) (%)) + (Bo, (ig) (i) * (Bo, (i,) ()) =F (Fa, (i,) &)) # as (i,) M)) . 
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=>. [(earn 0) * ngs, 0D) + Bo, day) * Bor cy) + Cay yD) * Cage) 
+ (ey 65.) (0) * ng) (0) + Bay yy 01) * Brgy) (00) + Fay cy 0) * Fagan) 

+ (a gy (02))# (ing (020) + Berg cy) 02)) * Brgy 02)) + Cary) 2)) * Cages (02) 
(Gig, (5,,) 02)) * (Bag %,) (02) + Bary 5, (02)) * Berg 5) (2) + Feng iy (02) * Fone, (02))) + 

+(e, y(n) # (a5 54 (Om) + Boy cy) ™)) * Boggy 0D) + Cg cy) * Cg ayy ODI 


(Gq, (x,)&n)) J (Gig, (5,,) Un) + (Bo, (i,) n)) col (Bo, (&,) (nr) + (Fo, (i,) Hn) * Fanta) : 
By applying Cauchy-Schwarz inequality, we get 


Crr((%, Ar), (M2, Az)? 

7 = K Bq, (5g) 1)” + (a, (Ag) 02)” + + (49,04 )(e%))"} * { Basi)? + (Bo, iy)” 
ot Bor 54) (0m)? + {Garay + a,j Ca tet (ayy 0)? }+ 

{@a cv)? + Gq, (54) (02)? + + Gacy (on))?} - { Farin? + Bo, (54) (02))” 


++ Boy iy) (0m)? 6 +5 Ferg igy (01d)? + Ferg igy (020)? + + yi, (On)? FLX 
(Ar 


[fee ce,j (0) + Win, Oa)? +--+ a,x sll? 4+ Lt ey? + By 2.) 
(Ar) 2(Ak) 2(Ak) 


k=1 
+ Baxi, (o?} : { Gas? + (org (5) 2D)? H+ Cosa," i {Fanciy(? 


+ Ging (54) (02))? + + Cag iyy(on))*} : { Faas) 0)? + (Bog (X,) (22)? + 


+ Baasy(md?} + + {Graig (O10)? + agg) (02))? ++ Fags) (om)? }]. 
Cur((O1, Ar), (M2, Ae)? 


Ss > > cos ve (Bo, (4, (0)? 7 (Wo, 54)” + (Gq, (54) Mi)? oF (Bo, i, (Mi)? 
k=1i=1 
+ Moy i, (i) 3) x aye [ 4 (54) ))? + (Borg (ayy MO)? + ag (ayy PO)? + Cag iyy ))? 
k=1i=1 


+ Bayi)? + Fag »?). 
=> Cy((M1, Ar), (M2, Az)? < (1, Ar) x B(Q2, Ad). 
=> Cu ((M1, Ar), (Q2, Ag)) < < /(M%, Ai) x VV B(Q2, Ao). 
Cur ((91,A1),(Q2,Az)) cae 
VV 0(01,A1) x /0( (Q2,A2) ~ x 
By using Definition 3.5, we get Co((1, A1), (M2, Ae)) < 1 


Hence, 0 < Co((M, A1), (M2, Az) < 1 


Proof. (ii) Straight forward. 


Proof. (iii) Co((M1, Ar), (M2, Ag)) = SEGNNENCR SE 
Since, (Qa, A) = (Qe, Ag). 
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Co((M1, Ar), (M2, Ae)) 


n 


Cans) (80)? + Bag iy 00)? + Cag dy)? + Bing iy (OO)? + By a) (0)? + Fngciy (P| 
k=1i=1 


| YO [lena cay)? + Brgy (OD)? + Cag ayy OD)? + Bingcigy (OO)? + Bagtdyy (0)? + Frys) (09))?] 


k=117=1 


pEe> Cans, (08)? + (Borg) PD)? + Vero (gy MD)? + Cary ig) CO)? + Borg py W8))? + Faxed?" 


Definition 3.8. Let (1, A,) and (Q2, A) be two IVINHSS. Then, the CC between (91, Aj) 
and (Q2 Ag) is defined as 


Cu ((O1, Ar), (Q2, Ar) 


Co((M1, Ar), (M2, Ae) = { ®(21, Ai), ®(M2, Ae) 
max 1,41), ee 


1); (Q2, Ae) 


= Cn Gg) (8D) * (ng gy (8D) + Boy, 3) * Baggy 0D) + Cas gy) # Cage (09) 


+ ay (i) PD) * agi) (MD) + Bors gy) * Borg gy MD) + Fay) OW) * Faas) (%)| 


Ct Gy) (0)? + Bp, (0)? + Oe, cy)? + Bay yO)? + Foy Gy?? + Garay?) 


= 
Ye | nats)? + Brgcig (OD)? + Cag ayy OO)? + ing Giyy(O)? + Bagtiyy(O)? + Fags)? }- 


Proposition 3.9. Let (Q1,A1) and (Q2, Ag) be two IVINHSS. Then, the following CC prop- 
erties hold: 

(i) 0 < Ce((O1, Ar), (Q2, Ae)) < 1; 

(ii) Co((M1, Ar), (M2, Ae) = Ce ((M2, Av), (MG, Ar); 

(iit) If (Q1, Ar) = (Q2, Ag), then Co((M1, A1), (Q2, Ag)) = 1. 


Proof. (i) Obviously, Co((1,A1), (M2, A2)) > 0. Now, we present the proof of 
Co((Q1, Ar), (M2, Ag)) < 1. 

Cm((M1, Ar), (Q2, Ar) 
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n 


> 


=14=1 


=D) [ (ay Gigy (2) * (ng 5) 0) + Bo, 5, )) * Borg (ig) C)) + Car (5) C8) * Cg (5, 8) 


+ (Gq, (X,)%)) ie (Gp, (5,,) (%)) + (Bo, (ig) (%)) - (Bo (i,) (M)) ar (Fa, (i,) &)) * Faas )| : 


2 | (ee, ay) * aa, (00) + Bo, Cig) 2) * Borg yy PH) + ay (gy OD) * og (i,) CD) 
=1 


+(Qp, (5,,) (1) * (@o,(5,) (2) Tr (Bo, i) 1) * (Bo. (i,) 2) — (Yo, d,) 2) * Fas, (0) 


+ (ao ci) (02)) = (29, (5,) (2) te (Bo, (iq) (2)) = (Bo (ig) (2) oh (Yo, (&,) 2) - (Yon 5,) (2) 


+(G@q, (5,,)(%2)) * (Gp, (5,,) (2) ahs (Bo, (i) 2) * (Bo. (i,) 2) aly (Foy (ip) 2) * as, (02))) a 


+ (Cae yy (m)) # (ang 54 (Om)) + Boy cg) (8D) * Bag gy )) + Cay cigy )) * Cag ayy OH) 


+(G@q, (5,)(n)) * (Gp, (5,,) Yn) + (Boa, i) n)) * (Bo, i,) (nr) at (Vo, (A;,) nr) = Foi)? : 


By applying Cauchy-Schwarz inequality, we get 
Cu ((M1, Ai), (Qa, A2)) 


< ie {oan yO)? # Caan yy (ead)? ++ Can Gym)? b+ {Bo cy) 


(Bor, ig) 2)? + + Borc,m*} 7 {a6 (* + (Hors yy 2)? + 


’ { @ay5,)(00)? + (Gq, (5, (02)? Fe + Gaia? } ’ {Bacio 


(Bo, XE (v2))? as (Bos (iy) (on)? + Foy X,) 1)? + Yoay (5,9 %2))? 
(Ak) 


Cur((M, Ar ), (M2, Ar) 


Baatiyy(n))?} - {Gaaday))? zi (ora (iy) %2))” ones (Tory (5p) 


w+ Bg¢s,)(0))?} + {Faas + Fagan (2))? + + Fagantmd?}]} 


no Ca," 


))?+ 


cae Fon iy (om) }| 7 


7 | (29, (5,) (2) 7+ (0, (i,) (¥2))? +--+ (Gan (i,) (Yn)? + (8, ser (v1))? + (Bo x (v2))?+ 
| 2(Ax) 2(Ax) 


y?} 


+ 
+ {(ag6i,) (0)? + Gagtsy (a)? + «+ Hagciyy On)? + { Batsyy (00)? + Fasc, 02)4 


2 


<{S> SS [ (aie, i)? + Bor, 5g) CO)? + Cla, Gy PO? + Cay ig) OO? + Boy i)? 


k=1i=1 


+ (Foran) 6 vi) »?] - >, [ (Qo, (5, ) (vi)) Ny + (Bos 5, (0) + (Wry i,) CO)” = (Gn, (A) 0)” 


k=117=1 


+ (Borg (5,) (vi)? a Foga,y%)?| \ , 


n 


Nik 


< { (max{ Dy ay [ (04 (3x) (vi))? + (Bors i) 0)” T (ers (5g) 9)? © (a, (54) (01))*+ 


k=1i=1 


Boga)? + Fay )?| > 29 e [ (99 (Ag) OD)” + Borg i, 8)” 


k=11=1 


o. 


(Hoag (54) Mi)? + Borg i, OD)? + Fania? | iN} 


ad (org (5) 0) + 


IR 
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mn 


= = max > > [ (Qo, (5,6 v4) a4 (Bo, (5,)(*))? + (Yo, i) PO)” + (Gin, (5,)(%))? + (Boy i,) i)!” 


k=11i=1 


— 2 
+ Fay.) (%) ?] x YY [Cap (P+ Borg ig) OY + arg ayy CO” + Fag ayy "+ 
k=11=1 


Brgtiy) OD)? + aati.) |} 
=> Crz((M1, Ar), (M2, Ag)) < maf B (Q4,A 1) 4 (02, Aa}. 


si Cu ((21,A1),(Q2,A2)) a4. 


maf BO Ss) 
By using Definition 3.8, we get Co((M1, A1), (Q2, Az)) < 1 
Hence, 0 < Co((M1, A1), (M2, Ag) < 1 


Proofs of (ii) and (iii) are same as in Proposition 3.6. 


3.2. Weighted correlation coefficient for IVINHSS 


We present the concept of weighted correlation coefficient (WCC) for IVINHSS. WCC fa- 
cilitates decision-makers (DMs) to provide different weights for each alternative. Consider 
D = {D,,Do,...,Dm} and W = {W,,W2,..., Wn} as weight vectors for alternatives and ex- 


m n 
perts, respectively, such that Dy, W; > 0 and 5> Dy = 1,55 W; = 1. 
k=1 i=l 


Definition 3.10. Let (1, Aj) and (Q2, Ag) be two IVINHSS. Then, the WCC between 
(Q1, Ay) and (Qz, Ag) is defined as 
Cm ((O1, Ar), (M2, Ad) 


= 
(1, Ar) @(Mp, Ao) 


Coy ((M1, Ar), (M2, Av (6) 


Coy ((O1, Ar), (M2, Ar) 


> Px (o» Bere * er (Ag) (A) + Bor, (5) (M8) * Bog (ayy 


k=1 i=l 


ee 


+ Yo Gy) * Lora iy 


+ hong (iy) (MA) * Ferg (5) (M8) + Bor, Cig) MA) * Berg (yy (M8) + Ferg yy (M) * 7aaciy)(0)| | 


(=? (om (240, (44) (8)? + Boy (5, (0)? + Cay i)? + Gai OO)? + Fa 6,0)? + Garay o?]) 


i=l 


apa 2 [lena + + Borg, 0)? + Cagcigy OO)? + Hag, ))? + Bag iy)? + Foc)? J. 


If D= {2 Pang yy ond. v= {1,4 
in Eq.(4). 


}, then WCC given in Eq.(6) reduces to CC as 


n?: wt, 


Proposition 3.11. Let (01, A1) and (Q2, Ag) be two IVINHSS. Then, the following WCC 
properties hold: 

(i) 0 < Coy ((M1, Ar), (M2, Ae)) <1 
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(ti) Coy ((Q1, Ar), (M2, Av)) = Coy, ((Q2, Ae), (1, Ar); 
(iti) If (1, Ay) = (Q2, As), then Coy ((Q1, Ar), (Q2, Ag)) =), 


Proof. Similar to Proposition 3.6. 


Definition 3.12. Let (1, Ay) and (Q2, Ag) be two IVINHSS. Then, the WCC between 
(01, Ay) and (Q2Az) is defined as 


Cu ((O1, Ar), (2, Ar)) 


Coy ((21, Ar), (M2, Av)) = foo x HO x } 
max 1,41); 2,A2 


Coy ((M1, Ar), (M2, Ad) 


Yo De( YW | Cn Gg) 8D) * (ng) (0) + Bor, gy (OD) * Bragg) + Cn gg3 0) * Gegcdyy 2) 


k=1 i=1 


a (Gq, (x,) (a) * (Gq, (5,) %)) a (Bo, i) )) * (Bo. (i,) (Mi) fale (Yo, (in) )) * aati) ) 


n 


max { > Dr (om (cos + (Bo, 5,0)? + (Ye, (4) M8)” + (Gig, 5,,)(%))? + (Bos iy) (vid)? + Farag )?”] 
i=l 


=1 
Yel SI Wil Cg ,5 (0)? + Borges, (OO)? + Cas 5.) OD)? + Beg ig) (0)? + Bog i.) (0)? + Fagg, yeo)?] )b. 
= 2(Ax) 2(Ax) 


k=1 i= 


If D = {i, 4, a 1} and W = {i, Sea ; }, then WCC given in Eq.(7) reduces to CC as 
in Eq.(5). 


Proposition 3.13. Let (Q1,A;) and (Q2, Ay) be two IVINHSS. Then, the following WCC 
properties hold: 

(i) 0 < Coy ((M1, Ar), (M2, Ae)) <1; 

(ii) Coy, ((21, Ar), (M2, Av)) = Coy (M2, Aa), (1, Ar); 

(iti) If (Q1, Ar) = (Qe, Ag), then Co, ((M1, Ar), (M2, Ag)) = 1. 


Proof. Similiar to Proposition 3.6. 


4. Aggregation operators for IVINHSS 


We now present the concept of interval-valued intuitionistic neutrosophic hypersoft weighted 
average operator(IVINHSWAO) and interval-valued intuitionistic neutrosophic hypersoft 
weighted geometric operator (IVINHSWGO) by using operational laws. Let « represent the 
collection of interval-valued intuitionistic neutrosophic hypersoft numbers (IVINHSNs). 
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4.1. Operational laws for IVINHSS 


Definition 4.1. 

Let Qe), = (lair, G11), (8,45 Brak, f¥449711)) and Me. = (Lora, M12], [8,55 Pral, (45s Fal) be two 
IVINHSS and 6 a positive integer. Then, 

(i) Qe, ® Mer. = (lary + G12 — 41042, 011 + Miz — GA], Pat ea 8B, Br» Pur + Bi - 
Bu Prl, (1V199 7117121) 3 

(ii) Qey, @ Qey = (Lar @12, FA], [B,,B15> Pir Piel, Da =e a 7117121); 
(iii) 6, = ((- A - an)’, (1- (1-G11)*), (2 -— (1 - 8,,)?, A 0 — Bi), Ey)? a): 
(iv) (Qe1)? = ([(air)®, (@11)*), [(6,4)°, (B11), (1 — 2 - 4,)°, 2 - 1 - 7)*I). 


4.2. Interval-valued intuitionistic neutrosophic hypersoft weighted average operator 


Definition 4.2. Let D, and W; be weight vectors for alternatives and experts, respectively, 
m n == 
such that D,,W; > 0 and >) D, = 1,7 Wi = Land Q,, = ([Oiks Win], Begs Paels [;q2 Vit) 


k=1 i=1 
be an IVINHSN, where i = {1,2,...n}, k = {1,2,...m}. Then, A: «” > «, IVINHSWAO is 


represented as 
Aes; ere, sey APs) = BD Dr ( B WM : 
k=1 i=1 


Theorem 4.3. Let Qe, = ([Qies Qik]; [B,,> Bil [Y,17inl) be an IVINHSN, where i = 
{1,2,..n}, k = {1,2,...m}. Then, the aggregated value of IVINHSWAO is also an IVINHSN, 
which is given by 

A(Qe11, Mero: siete) 


oS AAG 99) YAO 2)" 


1 ‘i=l 


ka 
M(TE (2) ”) EL (TI) ): 
Proof. Ifn = 1, then W,; = 1. By using Definition 4.1, we get 

Arde Utes Migs Ep i Dea: 


“(FECL C-2)") ELEC)" ELC)" 


k=1 k=1 = = i=l 


A (I 1 (7)"')”]). 


i=l = 


I 
es 
i 
| 
= 
oak 
iy 
tod? pes 
a 
a | 
as Ie 
| co 
= 
> 
peer 
= 
Se 
S) 
= 
[ a | 
a 


1 


(1-4) ") "(EE (Ha) ”) “TL ( 
If m = 1, then = 1. By using Definition 4.2, we get 
A(Qe11, Mears +5 a. Din WiMeis- 


“(i BGH(-o)"Y BE T(-%4)")"]-b- HE 0-20)")" 


i=l k= 


1 FE(TEC 6)” LG)” FEGEG)”)"T) 


k=1 ‘i=l 
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Hence, the results hold for n = 1 and m= 1. 
Now, if m =1, +1 and n = ly, then, 
A(Qer1, Qera5 + Me ap41y) = pe »,(@, WQe “, 


ly lo y+. i\ Dp 
(fH G-a0)")"2- T(E (-e9)")"} 

Geb thy \ Dy lo i\ Dy Uti > le \ Dr 
TEE)" CHE a) EE») ")")) 
Similarly, ifm =1,, n = lg +1, then, 

Aras Meicnig Mey, a, De ( B21! wide z) 


Now, if m=1, +1, n=l, +1, then, 
A(Qe €11) Q. €12 0 eeuaitpeis) 


-Bo.(Bneo. .): 


1 hice 
- BP De. 1) BP (Ms 412”, ae 
A(Qe1;, Qera +) ena 


(fT (IL (-a0)")"- 


1 


k 
ior Wiig +1) \ Pk d 2 
~ HT (Bese) ") ") [b= I 
k=1 k i 
1 


Be 


k=1 k=1 = 
441 , lo W:. D 141 WwW y\\P +1 Wiay+1)\ P 
I (I (v) -) “]@ [LT (Cece) 7") EL (Crease) °") 
k=1 S451 k=1 k=1 
4y41 ,lg41 Wi \ Pr iy4+1 ,lg4+1 Wi \ Pr W441 ,lg41 Wi \ Pr 
~(P-TECI G-s0) °) “a ECE Ga) “fC G8) 
k=1 * t=1 k=1 ‘ i=1 k=1 i=] 
y41 ,log+1 +1 ,lg+1 


HL (TE (#4) ") "ETE CTE e) ") LT G)")"T) 


Hence, the results hold for n = 1l2+1 and m=1, +1. 
Therefore, by induction method, the result is true V m,n > 1. 


Since 
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Therefore, the aggregated value given by IVINHSWAO is also an IVINHSN. 


Example 4.4. Let us consider the same values mentioned in Example 3.2. Also, let W; = 
{0.25, 0.35, 0.40} and D; = {0.30, 0.20, 0.40,0.10} be the weight of managers and attributes, 
respectively. Then, 

Pu Yess ADs sits ees) 


-((s- 11 (1 (¢~20)")* Ht (1 G—20)")"] TH (0-20) 
TE (1 %4)") LT FE Ga)")* (EE Et 4)")Y) 


= (0.32, 0.45], (0.49, 0.64], (0.20, 0.34]) . 


4.3. Interval-valued intuitionistic neutrosophic hypersoft weighted geometric operator 
Definition 4.5. Let Dy, and W; be weight vectors for alternatives and experts, respectively, 
m n 
such that Dy, W; > 0 and 55 Dy = 1,55 Wy; = 1 and D,, = (Qik, Bik, Vix) be an IVINHSN, 
k=1 i=l 
where i = {1,2,...n}, k = {1,2,...m}. Then, G : «” > «, IVINHSWGO is defined as 
m n Wi Dr 
G (Mei Meigs Menem) =& (@ (1) ) ; 
k=1 \i=1 
Theorem 4.6. Let %,, = ([Qik: Gl; [8+ inl [1,,> Tiel) be an IVINHSN, where i = 
{1,2,..n}, k = {1,2,...m}. Then, the aggregated value of IVINHSWGO is also an IVINHSN, 
which is given by 


G(Qe1,, Ne Dyess Q- ) 
D 


He) Ye)" He)" GOI") 
(i-a4) 1 I (Il (1-7%)”")")). 
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Proof. Similar to Theorem 4.3. 


Example 4.7. Let us consider the same values mentioned in Example 3.2 and the weight of 
managers and attributes be as in Example 4.4. Then, 
G(Qe, ? eis) mae) Mess) 


“(TC )") "CL ()") "i 


[I(T (26) ")"4~ E(t») ")"}) 


k=1 


2)" Heyy] 


c=1 ‘i= 


= (0.26, 0.40], (0.37, 0.50], (0.28, 0.41]) . 


5. MCDM problems based on TOPSIS and CC method 


TOPSIS method helps to find the best alternative based on minimum and maximum dis- 
tance from the interval-valued intuitionistic neutrosophic positive ideal solution (IVINPIS) 
and interval-valued intuitionistic neutrosophic negative ideal solution (IVINNIS). Also, when 
TOPSIS method is combined with CC instead of similarity measures, it provides reliable re- 
sults for predicting the closeness coefficients. We present an algorithm and a case study to 
illustrate the IVINHSS TOPSIS method based on CC. 


5.1. Algorithm to solue MCDM problems with IVINHSS data based on TOPSIS and CC method 


Let A = 1A yA | be a set of selected employees and V = {v1, v2,...,Un} be a set 
of managers responsible to evaluate the employees with weights W; = (W1, W2,..., Wn), such 


that W; > 0 and 5) W; = 1. Let A= {iu da, ar An } be a set of multi-valued sub-attributes 
i=l 


m 

with weights Dy = (D1, D2,...,Dm), such that D, > 0 and 5> Dy = 1. The evaluation of 
k=1 

employees A’, (t = 1,2,...,2) performed by the managers v;, (i = 1,2,...,n) based on the 


multi-valued sub-attributes A,, (k = 1,2,...,m) are given in IVINHSS form and represented as 
C4 Gig core | [B,, Bitls [ae Yael): such that 0 < at, +7, < land0< at, + Biz +7,<2V 
i,k. The managing experts aid to accommodate the multi-sub attributes values in IVINHSS 
form. 

Step 1. Construct the matrix for each multi-valued sub-attributes in IVINHSS form as 
below: 
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[A’, AJnxm = [A* nxm 
i ce - oe 
v1 | (lots, @ial, Bt, Bul Wy, Til) (lata, Ho], [Bt, Brak: (ao, Vial) ae (lee as Senls (8! gs Bimal LY’ 1 Fond) ) 
= vo | ((ob.,081), (85,,Baul byt, ,7bil) — (loobas hols (Big, Baal: baby, Fal) ++ (Lob brads [B42 B2mls [14 q2Tbml) ) 
ei lahat DB Anil meal) “(lake ratallel yg Bool ei Val) x (Teh geet al Bhs BamlilSt es een) 


Step 2. Obtain the weighted decision matrix for each multi-valued sub-attributes, 


[Ajglnxm 
= (f= FETE (1-a0)")"3- TE(IE 0-4)" P= EE(IE 0-24) ") 
EL (TLC 8a) °) [EL (TE (20) °) FL IEG) “]) 


=( [tee te) rt) 


Step 3. Determine the IVINPIS and IVINNIS for weighted IVINHSS as below: 


Ara (jata) B a fata") = (ate) pea) faa), 
A= (lee |e) fee]) = (faeva), 2.2), [50,9], 


where V;; = arg max, { vi,} and A;; = arg min, {vi,} ; 
Step 4. Determine the CC for each alternative from IVINPIS and IVINNIS. 


x¢ = Cp(At, At) = 


M = Co 


Step 5. Compute the closeness coefficient of neutrosophic ideal solution as below: 


+ 1-% 
2— xt— rt 
Step 6. Arrange the e' values in descending order and determine the rank of the alternatives 
At, (t = 1,2,...,2). The one with the maximum value is the suitable employee to lead the new 
project. 
The graphical representation of the proposed method is given in Figure 1: 
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FIGURE 1. Flowchart of the proposed method 


Step 1 


Step 2 


: ¢ Determine the IVINPIS and IVINNIS 
tep 3 


Step 4 


5.2. Application based on TOPSIS and CC method 


Let A = { At, A?, A?, A*} be a set of employees and let V = {v1, v2, v3} be a set of man- 
agers who evaluate the employees based on the Leipzig leadership model for an upcoming 
project with weights W; = (0.35,0.15,0.30,0.20). Let A,, Ag, Ag and Ay be distinct at- 
tribute sets whose corresponding sub-attributes are represented as A, = purpose = {Au = 
achieve goals}, A» = entrepreneurial spirit = {A21 = quick decision, Ag2 = logical decision}, 
A3 = responsibility = {A31 = inspire and motivate, A32 = time management } and Ay = 
effectiveness = {a1 = successful accomplishment }. Then A = A, x Ay x Ag x Ay is the 
distinct attribute set given by 


A => Ai x Ao x A3 x Ay = {A\11} x {\21, A22} x {\31, A32} x {\41} 3 
={(Ans dat, an An), (A11, Az, A32, X41), (Ari, A22, A3i, Aa); (1, Aza Aaa, du). 


={%. aig Se xa with weights Dy, = (0.20, 0.25, 0.30, 0.25). 


This study aims to find an employee who can successfully lead the project. 
Step 1. Construct A’, A?, A® and A‘ matrices for each multi-valued sub-attributes in 


IVINHSS form. 


TABLE 2. Representation of values in IVINHSS form for A!. 


Al M4 de d3 

v1 ({0.43, 0.55], (0.91, 0.95], (0.31, 0.36]) (0.43, 0.52], (0.58, 0.81], [0.12,0.21])  ([0.67, 0.71], (0.77, 0.81], [0.19, 0.29]) 
v2 — ({0.32, 0.45], 0.71, 0.78], (0.22, 0.29]) (0.54, 0.63], (0.34, 0.44], [0.15,0.24]) (0.45, 0.48], (0.62, 0.72], [0.25, 0.35]) 
v3 ([0.29, 0.53], (0.81, 0.89], [0.31,0.41]) (0.37, 0.41], (0.66, 0.71], [0.29, 0.35]) —([0.49, 0.51], [0.49, 0.59], [0.39, 0.42]) 
va ([0.34, 0.43], [0.61, 0.82], [0.42,0.53]) (0.48, 0.59], (0.31, 0.42], [0.21,0.41]) (0.42, 0.47], (0.57, 0.61], [0.39, 0.45]) 
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Al Ma 

v1 ({0.15, 0.19], [0.49, 0.51], [0.32, 0.34]) 
v2 — ([0.24, 0.29], (0.65, 0.72], [0.51, 0.55]) 
v3 ([0.33, 0.39], (0.94, 0.98], [0.44, 0.45]) 
va ([0.48, 0.49], [0.78, 0.84], [0.26, 0.34]) 


TABLE 3. Representation of values in IVINHSS form for A?. 


A? M do X3 
v1 — ({0.61, 0.65], (0.25, 0.35], [0.22,0.31]) ([0.44, 0.59], (0.59, 0.71], [0.11,0.12}) ([0.44, 0.51], (0.42, 0.45}, 0.21, 0.25}) 
v2 ({0.39, 0.41], (0.91, 0.99}, (0.41, 0.59]) —_([0.59, 0.64], [0.66, 0.76], [0.21,0.31]) (0.54, 0.62], (0.31, 0.36], [0.32, 0.38]) 
vg (0.32, 0.42], (0.82, 0.88], [0.41,0.49]) ([0.48, 0.54], (0.21, 0.37], (0.29, 0.32}) ([0.49, 0.54], [0.49, 0.59}, [0.25, 0.29}) 
va (0.34, 0.44], [0.66, 0.77], (0.33, 0.38]) —_ ([0.69, 0.74], [0.68, 0.79], [0.19,0.21]) (0.58, 0.66], (0.69, 0.71], [0.33, 0.34]) 
A? da 
v1 ({0.21, 0.28], [0.57, 0.59], [0.41, 0.43]) 
v2 ({0.28, 0.31], [0.67, 0.68], [0.57, 0.61]) 
v3 ({0.41, 0.46], [0.77, 0.81], [0.23, 0.29]) 
va ([0.21, 0.29], (0.69, 0.71], [0.44, 0.49]) 
TABLE 4. Representation of values in IVINHSS form for A?. 
As M1 Xe X3 
v1 ({0.55, 0.56], (0.68, 0.78], (0.32, 0.37])  ([0.48, 0.55], (0.68, 0.87], [0.11,0.28]) (0.51, 0.54], (0.55, 0.62], [0.30, 0.32]) 
vo —_ ({0.42, 0.46], (0.45, 0.55], [0.41,0.48]) ([0.39, 0.45], (0.81, 0.91], (0.29, 0.31]) (0.47, 0.49}, [0.35, 0.42], (0.21, 0.42}) 
v3 (0.53, 0.55], (0.66, 0.76], [0.24,0.42]) ([0.51, 0.65], (0.38, 0.42], [0.24,0.29}) ([0.32, 0.34], (0.31, 0.41], [0.35, 0.41]) 
v4 (0.31, 0.43], (0.35, 0.45], [0.14,0.29]) ([0.35, 0.48], (0.31, 0.49], (0.31, 0.38])  ([0.63, 0.64], (0.22, 0.32}, (0.15, 0.21}) 
As M4 
v1 — ((0.51, 0.53][0.41, 0.44][0.21, 0.24]) 
v2 — ({0.42, 0.43] 0.45, 0.49][0.32, 0.34]) 
v3 (0.05, 0.12][0.65, 0.69][0.45, 0.49]) 
va ({0.21, 0.26] 0.72, 0.79][0.22, 0.23]) 
TABLE 5. Representation of values in IVINHSS form for A+. 
At At de d3 
v1 — ({0.61, 0.71], (0.36, 0.55][0.09, 0.21]) (0.31, 0.39], (0.67, 0.77], (0.29, 0.39])  ([0.27, 0.34], [0.17, 0.27], (0.32, 0.35]) 
v2 (0.44, 0.54], (0.46, 0.66][0.12,0.25]) — ([0.41, 0.57], [0.87, 0.92], [0.39,0.41]) (0.39, 0.41], (0.39, 0.41], [0.41, 0.49]) 
v3 (0.34, 0.44], (0.66, 0.77][0.33, 0.39]) (0.53, 0.64], (0.64, 0.77], (0.21, 0.28]) —([0.14, 0.15], [0.49, 0.59], (0.62, 0.68]) 
va ({0.52, 0.66], (0.35, 0.49][0.14, 0.25]) (0.47, 0.56], (0.41, 0.45], [0.27,0.34]) —([0.25, 0.29], [0.46, 0.66], (0.31, 0.34]) 
At da 
v1 ({0.37, 0.39], [0.81, 0.91], (0.49, 0.51]) 
v2 ([0.41, 0.42], (0.38, 0.42], [0.29, 0.31]) 
v3 ([0.52, 0.59], (0.65, 0.69], (0.23, 0.29]) 
va ([0.31, 0.36], (0.42, 0.51], (0.61, 0.62]) 
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Step 2. Obtain A!, A?, A? and A‘, the weighted matrices for each multi-valued sub- 
attributes. 
TABLE 6. Representation of weighted values in IVINHSS form for A!. 
A} M 2 
v1 —_ ([0.0386, 0.0062], (0.1552, 0.0229], (0.9213, 0.9922]) — ([0.0480, 0.0071], (0.0731, 0.0625}, [0.8307, 0.0529}) 
v2 — ([0.0116, 0.0014], (0.0365, 0.0036], [0.9556,0.9972]) — ([0.0287, 0.0029}, (0.0155, 0.0053}, (0.9314, 0.0635]) 
v3 ([0.0204, 0.0031], (0.0949, 0.0090], (0.9322, 0.9964]) —_([0.0341, 0.0027], (0.0778, 0.0290}, (0.9114, 0.0956}) 
va ({0.0165, 0.0019], (0.0370, 0.0057], (0.9659, 0.9980]) — ([0.0322, 0.0037], (0.0184, 0.0051], (0.9250, 0.1197]) 
Al X3 Ma 
v1 ({0.1099, 0.0143], [0.1430, 0.0745], (0.8400, 0.0904]) —([0.0142, 0.0021], (0.0573, 0.0273] [0.9052, 0.0913]) 
v2 —_ ([0.0266, 0.0023], (0.0427, 0.0139], (0.9396, 0.1162]) — ([0.0103, 0.0010}, (0.0387, 0.0116] [0.9751, 0.1737]) 
v3 ([0.0589, 0.0044], [0.0589, 0.0251], (0.9188, 0.1414]) — ([0.0296, 0.0026}, [0.1903, 0.0887] [0.9403, 0.1301]) 
va ([0.0322, 0.0032], 0.0494, 0.0104], (0.9451, 0.1591]) — ([0.0322, 0.0028}, (0.0730, 0.0169] [0.9349, 0.0955]) 
TABLE 7. Representation of weighted values in IVINHSS form for A?. 
A? M" de 
v1 ([0.0638, 0.0134], (0.0200, 0.0055], (0.8995, 0.9852]) — ([0.0495, 0.0142}, (0.0751, 0.0062], (0.8244, 0.0284]) 
v2 —_ ([0.0148, 0.0016], (0.0697, 0.0136], (0.9737, 0.9985]) (0.0329, 0.0038}, (0.0397, 0.0246}, (0.9432, 0.0864]) 
v3 ([0.0229, 0.0025], (0.0978, 0.0097], (0.9480, 0.9968]) —([0.0479, 0.0045}, (0.0176, 0.0113}, (0.9114, 0.0874]) 
va ([0.0165, 0.0020], [0.0423, 0.0049], (0.9567, 0.9969]) — ([0.0569, 0.0056}, (0.0554, 0.0164], (0.9204, 0.0549}) 
A? X3 Ma 
v1 —_ ({0.0591, 0.0136], (0.0556, 0.0036], [0.8489,0.0747]) — ([0.0205, 0.0053}, (0.0712, 0.0045}, (0.9250, 0.1188}) 
v2 —_ ([0.0344, 0.0043], (0.0166, 0.0093], (0.9501, 0.1304]) (0.0123, 0.0014], (0.0408, 0.0197], (0.9792, 0.2049}) 
v3 ([0.0589, 0.0054], (0.0589, 0.0259], (0.8828, 0.0929]) — ([0.0388, 0.0036}, [0.1044, 0.0398}, [0.8957, 0.0780}) 
va ([0.0508, 0.0054], (0.0679, 0.0156], [0.9357,0.1125]) — ([0.0118, 0.0015}, (0.0569, 0.0131], (0.9598, 0.1488}) 
TABLE 8. Representation of weighted values in IVINHSS form for A?. 
AB M de 
v1 ([0.0544, 0.0089], (0.0767, 0.0164], (0.9234, 0.9893]) (0.0557, 0.0109}, (0.0949, 0.0384], (0.8244, 0.0731]) 
v2 — ([0.0163, 0.0021], (0.0178, 0.0026], [0.9737,0.9977])  ([0.0184, 0.0025}, [0.0604, 0.0107], (0.9547, 0.0864]) 
v3 ([0.0443, 0.0071], (0.0627, 0.0126], (0.9180, 0.9924]) —([0.0521, 0.0116}, (0.0353, 0.0086}, [0.8985, 0.0756]) 
va ([0.0148, 0.0017], (0.0171, 0.0018], (0.9244, 0.9964]) — ([0.0214, 0.0025}, (0.0184, 0.0029}, (0.9432, 0.1046}) 
A3 X3 Ma 
v1 ([0.0722, 0.0126], (0.0805, 0.0221], [0.8813,0.1014]) — ([0.0606, 0.0103}, (0.0452, 0.0111], (0.8724, 0.0614]) 
v2 —_ ([0.0282, 0.0033], (0.0192, 0.0030], (0.9322, 0.1472]) — ([0.0203, 0.0023}, (0.0222, 0.0030}, (0.9582, 0.0962}) 
v3 ([0.0342, 0.0056], (0.0329, 0.0099], (0.9099, 0.1353]) (0.0039, 0.0015}, (0.0758, 0.0182], (0.9419, 0.1432}) 
va ([0.0580, 0.0046], [0.0148, 0.0020], (0.8925, 0.0633]) — ([0.0118, 0.0012}, [0.0617, 0.0067], (0.9271, 0.0587]) 


A.Bobin and V.Chinnadurai, IVINHSS TOPSIS method based on correlation coefficient 


Neutrosophic Sets and Systems, Vol. 51, 2022 


ou 


TABLE 9. Representation of weighted values in IVINHSS form for A‘. 


At 


M 


d2 


U1 
v2 
U3 


V4 


0.0638, 0.0157], 
0.0173, 0.0027], 
0.0247, 0.0029], 
0.0290, 0.0063}, 


0.0308, 0.0102], 
0.0184, 0.0038], 
0.0627, 0.0073}, 
0.0171, 0.0039], 


0.8449, 0.9803 
0.9384, 0.9953 
0.9357, 0.9954 
0.9244, 0.9920 


Se NO 
SS SS eS Se 


0.0320, 0.0079], 
0.0196, 0.0037], 
0.0551, 0.0063], 
0.0313, 0.0060], 


0.0925, 0.0113], 
0.0737, 0.0116], 
0.0738, 0.0228], 
0.0261, 0.0026], 


0.8974, 0.0992 
0.9654, 0.1165 
0.8896, 0.0740 
0.9367, 0.0916 


aS es 
SS 


At 


X3 


M 


V1 
v2 
U3 


V4 


0.0326, 0.0080}, 
0.0220, 0.0028}, 
0.0135, 0.0013}, 
0.0172, 0.0030}, 


0.0194, 0.0030], 
0.0220, 0.0030}, 
0.0589, 0.0167], 
0.0363, 0.0056], 


0.8873, 0.1035 
0.9607, 0.1727 
0.9579, 0.2738 
0.9322, 0.1089 


St ae ee 


0.0397, 0.0079], 
0.0196, 0.0024], 
0.0536, 0.0055], 
0.0184, 0.0033], 


0.1353, 0.0184], 
0.0178, 0.0026], 
0.0758, 0.0182], 
0.0269, 0.0031], 


0.9395, 0.1399 
0.9547, 0.0834 
0.8957, 0.0770 
0.9756, 0.2004 


ee ee ee 
== SE 


Step 3. Determine the IVINPIS and IVINNIS from the weighted matrices, Ae ‘ A? and 


AS 


TABLE 10. Representation of IVINPIS (A+) from the weighted matrices. 


At M d2 
v1 (0.0638, 0.0157], (0.0200, 0.0055], (0.8449, 0.9803]) ([0.0557, 0.0142], [(0.0731, 0.0062], [0.8244, 0.0284]) 
v2 ([0.0173, 0.0027], (0.0178, 0.0026], (0.9384, 0.9953]) —_([0.0329, 0.0038], [0.0155, 0.0053], [0.9314, 0.0635]) 
v3 (0.0443, 0.0071], [0.0627, 0.0073], (0.9180, 0.9924]) —_([0.0551, 0.0116], [0.0176, 0.0086], [0.8896, 0.0740]) 
v4 (0.0290, 0.0063], [0.0171, 0.0018], (0.9244, 0.9920]) —_([0.0569, 0.0060], [0.0184, 0.0026], [0.9204, 0.0549]) 
At d3 Ma 
v1 —_ ([0.1099, 0.0143], [0.0194, 0.0030], (0.8400, 0.0747]) —_([0.0606, 0.0103}, [0.0452, 0.0045], [0.8724, 0.0614]) 
v2 (0.0344, 0.0043], (0.0166, 0.0030], (0.9322, 0.1162]) _([0.0203, 0.0024], [0.0178, 0.0026], [0.9547, 0.0834]) 
v3 (0.0589, 0.0056], (0.0329, 0.0099], (0.8828, 0.0929]) _([0.0536, 0.0055], [0.0758, 0.0182], [0.8957, 0.0770]) 
va (0.0580, 0.0054], [0.0148, 0.0020], (0.8925, 0.0633]) —_([0.0322, 0.0033], [0.0269, 0.0031], [0.9271, 0.0587]) 
TABLE 11. Representation of IVINPIS (A~) from the weighted matrices. 
A> Aa do 
v1 —_ ([0.0386, 0.0062], (0.0200, 0.0055], (0.9234, 0.9922]) _([0.0320, 0.0071], [0.0731, 0.0062], [0.8974, 0.0992]) 
v2 (0.0116, 0.0014], (0.0178, 0.0026], (0.9737, 0.9985]) _ ([0.0184, 0.0025], [0.0155, 0.0053], [0.9654, 0.1165]) 
v3 (0.0204, 0.0025], (0.0178, 0.0026], (0.9480, 0.9968]) _([0.0341, 0.0027], [0.0176, 0.0086], [0.9114, 0.0956]) 
v4 (0.0148, 0.0017], (0.0171, 0.0018], (0.9659, 0.9980]) _([0.0214, 0.0025], [0.0176, 0.0026], [0.9432, 0.1197]) 
ae ie u 
v1 (0.0326, 0.0080], (0.0194, 0.003], (0.8873, 0.1035]) _([0.0142, 0.0021], [0.0452, 0.0045}, [0.93950.1399]) 
v2 (0.0220, 0.0023], (0.0166, 0.003], (0.9607, 0.1727]) _ ([0.0103, 0.0010}, [0.0178, 0.0026}, [0.97920.2049]) 
vg (0.0135, 0.0013], (0.0166, 0.003], (0.9579, 0.2738]) _ ([0.0039, 0.0015}, [0.0178, 0.0026}, [0.94190.1432]) 
va (0.0172, 0.0030], (0.0148, 0.002], [0.9451,0.1591]) —([0.0118, 0.0012}, [0.0269, 0.0031], [0.97560.2004]) 
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Step 4. Determine the CC for the alternatives by using the values of [VINPIS and IVINNIS. 

x! = 0.9968, x? = 0.9984, x? = 0.9988 and y* = 0.9968. 

dA = 0.9957, A? = 0.9972, A? = 0.9971 and \* = 0.9984. 
Step 5. Compute the closeness coefficient of neutrosophic ideal solution as below. 

e' = 0.5733, e? = 0.6364, e? = 0.7073 and ¢* = 0.3333. 
Step 6. Arrange the values in descending order. 

PSse Se Se, 
SAMs PSA SA. 

Hence, A® is the best among the group who can lead the project successfully. 
6. Comparative Analysis 


We combine the proposed interval-valued intuitionistic neutrosophic TOPSIS method with 
existing SMs to show the reliability, validity and effectiveness of the proposed TOPSIS method 
based on CC. 


Example 6.1. Consider the same IVINHSS values and weights mentioned in Section 5.2. We 
now combine the proposed TOPSIS method, with the SMs given below to rank the alternatives. 
(i) Sy (1, O2) 


n 


1 - = 
= ye an cay (es) = 295 (q;) (04) + [ay (a4) (YF) — Fra (ai) (9)| + [Boy (q,y 8) — Brg (q,) 2) 
i=l 


+ Basia (0) — Boracay 09) + Lp, cg 2) ~ Beata (20 + Fea can 2s) ~Foratay ea 
(ii) Sr(Q1, 2) [6] 
ne ) + min(Ge, (q;) (YF) Fag (q,) (Vs)) + min(Bo, (q,) A)» Bora ¢q;) es) 


+ min(Bo, (q;) (3), Berg (qz) (9) + MiN(Yo, (;) (v5), Voila’ (vj)) + mine, (q;) (7): V2 (q;) (U7) 


Cnn ) + max(Ge, (q;)(%j); Fr (q:) (vj) + Mar(By 4.) (7) Bo, q,) a) , 


+ max(Bo, (4;) (7); Borg (qi) (03) + MABE, (g,) PA)» Very (gy) (UI) + MAR(For4 (a:) (7) F224) ())) 
(iii) Sy(O1,.Q2) [6] 
1 = S 
= Fs [arse 0) ~ argtgg (04) + Png cass) — Finale (0) + Bosca (8) ~ Brag 
i=1 


a 


+ [Bay (a3) (7) — Bas(qz) a) + Vor, (qi) 65) ~ Yorn qzy (9)! + Per (ai) (3) — Tosca (ea)l) 


(iv) Sp(O1,.Q2) [6] 
=. (Soe laste (es) ~ Sr9(q;) (U5)? + larg (a5) (09) — Fra (as) (YH)? + Bo, (gg) 5) — Berg qe PP? 
=1 


i= 


1 
a & 2 
+ IB, (a4) 9) a Bog (qi) a)I? + Vo, (q;) (9? ~ Yona; eA? th ox (qi) 3) = Tasca) PJ : 
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(v) Sc, (Q1, Q2) 
1g T 
~ in x = F (lao ian ~ Si900(a:) (A) Y Bory (a) 9) ~ Borg (ai) OHI Y org (ay) 09) ~ Yor (ayy) 


+ [i (a3) (05) — Gag (a:) MA)I V [B04 (a: (%F) — Boracay (¥a)| V Fay (ai) (3) — aaa (Dl) , 


(vi) Sep (Q1, Q2) 
ig T = _ 
= . 30055 (leases _ G95 (q;) (Ys) oF [@a, (q;) (v3) a Ano (q;) (Ys) sig IB (qi) 623) _ Boa a) A)! 
+ Bor, (ai) (a) ~ Basa) (a) + Vo, (gz) 629) ~ Vo (q;) PH) on a1 (q:) (7) _ Taata(l) | 


TABLE 12. Comparison of existing similarity measures with proposed method. 


Determination of rank using existing similarity measures 
Sy (v1, 2) 5|> A! = A* = 0.50 and A? = A? = 0.49 
Sr (v1, v2) 6) Al = At = 0.50 and A? = A? = 0.49 

Se, (#1, v2) Al = A? = AS = A* = 0.50 


Sco (v1, 2) Al = A? = 43 = At = 0.50 


Analysis : From Table 12, it is evident that, when SMs of Sy (w, 2) [5], Sp (v1, v2) (6). 
So, (v1, v2) and Sc, (W1, v2) are used in the proposed TOPSIS method instead of CC, 
it is not possible to identify the best alternative. However, the best alternative is identified 
in the proposed method when CC is used. Hence, it is evident that the proposed TOPSIS 


method based on CC is more reliable and effective than SMs. 


7. Conclusions 


In this work, we have introduced the notion of IVINHSS and established some of its proper- 
ties. The aim of this research is to introduce new operational laws for IVINHSS. Also, we have 
presented the aggregation operators for IVINHSS by using the operational laws and established 
some of their properties. We have proposed aggregation operators and an application based on 
the TOPSIS method to identify a suitable employee, who can handle the project successfully 
using the Leipzig leadership model. To study the closeness coefficients, we have applied CC 
instead of SMs in the proposed TOPSIS method. We have presented a comparative study 
between the proposed method and the existing SMS to prove the reliability of the proposed 
model. In the future, we can extend this structure to several aggregate operators, combine 
IVINHSS with N soft set and in various decision-making problems. 


Funding: This research received no external funding. 
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Abstract. The focus of this article is to introduce a new class of sets namely neutrosophic semi j-open and neu- 
trosophic semi j-closed sets in neutrosophic topological space. Using this, we present the new spaces neutrosophic 
hyperconnected and neutrosophic semi j-hyperconnected. Also we explore the characteristics of neutrosophic 
semi j-open sets, neutrosophic semi j-closed set, neutrosophic hyperconnectedness. Finally we examine the 


properties of neutrosophic semi j-hyperconnectedness with some existing sets. 


Keywords: Neutrosophic semi j-open, Neutrosophic semi j-closed, Neutrosophic hyperconnected, Neutrosophic 


semi j-hyperconnectedness. 


1. Introduction 


In 1965, L.Zadeh introduced the concept of fuzzy sets and fuzzy logic. It is an important con- 
cept in handling uncertainity in real life where each element has a membership functions [22]. 
In 1986, Attanassov proposed the concept of intuitionistic fuzzy sets, which is a generaliza- 
tion of fuzzy sets [10]. Intuitionstic fuzzy sets are characterized by the membership function 
and non-membership function with each element, whereas in real life we need to handle the 
incompleteness and indeterminancy. In this context, Smarandache applied neutrosophic set 
theory to solve real world practical problems. Smarandache’s neutrosophic set theory focused 
on medical, engineering fields, social science etc. (5}(7], Neutrosophic sets are characterized by 
membership, indeterminancy and non-membership functions (3}(21). 

In 2012, Salama and Alblowi defined neutrosophic topological space by using neutrosophic 
sets (14. Further researchers have carried out to investigate the various properties of neutro- 
sophic sets in different fields (21{41|6].In 1970, Steen and Seebach introduced the notion 
of hyperconnectedness in topological spaces. Several researchers examined the properties of 


hyperconnectedness in general topology (1f 11 2)f1 5)1 7][78}. Jayasree chakraborty, Baby bhat- 
tacharya and Arnab paul defined fuzzy hyperconnectedness in fuzzy topological space (9). 
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Recently Sasikala.D and Deepa.M introduced semi j-hyperconnected space using semi j-open 
sets [16]. This paper communicates the role of hyperconnectedness in the field of neutrosophic 
topological spaces. We ideate a new class of sets called neutrosophic semi j-open set and 
neutrosophic semi j-closed set exercised with theorems and appropriate examples. Also we 
proposed the novel space namely neutrosophic semi j-hyperconnected space by neutrosophic 
semi j-open sets and analyses the essential characteristics of this space. 


Throughout this paper neutrosophic topological space [¥,7] is simply denoted by 1%. 


2. Preliminaries 


Definition 2.1. Let ¥ be a non empty set. A neutrosophic set P is an object having 
the form P = {< z,Ap(x), wp(x),vp(x) >: « € X} where Ap(x), wp(x) and vp(zx) represents 
the degree of membership function, the degree of indeterminancy and the degree of non mem- 
bership function respectively of each element x € # to the set P. It is simply denoted by 
P =< Ap(2), up(z),vp(x) >. 


Definition 2.2. Let P =< Ap(x), up(x), p(x) > be a neutrosophic set on ¥, then 
the complement of the set P can be defined by the following three kinds as 

(i)C[P] = {a,1 —Ap(x),1— p(x), 1—vp(2) >: 2 € X}. 

(it)C[P] = {z,vp(x), wp(x),Ap(z) >: 2 EX}. 

(it4)C|P] = {x, vp(x),1— pwp(x),Ap(z) >: ce EX}. 


Proposition 2.3. For any neutrosophic set P, the following conditions hold: 
(i) On C P,Ow C On. 
(ti) P C1n,1n C Iw. 


Definition 2.4. Let 7 be a collection of all neutrosophic subsets on ¥. Then 7 is 
called a neutrosophic topology on 4% if the following conditions hold. 
(i) On, lw ET. 
(ii) union of any numbers of neutrosophic sets in 7 also belongs to T. 
(iii) intersection of any two of neutrosophic sets in 7 also belongs to T. 
Then the pair (¥,7) is called neutrosophic topological space. A neutrosophic set Q is 


neutrosophic closed if and only if complement of @ is neutrosophic open. 


Definition 2.5. Let %X be neutrosophic topological space and P =< 
Ap(x), up(x), p(x) > be a neutrosophic set in 4. Then the neutrosophic closure and neutro- 
sophic interior of P are defined by 

Nel[P]| =A{M : M is a neutrosophic closed set in ¥ and P C M}. 

Nint|P|] =U{N : N is a neutrosophic open set in ¥ and N C P}. 


It follows that Ncl|P] is neutrosophic closed set and Nint[P] is a neutrosophic open set in 
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x. 
(i) P is neutrosophic open set if and only if P = Nint|P]. 
(ii) P is neutrosophic closed set if and only if P = Necl[P]. 


Proposition 2.6. For any neutrosophic set P in X we have 
(i) Nel(C|P|) = C(Nint|P]). 
(i) Nint(C[P|)=C(Na[P)). 


Definition 2.7. A neutrosophic set P in a neutrosophic topological space - is called 
(i) Neutrosophic semiopen set if P C Nel[Nint[P]]. 

(ii) Neutrosophic preopen set if P C Nint[|Ncl|P]]. 

(iii) Neutrosophic regular open set if P = Nint|Ncl|P]]. 

(iv) Neutrosophic j-open set if P C Nint|Npcl|P]]. 


Definition 2.8. A neutrosophic subset P in a neutrosophic topological space Vv is called 
(i) neutrosophic dense if Ncl[P] = 1y. 


(ii) neutrosophic nowhere dense if Nint|Ncl[P]] = On. 


Proposition 2.9. Let X be a neutrosophic topological space and P, Q be two neutro- 
sophic subsets in X. Then the following conditions hold: 


(i) Nint[P] C P. 

(ii) P C Nel[P}. 

(iii) PCQ => Nint[P] C Nint|Q]. 
liv) POCO =>. Nei|P| © Nel|Q]. 

(v) Nint|Nint|P]] = Nint[P]. 

(vi) Nel[Ncl|P|| = Nel[P]. 

(vii) Nint[P 1 Q] = Nint[P]N Nint[Q]. 
(viii) Nel[P U Q] = Nel[P| U Nel[Q]. 
(ix) Nint|On] = On. 

(x) Nint[ly] = 1n. 

(xi) Nel[Oy] = Ow. 

(xii) Nel[ly] = 1. 
Gail) PC => Cla] eC ClPi. 
(xiv) Nel[P 1 Q] C Nel[P]N Nel[Q]. 
(xv) Nint[P UQ] D Nint[P] U Nint|Q]. 


Definition 2.10. A topological space ¥ is said to be hyperconnected if every non empty 


open subset of ¥ is dense in ¥. 
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3. Neutrosophic semi j-open sets 


In this part, we define a new set namely neutrosophic semi j-open set in neutrosophic 


topological spaces. Also some of its basic properties are discussed. 


Definition 3.1. Let P be a neutrosophic subset of a neutrosophic topological space Vv. Then 
P is said to be neutrosophic semi j-open set of ¥ if and only if P C Nel|Nint|Npcl|P\]]. 


Example 3.2. Let ¥ = {s,t,r} and the neutrosophic subsets P, Q, R and S in % as follows, 
P ={< s,0.4,0.3,0.8 >, < t,0.5,0.2,0.6 >, < 7,0.4,0.2,0.6 >;5,t,r € X}, 

Q = {< s,0.3,0.4,0.5 >, < t,0.6, 0.4, 0.6 >, < r,0.3,0.4,0.6 >;8,t,r € Y}, 
R={<s,0.4,0.4,0.5 >, < t,0.6,0.4,0.6 >, < r,0.4,0.4,0.6 >;8,t,r € Y}, 

S ={< s,0.3,0.3,0.8 >, < t,0.5, 0.2, 0.6 >, < r,0.3,0.2,0.6 >:8,t,r € Y}. 

Then t = {0n, P,Q, R, S,1n} is a neutrosophic topological space ¥. 

Let EF = {< s,0.4,0.4,0.5 >,< t,0.5,0.4,0.7 >,< r,0.4,0.4,0.7 >;5,t,r € XY} be a neu- 
trosophic subset in V, then Ncl[Nint|Nopcl[E]]] = {< s,0.5,0.6,0.5 >, < t,0.6,0.6,0.6 >,< 
r,0.6,0.6,0.4 >;s,t,r € Y¥} Therefore E C Ncl|Nint|Npcl|E]|]. Hence E is a neutrosophic 


semi j-open set. 


Theorem 3.3. Let {P, : a € A} be a collection of neutrosophic semi j-open sets in neutro- 


sophic topological space X. Then |) Py is also neutrosophic semi j-open in X&. 
ach 


Proof. Since P, is neutrosophic semi j-open set in ¥. Then Py C Nel[Nint|Npcl|P.]]]. 


U Pa © U Nel[Nint|Npcl[Po]]] CG Nel[Nint|Npcl| U Pol]]. Hence LU Py is also neu- 
acA acA acA acA 
trosophic semi j-open set in %. 


Remark 3.4. The intersection of any two neutrosophic semi j-open sets of neutrosophic 
topological space Y need not be a neutrosophic semi j-open set as verified by the following 


example. 


Example 3.5. Let Y = {s,t} and the neutrosophic subsets P, Q, R and S in 4% as follows, 
P={<5,0.2,0.1,0.8 >, < t,0.3,0.1,0.4 >;8,t € Y}, 

Q = {< s,0.1,0.2,0.5 >, < t,0.4,0.3,0.4 >;5,t € X}, 

R= {< s,0.2,0.2,0.5 >, < t,0.4,0.3,0.4 >;5,¢ € V}, 

S ={<s,0.1,0.1,0.8 >, < t,0.3,0.1,0.4 >;8,t € YX}. 

Then t = {0n, P,Q, R, S,1n} is a neutrosophic topological space ¥. 

Let E = {< s,0.9,0.1,0.6 >, < t,0.3,0.2,0.6 >;s,t € V} and 

F = {< s,0.6,0.7,0.3 >,< t,0.5,0.7,0.4 >;5,t € A} be the neutrosophic subsets in 
xX. Then Nel[Nint|Npcl[E]]] = ly and Nel[Nint|Nopcl[F]]] = ly. This implies EC 
Nel{[Nint|Npcl[E]]| and F C Nel[Nint|Npcl[F]]]. Here EN F = {< s,0.6,0.1,06 >,< 
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t, 0.3, 0.2,0.6 >;s,t € X}.Therefore E and F are neutrosophic semi j-open sets and E'M F is 


not neutrosophic semi j-open set in ¥. 


Theorem 3.6. In a neutrosophic topological space X, let P be a neutrosophic semi j-open set 


and PC QC Nel[P]. Then Q is also a neutrosophic semi j-open set in X. 


Proof. Since P is neutrosophic semi j-open in ¥. Then P C Nel[Nint[Npcl[P]]]. Nel[P] C 
Nel[Nel{Nint{[Npcl[P]]]]. Using proposition |2.9} Nel[P] C Nel[Nint[|Npcl[P]]]. By hy- 
pothesis P C Q@ C Ndl[P], then Q C Ncl[Nint|Npcl[P]]]. We have P C Q, therefore 
Neal{Nint|Npcl|P]]| C Ncel[Nint|Npcl[Q]]], which implies Q C Nel[Nint|Npcl(Q]]]. Hence 


Q@ is a neutrosophic semi j-open set in %. 


Theorem 3.7. In a neutrosophic topological space X, every neutrosophic j-open set is neu- 


trosophic semi j-open. 


Proof. Let P be a neutrosophic j-open set in ¥. Then P C Nint|Npcl[P]], Necl[P] C 
Nel[|Nint|Npcl|P]]]. We know that P C Ncl[|P]. Therefore P C Nel|Nint|Npcl[P]]]. Hence 


P is a neutrosophic semi j-open set in %. 


Remark 3.8. Converse of the above theorem need not be true as shown in the following 


example. 


Example 3.9. Let Y = {s,t} and the neutrosophic subsets P and Q in % as follows, 
P={< 5,0.2,0.2,0.5 >, < t,0.4,0.3,0.4 >;8,t € Y}, 

Q ={< s,0.1,0.1,0.8 >, < t,0.3,0.1,0.4 >;8,t € YX}. 

Then t = {0n, P,Q, 1} is a neutrosophic topological space on %. 

Let R = {< s,0.2,0.1,0.6 >, < t,0.4,0.4,0.5 >;5,t € VY}. Nint|Npcl[R]] = P, this implies 
R¢ P. and Nel[Nint|Npel[R]]] = P°. Therefore R C P°. Hence R is neutrosophic semi 


j-open but not neutrosophic j-open. 
Theorem 3.10. Every neutrosophic open sets in X is neutrosophic semi j-open. 


Proof. Let P be a neutrosophic open sets in ¥. Then P = Nint|P]. We know that 
Nint|P] C P C Nel[P] and Npcl[P] C Ncl[P]. This implies P C Nopcl[P] C Nel[P]. 
Using proposition [2.9] 

= Nint|P] C Nint|Npcl|P]| C Nint|Ncl|P]] 

= Nel[|Nint[P]] C Nel[Nint|Npcl[P]]] C Nel[Nint|Npcl[P]]] 

=> Nel[P] C Nel[Nint|Npcl|P]]| 

= PC Ncl|Nint|Npcl|P]]]. 


Hence P is neutrospohic semi j-open. 
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Remark 3.11. Converse of the above theorem need not be true as shown in the following 


example. 


Example 3.12. Consider VY = {s} and the neutrosophic subsets P and Q as follows 
P={<3,04,0.5,0.3 S;s € X}, 

QO=—4< 9,0.1,0.5,0.5 >s82 4}. 

Then t = {0n, P,Q, 1n} is a neutrosophic topological space ¥. 

Here R = {< s,0.3,0.6,0.5 >; 5 € ¥} is neutrosophic semi j-open but not neutrosophic open. 


4. Neutrosophic semi j-closed sets 


Definition 4.1. A neutrosophic subset S of a neutrosophic topological space 4 is said to be 


neutrosophic semi j-closed set if and only if Nint|Ncl[Npint[S]]] C S. 


Example 4.2. Let Y = {s1, 52,53} and the neutrosophic subsets Q1, Q2 and Q3 as follows 
Qi = {< 51, 0.6, 0.5, 0.6 >, < s2,0.7,0.4,0.4 >, < 53, 0.6,0.4, 0.4 >; 51, 52,53 € V}, 

Q2 = {< 51, 0.7, 0.6,0.3 >, < s2,0.8,0.6,0.4 >, < 53, 0.6, 0.6, 0.4 >; 51, 52,53 € V}, 

Q3 = {< 51, 0.6,0.5,0.4 >, < s2,0.7,0.5,0.4 >, < 53, 0.6, 0.5, 0.4 >; 51, 2,53 € V}. 

Then tr = {0yn,Qi,Q2,Q3,1n} is a neutrosophic topological space ¥. Put Fo = 
{< 1,0.5,0.4,0.5 >,< 59,0.6,0.5,0.3 >,< 53,0.4,0.4,0.3 >;51,52,83 € A}. Then 
Nint|Nel[Npint|F]]] C F. Therefore F' is a neutrosophic semi j-closed set in 1. 


Theorem 4.3. Take S be a neutrosophic subset of X, then S is neutrosophic semi j-closed if 


and only if C(S) is neutrosophic semi j-open. 


Proof. Assume S is neutrosophic semi j-closed set in VY. Then Nint|Ncl[|Npint[S]]] C 
S, taking compliments on both sides, we obtain C[S] C C\[Nint[|Ncl[Npint[S]]]] = 
Nel[Nint|Npcl{C[S]]]] using proposition Hence C[S] is neutrosophic semi j-open set 
in XY. Conversely assume C[S] is a neutrosophic semi j-open set in ¥. Then CS] C 
Nel[Nint|Npcl[C[S]]]]. We obtain C[Ncl[Nint|Npcl(C[S]]]]] CG C[C[S]] by taking compli- 


ments on both sides. This implies Nint|Ncl[Npint|S]]] C S. Hence S is a neutrosophic semi 


j-closed set in ¥. 


Theorem 4.4. Let {Sq : a € A} be a family of neutrosophic semi j-closed set in X. Then 


arbitrary intersection of neutrosophic semi j-closed sets is also neutrosophic semi j-closed. 


Proof. Let {Sq : a € A} be a family of neutrosophic semi j-closed sets in Y and Py = {S,}°. 
Then {S, : a € A} is a family of neutrosophic semi j-open sets in Y. Using theorem 


LJ Py is neutrosophic semi j-open. Then { (J) P,}© is neutrosophic semi j-closed which 

acA ach 

implies (| P,° is neutrosophic semi j-closed. Hence {) Sq is neutrosophic semi j-closed. 
acA ach 
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Theorem 4.5. In a neutrosophic topological space X, every neutrosophic j-closed set is also 


neutrosophic semi j-closed. 


Proof. Let S be a neutrosophic j-closed set in %. Then Nel[Npint[S]] CS. 
Nint|Nel[Npint[S]]] C Nint[S]. We know that Nint[S] C S, therefore Nint|Nel[Npint[S]]]C 


S. Hence S is neutrosophic semi j-closed. 


Remark 4.6. Converse of the above theorem need not be true, as verified by the following 


example. 


Example 4.7. Let Y = {t1,t2,t3} and the neutrosophic subsets Q1, Q2 as follows, 

Q1 = {< ty, 0.2, 0.5, 0.4 >, < ta, 0.2,0.4,0.5 >, < t3,0.1,0.0,0.5 >; t1, to,t3 € V}, 

Qo = {< t1, 0.3, 0.4, 0.5 >, < ta, 0.4, 0.3, 0.2 >, < t3, 0.2, 0.3, 0.4 >; t1, to,t3 € X}. 

Put +r = {0n, Q1, Q2,Q1 U Qo, lw}. Let G = {< 1,0.4,0.5,0.4 >,< t2,0.3,0.4,0.2 >,< 
t3,0.3,0.4,0.5 >;t1, t2,t3 € V}. Then G is a neutrosophic semi j-closed but not neutrosophic 
j-closed. Since Nint[Nel[Npint[G]]] = Q1 C G, but Nel[Npint[G]] = [Qi U QoJ° Z G. 


Theorem 4.8. In a neutrosophic topological space X, every neutrosophic closed set is neutro- 


sophic semi j-closed. 


Proof. Let S be neutrosophic closed set in Y. Then S = Ncl[S]. We know that Nint[] 
Npint|S]. Ncl[|Nint[S]]| GC Nel[Npint[S]] C Nel[S]. It follows that Nint|Ncl[Nint[S]]] 
Nint|Nel[Npint|S]]]. Hence S is a semi j-closed in ¥. 


OI 


Remark 4.9. The converse of the above theorem may not be true, as shown by the following 
example. In example [4.7| Ncl(G| 4 G. This implies G is neutrosophic semi j-closed set but 


not neutrosophic closed set. 


From the above results, we have the following indications: But the converse of the above 


Neutrosophic closed Neutrosophic j- closed 
Neutrosophic semi j- closed 


indications need not be true as shown by [4.7] and 
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5. Neutrosophic hyperconnected space 


Definition 5.1. A neutrosophic topological space 7, is said to be neutrosophic hypercon- 


nected if for every non empty neutrosophic open subsets of V is neutrosophic dense in 7%. 


Example 5.2. Consider ¥ = {s1, s2} with rT = {0n,1y, Pi, Po, P3, Ps} where 
P, = {< 8}, 0.2, 0.4,0.3 >,< 99,0.5,0.1, 0.4 >,51, 99 6X}, 

Py = {< 51,0.1,0.5,0.6 >, < s9,0.4,0.2,0 >, 51,52 € XV}, 

Ps = {< 81,0.2,0.5,0.3 >, < 89,0.5,0.2,0 >, 81, 52 € 4}, 

Py = {< 51,0.1,0.4,0.6 >, < s2,0.4,0.1,0.4 >, 51, 82 € V}. 


Here every non empty neutrosophic open sets P;, P2, P3, P4,1y are neutrosophic dense in 4%. 


Ne[Pi| = In; 
Ncl[P)| = lyn, 
Nel P3) _ lyn, 


Nel(1y) = 1. 


Therefore ¥ is neutrosophic hyperconnected space. 


Definition 5.3. A neutrosophic topological space ¥ is called as neutrosophic extremely dis- 
connected if the neutrosophic closure of each neutrosophic open set is neutrosophic open in 
Xx. 


Theorem 5.4. In a neutrosophic topological space X, every neutrosophic hyperconnected space 


is neutrosophic extremely disconnected. 


Proof. Let us take ¥ be neutrosophic hyperconnected. Then for any neutrosophic open set 


P, Nel{P] =1y. This implies that Ncl[P] is neutrosophic open. Therefore V is neutrosophic 


extremely disconnected. 


Remark 5.5. The following example shows that the converse of the above theorem need not 


be true. 


Example 5.6. Let Y = {s} with rt = {0n, Pi, Po, P3, Ps, 1} where 
P, = {< s,0.5,0.3,0.2 >;5 € X}, 
Py, =1< 8,0.2,0.3,0.5 >:5 € 4}, 
Pz; = {< s,0.3,0.3,0.5 >;5 € ¥}, 
Py = {< s,0.5,0.3,0.5 >;5 € XV}. 
Here Ncl[P;] = {< s,0.5,0.3,0.2 >;5 € ¥}, 
Nel[P2| = {< s,0.2,0.3,0.5 >;5 € XY}, 
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Nel(P3) = {< s,0.5,0.3,0.5 >;8 € X}, 

Nel( Ps) = {< s,0.5,0.3,0.5 >38 € X}. 
This example shows that [4, rT] is neutrosophic extremely disconnected. Since Nel[P,], Ncl[P], 
Ncel(P3) and Ncl(P,) are neutrosophic open but not neutrosophic dense . Therefore, V is not 


neutrosophic hyperconnected. 


Theorem 5.7. In a neutrosophic topological space X, the following properties are equivalent. 
(a) X is neutrosophic hyperconnected. 


(b) In &, the only neutrosophic regular open sets are On and 1y. 


Proof. (a) => (b) 

Let ¥ be a neutrosophic hyperconnected space. If P is a non-empty neutrosophic regular 
open set, then by the definition P = Nint[Ncl|P]]. This implies that [Nint|Ncl[P]]]© = 
[lw — Nint[|Nel|P]|| = Nel[lw — Nel[P]| = Ncl(P°) = P° # 1n. Since P # Oy. This is a 
contradiction to the assumption. Hence the only neutrosophic regular open sets in V are Oy 
and 1y. 

(b) = (a) 

Assume that Oy and 1y are the only neutrosophic regular open subsets in 7. Suppose that 
X is not neutrosophic hyperconnected. Then there exist a non empty neutrosophic open 
subset P of XY such that Ncl|P] 4 1y. This implies Ncl|Nint|P]] 4 1y. Therefore, we have 
Neal{Nint|P]] = 0n. This gives Ncl|P] = On. Since P ¥ Oy. It contradicts our assumption 


that ¥ is not neutrosophic hyperconnected . Hence ¥ is neutrosophic hyperconnected space. 


Theorem 5.8. A neutrosophic topological space X is neutrosophic hyperconnected if and only 
if for every neutrosophic subset of X is either neutrosophic dense or neutrosophic nowhere 


dense. 


Proof. Suppose X be a neutrosophic hyperconnected space and let P be any neutrosophic 
subset of Y such that P C 1y. Assume P is not neutrosophic nowhere dense. Then 
Nel{1y — Nel|P]] = 1n — [Nint|Ncl[P]]] 4 lw. Since Nint[|Ncl[P]] 4 On. This implies that 
Nel[Nint|Ncl|P]]] = 1n. Since Ncl[Nint|Ncl[P]]] = 1n C Ncl|P]. Therefore, Necl[P] = 1y. 
Hence P is neutrosophic dense set. 

For the converse part, let P, be any non empty neutrosophic open set in ¥, then 


P, C Nint|Necl[P,]]. This implies that P; is not neutrosophic nowhere dense set. By the 


hypothesis, P;, is neutrosophic dense set. 
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Proposition 5.9. If X be a neutrosophic hyperconnected space, then the intersection of any 


two neutrosophic semi open sets is also neutrosophic semi open. 


Proof. Let P, and P; be the two non empty neutrosophic semi open sets in a neutrosophic 
hyperconnected space ¥. Then, we have P; C Nel[|Nint[P,]] and P2 C Nel[Nint|Po]]. It 
follows that, Ncl[P,;] = Ncl[Nint|P,]| = lw and Ncl[P2| = Necl|Nint|P2]]| = lw, where P, 
and P) are two non empty neutrosophic semi open sets in a neutrosophic hyperconnected space. 
Also we have P; \ P2 #0n. Therefore, Nel[Nint[P; A P|] = Nel[Nint|P,]] A Nel[Nint[P2]] = 
1y. This implies P, \ Pp C Nel[Nint[P,]] A Nel|Nint|P2]] = Nel[Nint[|P; A P2]]. Hence P; A P» 


is neutrosophic semi open set. 


6. Neutrosophic semi j-hyperconnected spaces 


Definition 6.1. A neutrosophic subset P of 4X is said to be neutrosophic semi j-interior of P if 
the union of all neutrosophic semi j-open sets of VY contained in P. It is denoted by Nint,;|P]. 
A neutrosophic subset Q of ¥ is said to be neutrosophic semi j-closure of Q if the intersection 


of all neutrosophic semi j-closed sets of Y containing Q. It is denoted by Ncls;[Q]. 


Example 6.2. Consider ¥ = {s1, 52,53} and the neutrosophic subsets $,, S2, S3 in Y as 
follows, 

Sy = {< 51, 0.3, 0.4, 0.3 >, < 52, 0.6,0.2,0.4 >, < 53, 0.5, 0.2,0.3 >; $1, 52,53 € XV}, 

So = {< 51, 0.2,0.6,0.5 >, < s2,0.4,0.2,0.3 >, < 53,0.2,0.3,0.1 >; 51, 52,53 € V}, 

S3 = {< 81, 0.3, 0.6, 0.3 >, < 52, 0.6, 0.2,0.3 >, < s3,0.5,0.3,0.1 >; 51, 2,53 € V}. 

Take t = {0n, S1,52,53,1n}. For this Ov, 1y, S1, So, S1 US2, S1 US3, SU S3 are the 
neutrosophic semi j-open sets and On, lw, Sf, S5, (Si U S2)°, (Si U S3)°, (S2 U S3)° are 
the neutrosophic semi j-closed sets. Put T = {< s1,0.5,0.6,0.2 >,< s2,0.7,0.3,0.3 >,< 
83, 0.6, 0.4, 0.2; 51, 52,834 >} is a neutrosophic subset in VY. Then we have Nint,;(T) = S1 
and Nel,;(T) = 1n. 


Definition 6.3. A neutrosophic topological space ¥ is said to be neutrosophic semi j- 
hyperconnected space if for each nonempty neutrosophic semi j-open subset A of ¥ is neutro- 


sophic semi j-dense in ¥. ie., Ncls;(A) = 1y for every A in ¥. 


Example 6.4. Let Y = {s1, 82,53} and the neutrosophic subsets P,, P2, P3 in ¥ as follows, 
P, = {< s1,0.1,0.3,0.2 >, < s9,0.4,0.1,0.3 >, < 53,0.3,0.1, 0.2 >; 51, 52,53 € V}, 

Py = {< 51,0.1,0.4,0.5 >, < s2,0.3,0.1,0.0 >, < 53,0.2,0.0,0.1 >; 51, 52,53 € V}, 

Pz; = {< s1,0.2,0.4,0.2 >, < s2,0.4,0.1,0.0 >, < 53, 0.3,0.1,0.0 >; 51, 52,53 € V}. 

Put 7 = {0ny,Pi,1n}. Then the collection of neutrosophic semi j-open sets are Oy, 1y, 
P, U Py and P; U P3 ie.,P, C Nel[Nint|Npcl[P,]]], P, U PeCNel[Nint|Npcl[P, U P2|]] and 
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P, UP 3 C Nel[Nint|Npcl[P, U P2]]]. Here every non empty neutrosophic semi j-open sets are 
neutrosophic semi j-dense in ¥. i.e., Nels;[Pi] = ln, Nelsj[P1 UP] = 1n, Nelsj[Pi U P3] = 1N 
and Ncls;{1y]. Therefore a neutrosophic topological space T = {Oy, Pi, 1n} is neutrosophic 


semi j-hyperconnected space. 


Theorem 6.5. In a neutrosophic topological space, every neutrosophic hyperconnected space 


is neutrosophic semi j-hyperconnected. 


Proof. Let * be a neutrosophic hyperconnected space and P be a neutrosophic open subset 
of XY. Then Ncl[P] = 1y. This implies that Nint|Ncl[P]] = 1y. Therefore P is neutrosophic 
preopen. P© is neutrosophic preclosed. Since every neutrosophic open set is neutrosophic 
preopen and its complement is neutrosophic preclosed. It follows that Npcl{[P] = Ncl|P| = 1n 
which implies Ncl[Nint|Nopcl[P]]] = ly. Therefore P is neutrosophic semi j-open => 


Nels;[P] = 1y for any neutrosophic open set in ¥. Hence # is neutrosophic semi j- 


hyperconnected space. 


Definition 6.6. Let ¥ be a neutrosophic topological space and P be a neutrosophic semi 
j-open set of ¥. Then 
(a) P is said to be neutrosophic semi j-regular open set if and only if 
P = Nintsy|Nel,7| P|]. 
(b) P is said to be neutrosophic semi j-regular closed set if and only if 
Nelag|Ninta;|P]| =P: 


Theorem 6.7. Let X be a neutrosophic topological space, then each of the following statements 

are equivalent. 

(a) X is neutrosophic semi j-hyperconnected. 

(b) ¥& has no two proper neutrosophic semi j-regular open or proper semi j-regular closed 
subset. 

(c) Let P and Q be the proper disjoint neutrospohic semi j-open subsets in X, then X does 
not have P and Q such that Nels;{[P]U Q = PU Nels;[Q] = 1n. 

(d) ¥ has no proper semi j-closed subset S and T such that X = SUT and Nint,; T = 
SO Nints;(T) = On. 


Proof. (a) => (b) Let 0. 4 P be neutrosophic semi j-regular open subset in VY. Then 
P = Nints;|Nels;|P]]. Since X is a neutrosophic semi j-hyperconnected space. then 
Nels;[P] = 1n. This implies P = 1y. Clearly P is not a proper neutrosophic semi 
j-regular open subset of V. Similarly V cannot have a proper neutrosophic semi j-regular 
closed subset. 


(b) => (c) Suppose P and Q are the neutrosophic subsets in Y and PNQ = Ow such that 
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Nels;[P] UQ = PU Nels;[Q] = 1. This implies 0 4 Ncls;[P] is the neutrosophic semi 
j-regular closed set in ¥. Since PQ = On and Nels;[P]|NQ=0n => Nelsj;[P] 4 1n 


which implies V has a proper neutrosophic semi j-regular closed subset P. This contradicts 
(b). 

(c) => (d) Suppose, there exist two proper neutrosophic semi j-closed subset Ov 4 S 
and On # T in & such that Y¥ = SUT, Nint,j(S) NT = SN Nints;(T) = On. Then 
P=1y) —S,Q=1y —T are the two non-empty neutrosophic semi j-open sets. Then 
Nelsi|P)UQ = Nedg(ln —S)UQ = [Iw = Nintg(S)]) UQ =I. = > Nels P)UQ = 
PU Nels;|Q] = 1n which contradicts (c). 

(d) => (a) Suppose there exist a proper neutrosophic semi j-open set On #4 P of 
# such that Nelsj[P] 4 ln. Then Nints;[Nels;[P]] # 1n. Take S = Nels;[P| and 
T = 1y — Nint,;[Ncl,;|P]]. This implies SUT = Nel,;[P] U [ly — Nints;[Nels;[P]]] = 
Nels;[P]UNelsj[ln —Nels;[P]] => Nels;[P]UNels;[(C(S)] => SUC(S) = 1y. Since S$ 
is neutrosophic semi j-closed set. Then Nint,;[Ncls;[P]] N [lw — Nints;[Nels;[P]]] = On. 
= WNel;[P]N Nints;[ln — Nintsj|Nels;[P]]] = SO Nints;Nelsj[ln — Nel[P]] = SN 
Nints;Nels; [C(S)] = SA C(S) = On. Since C(S) is neutrosophic semi j-open. Thus 
X has two proper neutrosophic semi j-closed sets S and T such that ¥ = SUT and 
NintssS NT = SM Nint,;C|T] = 0y. This is a contradiction to (d). 


Theorem 6.8. In a neutrosophic semi j-hyperconnected space X. Let On #4 P and 0n #Q 


be the two neutrosophic semi j-open subsets in X, then PO Q is also non-empty. 


Proof. Suppose PM Q = On, for any Oy # P and Oy # Q neutrosophic semi j-open sets in 
x. Then Nels;[P] 1 Q=O0y. This implies P is not neutrosophic semi j-dense. We have P is 
neutrosophic semi j-open then P C Necl[Nint|Npcl[P]]] and P is not neutrosophic semi j-dense 


which is a contradiction to our assumption that PM Q = 0y. Hence PN Q F On. 


Theorem 6.9. In a neutrosophic semi j-hyperconnected space, intersection of any two neu- 


trosophic semi j-open sets are neutrosophic semi j-open. 


Proof. Let On #4 P, On # Q be the two neutrosophic semi j-open sets in a neutrosophic semi 
j-hyperconnected space VY. Then P C Nel[Nint|Npcl[P]]]| and Q C Nel[Nint|Npcl[P]]]. 
We have Nels;[P] = 1n and Nels; = 1y. This implies Nel[Nint|Npcl[P\]] = 
Neal{Nint|Npcl[Q]]] = 1y, also we have PQ 4 Ow using proposition It follows that 
PNQ C Ndl[Nint[|N pcl[P]]]N Nel[Nint|Npcl[Q]]| = Nel[Nint|Npcl[PNQ]]] = Ly. Therefore 
POAQC Ndl[Nint|Npcl[P 7 Q]]| = 1. Hence PQ is also neutrosophic semi j-open. 
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7. Conclusion 


The characteristics of neutrosophic semi j-open sets, neutrosophic semi j-closed sets, neutro- 


sophic hyperconnectedness and neutrosophic semi j-hyperconnectedness are discussed in this 


paper. Nowadays neutrosophic sets have began to play a vital role by helping in the analysis 


of real life situations. In future, neutrosophic hyperconnected spaces will assist in determining 


solutions in each situations where indeterminancy occurs as the main crisis. 
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Abstract. Currently most signalized intersections in almost all developing countries use fixed time traffic controllers or 
pre-timed traffic lights. But as a real life situation, in addition to uncertainty and impreciseness there is also indeterminacy 
in traffic signal control constraints due to various factors like unawareness of the problem, inaccurate and imperfect data 
and poor forecasting in addition to uncertainty in the constraints. To overcome these interval valued neutrosophic soft 
set traffic signal control model at four way isolated signalized intersections has been developed. The main aim of this 
research is to validate the IVNSS traffic signal control model and compare it with fixed time traffic signal control model 
using MATLAB simulation tool. Vehicle delay at the junction is used as a measure of effectiveness. The simulation 
is conducted for seven consecutive days from Monday up to Sunday for eight hours to reflect the different traffic flow 
conditions. The simulated delay model results are analysed under 5 different scenarios. And results showed that in case 
of heavy traffic conditions vehicle delay under IVNSS traffic signal control model is minimized by 36 percent and under 
light traffic conditions the average vehicle delay is minimized by 73 percent when compared to fixed time traffic signal 
control model. 


Keywords: Signal control- Delay- Simulation 


1. INTRODUCTION 


One of the major problems of both developed and developing countries is traffic congestion in urban 
road transportation systems. Urban traffic congestions lead to a lot of time consumption and exhaust 
emissions. So alleviating congestion will have a good impact on both economy and environment. The 
signal control at urban intersections is an effective and most important way to reduce the traffic jams 
and congestions. Traffic signals are signalized devices positioned at road intersections, pedestrian 
crossings and other such locations to control competing flow of traffic [1]. The purpose of traffic light 
signal control is to make the current intersection system more effective and efficient in improving traffic 


safety and minimizing congestion, maximizing the capacity of flow and minimizing the delay without 
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building new roadways which is often impossible due to scarce or non-availability of land resource. The 
conflicts arising from movements of traffic in different directions are addressed by time sharing principle. 
The advantages of traffic signal include an orderly movement of traffic, an increased capacity of the 
intersection and require only simple geometric design. However the disadvantages of the signalized 
intersection are large stopped delays [2]. Traffic signal control is a measure that is commonly used at 
road intersections to minimize vehicular delays. In early days as well as at present, traffic is controlled 
by hand signs by traffic police officers or by signals and markings called the traditional traffic control 
systems. Researches have established that unless otherwise implemented properly the traditional traffic 


control system can contribute more to the congestion at intersections [3]. Currently most signalized 


intersections in almost all developing countries use fixed time traffic controllers or pre-timed traffic 
lights.The traffic lights change phase at a constant cycle time in fixed time traffic light controller, 
without taking into account the peak period or highly varying traffic intensity with respect to time. 
Pre-timed traffic light also causes traffic congestion as it is incapable of detecting traffic intensity at 
the junction and to allow the vehicles waiting in the lanes to cross the junction as per the urgency 
necessitated by the traffic conditions prevailing at that time. The present day traffic signal controller 
models suffer from indeterminacy due to various factors like unawareness of the problem, inaccurate and 
imperfect data and poor forecasting in addition to uncertainty in the constraints. To overcome these 
Endalkachew et al.[4] developed an interval valued neutrosophic soft set traffic signal control model 
for four way isolated signalized intersections. The main aim of this research is to validate the IVNSS 
traffic signal control model and compare it with fixed time traffic signal control model using simulation 
study. A MATLAB simulation model for the proposed IVNSS traffic control system is developed and 
the efficiency of the model is tested subject to random variation, the basic methods of generating 
random variables and simulating probabilistic systems are presented. The MATLAB simulation tool is 
utilized to compare the developed IVNSS traffic signal control model with fixed time control model for 
an isolated four way intersection at St. Stifanos traffic junction, Addis Ababa, Ethiopia using Webster 


delay model. 


2. REVIEW OF LITERATURE 


Literally simulation is an imitation of certain real events or a system. This technique involves 
building a mathematical model that sufficiently represents a given system and using a computer to 
imitate (simulate) the operations of the system. Basically, it is used to analyse the behaviour of the 
system or to estimate its performance under various circumstances in order to find ways to improve the 
functioning of the system. There are several criteria named MOEs (Measures of Effectiveness); delay, 
level of service (LoS), average queue length, max queue length, number of stops and vehicle through 
put that can be used to compare the proposed IVNSS traffic signal control model with the widely used 
pre-timed control. But in this research we use vehicle delay at the junction as a measure of effectiveness. 


Vehicle delay is the most important parameter used by transportation professionals in evaluating the 
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performance of a signalized intersection. However delay is a parameter that is not easily determined 
due to the non-deterministic nature of the arrival and departure processes at the intersection [10]. But 
lot of research has been done in this field to define delay by a number of simulated delay models. 
Broumi Said et al.[23] reviewed some available mathematical techniques for traffic flow using rough 
set, fuzzy rough set, and its extension with the neutrosophic set to solve the traffic problem and found 
that the rough set theory can be useful for dealing the uncertain, incomplete, and indeterminate data 
set. Hence, the hybridization of the neutrosophic set and rough can be considered one of the efficient 
tools for intelligent traffic control and its approximation via automatic red, green and yellow lights. 
Recommended that the proposed study will be helpful for several researchers working on traffic flow, 
traffic accident diagnosis, and its hybridization as future research. Arshad Jamal et al. [11] developed 
meta-heuristic-based methods for intelligent traffic control at isolated signalized intersections, in the 
city of Dhahran, Saudi Arabia to optimize delay. Genetic algorithm (GA) and differential evolution 
(DE) were employed to enhance the intersection’s level of service (LOS) by optimizing the signal 
timings plan. The study results indicated that both GA and DE produced a systematic signal timings 
plan and significantly reduced travel time delay ranging from 15 to 35 percent compared to existing 
conditions. Although DE converges much faster to the objective function, GA outperforms DE in terms 
of solution quality i.e., minimum vehicle delay. To validate the performance of proposed methods, cycle 
length-delay curves from GA and DE were compared with optimization outputs from TRANSYT 7F, a 
state-of-the-art traffic signal simulation. Nilesh Bhosale et al. [12] compared analysis of the previously 
developed methodology and results of delay caused due to pre-timed two way signal coordination with 
least time pollution and environmental pollutions. They developed suitable methodology and simulation 
techniques for coordination to reduce the time pollution as well as improve the traffic efficiency and 
concluded that coordination of signal plays a vital role to abate congestion, reduces travel time as 
well as waiting time at signalized intersections. The phase difference plan method is best suited for 
signal coordination as these results in minimal delay in overall average travel time. Zhenyu Mei et 
al.{13] presented the findings of a simulation study evaluating the potential benefits of implementing 
transit signal priority (TSP) combined with arterial signal coordination for an isolated intersection. 
Simulation analysis reveals the effect of TSP strategies with flow variation on the optimal cycle, and 
also identifies a reasonable method for selecting the gap time and initial green time of the priority 
phase. The volume influences both the gap time and initial green time of the TSP phase. Moreover, 
the efficiency of red truncation is slightly better than that of the green time extension strategy. Theresa 
Thuniga et al.[17] provided an open-source implementation of a decentralized, adaptive signal control 
algorithm in the agent-based transport simulation MATSim, which is applicable for large-scale real- 
world scenarios. The algorithm is extended in this paper to cope with realistic situations like different 
lanes per signal, small periods of overload, phase combination of non-conflicting traffic, and minimum 


green times. Impacts and limitations of the adaptive signal control are analysed for a real-world scenario 
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and compared to a fixed-time and traffic-actuated signal control. Another finding is that the adaptive 
signal control behaves like a fixed-time control in overload situations and, therefore, ensures system with 
stability. Nada B et al.[14] presented a new method of developing an optimal real-time traffic signal 
controller using the fuzzy logic method (FLM), taking into consideration all various incoming traffic 
flows. The developed FLM was designed for an isolated intersection with four legs, split phasing, and 
three different movements (through, right, and left). Calibration and validation tests were conducted 
to ensure accuracy and efficiency of the developed model. Results show that using the developed FLM 
for controlling traffic signals with optimized conditions is promising as it provides optimal solution for 
all different traffic flow combinations, during all model development stages, including the simulation, 
calibration and the validation process. Ardavan Shojaeyan [15] carried out the design of efficient phase 
optimization technique using developed phase plan. CG Road was identified as a troubled corridor 
during reconnaissance survey and as such, selected for study. Data on geometric features were collected 
by Field survey using Odometer as well as with Google Earth Software. Peak and off peak hour 
traffic volume data were collected using ultra high resolution full HD camera. Furthermore signal cycle 
timing, space mean speed, discharge head way were simultaneously collected by trained enumerator’s at 
all three intersections. Data extraction was carried out on projector screen using updated VLC media 
player. The geometric and traffic data collected were analyzed with Microsoft Excel. Three different 
Phase Optimization Technique(POT) is tested on real traffic signal data of corridor in forward and 
backward direction using Time Space Diagram. With change of phase plan and phase sequence POT 
1 is successful in minimizing combined delay of corridor up to 28.05 percent to 76.04 percent for all 4 
forward movements for analyzed two cycles. Further improvement in POT 2 is achieved by introducing 
10 second offset at intersection B which reduces combined delay up to 32.52 percent to 98.6 percent 
in all 4 forward movements. Tracking average travel time, demand supply and prevailing signal cycle 
time POT 3 is applied with equal signal cycle length of 104 second at all 3 intersections. D.Nagarajan 
[16] analysed traffic flow control under neutrosophic environment using MATLAB. Triangular and 
Trapezoidal Fuzzy numbers were used. Traffic flow management has been analyzed with respect to 
various ranges of indeterminacy under neutrosophic environment using MATLAB program. They also 
compared the traffic control management for crisp sets, fuzzy and neutrosophic sets. Chandan. Ka [18] 
proposed a connected vehicle signal control (CVSC) strategy for an isolated intersection, which utilizes 
detailed information, including speeds and positions of GPS equipped vehicles on each approach at every 
second. The proposed strategy first aims at dispersing any queue that is built up during the red interval, 
and then starts minimizing the difference between cumulative arrival flow and cumulative departure 
flow on all approaches of the intersection. Various traffic scenarios with 100 percent GPS market 
penetration rate were tested in the VISSIM 8 microscopic simulation tool. Results have established 
that the proposed CVSC strategy showed outstanding performance in reducing travel time delays and 


average number of stops per vehicle when compared to the EPICS adaptive control. D.Nagarajan, et al. 
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[19] studied a triangular interval type-2 Schweizer and Sklar weighted arithmetic (TIT2SSWA) operator 
and a triangular interval type-2 Schweizer and Sklar weighted geometric (TIT2SSWG) operator based 
on Schweizer and Sklar triangular norms. Moreover, they proposed an improved score function for 
interval neutrosophic numbers (INNs) to control traffic flow that has been analyzed by identifying the 
junction where the traffic intensity is more. D. Nagarajan et al. [20] analysed traffic flow management 
with respect to various ranges of indeterminacy under neutrosophic environment using Gauss Jordan 
method with the support of MATLAB program. As seen from the above, traffic signal control models 
have been developed by a number of researchers under neutrosophic environment but no one has studied 


its efficiency and compared it with other existing models. 


3. PRELIMINARY CONCEPTS 


In this section we present the necessary preliminary ideas and some basic results needed for the 


present research work. We start from the definition of a neutrosophic set. 


3.1. Single valued neutrosophic set [21] 


Let X be the universal set.A neutrosophic set A in X is characterized by a truth membership 
function j14, an indeterminacy membership function vy and a falsity membership function w,4,where 
fta,Va, wa: X — [0,1] are functions and Va € X,x = £(Mz, Vz, Wz) € A is a single valued neutrosophic 
element of A. 

A single valued neutrosophic set A(SVNS in short) over a finite universe X = {21,%2,...,U%,} can be 
represented as A = D7", < wa(zi), va(vi), wa(zi) > / ai. 
The three membership functions form the fundamental concepts of neutrosophic set and they are 
independently and explicitly quantified subject to the following conditions. 

0< pa(2),va(x),wa(x) <1 and 


0< pa(x) + v4(2) + wa(a) <3 Vee X. 


3.2. Union and Intersection of SVNS [21] 


Let A and B be two SVNS defined on a common universe X .Then the union of A and B ,written 
as AU B = C is defined by 


ic (x) = max(pa(x), Hp (x) 
ve(x£) = max(va(x), vB(a%))and 
wo(x) = min(wa(x),we(x))Va © X. 
The intersection of A and B ,denoted by AN B = C is defined by 
ic («) = min(wa(x), uB(@)), 
vuc(x) = min(va(x),ve(x)) and 


wo(a) = max(wa(x),wp(x))Va © X. 
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3.3. Interval Valued Neutrosophic Set [22] 


For an arbitrary sub interval set A of [0,1] we define A = inf of A and A= sup of A. 
Let X be the universal set.An interval valued neutrosophic set A in X is characterized by a truth 
membership function 4 , an indeterminacy membership function vy and a falsity membership function 
wa for each element « € X where 
wa(®) = [bw (2), Ba(2)], vale) = [va(x), 0a(2)], wax) = [wa (x),@a(x)| are closed sub-intervals of 
(0, 1]. 


Thus A= < pwa(x), v(x), wa(z) > /a;a € X. 


3.4. Union and Intersection of IVNS [22] 


let A and B be two IVNS defined over a common universe X.The union of A and B denoted byAUB 


is defined as 


AUB = {< [maz(u (x), 4 ,(x)), mar(H a(x), fip(2))), 
[max(v4(x), Vp(x)),max(Va(x),VB(2)))], 
[min(w4(x),wp(x), min(Wa4(x),Wp(x))] > /a; Va € X} 


Similarly the intersection of A and B denoted by ANB is defined by 


AAB = {< [min(w,(2), 4,2), mina (x), Fp (@))) 
[min(va(®), Up(x)), min(V4(x), B(x), 
[max(w(a),wp(x),max(@a(x),Op(x))| > /a;Va © X} 
Traffic flow is usually interrupted by traffic signals and stop signs. These controls have different impacts 
on overall flow. The operational state of traffic at an interrupted traffic-flow facility is defined by the 
following measures [5].Classified vehicle count or traffic volume, directional movement of vehicles, queues 


(saturation flow rate), signal timing and phasing data and delay. 


3.5. Traffic flow at signal junction 
3.5.1. Traffic Volume Count 


Volume is the total number of vehicles that pass over a given point or section of a lane or road 
way during a given time interval; it can be expressed in terms of annual, daily, hourly, or sub hourly 
periods. Traffic volume count for Directional movement of each vehicle (Through, Right turn and Left 
turn movements) is conducted to determine the number, movements and classifications of roadway 
movements at a given location. These data can help identify critical flow time periods. The length 
of the sampling period depends on the type of count being taken and the intended use of the data 
recorded. For example, an intersection count may be conducted during the peak flow period. Manual 


count with 15-minute intervals could be used to obtain the traffic volume data. 
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Basically, the traffic volume and saturation flow data are collected through traffic sensors installed at 


the junction or video graphic record or through manual count. 


3.5.2. Capacity 


Capacity is an adjustment of the saturation flow rate that takes the real signal timing into account, 
since most signals are not allowed to permit continuous movement of one phase for an hour. If the 
approach has 30 minutes of green per hour, it can be deduce that the actual capacity of the approach is 
about half of the saturation flow rate. The capacity, therefore, is the maximum hourly flow of vehicles 
that can be discharged through the intersection from the lane group in question under the prevailing 
traffic, roadway, and signalization conditions. The formula for calculating capacity (c) is given below. 
c = (g/C) x s 
where: 
c=capacity(vehicle per hour) 

g = Effective green time for the phase in question (seconds) 
C = Cycle length (seconds) 


s = Saturation flow rate (vehicle per hour per green) 


3.6. Delay at signalized intersection 


To give a clear description and to understand traffic flow conditions at an individual intersection 
the following performance measures are being applied: delay, level of service (LoS), average queue 
length, max queue length, number of stops and vehicle throughput. The reasons for determining these 
parameters are as follows. Delay and LoS play a primary role in determining individual intersection 
performance. LoS can be used to understand the quality of traffic conditions on a particular intersection 
and delay exposes the difference between free-flow and congested traffic conditions. Frequent stops due 
to congestion are a typical characteristic of urban traffic. One of the reasons for this is the presence 
of signalized intersections. Therefore, the information of queue length and number of stops must be 
included as performance measure also. The vehicle throughput can provide useful information about 
the maximum number of vehicles which can be discharged during the time. In addition, for an in-depth 
analysis of the arterial section in the analyzed urban traffic network, travel time; delay and number of 
stops are also useful. 

Vehicle delay is the most important parameter used by transportation professionals in evaluating the 
performance of a signalized intersection. This is perhaps because it directly relates to the time loss 
that a vehicle experiences while crossing an intersection .However delay is a parameter that is not 
easily determined due to the non deterministic nature of the arrival and departure processes at the 
intersection. But lot of research has been done in this field to define delay by a number of analytical 


delay models. But the most popular and commonly used delay model is the Webster delay model. 
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3.7. Delay Components 


In analytic models for predicting delay, there are three distinct components of delay, namely, uniform 


delay, random delay, and overflow delay. 


3.7.1. Uniform delay 


Uniform delay is the delay based on an assumption of uniform arrivals and stable flow with no 
individual cycle failures. No signal cycle fails here, i.e., no vehicles are forced to wait for more than 
one green phase to be discharged. This type of delay is known as Uniform delay where uniform vehicle 


arrival is assumed. 


3.7.2. Random Delay 


Random delay is the additional delay, above and beyond uniform delay, because flow is randomly 
distributed rather than uniform at isolated intersections. This case represents a situation in which the 
overall period of analysis is stable (i.e., total demand does not exceed total capacity). Individual cycle 
failures within the period, however, have occurred. For these periods, there is a second component of 


delay in addition to uniform delay.This type of delay is referred to as Random delay. 


3.7.3. Overflow Delay 


Overflow delay is the additional delay that occurs when the capacity of an individual phase or series 
of phases is less than the demand or arrival flow rate. Actual vehicle arrivals vary in a random manner 
[72] and this randomness causes overflows in some signal cycles. If this persists for a long time period 
then the over-saturated conditions lead to continuous overflow delay. The effect of the overflow depends 
on the degree of saturation over a given time period. This is the case at which demand exceeds capacity 


(v/c > 1.0).This type of delay is referred to as Overflow delay 


3.8. Webster’s Delay Models 
3.8.1. Uniform Delay Model 


Model is explained based on the assumptions of stable flow and a simple uniform arrival function. 


Thus, Webster’s model [70] for uniform delay (UD) is given as 


ce 2) 
I 
alee) 
8 
Another form of the equation uses the capacity, c, rather than the saturation flow rate, s. 
s= + so, the relation for uniform delay changes to, 
c 
C= aa 
UD= mE EFS 
21-42 
a- £2) 
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eee 
UD = ——— 
ol = 2x 


where, UD is the uniform delay (sec/vehicle) C is the cycle length (sec), c is the capacity, v is the 
vehicle arrival rate (vehicle per hour), s is the saturation flow rate or departing rate of vehicles (vehicle 
per hour green), X is the v/c ratio or degree of saturation (ratio of the demand flow rate to saturation 


flow rate), and g/C is the effective green ratio for the approach. 


3.8.2. Random Delay Model 


The uniform delay model assumes that arrivals are uniform and that no signal phases fail (i.e., 
that arrival flow is less than capacity during every signal cycle of the analysis period). At isolated 
intersections, vehicle arrivals are more likely to be random. A number of stochastic models have been 
developed for this case, including those by Newell, Miller and Webster. These models generally assume 
that arrivals are Poisson distributed, with an underlying average rate of v vehicles per unit time. The 
models account for random arrivals and the fact that some individual cycles within a demand period 
with v/c < 1.0 could fail due to this randomness. This additional delay is often referred to as Random 


delay. The most frequently used model for random delay is Webster’s formulation: 
x2 
~ Qu(1 — X) 
Where, RD is the average random delay second per vehicle, and X is the degree of saturation (v/c 


RD 


ratio). 
Webster found that the above delay formula overestimate delay and hence he proposed that total delay 
is the sum of uniform delay and random delay multiplied by a constant for agreement with field observed 


values. Accordingly, the total delay is given as: 


D=0.9(UD+RD) 


3.8.3. Overflow delay model 


Model is explained based on the assumption that arrival function is uniform. In this model a new 
term called over saturation is used to describe the extended time periods during which arrival vehicles 
exceeds the capacity of the intersection approach to the discharged vehicles. In such cases queue grows 
and there will be overflow delay in addition to the uniform delay. This is the case where v/c >1.0. 
During the period of over-saturation delay consists of both uniform delay and overflow delay. As the 


maximum value of X is 1.0 for uniform delay, it can be simplified as [72], 


Ola) C g 
“30- 8x) 2" oL 


Average delay is obtained by dividing the aggregate delay by the number of vehicles discharged within 


the time T which is cT’. T is the analysis period in seconds. 


OD = F(2-1) 
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4. DELAY SIMULATION 
4.1. Data Requirement for the Simulation Model 


Even though there are many intersections facing with traffic congestion in Addis Ababa, due to 
time and budget constraints and accessibility of relevant traffic data, it is difficult to cover all such 
intersections in the city. So that St.Stifanos traffic junction is selected for this study.This intersection 
is located in front of St. Stifanos church in Kirkos sub-city at Meskel intersection and considered as 
the most congested traffic junction by the road users. St.Stifanos traffic junction is one of the largest 
intersections in Addis Ababa with its heavy traffic congestion especially in the morning, mid-day and 
evening peak hours due to poor signal controlling system. The geometry of the intersection is presented 


in Figure 1 below and the aerial shoot of Meskel square intersection is shown in Figure 2. 


FIGURE 1. Geometric representation of the study area 


4.2. Steps for simulation 


Step 1: Obtain the input parameters (average arrival rate and average saturation flow rate (queue) 
for each approach per day. And use this data to simulate the vehicle arrivals and saturation flow rates 
using Poisson distribution. 

Step 2: As categorizing arrival rates and saturation flow rates (queues) in to different interval valued 
neutrosophic soft sets follow uniform distribution, simulate the corresponding interval valued neutro- 
sophic soft sets using uniform distribution using the flow rates and saturation flow rates (queues) 
obtained in step one. The interval valued neutrosophic data are simulated for 5 different scenarios and 
the average value of all the simulated values is taken as input parameter for determining the green 
time and cycle length for each approach. The proposed random number generation plan is simulated 
by using the MATLAB simulation tool. This gives the IVNSS ‘A’ for vehicle arrivals and IVNSS ‘B’ 


for saturation flow rate (queue). 
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Aerial shoot of meskel square intersection (source: CNES Image @ 201/, Google earth) 


FIGURE 2. Aerial shoot of Meskel square intersection 


Step 3: Combine the two interval valued neutrosophic soft sets A and B to get a resultant interval 
valued neutrosophic soft set say ‘C’. 

Step 4: By defining an AVG-threshold value, reduce the parameters. 

Step 5: 

e Determine the row index for each signal group 

e Row index represents the weight of the signal group. 

e The first row index represents the weight of the signal group SG1. 

e The second row index represents the weight of the signal group SG2. 

e The third row index represents the weight of the signal group SG3 and 

e The fourth row index represents the weight of the signal group SG4, 

e Row index assigns value 1 if the row satisfies the given threshold value and 0 otherwise. 

Step 6: Obtain the total weight values which is the sum of the weights of the signal groups with 
respect to the parameter e;j which is the choice value for the signal groups. 

Step 7: Select (choose) the indices (corresponding signal group) with maximum weight. 

Step 8: Determine the total cycle time and the green time using the weight value obtained in Step 6. 
Step 9: A MATLAB simulation is carried out for the proposed IVNSS traffic signal system to validate 
the model and test the efficiency of the model with respect to vehicle delay in which the variables 
involved are subject to random variation, we present the basic methods of generating random variables 


and simulating probabilistic systems. 
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4.3. Assumptions 


The simulation is based on the following assumptions: 
e The input parameters used for the simulation (average arrival rates and average saturation flow rates 
are based on the data obtained from [8]. 
e Maximum green time is 95 seconds and minimum green time is 27 seconds at St.Stifanos isolated 
traffic junction. 
e The traffic movement is right, left and through. 
e The yellow (amber) signal for all phases at each intersection is included in green signal and its duration 
is 3 seconds. 
e No right turn on red and 
e No pedestrian demand 


e The intersection has four phases. 


4.4. Delay Simulation Analysis 


The IVNSS traffic signal control model validation is carried out comparing the results with fixed 
time traffic signal using Webster delay formulas. Generally for the simulation purpose the average 
traffic volume count (arrival rate) and average saturation flow rate (queue) are obtained by generating 
randomly using Poisson distribution. But in this research, the average traffic volume count (arrival 
rate) and average saturation flow rate (queue) are obtained directly from [8] which are used as input 
parameters for the simulation and the data was obtained from St. Stifanos intersection with Bambis in 
the East, Betemengist in the North, Dembel in the South and Meskel Square in the West as shown in 
Figure 1. According to the data obtained from [8], the traffic volume count was made for 8 hours per 
day for one week starting from the morning 7:30 AM to the evening 7:30 PM at 15 minutes interval as 
shown in appendix (A). This is done 3 hours in the morning (7:30-10:30) AM, 2 hours in the midday 
(12:00- 2:00) PM and 3 hours in the evening (4:30-7:30) PM. The traffic flow count is categorized in 
to two groups, the first count was made from Monday to Friday at which there is a heavy traffic flow 
condition and there is traffic saturations and the second count was made on Saturday and Sunday at 
which there is light traffic conditions or no traffic saturations. The average traffic flow rate, saturation 
flow rate (queue) and average vehicle delay for fixed time signal control per day for each approach for 


a week is shown in the table 1 and table 2 below [8]. 
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TABLE 1. The average vehicle delay under fixed time per day for all intersection legs. ( 
Monday-Friday) 


Approach Leg PH Volume | FR | G/C | GT | CT | SFR | Capacity | V/c | Delay 


Bambis Morning 115 460 | 0.28 | 75 | 271 | 1377 381 1.2 188 


Bambis Mid-Day 85 340 | 0.26 | 55 | 214 | 1023 263 1.3 214 


Bambis Evening 114 456 | 0.29 | 76 | 263 | 1371 396 1.15} 172 


Dembel Morning 173 692 | 0.36 | 108 | 301 | 2080 746 0.93 | 176.8 


Dembel Mid-Day 131 524 | 0.35 | 87 | 251 | 1577 546.6 0.96 | 148.8 


Dembel Evening 171 684 | 0.36 | 108 | 297 | 2058 748.4 0.91 | 173.7 


Betemengist | Morning 88 302 | 0.2 | 55 | 265 | 1051 218.1 1.6 | 376 


Betemengist | Mid-Day 66 264 | 0.16 | 38 | 231) 794 130.6 2.01 | 552 


Betemengist | Evening 85 340 | 0.2 | 52 | 257 | 1015 205.4 1.66 | 400 


Meskel Sq. Morning 111 444] 0.27 | 72 | 262 | 1328 365 1.22} 195 


Meskel Sq Mid-Day 82 328 | 0.23 | 51 | 219 | 981 228.5 1.44} 278 


Meskel Sq Evening 121 484 | 0.29 | 81 | 277 | 1456 425.8 1.14} 161 


TABLE 2. The average vehicle delay under fixed time control per day for all intersection 


legs. (Saturday and Sunday) 


Approach Leg PH Volume | FR | GT | CT | g/C | SFR | Capacity | V/c | Delay 


Bambis Morning 56 224 | 35 | 166 | 0.21 | 669 141 1.6 336 


Bambis Mid-Day 41 164 | 28 | 144 | 0.19 | 490 95.3 1.7 | 373 


Bambis Evening 52 208 | 34 | 160 | 0.21 | 621 132 1.6 333 


Dembel Morning 59 236 | 38 | 161 | 0.24 | 705 166.4 1.4 241 


Dembel Mid-Day 45 185 | 31 | 140 | 0.22 | 536 118.7 1.6 325 


Dembel Evening 60 240 | 39 | 159 | 0.25 | 715 175.4 1.4 240 


Betemengist | Morning 33 132 | 23 | 157 | 0.15 | 395 57.9 2.3 652 


Betemengist | Mid-Day 27 108 | 19 | 153 | 0.12 | 325 40.4 2.7 | 832 


Betemengist | Evening 31 124 |} 22 | 158) 0.14 | 377 52.5 2.4 | 698 


Meskel Sq. Morning 53 212 | 34 | 164} 0.2 | 631 130.8 1.6 336 


Meskel Sq Mid-Day 34 136 | 24 | 145) 0.17} 411 68 2 510 


Meskel Sq Evening 48 152 | 33 | 159) 0.2 | 582 120.8 1.25 | 177 


The St. Stifanos traffic signal junction is classified into four different signal groups in order to fit 
the developed IVNSS traffic signal control design based on the average traffic flow data obtained from 
St.Stifanos junction for different peak hour flow rates and peak hour saturation flow rates (queue). An 


IVNSS traffic signal control model is developed and simulated to estimate the signal phase, cycle length 
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Average vehicle delay per week at St.Stifanos Junction 
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FIGURE 3. Weekly vehicle delay time at St. Stifanos intersection per approach under 


FTC 


and the green time duration of the isolated intersection making use of the arrival rate and saturation 
flow rate (queue) at the downstreams of the intersection. The model developed is made to run for 
5 different simulation scenarios, the average interval valued neutrosophic data (matrix) is extracted. 
The arrival rates and saturation flow rates (queue) are first simulated into interval valued neutrosophic 
data. The outputs of these simulation runs are then used to extract two outputs; namely, the effective 
green time of each signal group and the optimal cycle length. The values of cycle length and green time 
for different scenarios are tabulated in tables 3, 4, 5 and 6 below considering the different traffic flow 
conditions. 

The average effective green times of each signal group and the average cycle length for the different 
scenarios are then used to estimate the average vehicle delay of each approach and the average vehicle 


delay at the junction. The results are shown in tables 7 and 8. 
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TABLE 3. Different cycle time scenarios at St.Stifanos intersection (Monday-Friday) 
Phases/SG PH Scenariol | Scenario 2 | Scenario 3 | Scenario 4 | Scenario 5 | Average 
1{maximum (EL1, WL1)} | Morning 217.4 378.3 23 23 308.7 273.3 
1{maximum (EL1, WL1)} | Mid-Day 261.2 219.7 276.3 265 139 232.2 
1{maximum (EL1, WL1)} | Evening 149.4 238.6 23 452 208.3 255.9 
2{maximum (EL2, WL2)} | Morning 217.4 378.3 231 23 308.7 273.3 
2{maximum (EL2, WL2)} | Mid-Day 261.2 219.7 276.3 265 139 232.2 
2{maximum (EL2, WL2)} | Evening 149.4 238.6 23 452 208.3 255.9 
3{maximum (NL1, SL1)} | Morning 217.4 378.3 23 23 308.7 273.3 
3{maximum (NL1, SL1)} | Mid-Day 261.2 219.7 276.3 265 139 232.2 
3{maximum (NL1, SL1)} | Evening 149.4 238.6 23 452 208.3 255.9 
4{maximum (NL2, SL2)} | Morning 217.4 378.3 23 23 308.7 273.3 
4{maximum (NL2, SL2)} | Mid-Day 261.2 219.7 276.3 265 139 232.2 
4{maximum (NL2, SL1)} | Evening 149.4 238.6 23 452 208.3 255.9 


TABLE 4. Different cycle time scenarios at St.Stifanos intersection (Saturday and Sun- 


day) 
Phases/SG PH Scenariol | Scenario 2 | Scenario 3 | Scenario 4 | Scenario 5 | Average 
1 Morning 355.7 231 435 256.5 202.7 296.2 
1 Mid-Day 185.7 269.9 339.8 486 87.7 293.8 
1 Evening 181. 684.3 85.7 79 333 312.6 
2 Morning 355.7 231 435 256.5 202.7 296.2 
2 Mid-Day 185.7 269.9 339.8 486 87.7 293.8 
2 Evening 181. 684.3 85.7 79 333 312.6 
3 Morning 355.7 231 435 256.5 202.7 296.2 
3 Mid-Day 185.7 269.9 339.8 486 87.7 293.8 
3 Evening 181. 684.3 85.7 79 333 312.6 
4 Morning 355.7 231 435 256.5 202.7 296.2 
4 Mid-Day 185.7 269.9 339.8 486 87.7 293.8 
4 Evening 181. 684.3 85.7 79 333 312.6 


TABLE 5. Different green time scenarios at St.Stifanos intersection (Monday-Friday) 


Phases/SG PH Scenariol | Scenario 2 | Scenario 3 | Scenario 4 | Scenario 5 | Average 
1 Morning 21 122.7 81.5 44.7 74.8 68.9 
1 Mid-Day 50.8 67 67.2 54.4 19.1 51.7 
1 Evening 90 29.8 39.8 87.5 23.1 54 
2 Morning 91.2 71.6 74.7 29.8 102.9 74 
2 Mid-Day 36.3 55 97.1 88.3 28.8 61.1 
2 Evening 30 44.7 39.8 45.8 63.7 64.8 
3 Morning 63 122.7 6.8 96.9 37.4 65.4 
3 Mid-Day 72.6 85.4 29.9 27.2 4.8 44 
3 Evening 15 96.9 103.6 02.1 92.6 82 
4 Morning 42.1 61.4 67.9 59.6 93.5 65 
4 Mid-Day 101.6 12 82.2 95.1 86.3 75.4 
4 Evening 15 67.1 47.8 16.6 28.9 55 
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TABLE 6. Different green time scenarios at St.Stifanos intersection (Saturday 
Sunday) 
Phases/SG PH Scenariol | Scenario 2 | Scenario 3 | Scenario 4 | Scenario 5 | Average 
1 Morning 122 74.5 105 33 47.7 76.4 
1 Mid-Day 92.8 108 121.4 132.5 31.3 97.2 
1 Evening 90.6 203.5 83.2 26.9 70.6 95 
2 Morning 112 67 135 66.2 17.9 111.8 
2 Mid-Day 23.2 63 72.8 88.4 37.5 57 
2 Evening 23.8 166.5 44.8 58.2 80.7 74.8 
3 Morning 61 7.5 75 58 ATT 135.7 
3 Mid-Day 34.8 54 85 147.3 25 131.9 
3 Evening 19 166.5 6.4 9 121 64.4 
4 Morning 61 82 120 99.3 89.4 90.3 
4 Mid-Day 34.8 45 60.7 117.8 93.9 70.4 
4 Evening 47.7 148 51.2 85 60.5 78.5 


and 


TABLE 7. The average signal timings and delay results for IVNSS traffic signal control 
model (Monday-Friday) 


Phase/SG PH Volume | Flow rate | SFR | Capacity | V/c | CT | GT | G/C | Delay 
1 Morning 112 448 2080 524 0.85 | 273.3 | 68.9 | 0.25 | 146.8 
il Mid-Day 85 340 1577 351 0.97 | 232.2 | 51.7 | 0.22 | 126.6 
1 Evening 111 dtd 2058 434.3 1.00 | 255.9 | 54 .21 | 140.3 
2 Morning 61 244 2080 563.2 0.43 | 273.3 | 74 .27 | 129.1 
2 Mid-Day 46 184 577 415 0.44 | 232.2 | 61.1 .26 | 110.1 
2 Evening 60 240 2058 521 0.46 | 255.9 | 64.8 | 0.25 | 122 
3 Morning 109 436 377 329.5 1.3 | 273.3 | 65.4 | 0.24 | 239 
3 Mid-Day 81 324 023 194 1.67 | 232.2 | 44 19 | 396 
3 Evening 108 432 456 466.6 0.93 | 255.9 | 82 .32 | 146.9 
4 Morning 17 68 377 327.5 0.21 | 273.3 | 65 24) 122 
4 Mid-Day 12 48 023 332 0.14 | 232.2 | 75.4 | 0.32 98 
4 Evening 18 72 456 313 0.23 | 255.9 | 55 .22 | 115.5 


5. Results and Discussion 


From tables 1 and 7, one can see that from Monday-Friday, the average vehicle delay at the junction 


in the morning under fixed traffic control is ((188+177+276+195))/4= 209 whereas the average vehicle 
delay at the junction in the morning under IVNSS model is (147+129+239+122) /4=159. 


From tables 1 and 7, one can see that from Monday-Friday, the average vehicle delay at the junction in 


the mid -day under fixed traffic control is ((214+149+552+278))/4= 298 whereas the average vehicle 


delay at the junction in the mid-day under IVNSS model is (127+110.1+396.4+98) /4=183. 


From tables 1 and 7, one can see that from Monday-Friday, the average vehicle delay at the junction 


in the evening under fixed traffic control is ((172+174+400+161))/4= 227 whereas the average vehicle 


delay at the junction in the evening IVNSS model is (140.3+122+146.9+115.5) /4=131. 


From tables 2 and 8, one can see that in Saturday and Sunday, the average vehicle delay at the junction 
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TABLE 8. The average signal timings and delay results for IVNSS traffic signal control 
model (Saturday and Sunday) 


Phase/SG PH Volume | Flow rate | SFR | Capacity | V/c | Cycle time | Green time | G/C | Delay 
1 Morning 38 152 705 181.8 0.84 296.2 76.4 0.26 | 158.6 
1 Mid-Day 29 116 536 77 0.65 293.8 97.2 0.33 | 150.3 
1 Evening 39 156 715 217.3 | 0.72 312.6 95 0.3 | 163.3 
2 Morning 21 84 705 266 32 296.2 111.8 0.38 | 129.8 
2 Mid-Day 16 64 536 04 0.62 293.8 57 0.19 | 144.5 
2 Evening 21 84 715 71 0.49 312.6 74.8 0.24 | 150.3 
3 Morning 53 212 669 306.5 69 296.2 135.7 0.46 | 154.2 
3 Mid-Day 39 156 4907 220 0.70 293.8 131.9 0.45 | 154.9 
3 Evening 49 196 621 28 1.53 312.6 64.4 0.2 364 
4 Morning 8 32 669 204 0.16 296.2 90.3 0.3 127 
4 Mid-Day 5 20 490 117.5 | 0.17 293.8 70.4 0.24 | 130 
4 Evening 7 28 621 56 18 312.6 78.5 0.25 | 138 


Average vehicle delay per week under IVNSS model 
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FIGURE 4. Weekly vehicle delay time at St. Stifanos intersection per approach under 
IVNSS model 


in the morning under fixed traffic control is ((336+241+652+336)) /4= 391 whereas the average vehicle 
delay at the junction in the morning under IVNSS model is (158.64+129.8+-154.2+127) /4=142. 

From tables 2 and 8, one can see that that in Saturday and Sunday, the average vehicle delay at the 
junction in the mid -day under fixed traffic control is ((873+325+832+510)) /4= 510 whereas the average 
vehicle delay at the junction in the mid-day under IVNSS model is ((150.3+144.5+154.9+130))/4= 145. 
From tables 2 and 8, one can see that that in Saturday and Sunday, the average vehicle delay at the 
junction in the evening under fixed traffic control is ((333+240+698+177))/4= 362 whereas the average 
vehicle delay at the junction in the evening under IVNSS model is (163.34+-150.3+364+138) /4=204. 
Comparison of the summarized average vehicle delay estimations for different flow rates and saturation 
flow rates is given in Table 9. As can be seen from the above discussion, from Monday-Friday the 
average vehicle delay at St.Estifanos traffic intersection per day is 244.6 sec/vehicle under FTC and 
157.6 sec/vehicle under IVNSS traffic control model where as in Saturday and Sunday the average 
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TABLE 9. Summery of the average vehicle delay at St.Estifanos traffic junction per 


day. 

Junction Day PH Delay(FTC) | Delay(IVNSS) 
St.Estifanos Monday-Friday Morning 209 159 
St.Estifanos Monday-Friday Mid-day 298 183 
St.Estifanos Monday-Friday Evening 227 131 
St.Estifanos | Saturday and Sunday | Morning 391 142 
St.Estifanos | Saturday and Sunday | Mid-day 510 145 
St.Estifanos | Saturday and Sunday | Evening 362 204 


Average vehicle delay per week for both FTC &IVNSS control 
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FIGURE 5. Weekly vehicle delay time at St. Stifanos intersection per approach under 
both FTC and IVNSS model 


vehicle delay at St.Estifanos traffic intersection is 421 sec/vehicle under FTC and 163.6 sec/vehicle 
under IVNSS traffic signal control model. From Monday up to Friday under IVNSS traffic signal 
control model the average vehicle delay at the junction is reduced by 36 percent and on Saturday and 


Sunday the average vehicle delay is reduced by 73 percent under IVNSS control model. 


6. CONCLUSION 


A comparative study of the IVNSS traffic signal control with the existing fixed time traffic control 
shows that IVNSS traffic signal control model gives better performance in terms of delay both from 
Monday up to Friday at which heavy traffic (traffic saturation ) is experienced and in Saturday and 
Sunday (holidays).in which it is expected that there is no heavy traffic conditions. Thus IVNSS model 
performs better than FTC, especially for both high and low traffic volumes and for both unsaturated 
and saturated traffic conditions. Under fixed time signal control even if the flow of traffic on Saturday 
and Sunday is low ,the average delay per vehicle is very high this is due to the geometric design 


of the junction because left-turning movements at signalized intersections are not only difficult to 
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accommodate but also often cause accidents. Such problems can be reduced by adopting an exclusive 


left-turn signal phase [9]. 
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Abstract: The Linear programming problems (LPP) have been widely applied to many real-world 
problems. In this study, a formulation of stock portfolio problem is proposed. The problem is 
formulated by involving neutrosophic pentagonal fuzzy numbers (NPFN) in the rate of risked 
return, expected return rate and portfolio risk amount. Based on score function, the problem is 
transformed to its corresponding crisp form. A solution algorithm is investigated to provide the 
decision of the portfolio investment joined with investors in savings and securities. The main 
features of this study are: the investor can choose freely the risk coefficients to maximize the 
expected returns; also, the investors may determine their strategies under consideration of their 
own conditions. The optimal return rate is obtained by using TORA software. An example is 
introduced to indicate the efficiency and reliability of the technique. 


Keywords: Portfolio; Investment: Stock Portfolio Investment; Pentagonal Fuzzy Numbers; Score 
Function, TORA Software; Neutrosophic Pentagonal Fuzzy Return Rate. 


1. Introduction 


Portfolio optimization is one of the essential problems in asset management of financial, its main 
goal is to minimize the risk of an investment by dividing it into many assets expected to fluctuate 
independently (Elton et al., 2009). A portfolio is a set of financial assets like cash equivalents, stocks, 
commodities, currencies and bonds. Portfolio can also include non-publicly tradable securities as, 


arts, private investment and real estate. Portfolio are directly held by investors and/ or managed by 
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money managers and financial professionals [1]. Skrinjaric and Sego [2] applied Grey Relational 


Analysis (GRA) method to study the performance for a sample of stocks under various factors. 


Fuzzy set theory initiated by Zadeh [3] has gained a great attention of researchers to solve real-life 
issues, like the supervision of economic threat. It permits us to illustrate and control vagueness in 
decision-support system. The imprecise facts of assets reports and the vagueness associated with the 
behavior of monetary markets can also be considered by means of fuzzy quantities or constraints. 
Fuzzy numerical data may be described using the phenomena of fuzzy subsets of R, are fuzzy 
numbers. Dubois and Prade [4] used a fuzzification principle to extended algebraic operations on 


real numbers to fuzzy numbers (FN). 


Portfolio selection (PS) is the problem where investor selects the optimal portfolio from a set of 
possible portfolios. Also, it focuses on the optimal investment of one's wealth for maximizing 
profitable return and minimizing risk control [5]. According to lack of clarity of the real-world 
applications, the exact return of each security cannot be predetermined. The theory of optimal 
portfolios has been developed by Markowitz [6],where he has firstly introduced the mean-variance 
models. The PS problem is typically a LPP when all return of securities is constants. Numerous 
studies for PS have been done in the last few decades such as [7 —15]. Many researchers studied stock 
price assessment, in [16] Lindberg introduced new parameterization of the drift rates to modify the n 


stock Black-choles model, and solved Markowitz' continuous time PS in this framework. 


Neutrosophic set (NS) theory was introduced by Smarandache [17] it is a generalization of fuzzy set; 
each element of NS has a truth, indeterminacy and falsity membership function. So, NS can describe 
inaccurate and maladjusted information effectively. Neutrosophic linear programming (NLP) 
problem is a LP problem that contains at least one neutrosophic coefficient or parameter. The NLP 
problem is more efficient than regular LP problems due to imperfect data. Many researchers studied 
NLP problems; Hussein et al. [18] transformed the NLP problem into its corresponding crisp model. 
Abdel-Basset et al. [19] proposed a novel method for solving a fully NLP problem. Ahmed [20], 
developed anew method for solving LR- type NLP problems. Ahmad et al. [21] developed a method 
for solving bipolar single-valued NLP problem. In [22], Bera studies the applications of NLP in real 
life. Das and Dash [23], introduced a modified Solution for NLP Problems with Mixed Constraints. 
Thamaraiselvi and Santhi [24] presented a new method for optimizing a real-life transportation 
problem in neutrosophic environment. 
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example to illustrate the 


proposed approach. 
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Fig.1. Rest of the paper 


2. Preliminaries 


In this section, some essential definitions and terminologies are recalled from fuzzy-like literature 


for proper understanding of the proposed work. 


Definition 1. [3] A fuzzy set g defined on the set of real numbers R is said to be fuzzy 


numbers when its membership function L, (x): R > [0,1], have the following properties: 
L, (x) is an upper semi- continuous membership function; 


~ is convex fuzzy set, ie. bh (Fx +(1-F)y) = min {u.,(%), uC} for all x, yER OK 
F<; 


® is normal, i.e., 4%) € R such thaty (49) = 1; 


Supp (6) ={xeR: u(x) > 0} is the support of g , and the closure Cl(Supp(/)) is a 


compact set. 
Definition 2. [25]A fuzzy number A, = (r,5,t,u,v)r<s<t<u<v, on R is said to be a 


pentagonal fuzzy number if its membership function is: 
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v-x 

w;(——), ux<x Sv, 
0, x>v. 


The graphical representation of the pentagonal fuzzy number is illustrated in the 


following figure 


HAp 


0.5 


0 r s t u Vv Xx 
Fig.2. Graphical Representation of Pentagonal Fuzzy number [25] 


Definition 3. [17] A neutrosophic set BN of non-empty set X is defined as 
BN = {(x; Ign (x), Jgn (), Van (x): & € X, Ign (x), Jgn (©), Van (x) € ]0_,1*[}, where Ign (x), Jan (x), and 
Vgn(#) are truth membership function, an indeterminacy- membership function, and a falsity- 
membership function and there is no restriction on the sum of Ign (4), Jgn(), and Vgn(4) , so 
O~ < Sup{Ign (%)} + Sup{Jgn (x)} + Sup{Vgn (x)} < 3+, and ]0~,1*[ is anonstandard unit interval. 
Definition 4. [17] A single- valued neutrosophic set BS’ of a non-empty set X is defined as 
BSYN — {(x, Ign (x), Jan (x), Vgn (x)): x € x}, where Ign (x), Jgn(x), and Vgn (x) € [0,1] for each x EX 
and 0 < Ign (x) + Jan () + Van (4) S 3. 


Definition 5. [23] Let ts,o.,ws € [0,1] and r,s,t,u,v€ R such thatr<s<t< u<v. Then a 
p p 


single-valued pentagonal fuzzy neutrosophic set (SVPFN), p'% = ((1,s,t,u,v); T5, os, Ws) is a 


special neutrosophic set on R, whose truth-membership, hesitant- membership, and falsity- 


membership functions are 
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0, x<rn 


Goa 1 ( ) aha 
T5PN ACE Gane r)*], r<x<s; 


TPN (x) = 1 (2) 
2 
a t) +1), t<x<u; 
— : *) <x< 
TPN Ia? («-v)*|J,u<sx<v; 
0, x>vV. 
0, x<Y 
1 1 5 
Pspn Coan vie a), rsxss; 
1 
2 . 
PsN — (t— sy (# —t) +1),ssxst 
Pen = ‘es (3) 
2 . 
5PN Gao -9 +1), t<x<u 
1 
Onn (Gos ar@ vy) use sy 
0, x>Vv 
0, “<r 


CORPN = 1 (4) 


Where TPN » Pspn ,and CO5PN denote the maximum truth, minimum-hesitant, and minimum falsity 
membership degrees, respectively. SVPFN p’% = ((r,s,t, u,v): TPN, Pen ,@5en) May express in 


ill-defined quantity about y, which is approximately similar to [s, uJ. 


Definition 6. [25] 


Let pP% = ((7,s,t,u,v); T5PN Psp ,WsPn ) and g?N = ((r*, s*, t*,u’, v*); TaPN » Pzen 1, @gPN ) be two 


single-valued PEFNs, the arithmetic operations on g?% and gPN are: 


L pM OgG* {+r st str tatty + vv"); T PN AN TaPN sD sen V Papen» OgPN V 
Wwa@PN, 


2. PNO GN =(r- v*,s—u’,t—t*,u—- s*,v—r*); T PN A TaPN, D spn V apn» OgPN V wgPn ), 
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~ ~ 1 1 * * 
3. ph @ gPn =E¥y ((1,s,t, u,v); T PN A TqPN YD apn V apn @yPN V @gPn ) V4 =a +s*+ 


te+ u#t+ vx2+TGPN-bGPN#O, 


5 a 5 
4. pPN @qPN = > (Gs, t uw, v)i T PN NT aE, D sen V pn 1 WN V wan), #0, 
q 


((mr, ms, mt, mu, mv); TPN, D spn» gen ), M1 > 0, 


5. mp = 
((mv,mu, mt, ms, mr); TON, D spn» gen ), MM <0, 
-1 1d tetind 
sPN71 _ . =PN 
6. P = (22.22,-); TON, D spn  WgPn ), P + 0. 


Definition7. [26] Let g'% = ((r,s,t,u, V)i Ten, en zen) be a single- valued pentagonal fuzzy 
neutrosophic numbers, then 


1. Accuracy function AC(gP%) = (=) (r+ stttutv)*[2+t gn — ¢) Pn ]. 


2. Score function SC(gP%) = Vhs sa beeen |: 
15 B p e 


Definition 8. [27] The order relations between #?N andg’N based on SC(pN?) and AC(GN?) are 
defined as 

1. If SC(pPX) > SC(GNP), then # > G, 

2. If SC(pPN) < SC(GN”), then # < G, 


3. If SC(GPN) = SC(GN?), then 


i. If AC(BPN) < AC(GN’), then # < G, 
ii, If AC(p”N) > AC(GY?), then g > G, 


iii, If AC(gPN) = ACG”), theng = G. 


3. Assumptions and Notations 
3.1 Assumptions 
In reality, small changes influence in selecting portfolio, since the investment environment is quite 
sensitive. For facilitating problem formulation, we assumed that: 
1) The securities are evaluated based on the expected return rate and the loss-risk rate; 
2) Securities are imperfect and can be divided; 
3) Inthe course of transaction, there is no need to pay for transactions; 


4) Investors must obey the assumptions of avoiding risk and of non-satisfaction; 
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5) During the investment period, the interest rate of the bank is fixed; 
6) The operation of short selling is not allowed; 
7) There are n different risk securities. 
3.2 Notations 
7%: Bank interest rate; 
y: Expected return rates, i = 1,2,...,n; 
A, Risked return rates, i= 1,2,...,n,j = 1,2,..,m; 
Xo: Proportion of total investments during the investment period 
x;: Proportion of funds invested in the secondary securities, i = 1,2, ...,; 
R: Total expected return rate; 
b: Risk coefficient of portfolio investment; 
V: Maximum value of all securities risks. 
4. Formulation of the Problem 
Consider the stock problem introduced by Yin [28]. The expected rate of return of a combination of 


investments, takes the form: 


Investors aim to maximize investments interest and minimize risk in their risk securities. The risk 
coefficient of portfolio bindicates the market risk. In case of b > 1, risk of stock portfolio is more 
than the average value of the market risk; in the case of b < 1, the risk of stock portfolio is less than 
the average value of market risk; when b = 1, the average market risk and stock portfolio risk are 
equal. The maximum value of all securities risks, denoted 

V = maxi, x1, Arx2,...,AnXn) 


Now we can formulate the following linear programming model: 


n 


max R = >. TX; 


i=0 
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Ax <b 
n 


s.t. oye =1 (5) 


i=0 
x, = 0, i= 1,2,..,n 


The above model is the classical linear programming problem. For more generalization and 
flexibility, it is more reasonable to describe r,, 6, and A; as pentagonal fuzzy neutrosophic numbers. 


So, we set up the following model: 


~ NP 
KR xX; 


n 
max RN? = rpx9 + 


i=1 


ANP x < pr 


5. Solution Procedure of Pentagonal Fuzzy Neutrosophic LPP 


In this section we will illustrate the solution procedure of the pentagonal fuzzy neutrosophic 
linear programming problem. The model associated with pentagonal fuzzy neutrosophic 


numbers in expected return rates, risk loss rates and risk coefficients 
5.1 Formulation of pentagonal fuzzy neutrosophic LPP 


“a “ es eS ie fe T - i. a = 
Assume that AN? = (Aj? 5 OO SO ay che) gg FO Sa he te) and 


mxn 


X = (X1,Xz,..-,X,)’. The following pentagonal neutrosophic linear programming model 


has been set up: 


max RNP = 1x9 + 


n 
~ NP 
HX 


j=1 


s.t. ye (7) 
= 


Based on the score function defined in section 2, the pentagonal neutrosophic linear programming 


model transformed to regular linear programming model which is quite easy and solvable. 
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n 
> sc (AN? )x, < Sco?) 
j=l 

n 


s.t. Yue (8) 
“= 


j=0 


6. Numerical Example 


In this section, a numerical example is studied to demonstrate the proposed approach. Consider the 
choice of an investor in five available stocks; the first one is a portfolio of bank savings with annual 
rate of interest 7%) = 0.07. The data of the other four stocks are given in the following table 1, table 2 
and table 3. 


Table 1.Expected return rate % 


Stocks FPN 

S; CNPC (601857) (11.5, 12.0, 12.2, 12.5, 12.9; 1.0, 0.0,0.0 ) 
S, CNPC (600028) (15.8, 16.0, 16.2, 16.5, 16.8; 1.0, 0.0,0.0 ) 
S3 Wanke (000002) (13.7, 14.0, 14.3, 14.5, 14.9; 1.0, 0.0,0.0 ) 
S4 Poly (600048) (13.0, 13.5, 14.0, 14.5, 15.0; 1.0, 0.0,0.0 ) 


Table 2. Risk Loss Rate % 


Aj? Risk loss rate 

AM (3.8, 4.0, 5.2, 5.6, 5.9; 1.0, 0.0,0.0 ) 
AN (9.0, 10.0, 12.5, 14.0, 16.9; 1.0, 0.0,0.0 ) 
AM (3.2, 4.0, 4.8, 5.5, 6.0; 1.0, 0.0,0.0) 
ANP (8.7, 9.0, 11.9, 14.0, 16.3; 1.0, 0.0,0.0 ) 
Agr (0.9, 1.0, 1.1, 1.2, 1.3; 1.0, 0.0,0.0 ) 
Age (1.39, 1.7, 2.15, 3.0, 3.32; 1.0, 0.0,0.0 ) 
AL (1.2, 3.0, 3.2, 4.0, 4.8; 1.0, 0.0,0.0 ) 
rer (1.59, 1.8, 2.27, 3.0, 3.3; 1.0, 0.0,0.0 ) 


Table 3. Risk coefficient% 


bee Risk coefficient rate 
bie (1.2, 1.5, 2.0, 2.2, 2.4; 1.0, 0.0,0.0 ) 
ie (0.6, 0.9, 2.0, 2.6, 3.0; 1.0, 0.0,0.0 ) 


The given problem can be formulated in the following model: 
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n 
maxRN? = ryx9 + >» SCG” )xj 
j=l 


SC(ANP xy + SC(AMP) x2 + SC(AYS x3 + SC(ANP) x4 < SC(BI?) 
SC(A}P Jay + SC(AYS x. + SC(AM? xg + SC(ASP x4 < SC(bY 
Xo + x, + X2 + x3 + X4 = 1 
x20, O<j<4 


9) 


S.t. 


According to properties and arithmetic operations on pentagonal fuzzy neutrosophic numbers, 
we obtain the following mathematical model: 


maxR = 0.07 xp + 0.09165 x, + 0.12195x, + 0.1071x3 + 0.105x, 


3.675 x1 + 9.36 x2 + 3.525 x3 + 8.985 x4 < 1.395, 
0.825 x, + 1.734 x2 + 2.43 x3 +1.794 x4 < 1.365, 
Xo +X +X. +%3 +X, = 1, 
x%20,0Sj;<4. 


(10) 


The optimal solution is: 

Xo = 0.6042553, x, = 0.0, x) = 0.0,x3 = 0.3957447, x, = 0.0, 
The optimal value R = 0.084682 

The obtained results indicate that the optimal investment under the offered information 
occurred when 60.0426% of all capital is saved to the bank with interest rate 7%and 39.57% of 
the total capital is invested into security of S3. This strategy leads to the maximum expected 
return 8.4682% on the premise of risk coefficients band bY”. 
7. Comparative Study 

This section, introduces a comparative study between the topics covered by our proposed 

approach and those studied by some other researchers in related work in solving PS problems. 


Table 4. Comparisons with some researcher's contributions 


Reference no. Efficient Environment Type of number 
solution 

[28] NO Fuzzy Triangle interval valued 
[29] NO Neutrosophic Neutrosophic 
[30] NO Fuzzy Fuzzy-valued function 
[31] NO realistic Real 
[32] NO stochastic random variables 
[33] NO Fuzzy Triangle 
Our investigation YES Neutrosophic Neutrosophic 
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8. Conclusion Remarks and Future Work 
A formulation of stock portfolio problem involving neutrosophic pentagonal fuzzy numbers in the 
rate of risked return, expected return rate and portfolio risk amount is proposed. Using score 
function, the problem is converted to its corresponding crisp form. A solution approach is 
investigated to provide the decision of the portfolio investment joined with investors in savings and 
securities. The main advantages of this study are: the freedom in choosing the risk coefficients to 
maximize the expected returns; also, the investors may select their strategies under consideration of 
their own conditions. The optimal return rate is obtained using TORA software. A numerical 
example indicates that the approach is reliable and efficient for studying pentagonal neutrosophic 
stock portfolio. Future work may include the further extension of this study to other fuzzy- like structure (1. 
e., interval- valued fuzzy set, Neutrosophic set, Pythagorean fuzzy set, Spherical fuzzy set etc. with more 


discussion and suggestive comments. 
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Abstract. Connectedness (resp. disconnectedness), which reflects the key characteristic of topological spaces 
and helps in the differentiation of two topologies, is one of the most significant and fundamental concept in 
topological spaces. In light of this, we introduce hypersoft connectedness (resp. hypersoft disconnectedness) 
in hypersoft topological spaces and investigate its properties in details. Furthermore, we present the concepts 
of disjoint hypersoft sets, separated hypersoft sets, and hypersoft hereditary property. Also, some examples 


are provided for the better understanding of these ideas. 


Keywords: hypersoft connected (resp. hypersoft disconnected); hypersoft topology; hypersoft sets; disjoint 
hypersoft sets; separated hypersoft sets; hypersoft hereditary property. 


1. Introduction 


Some mathematical concepts, such as theory of fuzzy sets, theory of rough sets, and theory 
of vague sets, can be considered as mathematical tools for dealing with uncertainties. However, 
each of these theories has its own difficulties. Molodtsov [1] first proposed the concept of soft 
sets as a general mathematical tool for dealing with uncertain objects. He successfully applied 
soft set theory to a variety of fields, including the smoothness of functions, game theory, 
operation research, Riemann integration, and elsewhere [1,2]. Applications have been made to 
decision-making, business competitive capacity information systems, classification of natural 
textures, optimization problems, data analysis, similarity measures, algebraic structures of 
soft sets, soft matrix theory, parameter reduction in soft set theory, classification of natural 


textures, and soft sets and their relation to rough and fuzzy sets. In 2003, Maji et al. [3] 
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presented the basic operations of soft sets. After that, the properties and applications of soft 
set theory have been studied increasingly [4-7]. In 2011, Shabir and Naz [8] and Cagman et 
al. [9] introduced and studied the notion of soft topological spaces in different ways. Then, 
some authors has began to study some of basic concepts and properties of soft topological 
spaces [10-20]. Moreover, the concept of connectedness attracted the interest of researchers 
(21, 22]. 

In 2018, Smarandache [23] proposed the notion of hypersoft set as a generalization of soft 
set. Then, Saeed et al. [24] put forward the basic concepts of hypersoft set theory. They 
defined the operators of the intersection, union, and difference between two hypersoft sets as 
well as a complement of a hypersoft set. In [25], Saeed et al. modified some operators in [24] 
and presented some new types. Abbas et al. [26], in a unique approach, presented new types 
of these operators as well as they introduced the concept of hypersoft points. 

The concept of bipolar hypersoft sets (a hybridization of hypersoft set and bipolarity) was 
introduced and discussed in detail by Musa and Asaad [27]. In [28], they initiated the study 
of bipolar hypersoft topological spaces and studied some topological structures via bipolar 
hypersoft sets. Musa and Asaad [29] continued studying bipolar hypersoft topological spaces 
by presenting the notion of bipolar hypersoft connected (resp. bipolar hypersoft disconnected) 
spaces. The concepts of separated bipolar hypersoft sets and bipolar hypersoft hereditary 
property were also investigated by them. 

Recently, Musa and Asaad [30] initiated the study of hypersoft topological spaces. They 
defined hypersoft topology as a collection J, of hypersoft sets over the universe U with a 
fixed set of parameters £. Consequently, they defined basic concepts of hypersoft neighbor- 
hood, hypersoft limit point, and hypersoft subspace and investigated their several properties. 
Furthermore, Musa and Asaad explored and studied in detail hypersoft closure, hypersoft in- 
terior, hypersoft exterior, and hypersoft boundary, as well as the relationship between them 
were discussed. 

In this work, we introduce a new concept in hypersoft topological spaces called hypersoft 
connected (resp. hypersoft disconnected) spaces. Preliminaries on basic notions related to hy- 
persoft sets and hypersoft topological spaces are presented in Section 2. Section 3 gives the 
concepts of disjoint hypersoft sets, separated hypersoft sets, hypersoft connected (resp. hy- 
persoft disconnected) spaces, and hypersoft hereditary property as well as some examples are 
given for the better understanding of these ideas. A summary of the recent work and an idea 


for additional research are provided in Section 4. 
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2. Preliminaries 


In this section, we present the necessary concepts and results that are related to hypersoft 


set and hypersoft topology. 


2.1. Hypersoft Sets 


Let U be an initial universe, P(U) the power set of U, and E£}, Fo,..., En the pairwise of 
disjoint sets of parameters. Let A;, B; C F; for i = 1,2,...,n. 
Definition 2.1. [23] A pair (F', A; x Ag x ... x An) is called a hypersoft set over U, where 
F is a mapping given by F’: A, x Ag x... xX An > P(U). 

From now on, we write the symbol € for Ey x Eg x... xX En, A for Ay x Ag Xx... X An, and 
B for By x By x... x Bn where A, BC £. Clearly, each element in 4,8 and € is an n-tuple 


element. 


Moreover, we represent hypersoft set (I’,-4) as an ordered pair, 
(F, A) = {(a, F(a)): a€ A}. 
Definition 2.2. [24] For two hypersoft sets (F,4) and (G,B) over a common universe U, 
we say that (F’, A) is a hypersoft subset of (G, B) if 
(1) ACB, and 
(2) F(a) C G(q) for alla € A. 
We write (F,A) C (G, 8). 


(F’, A) is said to be a hypersoft superset of (G, B), if (G, B) is a hypersoft subset of (F, A). 
We denote it by (F,.4) 2 (G, 8). 


Definition 2.3. [24] Two hypersoft sets (F,A) and (G,B) over a common universe U are 
said to be hypersoft equal if (F’,A) is a hypersoft subset of (G,B) and (G, B) is a hypersoft 
subset of (F, 4). 


Definition 2.4. [24] The complement of a hypersoft set (F’,A) is denoted by (F’, A)° and is 
defined by (F',.4)° = (F°, A) where F° : A > P(U) is a mapping given by F°(a) = U \ F(a) 
for allacA. 


Definition 2.5. [25] A hypersoft set (I, 4) over U is said to be a relative null hypersoft set, 
denoted by (®, A), if for all a € A, F(a) = ¢. 


The relative null hypersoft set with respect to the universe set of parameters £ is called the 
null hypersoft set over U and is denoted by (®, £). 

A hypersoft set (F',£) over U is said to be a non-null hypersoft set if F(a) 4 ¢ for some 
ace €. 
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Definition 2.6. [25] A hypersoft set (IF,A) over U is said to be a relative whole hypersoft 
set, denoted by (WV, A), if for alla € A, F(a) = U. 


The relative whole hypersoft set with respect to the universe set of parameters £ is called 
the whole hypersoft set over U and is denoted by (W, £). 

A hypersoft set (F’, £) over U is said to be a non-whole hypersoft set if F(a) # U for some 
ae E. 


Definition 2.7. [25] Difference of two hypersoft sets (F,A) and (G,B) over a common 
universe U, is a hypersoft set (H,C), where C = 4M Band for alla € C, H(a) = F(a)\G(a). 
We write (F,A) \ (G,B) = (H,C). 


Definition 2.8. [25] Union of two hypersoft sets (F',.A) and (G,B) over a common universe 
U, is a hypersoft set (H,C), where C = 4M 8 and for all a € C, H(a) = F(a) U G(a). We 
write (F,A) U (G,B) = (H,C). 


Definition 2.9. [25] Intersection of two hypersoft sets (F,A) and (G,B) over a common 
universe U, is a hypersoft set (H,C), where C = 4N8 and for alla € C, H(a) = F(a)NG(a). 
We write (F,A) 7 (G,8) = (H,C). 


Definition 2.10. [30] Let Y be a non-empty subset of U. Then (%,.4) denotes the hypersoft 
set over U defined by V(a) = YT for alla € A. 


Definition 2.11. [30] Let (F',.4) be a hypersoft set over U and YT be a non-empty subset of U. 
Then the sub hypersoft set of (F’, A) over T denoted by (F'y, 4) is defined as Fy (a) = TNF (a) 
for alla € A. 

In other words, (Fy, £) = (Y,A) 1M (IF, A). 


The following results are obvious. 


Proposition 2.12. Let (F1,A) and (F2,A) be two hypersoft sets over a universe U. Then 
the following holds. 


(1) (F,,A) A (F2,A) = (©, A) if and only if (F,,A) C (F2,A)° and (F2, A) C (F,, A); 


(2) If (F1,A) © (F2, A) then (IF, A) 1 (F2,A) = (F, A); 
(3) If Fy, A) © (Fo, A) then (Fi, A) 0 (Fo, A) = (Fo, A). 


2.2. Hypersoft Topological Spaces 


Let U be an initial universe and £& be a set of parameters. 


Definition 2.13. [30] Let J, be the collection of hypersoft sets over U, then Ty is said to 
be a hypersoft topology on UW if 
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(1) (®, £), (V, E) belong to Ty, 
(2) the intersection of any two hypersoft sets in J, belongs to Fy, 
(3) the union of any number of hypersoft sets in J belongs to Ty. 


We call (U, Z,, £) a hypersoft topological space over U. 


Definition 2.14. [30] Let (U,Z,,£) be a hypersoft space over U, then the members of Fy, 


are said to be hypersoft open sets in U. 


Definition 2.15. [30] Let (U,Z,,£) be a hypersoft space over U. A hypersoft set (F’, £) 
over U is said to be a hypersoft closed set in U, if its complement (F',£)° belongs to Ty. 


Proposition 2.16. /30/ Let (U,Zy,£) be a hypersoft space over U. Then 
(1) (®, £), (UW, £) are hypersoft closed set over U, 
(2) the union of any two hypersoft closed sets is a hypersoft closed set over U, 


(3) the intersection of any number of hypersoft closed sets is a hypersoft closed set over U. 


Definition 2.17. [30] Let (U,%,,£) be a hypersoft space over U and YT be a non-empty 
subset of U. Then 

Trt = {(Fr, £) | (e E) € Ty} 
is said to be the relative hypersoft topology on YT and (YT, JZ, £) is called a hypersoft subspace 
of (U, Ty, ei) 


The following results are obvious. 


Proposition 2.18. Let (Y,Zy,,,£) be a hypersoft subspace of hypersoft topological space 
(U, Ty, £) and (F,£) be a hypersoft set over U, then 
(1) (F, E) is hypersoft open in YT if and only if (F,£) = (Y, £) 1 (G,£) for some (G, E) 
€ Ty; 
(2) UF,£) is hypersoft closed in Y if and only if (F,£) = (Y,£) 1 (G,£) for some 
hypersoft closed set (G,£) in U. 


Definition 2.19. [30] Let (U,Z,,£) be a hypersoft space and (F', £) be a hypersoft set over 
U. The intersection of all hypersoft closed supersets of (F’, £) is called the hypersoft closure 


of (F', £) and is denoted by (F, £). 


Definition 2.20. [30] Let (U, Z,, £) be a hypersoft space over U. Then hypersoft interior of 
hypersoft set (IF, £) over U is denoted by (F’, £)° and is defined as the union of all hypersoft 


open set contained in (F’, £). 


Definition 2.21. [30] Let (U,Z,,£) be a hypersoft space over U, then hypersoft boundary 
of hypersoft set (IF,£) over U is denoted by (F,£)° and is defined as (F,£)° = (F,£) A 


(F, £)°. 
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3. Hypersoft Connected (resp. Hypersoft Disconnected ) Spaces 


In this section, we introduce and characterize one of the most important property of hyper- 


soft topological spaces called hypersoft connectedness (resp. hypersoft disconnectedness). 


Definition 3.1. Two hypersoft sets (F\,£) and (F2, £) are said to be disjoint hypersoft sets 
if (F,,£) M (Fo, £) = (®, £), that is, Fi(a) MN Fo(a) = ¢ for all a € E. 


Definition 3.2. Let (U,Z,,£) be a hypersoft topological space over U. Two non-null hy- 
persoft sets (F',£) and (F'2,£) are said to be separated hypersoft sets if and only if (F\, £) 
M (F2,£) = (®, £) and (Fi, £) 7 (Fo, £) = (©, €£). 


Note that any two separated hypersoft sets are disjoint hypersoft sets. 


Remark 3.3. The following example shows that two disjoint hypersoft sets are not necessarily 


separated hypersoft sets. 


Example 3.4. Let U = {u, to, us, iu}, Ey = {e1,e}, Eo = {es}, and Es = {e,}. Let Ty, 
= {(®,£), (W,£), (Fi,£), (Fo, €), (F3,£)} be a hypersoft topology defined on U where 
(F\,£), (Fo, £), and (F'3,£) are hypersoft sets over U, defined as follows 


(Fi, £) = {((e1, 3, e4), {t2, u3}), ((e2, 3, €4), (Us, taf) }- 
(IF2, £) = {((e1, €3, &4), &), ((e2, €3, &4), {us})}- 
(IF3, £) = {((e1, 3, €4), {t1, wa}), ((€2, €3, €4), {t1, Uo, Us})}. 
Suppose that (Gi, £) and (Go, £) are two hypersoft sets over U, defined as follows 
(Gi, £) = {((41, ¢3, ea), {u2, ua, wat), ((€2, €3, €4), b)}- 
(Go, £) = {((41, 3, 4), {m1 }), ((e2, 3, ea), U)$. 


It is easy to see that the two hypersoft sets (Gi, £) and (G2, £) are disjoint hypersoft sets 
but they are not separated hypersoft sets. 


Proposition 3.5. /f (F1,£) and (F2,£) are separated hypersoft sets over U and (Gy, £) = 


(F,,£) and (Gg, £) C (F2,£), then (Gy, £) and (G2, £) are also separated hypersoft sets. 


Proof. We are given that (F,,£)M (Fo,£) = (®,£) and (Fi, £) 7 (Fo, £) = (®,£). Also, 
(G,, £) C (Fi, €) implies (Gy, £) C (F, €) and (G2, £) E (Fe, £) implies (G2, £) C (Fo, €). 
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It follows that (G1,£) M (G2, £) = (6, £) and (G1, £) M (G2, £) = (©, £). Hence, (G1, £) 
and (G2, £) are separated hypersoft sets. 


Proposition 3.6. Two hypersoft closed (resp. hypersoft open) sets (F'\,£) and (F'2,£) of a 
hypersoft topological space are separated hypersoft sets if and only if they are disjoint hypersoft 


sets. 


Proof. Since any two separated hypersoft sets are disjoint hypersoft sets, we need only show 
that two disjoint hypersoft closed (resp. hypersoft open) sets are separated hypersoft sets. If 
(FF, £) and (Fo, £) are both disjoint hypersoft sets and hypersoft closed sets, then (IF, £) 1 
(Fo, £) = (©, £), (Fi, £) = (Fi, £), (Fa, £) = (Fe, £) so that (Fi, £) 1 (Fy, E) = (@, €) 
and (F,,£) M (F2,£) = (®,£) showing that (F,,£) and (IF2,£) are separated hypersoft 
sets. If (F\,£) and (F2,£) are both disjoint hypersoft sets and hypersoft open sets, then 
(F,, £)° and (F2, £)° are hypersoft closed so that (F,,£)¢ = (Fi, £)°, (Fo, £)¢ = (2, E)°. 
Also, (F1,£) Mi (F2,£) = (®,£) then (F,,£) € (Fo, £)*° and (Fo, £) E (Fi, £)°. Implies 
that (F,, £) C (Fo, £)° = (Fo, £)° and (Fz, £) C (Fi, £)° = (Fy, £)°. It follows that (F,, £) 
M (Fo, £) = (®, €) and (Fi, £) A (F2, £) = (6, £). Hence, (Fi, £) and (Fo, ) are separated 


hypersoft sets. 


Proposition 3.7. Let (F,,£) and (F2,£) are separated hypersoft sets of a hypersoft topolog- 
ical space (U, Ty, £). If (Fy, £) U (2, £) is a hypersoft closed, then (IF,,£) and (F2,£) are 
hypersoft closed. 


Proof. Suppose that (F,,£) UO (F2,£) is a hypersoft closed so that (F\,£)O(F2,£) = 
(F,, £)U(F2, £). To prove that (F,, £) and (IF, £) are hypersoft closed, we have to prove that 
(Fi, £) = (Fi, €) and (2, £) = (Fo, £). Since we have (F1,£)U(F2, £) = (Fi, £)U(Fo, €), 
then (F,, £)O(F2, £) = (Fi, £) U (Po, £). Evidently, (F\,£) = (Fi, £) 7 (Fi, £)O (Po, £)) 
= (F,,£) 7 (Fi, £)0(2, £)) = (A, £) 0 A, £)) 0 (4, £) 1 (Fs, £)) = UA, £) o 


(®, £) = (Fi, £). Thus, (Fi, £) = (F1, £). Similarly, we can prove that (F2,£) = (Fo, E). 


Definition 3.8. A hypersoft topological space (U, Fy, £) is said to be hypersoft disconnected 
if and only if (WV, £) can be expressed as the union of two non-null separated hypersoft sets. 


Otherwise, (U, Z,,£) is said to be hypersoft connected. 


Example 3.9. Let U = {m,m}, Fi = {e1,e@}, Eo = {es}, and Ey = {ey}. Let 
T, = {(®,£), (W,£), (F,£)} be a hypersoft topology defined on U where (F,£) = 
{((e1, e3, ea), U), ((e2, e3, e4), b)}. Then, it is easy to see that (U,Zy,,£) is a hypersoft con- 


nected space. 
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Example 3.10. Let U = {u, w, us}, Ey = {e1,e2}, Eo = {e3}, and Es = {ea}. Let Ty, = 
{(®, £), (W,£), (Fi, £), (F2,£)} be a hypersoft topology defined on U where (F1,£) and 
(2, £) are hypersoft sets over U, defined as follows 


(F,, £) = {((e1, e3, €4), {t1, uo}), ((€2, e3, &4), {1 })F- 


(Fo, £) = {((e1, e3, €4), {us }), ((e2, &3, ea), { 2, us }) f- 


Then, obviously (U, Jy, £) is a hypersoft disconnected space. 
Proposition 3.11. A hypersoft topological space (U,Fy4,£) is hypersoft disconnected if and 
only if any one of the following statements holds. 


i. (W,£) is the union of two non-null disjoint hypersoft open sets; 


ii. (W,£) is the union of two non-null disjoint hypersoft closed sets. 


Proof. Follows from Definition 3.8 and Proposition 3.6. 


Corollary 3.12. A hypersoft subspace (Y,Zy4,£) of a hypersoft topological space (U, Ly, £) 
is hypersoft disconnected if and only if (Y,£) is the union of two non-null disjoint hypersoft 
sets both hypersoft open (resp. hypersoft closed) sets. Thus, (Y,Zy,,£) is hypersoft dis- 
connected if and only if there exist two non-null hypersoft sets (F,£) and (G,£) in U both 
hypersoft open (resp. hypersoft closed) sets such that (F,£) 1 (%,£) 4 (®,£), (G,£) A 
(Y,£) # (®,£), (FZ) (Y,£)) 9 ((G,£) 9 (Y,£)) = (®, £), and (F,£) 1 (9, £)) o 
((G,£) 1 (Y,£)) = (, €). 


Proposition 3.13. Let (U, Ty,,,£) and (U, Ty,,£) be two hypersoft connected spaces on U, 


then (U, Ty, 1 Ty, £) is a hypersoft connected space over U. 


Proof. Suppose to the contrary that (U, Fy, 1 Ty,, £) is not a hypersoft connected space. 
By Proposition 3.11, there exist two non-null disjoint hypersoft sets (IFi,£), (F2o,£) © Fy, 
M TG, such that their union is (V,£) in (U,Ty,, 7 Fy, £). Since (Fi,£), (Fo, £) € Ty, 
M Ty, then (F,,£), (F2,£) € Fy, and (F,,£), (F2,£) € Ty. This implies that (F, £), 
(2, £) are two non-null disjoint hypersoft sets such that their union is (V, £) in (U, Zy,, £) 
and (F\,£), (F2,£) are two non-null disjoint hypersoft sets such that their union is (W, £) 


in (U, Ty,,,£) which is a contradiction to given hypothesis. Thus, (U, Ty, 7 Ty, £) is a 


hypersoft connected space over U. 


Remark 3.14. The following example shows that the union of two hypersoft connected spaces 


over the same universe need not be a hypersoft connected. 
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Example 3.15. Let U = {u, uw}, FE, = {e1,e@}, Eo = {es}, and E3 = {e4}. Let Dy, = Ty 
as in Example 3.9 and Jy, = {(®,£), (W,£), (F2,£)} be a hypersoft topology defined on 
U where (Fo,£) = {((e1, e3, €1), &), ((e2, eg, e4), U)}. Then, (U, Zy,,£) and (U, Zy,,£) are 
hypersoft connected spaces. 

Now, Fy, U Fy, = {(®, E), (V, E), (Fi, E), (Fo, £)} then (U, Fy, 0 Fy,, £) is not a hypersoft 
connected space since the two hypersoft open sets (F,£) and (F2,£) are disjoint hypersoft 
sets and their union is (VW, £) in Ty, U Ty,. 


Proposition 3.16. Let (U, Zy,,,£) and (U, Zy,,£) be two hypersoft disconnected spaces on 
U, then (U, Ty, U Ty,, £) is a hypersoft disconnected space over U. 


Proof. This is straightforward. 


Remark 3.17. The following example shows that the intersection of two hypersoft discon- 


nected spaces over the same universe need not be a hypersoft disconnected. 


Example 3.18. Let U = {m, mw, us}, FE, = {e1, 2}, Eo = {e3}, and E3 = {e4}. Let Ty, = 
Ty, as in Example 3.10 and Jy, = {(®, £), (V, £), (Mi, E), (Ho, £)} be a hypersoft topology 
defined on U where 


(A, e) = {((é1, 3, e4), {4, ust), ((é2, €3, es), {us})}- 


(2, E) = {((é1, €3, es), {u2}), ((é2, €3, e4), {u41, ) u3})}. 


Then, (U,Z,,,£) and (U,Zy,,£) are hypersoft disconnected spaces over U. Now, Zy, 
MN Ty, = {(®, £), (UV, £)} then (U, Fy, 7 T,, £) is not a hypersoft disconnected since there 


do not exist two non-null disjoint hypersoft open sets such that their union is (V,£) in Ty, 7 
Ty. 


Proposition 3.19. A hypersoft topological space (U,FZy4,£) is hypersoft disconnected if and 
only if there exists non-null, non-whole hypersoft set which is both hypersoft open and hypersoft 


closed. 


Proof. Let (F,£) be a non-null, non-whole hypersoft set which is both hypersoft open and 
hypersoft closed. We have to show that (U,%,,£) is hypersoft disconnected. Let (G,£) = 
(F,£)°. Then, (G,€) is non-null since (F',£) is non-whole hypersoft set. Moreover, (F', £) 
“1 (G,£) = (W,£) and (F,£)  (G,£) = (®,£). Since (F,£) is both hypersoft open and 
hypersoft closed, then (G,£) is also hypersoft open and hypersoft closed. Hence, (F, €) = 
(F,£), (G,£) = (G,€). It follows that (F,£) 7 (G,£) = (®,£) and (F,£) A (G, £) 
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(®,£). Thus, (V,£) has been expressed as the union of two separated hypersoft sets and so 
(U, I, £) is a hypersoft disconnected. 
Conversely, let (U, Tj,, £) be a hypersoft disconnected. Then, there exists non-null hypersoft 


sets (F,£) and (G, €) such that (F,£) M (G, £) = (®, £) and (F, £) 7 (G, £) = (®, £) and 
(v,£) = (F,£) 0 (G,€). Since (F,£) C (F,£), (F,£) 1 (G, €) = (6, €) then (F,£) 7 
(G,£) = (®,£). Hence, (F,£) = (G, £)°. Since (G, £) is non-null and (G, £) 0 (G, £)° = 
(U, £), it follows that (G,£) = (IF, £)° is a non-whole hypersoft set. Now, (F,£) 0 (G, £) 
= (U,£). Also, (F,£) A (G,£) = (6, £) then (F,£) = [(G, £)|° and similarly (G,£) = 


[((F, £)|°. Since (F, £) and (G, €) are hypersoft closed sets, it follows that (F',£) and (G, €) 
are hypersoft open sets. Since (F,£) = (G,£)°, (F,£) is also hypersoft closed set. Thus, 


(F’, £) is non-null, non-whole hypersoft set which is both hypersoft open and hypersoft closed. 


We have shown incidentally that (G,£) is also a non-null, non-whole hypersoft set which is 


both hypersoft open and hypersoft closed. 


Corollary 3.20. A hypersoft topological space (U,TIy,£) is hypersoft connected if and only 
if the only hypersoft sets which are both hypersoft open and hypersoft closed are (®,£) and 
(W, £). 


Corollary 3.21. Let (U,Z,,£) be a hypersoft topological space and let TY be a non-empty 
subset of U. Then, (Y,Zy4,,£) is hypersoft disconnected if and only if there exists non-null, 
non-whole hypersoft set, say, (F'y,£) which is both hypersoft open and hypersoft closed. That 
is, if and only if there exists a hypersoft open set, say, (F,£) in U and a hypersoft closed set, 
say, (G,£) in U such that (Fy, £) = (F,£) 9 (9,£) and (Fy, £) = (G,£) 7 (Y,£). 


Proposition 3.22. A hypersoft topological space (U, Zy,£) is hypersoft connected if and only 


if every non-null, non-whole hypersoft set has a non-null hypersoft boundary. 


Proof. Let every non-null, non-whole hypersoft set has a non-null hypersoft boundary. To 
show that (U, Z,,£) is hypersoft connected. Suppose, if possible (U, J, £) is hypersoft dis- 
connected. Then there exist non-null disjoint hypersoft sets (F',£) and (G, £) both hypersoft 
open and hypersoft closed sets such that (V,£) = (F,£) U (G,£). Therefore, (F,£) = 
(F,£) = (F,£)°. But, (F,£)° = (F,£) \ (F,£)°. Hence, (F,£)° = (F,£) \ (F,£) = 
(®, £), which is contrary to our hypothesis. Hence, (U,Z,,£) must be hypersoft connected. 

Conversely, let (U,Z,,£) be hypersoft connected and suppose, if possible, there exists a 
non-null, non-whole hypersoft set (F,£) such that (F,£)° = (®,£). Now, (F,£) = (F,£)° 
CO (F,£)° = (F,£) U (F,£)*. Hence, (F,£) = (F,£)’ = (F,£) showing that (F,£) 
is both both hypersoft open and hypersoft closed set and therefore (U,%,,£) is hypersoft 
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disconnected by Proposition 3.19. But this is a contradiction. Hence, every non-null, non- 


whole hypersoft set must have a non-null hypersoft boundary. 


Proposition 3.23. Let (U1, Ty,,,£) and (U2, Zy,,£) be two hypersoft topological spaces. If 
(U1, Zy,,£) is hypersoft disconnected and Ty, Cc Ty, then (Us, Zy,,£) is hypersoft discon- 


nected. 


Proof. Since (U1, Zy4,,£) is hypersoft disconnected, then there exists non-null, non-whole 
hypersoft set (IF, £) which is both hypersoft open and hypersoft closed in Ud. Since Ty, is 
finer than J,, then (F', £) is a hypersoft open set belonging to Up. Again, since (F', £) isa 
hypersoft closed set in U;, then (F', £)° is a hypersoft open set. Since J, is finer than Tz,, 
then (F',£)*° is a hypersoft open set belonging to Uz and consequently (F', £) is a hypersoft 
closed set in Ug. Thus, (F',£) is a non-null, non-whole hypersoft set which is both hypersoft 


open and hypersoft closed in Up. It follows that (U2, T,,,£) is hypersoft disconnected. 


Corollary 3.24. Let (U1, Ty,,,£) and (U2,TZy,,£) be two hypersoft topological spaces. If 
(U1, Zy,,£) is hypersoft connected and Ty, fe Ty,, then (U2, Zy,,£) is hypersoft connected. 


Definition 3.25. Let (U, Z,,£) be a hypersoft space over U. A hypersoft set (FF, £) is said 
to be hypersoft disconnected if and only if it is the union of two non-null separated hypersoft 
sets, that is, if and only if there exists two non-null hypersoft sets (F1,£) and (F2, £) such that 


(F,,£) 7 (Fo, £) = (®, €) and (F,, £) M (Fo, £) = (®, £) and (F, £) = (Fi, £) U (PF, £). 
A hypersoft set (F’, £) is said to be hypersoft connected if it is not hypersoft disconnected. 


Proposition 3.26. Let (U, T,,£) be a hypersoft topological space and let (IF, £) be a hypersoft 
connected set such that (F,£) C (F,,£) 0 (F2,£) where (F,,£) and (F2,£) are separated 
hypersoft sets. Then (F,£) © (F,,£) or (F,£) € (Fy, £). 


Proof. Since (IF,,£) and (IFp, £) are separated hypersoft sets, then (IF, £)/ (Fo, £) = (®, E) 
and (F,,£) Mi (F2,£) = (®,£). Now, (F,£) € (F,,€) 0 (Fz, £) then (F,£) = (F,£) A 
((F,,£) U (Fo, £)) = ((F,£) 9 (F,£)) O ((F,£) 0 (Fo, £)). We claim that at least one 
of the hypersoft sets (F,£) 1 (Fi,£) and (F,£) 7 (F2,£) is null hypersoft set. For , if 
possible, suppose none of these hypersoft sets is null, that is, suppose that (F,£) M (F\, £) 
# (®,£) and (F,£) M (F2,£) 4 (®,£). Then, ((F,£) 7 (F,,£)) 7 ((F,£)M(Fo, £)) 
((F,£) (Fi, £))  (F,) Fi UF, ®) = (PF, £) 8 WFD) fi (Fy, £) fi (Fe, )) = (F.) 
M (®, £) = (, £€). Similarly, ((F,£)A(Fi, £)) 7 (UF, £) 7 (Fo, £)) = (®, £). Hence, (F, £) 
M (F,,£) and (F, £) A (2, £) are separated hypersoft sets. Thus, (IF, £) has been expressed 


as union of two separated hypersoft sets and consequently (F',£) is hypersoft disconnected. 
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But this is a contradiction. Hence, at least one of the hypersoft sets (F,£) M (Fi, £) and 
(F,£) 1 (F2,£) is null hypersoft set. If (F,£) 7 (Fi, £) = (®,£), then (F,£) = (F,£) 
Mi (F2,£) which implies that (F,£) € (F2,£). Similarly, if (F,£) M (Fo, £) = (®,£), then 
(F,£) C (Fi, £). Hence, either (F,£) C (Fy, £) or (F,£) E (Fo, €). 


Proposition 3.27. Let (F,£) be a hypersoft connected set and (G,£) be any hypersoft set 
such that (F, £) E (G, E) c (F,£), then (G, £) is hypersoft connected. In particular, (F', €) 


is hypersoft connected. 


Proof. Suppose (G,£) is hypersoft disconnected. Then, there exist non-null hypersoft sets 
(F,,£) and (F2,£) such that (F,,£) 1 (Fo, £) = (®,£) and (F,,£) A (Fo, £) = (6, €) 
and (G,£) = (Fi, £) 0 (Fo, €). Since (F,£) C (G, £) = (Fi, €) O (Fy, €), it follows from 
Proposition 3.26 that (F,£) C (F,,£) or (F,£) © (Fo,£). Let (F,£) € (Fy, £) which 
implies that (F,£) C (F,,€) then (F,£) A (F2,£) € (Fi, £) A (F2,£) = (®,£), but 
(®,£) C (F,£) Ai (Fy, £), then we have (F, £) M (2, £) = (®,£). Also, (F,,£) 0 (Fo, £) 
= (G,€) € (F,€) then (Fo, £) C (G, £) CE (F, E) implies that (F, £) 7 (F2, £) = (Fo, €). 
Hence, (F2,£) = (®,£) which is a contradiction since (F2,£) is non-null. Hence, (G, £) 


must be hypersoft connected. Again, since (F’, £) c (G, £) C (F,€), we see that (F, £) is 


hypersoft connected. 


Proposition 3.28. Let {(F;,£) | i € I} be the family of hypersoft connected sets such that 
M{(F;,£)|ie I} 4 (®,£). Then U{(F;,£) |i € I} is hypersoft connected sets. 


Proof. Suppose (F,£) = U{(F;, £) | i € I} is not hypersoft connected. Then, there exist two 
non-null disjoint hypersoft sets (F1,£) and (F2,£) both hypersoft open such that (F,£) = 
(Fi, £) U (Fo, €). For each i, (F1,£) 7 (F;, £) and (Fa, £) A (F;, £) are disjoint hypersoft 
sets both hypersoft open in (F;,£) such that ((F1,£) 9 (Fi, £)) UO ((Fe,£) 7 (Fi, £)) = 
((F1,£) U (F2,£)) 7 (F;,£) = UF;,£). Since (F;,£) is hypersoft connected, one of the 
hypersoft sets (F1,£) M (F;, £) and (F2,£) A (F;, £) must be null hypersoft set, say, (F 1, £) 
M (F;,£) = (®,£). Then, we have (F2,£) M (F;,£) = (F;,£) which implies that (F;, £) 
C (F2,€) for all i € I and hence O{(F;,£) | i € I} C (Fo, €), that is, (F1,£) O (Fe, €) 


C (F2,£). This gives, (F1,£) = (®,£) which is a contradiction since (F1,£) is non-null. 


Hence, (F ,£) must be hypersoft connected. 


Definition 3.29. A property of a hypersoft topological space is said to be hypersoft hereditary 
if every hypersoft subspace of the space has that property. 
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Remark 3.30. The hypersoft disconnectedness (resp. hypersoft connectedness) is not a hy- 
persoft hereditary. 


Example 3.31. Let U = {u, uw, us}, FE, = {e1,e2}, Eo = {e3}, and Es = {ea}. Let Ty, = 


{(®, £), (W,£), (Fi, £), (Fo, £)} be a hypersoft topology defined on U, where (F\,£), and 
(F2,£), are hypersoft sets over U, defined as follows 


(Fi, E) =a {((e1, €3, €4), {u2}), ((e2, €3, ea), {u})}- 

(Fo, £) = {((e1, e3, e4), {t1, us}), ((€2, 3, ea), {u2, us })}- 
Then, (U, Z,, £) is a hypersoft disconnected space. 

Now, let T = {us}, then Jy, = {(®, E), (Y, E)} is a hypersoft topology defined on Y. Since 
(®, £) and (%, €) are the only hypersoft open and hypersoft closed sets then by Corollary 3.20, 
(Y, Zz, £) is a hypersoft connected subspace of hypersoft disconnected space. 

Example 3.32. Let U = {t, tw, us}, Ey = {e1,e}, Eo = {e3}, and F3 = {a}. Let Ty 


= {(®,£), (W,£), (Fi,£), (F2,£), (F3,£)} be a hypersoft topology defined on U, where 
(F\,£), (Fo, £), and (F3,£) are hypersoft sets over U, defined as follows 


(Fi, £) = {((e1, 3, 4), {m1 }), ((e2, 3, ea), {uo})}- 
(Fo, £) = {((e1, ¢3, e4), {ua}), ((e2, e3, ea), {ua })}- 
(IF3, £) = {((e1, 3, e4), {t, ua}), ((e2, 3, €4), {t, 2 })}- 
Then, (U, TZ, £) is a hypersoft connected space. 
Now, let Y = {u, u}, then Ty, = {(6, £), (%,£), (Fiz, £), (F,,£), (Fay, £)} is a hy- 


persoft topology defined on Y, where (Fi, £), (F2,,£), and (F3,,£) are hypersoft sets over 
Y, defined as follows 


(Fix, £) = {((e1, e3, €4), {41 }), ((e2, &3, ea), {ua}) Fe 


(Foy, £) = {((e1, €3, €4), {u2}), ((e2, &3, 4), {uf ) Fe 


Sagvan Y. Musa, Baravan A. Asaad, Connectedness on Hypersoft Topological Spaces 


Neutrosophic Sets and Systems, Vol. 51, 2022 679 


(FoxsE) = {((é1, &3, ea), T), ((e, @3, ea), Y)} = (YB). 


It is easy to see that (YT, Z1.,£) is a hypersoft disconnected subspace of hypersoft connected 


space. 


4. Conclusions 


In this paper, we have initiated the concept of hypersoft connected (resp. hypersoft dis- 
connected) spaces. Then, some results of this concept were discussed. Furthermore, we have 
presented the concepts of disjoint hypersoft sets, separated hypersoft sets, and hypersoft hered- 
itary property along with some illustrative examples. In future studies, we can define some 
other topological structures in the frame of hypersoft topological spaces such as hypersoft 
locally connected space, hypersoft component, hypersoft compact space, and hypersoft para- 
compact space. Moreover, we can define hypersoft separation axioms by using both ordinary 


points and hypersoft points. 
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Abstract. An icebreaking theory known as neutrosophic theory opened a new direction for researchers of 
philosophy, logics, set theory and probability/statistics. Neutrosophy put the point base for a entire household 
of new mathematical speculations that summarized classical and fuzzy correspondence theories. In this article, 
we introduced the conception of neutrosophic fuzzy ideal theory of ordered semigroups based on belongs to 
relation and quasi-coincident with relation. Particularly, neutrosophic fuzzy generalized bi-ideal (resp. bi-ideal) 
of type (€, € Vq) have been developed and detail symposium on multi-dimension of the neutrosophic said ideals 
in ordered semigroup has given. Further, a verity of depictions of ordered semigroups in expression of (€, € Vq)- 
fuzzy generalized bi-ideals have been constructed and several related examples have been formulated. Finally, 
the lower parts of neutrosophic (€,€ Vq)-fuzzy generalized bi-ideals were proposed and ordered semigroups 


have been discussed by the properties of these newly developed neutrosophic fuzzy generalized bi-ideals. 


Keywords: Ordered Semigroup; Neutrosophic set; Neutrosophic (€, € Vq)-fuzzy bi-ideal; Neutrosophic (€, € 


Vq)-fuzzy generalized bi-ideal; lower Parts of the Neutrosophic generalized bi-ideals.) 


1. Introduction 


In the modern times, economics and technological progress play a pivotal part in the evo- 
lution of at all particular country. Caused by high-quality analysis in the new field such as 
computer science, control system engineering, analyses of the data , economics, error-correction 
coding, answerable, prediction and automated, most realms have fallen back. These new realms 
spend a large scrap of their budgets in these areas. From another point of view, the above- 
mentioned meadows face several complex issues calling for uncertainty. These completed issues 
cannot be solved by traditional techniques. There are definite types of speculations, such as 
theoretical probability, fuzzy set theory, rough set theory, and soft set theory, which can be 
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use for the above problems. However, all these theories have their importance and inherent 
limitations. One of the main problems accepted by these speculations is their incompatibility 
with parametric implements. In order to control such labours, in 1965, Zadeh [1] introduce the 
ice breaking conception of fuzzy subset, which could handling imprecision and uncertainties of 
these king of problems. So, here we specify some terms which is used throughout my thesis, 
FG is used for fuzzy group, OSG is used for ordered semigroup, OSGs used for ordered semi- 
groups, SUBG used for subgroup, for fuzzy left (resp. right) ideal used FL(resp. right)I, for 
fuzzy generalized bi-ideal FGB-I is used, for quasi-ideal Q-I is used, for bi-ideal B-I is used, for 
fuzzy subgroup FSUBG is used, for regular RG is used, for completely regular CRG is used, 
for intra-regular intra-RG is used, for semigroup SG is used, for prime P is used, for semiprime 
SP is used, for simple SMP is used, for left simple LSMP is used, for quasi-prim Q-P is used, 
for weakly quasi-prim Q-P is used, for fuzzy left ideal FLI is used, (€,€ Vq)-fuzzy left ideal 
(€, € Vq)-FLI is used, for subsemigroup SUBSG is used, for interior ideal II is used, for fuzzy 
set FS is used, for (€,€ Vq)-fuzzy generalized bi-ideal (€, € Vq)-FGB-I is used, for (€, € Vq)- 
fuzzy bi-ideal (€,€ Vq)-FB-I is used, for right simple RSMP is used, for fuzzy quasi-prime 
ideal FQ-PI is used, for strongly regular SRG is used, for fuzzy quasi-ideal FQ-I is used, and 
for plural only small “s” is added at the end e.g fuzzy ideals FIs, for weakly prime fuzzy ideal 
WPFI is used, for completely prime fuzzy ideal CPFI is used, for completely semiprime fuzzy 
ideal CSPFI is used, for fuzzy point FP is used, for quaasi Q is used, for subgroup SUBG is 
used, for (€, € Vq)-fuzzy left (resp. right) ideal (€,€ Vq)-FL(resp. right)I is used, for intu- 
tionistic fuzzy set IFS is used, for neutrosophic set NS is used, for neutrosophic(€, € Vq)-fuzzy 
generalized bi-ideal neutrosophic (€,€ Vq)-FGB-I is used, for intutionistic set IS is used, for 
paraconsistent set PS is used, for strongly simple SSMP is used, for characteristic function CF 
is used, for lower part LP used, and other also expressed on the same way else stated. Further 
Zadeh [4-7] elaborated the conception of fuzzy set to a large extent. After that 1971, Rosen- 
feld [2] proposed the new conception of fuzzy group(FG) it opened a new direction for the 
scientists to assessment different conceptions and consequence from the principality of algebra 
in the larger flow of fuzzy surroundings. Possess the inspiration considering, Das [3] suggested 
the conception of level subgroup of the FG. Further, Kruoki [12-16] described the notions of 
fuzzy left (resp. right, bi-, quasi-, generalised bi-) ideals of SGs and thereby identified vari- 
ous classes (regular, intra-regular, completely regular, semiprime, left simple) of semigroups 
in terms of these conceptions. The renowned research group of Kehayopulu [17-21] studied 
fuzzy left (right, bi-, interior and quasi-) ideals in OSGs to a greater extent. Moreover, The 
conception of (a, 3)-FSUBG by utilizing the “belongs to” relation (€) and “quasi-coincident 
with ”relation (q) of fuzzy point(FP) with fuzzy set(FS) by studied by Bakat and Das [9, 10] 
and Bakat [11]. Further the conception of the sort of (a, 3)-FIIs, and new conception of sort 
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an (€,€ Vqz)-FI of an OSG of S is determined by khan et al. [32], here k is an testimo- 
nial component of [0,1). Otherwise expressed. Further demonstrated that in a regular(resp. 
semisimple) of OSG, the ideas of (€,€ Vq,)-FI and (€,€ Vq,)-FIIs matched. Similarly, the 
conception of (a, (@)-FL(resp. right)Is of an OSG of S and the new kind of FL(resp. right)Is 
of the type (€, € Vqx)-F (resp. right)Is, here k € [0, 1). Special in this paper, reported the 
relation between ordinary FI and (€,€ Vq,)-FIs of an OSG was initiated by Khan et al. [33]. 
After this, the conception of IFSs, which is a extension of FSs and provably equivalent to 
interval valued FSs are initiated by Atanassov [22], in 1986. 

Further, in 1998 Smarandche [23] generalized the ice breaking conception of IFS, PS, and 
IS to the NS, and initiated the new conception of the NS. 
After this big achievement Maji [24] reported the conception of neutrosophic soft set. More- 
over, using the conception neutrosophic solution to make MCDM standard decisions. In ad- 
dition to studying some interesting mathematical properties of the method, the algorithm 
neut-MCDM is also proposed. This work also provides a concise basis for the MCDM com- 
munity with the first introduction of the NS this work proposes a multi approach which was 
investigated by Kharal [25]. However Salama et al. [26] investigate the notion of “neutosophic 
crisp neighborhoods system for the neutrosophic crisp point”. In addition, to introduced and 
investigated the notion of the local function of the neutrosophic crispness, and constructed a 
new type of neutrosophic crisp topological space through the ideals of the neutrosophic crisp- 
ness. It involves the possible application of GIS topology rules. Further the notion of rough 
NS was Studied by Broumi et al. [27], in this article they developed a hybrid structure said to 
be “ Rough Neutrosophic Sets(RNSs)” and also, investigate their possessions. Therefore, both 
the NS theory and rough set theory are becoming a powerful tools for managing uncertainty, 
incompleteness and imprecision information. Mover the operation on the interval NS were 
investigated by Broumi and Smarandache [28], in this paper they further defines three new 
operation on interval NSs whic is based on arthmetic mean, geometric mean and harmonic 
mean. So the interval NS is an example of NS, which can be used in actual science and 


engineering 


2. Some Basic Definitions and Results 


Definition 2.1. If (S,.) is semigroup, then the structure (S,.,<) is called an OSG, (S,<) is 
a partially ordered set (poset) i.e a < a (reflexive), a< 6,6 <y => a= 8 (anti-symmetric), 
a<B,B<y>a < 4,(transitive) Va, 6, y € S andz < y= za < yf and za < xb 
Va,b,a €S. 
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Definition 2.2. Let X be an OSG S. Then interpret the subset (X] of S as. 


(X] = {y € Sly < x for some x € X}. 
If X = {x}, then the notion (x] is used of ({a}]. For any subset X and Y of S, XY = {xy|x € X 
and y € Y} so throughout my thesis S is an OSG unless otherwise indicated. 
The definition of SUBSG and left (right) ideal are discussed as follow. 


Lemma 2.3. If S be an OSG, then the understated condition are equivalently: 
(1) S is left WRG. 

(QTAQC (TQ], V ideal T and GB-IQ. of S. 

(3) Tie) AN Q(e) C T(e)Q(c)], Vee S. 


Lemma 2.4. If S be an OSG, then the understated axioms are equivalently: 
(1) S is LWRG. 

(2)TOAW C (LUI, V ideal T and left ideal U of S. 

(3) V(x) U(x) C (T(x) V(a)], Vane S. 


Lemma 2.5. If S be an OSG, then the understated axioms are equivalently: 
(1) S is RG. 

(QUAQAW C (TQYW], V right ideal T, GB-IQ and left ideal UV of S. 

(3) T(z) NQ(Z)NV(z) C (P(Z)Q(z)U(z)], V2 € S. 


Lemma 2.6. If S be an OSG, then the understated axioms are equivalently: 
(1) S is RG. 

(2) 20T € (QPQ]), VQ GB-I andT ideal of S. 

(3) (Qk) U(k) C (Q(A)P(K)], VE ES. 


Lemma 2.7. An OSG S is completely regular = V X CS, we have, X C (X?SX?]. 


Lemma 2.8. An OSG S is L(resp. right)SMP if, V (Sx/=S, (resp.(2S]/=S for alla € S. 


Proposition 


If x and w are any subsets of an OSG 5S, then 


]= (x 
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Proposition 
Let X and Y # ¢ subsets of S, then we have the understated condition holds: 


(1) X CY iff Ay = By. 
(2) Ax \ Ay = Axny. 
(3) Ayo Ay= Acxy]- 


3. Neutrosophic sets (Basic Operation) 


In the past two decennaries, the utilizes of soft set theory has made one more climacteric in 
mathematics. In mathematics, some mathematical enigmas contain indeterminacy in different 
paddock, such as answerable, automaton] theory, coding theory, economics and memorandums 
of understanding, while other mathematical problems cannot be solved by ordinary mathe- 
matics. Due to the influence of parameterizations, tools (such as fuzzy set theory, probability 
theory,etc), the newest investigation on in this managment and the new investigation on theory 
of soft are fruitful due to the diversified uses of soft sets in the above-mentioned fields [27, 28]. 
It is worth noting that Sezgum and Atagum [29] studied various new actions on theory of soft 


and explained soft sets the following way: 


Definition 3.1. If X is non-empty set, then structure ’ in X is of the structure A = 
{(a; Ar (a), Ar(@), 
Ar(a))|a € X} is called NS, where \7 : X — [0,1] is a truth membership function, 
A; : X — [0,1] is an indeterminate membership function and Apr : X — [0,1] is false member- 
ship function. Generalizing the notion of an ordered FP, we introduce a new concept called 
neutrosophic ordered points(NOPs) as follows: 

Suppose § is an OSG, t € S and u,v,w € [0,1]. By a NOPs, we mean tg(x) = 
(tu(x), ty(x), tw(a)) where p = (u,v, w) and 


‘ce { u, ae E (id, 
1, ifnot. 
iie)=4 v, ve Ee (¢], 

1, ifnot. 
tte) =| w, a € (d, 
1, ifnot. 


Let A= {(a; Ar(a), Ar(a), Ar(a))} be a NS and ty be a NOP, we define 
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S$ 


IV IA IA 


& 


( 
Cte NEEL. Hf 
( 


(t) 
tirteqrAif< Ar(t)tv <1, 

(t) 
Wits € VarA>ts © Aor t5qd. 
wots € AqrA>tp € and tgqd. 
v—>ts €Aq A> ts € Aq A does not hold. 


If A = (x#;Ar(x), Ar(x), Ar(x)) and n = (x; nr(x), n(x), nNF(x)) be neutrosophic sets, 


then A @ 7, ANn and AU7 are defined as follow: 


ANN = {(z3 (Ar o nr), (Aro nr), (Ar 0 nF)) (2))} 
where Ap o nr, Ar 0 Nr and AF oO Hp are defined as 


d es epdinaky. 
(Ar 0 nr)(x) = ee pie i #6 


A [Ar(y) V nr(z)] if Ac 4, 
= (y,2z)€ Aa 
(Ar 0 nr) (x) aa 
_ J Vowea, APY) Ane(2)] tf Ae # 6, 
Or 0 nF)(x) = (y,2) aoa 


ANN = {(a; (Ar nr), ArO nr), Aro nr))(2))}, 


(Ar N nr)(xz)=max{Ar(x), nr(x), 0.5} 
(Ar nr)(x)=max{A7(x), n(x), 0.5} 
(Ar ON nr)(x)=min{Apr(x),7F(x), 0.5} 


and 
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AUn = {(a; (Ar Un), ArUnr), Ar U nr))(2))}, 


(Ar U nr)(x)=min{Ar(x), n(x), 0.5} 


(Ar U nr)(x)=min{A7(x), n(x), 0.5} 


(Ar U nr)(x)=max{Ar(x), nr(x), 0.5} 


Note that if NOP (S) is the group of all NOPs in OSG S, 


then 
ty.8q = (ts) € NOP (S) wherep = (ui, v1, wi) and q = (ua, v2, we). 
uy V U2 
v1 V v2 
wy /\ w2 
Example 


General example of neutrosophic set. The premise “ Today is Sunny” or “Today will be 
Sunny” it does not convey a fixed rate constituent structure; this may assume to 50% true, 
45% indeterminate and 40% false at time t, where n > 0,but at the time t,4, may be alter at 
55% true, 46% indeterminate, and 28% false,(as stated to the new conformation source) and 
today at utter tn460 the same premise may be 100% true, 0% indeterminate and 0% false (if 
today indeed sunny) this structure is dynamic; so the truth value change from time to time, 
another point of view, the truth value of the premise may be change from place to place 
€.8; 
the premise “It is sunny” in Islamabad, 100% true, 0% uncertain, and 0% false, but on the 
move to another site the city of Karachi the truth rate will be altered and may be 0% true, 
0% indeterminate and 100% false It is also alter w.r.t viewer(subject to the parameter of the 
function T, I, F) 
€.8; 

“Simith is longer” (.42%, .64%, .56%) as stated to his mother, but (0.86% 


0.23%, 0.7%) as stated to his personal Secretary, or (0.48%, 0.21%, 0.31%) as stated to his Boss. 
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4. Neutrosophic generalized bi-ideals of ordered semigroups 


In this part, we initiate the conceptions of NS, neutrosophic (€, € Vq)-SUBSG, neutrosophic 
(€, € Vq)-FGB-I, neutrosophic (€, € Vq)-FB-I, neutrosophic (€, € Vq)-FL(resp. right)Is, neu- 
trosophic level subset ,regular, weakly regular, related examples, theorems and propositions in 
detail. 

For simplicity throughout the paper A will be denoted for NS instead of\ = 


(a; Ar(a), Ar(a), Ar(a)) unless otherwise stated. 


Definition 4.1. A NS \ of an OSG S is called a neutrosophic (€,€ Vq)-SUBSG of S if the 
understated axiom is satisfied: 


(Vt, se S) (P= (uw, V1, wi), = (ue, v2, we) € [0,1]) 


ts € A; 87 CA => (ts € VqaA 
Pp ’ qd ( ) uy V ug q 


v1 V v2 


wy, A we 


Definition 4.2. A neutrosophic set of an OSG S is said to be a neutrosophic (€, € Vq)- 
FL (resp. right)I of S if the understated axioms are contented: 


(i)(Vt, se S witht < s)(p=(u1, v1, wi) € [0, 1])(s5 € A => ty € VGA). 
(ii)(Vt, se S)(p= (ui, v1, wi) € [0, 1])(ss € A => (ts) € VeA(resp.(st) 
p EVA). 


Note that aneutrosophic set \ of S is a neutrosophic (€, € Vq)-FI of S if it is both neutrosophic 
(€, € Vq)-FLI and neutrosophic (€,€ Vq)-FRI of S. 


Definition 4.3. A neutrosophic set(NS) A of an OSG S is said to be a neutrosophic (€, € Vq)- 


FGB-I of 5 if the understating axioms are contented: 


(i)(Vt, se S with t < s)(p = (u1, v1, wr) € [0, 1])(ss € A= ty € Ved). 
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(ii)(Vt,a,sE St <s)(p= (wu, v1, w1), @ = (ua, v2, we) € [0, 1) 


ts € A; 8g € A=> (tas) € VqX 
uy, V U9 


v1 V ve 


wy /\ w2 


Definition 4.4. A neutrosophic set \ of an ordered semigroup S is said to be a neutrosophic 
(€, € Vq)-FB-I of S if it is both a neutrosophic (€,€ Vq)-FGB-I and neutrosophic(€, € Vq)- 
SUBSG of S. 


Theorem 4.5. Suppose that G is a GB-I of an OSG S and X is a neutrosophic subset of S 
such that: 


ae(e)= | te Eero 


<0.5 if 2eG. 
tes lifz €S-G, 
a bf — 
A <O.5if eG. 
ee lifx €S-G, 
xr) = - 
# > 0.5 if EG. 
Then, 


(i) X is a neutrosophic(q, € Vq)-FGB-I of S. 


(ii) is a neutrosophic (€,€ Vq)-FGB-I of S. 


Proof. (i) Let t,s € S and uy, v1,w1 € [0, 1] with t < s be such that 
spqA where p = (u1, v1, W1). 

Ar(s) tui <1, 
Then sgqA implies that ¢ A;(s) +1 < 1, 

Ar(s) + wi > 1. 


Thus, s € G but G is FGB-I. 
Therefore, t € G which implies that 
Ar(t) < 0.5, Ar(t) < 0.5 and 
Ar(t) > 0.5. Now, if uw; > 0.5, v1 > 0.5 and w, < 0.5,then Ar(t) < 0.5 < uy, Ar(tas) < 0.5 < vy 
and Ap(tas) > 0.5 > w;.Hence ty € 2. 
If uy < 0.5, 01 < 0.5, w1 > 0.5, then Ar(t) + u, <0.5+0.5 = 1. 


Ar(t) + v1 < 0.54 0.5 = 1,Ar(t) + wy > 0.540.5 = 1, 
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Therefore, tsqA. 
Thus, tg € VqA. 
Now assume t, a, s © S and uy, U2, Vi, v2, Wi, we € [0, 1] be such that tsqA and sgqgA where 


p= (u1, U1, w1) and ¢ = (us, ve, wa). 


Then tsqA implies A(t 


) 
J+, <1, 
)+w,>1. 


And sgqA implies Ar(s 


Hence, t,s € G but G is generalized bi-ideal. Therefore, tas € G which implies that 
Ar(tas) < 0.5, Ar(tas) < 0.5 and Apr(tas) > 0.5. Now, if uy > 0.5, vy > 0.5 and w; < 0.5, then 
Ar(tas) < 0.5 < uy < uy V ur, Ar(tas) < 0.5 < vy < vp V v2 and Apr(tas) > 0.5 > wy > wi Awe. 


Hence, (tas) Er 
uy V U2 


v1 V ve 


w 1 /\ w2 
The similar case is also hold if ug > 0.5, vg > 0.5 and w2 < 0.5. 


If uy < 0.5, v1. < 0.5, wi > 0.5, ue < 0.5, vo < 0.5 and we > 0.5, then Ar(tas) + us < 
0.54+0.5 = 1,Ar(tas) +0, < 0540.5 = 1,Ar(tas) + uw, > 0.54+0.5 = 1, Ar(tas) + ug < 
0.5+0.5=1, Ar(tas) + vo < 0.5+0.5 = 1 and Ar(tas) + wo > 0.54 0.5 = 1. 

Consequently, Ar(tas) + ui V u2 < 0.5+0.5 = 1, 

Ar(tas) +, V ve <0.54+0.5 = 1, Ap(tas) + w, Awe > 0.5405 = 1. 


Resultantly, (tas) qa. 
uy, V U2 


v1 V v2 
wy /\ w2 
Thus, (tas) € Vqi. 
uy, V Ug 
v1 V v2 


wy /\ w2 


Consequently, A is a neutrosophic (q, € Vq)-FGB-I of S. 
(ii) Assume that t,s € S and u, v, w € [0,1] with t < s be such that s5 € A where 


p=(u, v, w). 
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Ar (t) < U, 
Then sg € A implies that Ar(t) < v, 
Ar(t) > w. 


Thus, s € G but G is FGB-I. 

Therefore, t € G which implies that Ar(t) < 0.5, A(t) < 0.5 and Ar(t) > 0.5. Now, if 
u> 0.5, v > 0.5 and w < 0.5, then A7(t) < 0.5 < u, A7(tas) < 0.5 < vand Ap(tas) > 0.5 > w. 
Hence tg € X. 

Ifu < 0.5, v < 0.5, w > 0.5, then Ar(t) +u < 0540.5 = 1Ar(t)+u < 0540.5 = 
1, Ar(t) +w > 0.5+0.5 = 1, therefore, tsqA. 

Thus, ts € VqA. 

Now suppose that t, a, s € S and uj, ua, v1, v2, wi, we € [0,1] be such that ts € A and sg € 


where p = (uy, U1, Wi) and g = (ug, v2, W2). 


Then ts € A. Implies XI 


And sg € A implies Ar(s 


Ar(s 
Thus, t, s € G but G is FGB-I. 


So, tas € G which implies that Ap(tas) < 0.5, A;(tas) < 0.5 and Ap(tas) > 0.5. 
Now, if wi > 0.5, v1 > 0.5 and wi < 0.5, then Ar(tas) < 0.5 < uw < uw V U2, Az (tas) < 0.5 < 
Vy < v1 V vg and Ap(tas) > 0.5 > wy > wi A we. 


Hence, (tas) er 
uy, V Ug 


v1 V v2 


wy /\ w2 
The similar case is also hold if wg > 0.5, ve > 0.5 and we < 0.5. 


If uy < 0.5,01; < 0.5, wy > 0.5, u2 < 0.5, v2 < 0.5 and we > 0.5, then A7(tas)+u, < 0.54+0.5 = 
1, 

Ar(tas) +u. < 0.5+0.5 = 1,Ar(tas) + uw. > 0549.5 = 1,Ar(tas) + u2 < 0540.5 = 
1,A7(tas) + vg < 0.54+ 0.5 = 1 and Ap(tas) + wo > 0.54+0.5 = 1. 

Consequently, Ar(tas) + uz V ug < 0.5+0.5 = 1, 

Ar(tas) + v)1 V vo < 0.5+0.5 = 1, 

Ar(tas) + wi Awe > 0.54+0.5 =1. 
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Resultantly, (tas) 
uy, V ug 


v1 V ve 
wy, \ we 
Thus, (tas) € Vqi. 
uy, V Ug 
v1 V ve 


wy \ we 


Therefore, A is a neutrosophic (€, € Vq)-FGB-I of S. 


Theorem 4.6. If \ be a neutrosophic subset of an OSG S, then show that the understated 


condition are equivalently: 


(1) X is a neutrosophic (€, € Vq)-FGB-I of S. 


(s) < maxr{Ar(t), 0.5}, 
(II) (i) (Vs,t € S such that s < t) Ar(s) < max{Ar(t), 0.5}, 
(s) 2 ), 

A 


3 


Ar(s) > min{Ar(t), 0.5}. 
Ar(tas) < max{Ar(tas), A\r(t), 0.5}, 
(ii) (Vt, a,s € S) Ar (tas) < max{A;(tas), A7(t), 0.5}, 
Ar(tas) > min{Apr(tas), A(t), 0.5} 


Proof. (I) = (II): Let be a n neutrosophic (€,€ Vq)-FGB-I of S and assume on con- 
trary bases that A\7r(s) > max {A7(t), 0.5},Ar(sat) > max {A;(t), 0.5} and Ar(s) < min 
{Ar(t), 0.5}, then du, v, w € [0, 1] 3 Ar(s) > wu > max {Ar(t), 0.5}, Ar(tas) > v > max 
{\7(t), 0.5} and Ar(s) < w < min {A7(t), 0.5}. It is clear that A7(t) < u, Az(sat) < v and 
Ar(t) < w shows that ts € A but sg€ VqA which is a contradicts to the fact » is a neutrosophic 
(€, € Vq)-FGB-I. 

Hence (i) hold. By similar argument we can also show that (ii) hold. 

Thus, (J) > (ZI). 


(II) = (I). Suppose (i) and (ii) hold, we need to manifest that » is a neutrosophic (€, € Vq)- 
FGB-I. For this let s, t € S such that s <t, u, v, w € [0, 1] and ts € A where p = (u, v, w). 


Therefore, 


Ar (t) ss U, 
ts € A implies that Ar(t) < v, 
Ar(t) > w. 
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Since by (i) 4 Az(s) 


Hence sz € A. If u,v < 0.5 and w > 0.5, 


Ar(t) <u < 0.5, 
then Ar(t) <u < 0.5, 
Ar(t) > w > 0.5. 


implies that A7(t) < 0.5, A7r(t) < 0.5 and Ap(t) > 0.5. 
Consequently, Ar(s) < 0.5, Ar(s) < 0.5 and Ap(s) > 0.5. 
Therefore, A7(s) +u <0.54+0.5 =1, Ar(s)+u<05+0.5 =1 and Ar(s) +u>0.54+0.5 =1. 
Hence, ssqA, So sg € VqA. 
Similarly, for s, a, t € S such that ts € A, sq € A. 


= (tas) € Vqi. 
uy, V U9 


v1 V v2 
wy, A we 
Resultantly, \ is a neutrosophic(€, € Vq)-FGB-I of S. 
Since every neutrosophiuc (€, € Vq)-FB-I of S is a neutrosophic (€, € Vq)-FGB-I of S but the 


opposite statement is generally inncorrect. 


Definition 4.7. Let \ be a neutrosophic subset(NSUBS) of an OSG S, for any u, v, w € [0, 1] 


the set 
Ar (x) < U, 
U(r, p) = ¢ x € S| Ay(x) < v, » is SAID TO BE a neutrosophic level subset(NLSUBS) of A. 


Ar(x) > w. 


Theorem 4.8. Suppose that \ is a neutrosophic subset of an OSG S. Then show that A is a 
neutrosophic (€,€ Vq)-FGB-I of §S = U(A, p)(F ¢) is FGB-I of S for (u, v € (0, 0.5], w € 
(0, 0.5]). 


Proof. Let X is a neutrosophic (€,€ Vq)-FGB-I of S. Consider such that s, t € S and 
t€U(A, D). 
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Ar(t) < U, 
Then, - Art) Sv, « 


Ar(t) > w. 
Since A is a neutrosophic (€,€ Vq)-FGB-I. Therefore, 


Ar(s) < max{Ar(t), 0.5}, 
by Theorem [4.2], Ar(s) < max{Az(t), 0.5}, 

Ar(s) > min{Apr(t), 0.5}. 

Ar(s) < max{Ar(t), 0.5} = u, 
which implies that Ar(s) < mar{Ar(t), 0.5} =v, because (u, v € (0.5, 1], w € 
Ar(s) > min{Ar(t), 0.5} = w. 

(0, 0.5]). 
Thus, s € U(A, p). 
Similarly, for s, a, t € S such that s, t © U(A, p) implies sat € U(A, p). 


Hence, U(A, p) is a FGB-I of S. 
<=, assume that U(A, p) is FGB-I of S for (u, v € (0.5, 1], w € (0, 0.5}). 


Let s, tE€S 3s5<t. 
Ar(s) > max{Ar(t), 0.5}, 


Suppose by contradiction Ar(s) > max{A;(t), 0.5}, - 
Ar(s) < min{Apr(t), 0.5}. 


Then for some u, v € (0.5, 1], w € (0, 0.5], 


Ar(s) > u>mazx{Ar(t), 0.5}, 
Ar(s) >v > mar{Az(t), 0.5}, . 
Ar(s) <w < min{Ar(t), 0.5}. 
Implies that t € U(X, p) but sEU(A, pH) which is a contradicts to the fact that U(A, 5) is 


FGB-I of S. 


Ar(s) < max{Ar(s), Ar(t), 0.5}, 
Therefore, Ar(s) < mar{Az(s), Ar(t), 0.5}, . 

Ar(s) > min{Ar(s), Ar(t), 0.5}. 
ax{7(t), 0.5}, 


Ar(tas) <m 
Similarly, for s, a, t€ S, Ar(tas) < max{Ar(t),0.5}, | also hold. 
Ar(tas) > min{rA7(t), 0.5}. 


Thus, by Theorem [4.2], \ is a neutrosophic (€,€ Vq)-FGB-I of S. 
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Example 


Let S = {a,b,c,d} be an OSG with understated multiplication table and ordered relation 
“<” as follows: <:= {(a,a), (b,b), (c,c), (d,d), (a, b)} 


lo) 


fo) 


Tr ey 2» YY} 


v, oo fo Po 


Q aT 2 
oso ovo 2 2 | 
TT 2 


TABLE 1. Multiplicative table of Ordered Semigroup 
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S| Ar(x) | Ar(x) | Ar(az) 
a} 0.18 | 0.15 | 0.30 
b | 0.20 | 0.19 | 0.28 
c} 0.17 | 0.16 | 0.33 
d| 0.20 | 0.20 | 0.32 


TABLE 2. Example of Neutrosophic (€, € Vq)-fuzzy generalized bi-ideals 


Using definition (4.3) \ is neutrosophic (€,€ Vq)-FGB-I where p = (0.25, 0.20, 0.22) and 
@ = (0.26, 0.30, 0.28) € (0, 1] 


Definition 4.9. Let S be an OSG. The neutrosophic characteristic function X4 = 
(Xy7, Xa,;, Xy,) of A= (x, (Ar, Ar, AF)(x)) is defined as 


_ Jj lif aed, 
on) 0 ifnot 

_ | Lif ee a, 
Xa,(@) = 0 ifnot. 

_ J Oif ac gA, 
ea 1 ifnot 


Theorem 4.10. A non-empty set B of an OSG S is a FGB-I of S& the characteristic function 
Xp is a neutrosophic (€,€ Vq)-FGB-I of S. 


Proof. The proof is follows from theorem [4.3]. 


Theorem 4.11. Suppose S is an OSG and L is a L(resp. right)I of S. If X is defined by the 


neutrosophic subset of S 


= lifxeS—L, 
<O5if ce L. 


)= lifxeS—L, 
|) <O5if EL. 


1) lifxeS—L, 
5 bo ee 
- > 0.5 if ce L. 


Then 
(i) A is a neutrosophic (q,€ Vq)-FL (res. right)I of S. 
(it) X is a neutrosophic (€,€ Vq)-FL(res. right)I of S. 
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Proof. . 


Proved by theorem [4.1]. 


Theorem 4.12. Assume that S is an OSG and I is an ideal of S. If X be a neutrosophic subset 
of S defined as in Theorem [4.5], then X is both a neutrosophic (q,€ Vq)-FI and a neutrosophic 
(€, € Vq)-FI of s. 


Proof. the proof follow by combining Theorem [4.5] and Theorem [4.1]. 


Theorem 4.13. Jf \ be a NSUBS of an OSG S, then show that the understating condition 


are equivalently: 


(I) \ is a neutrosophic (€,€ Vq)-FL (resp. right)I of S. 


Ar(s) < max{Ar(t), 0.5}, 
(II) (i)(Vs, t € S suchthat s < t) Ar(s) < max{Ar(t), 0.5}, 
Ar(s) > min{Ar(t), 0.5}. 

Ar(st) < max{Ar(t), (resp.max{r7(s), 0.5}), 


0.5}, 
(ii) (Vs,t € S) Ar (st) < max{A;(t), 0.5}, (resp.max{X7(s), 0.5}), 
Ap(st) > min{Apr(t), 0.5}. (resp.min{Apr(s), 0.5}) 


Proof. Proved by theorem [4.2]. 


Theorem 4.14. Suppose that \ is a neutrosophic subset of an OSG S. Then X is a neutrosophis 
(€,€ Vq)-FL (resp. right)I of S= 
Ar(x) <u 
U(r, pF o) | xe S| Azr(x) <v, ) ts a L(resp. right)I of S for (u, v € (0, 0.5], w € 
Ar(£) > w. 
(0, 0.5]). 


Proof. Proved by theorem [4.3]. 


Definition 4.15. If S isan OSG, thenSisRGSVaxeEeSdacSaa<xaror AC (XSX] 
Vas §: 


Definition 4.16. If S is an OSG, then S is left weakly RG @ x € S54 a,b€S 3 a < axay or 
KES] VAC. 
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Proposition 


Let be a neutrosophic subset of a regular OSG S. Then every neutrosophic (€, € Vq)-FGB-I 
of S is a neutrosophic (€, € Vq)-FB-I of S. 


Proof. Assume that s, t € S and X is a neutrosophic (€,€ Vq)-FGB-I of S. Since S is RG so 


4SxeE€S3s8< srs. = Ar(s) < max{Ar(szxs), 0.5}. 


Hence Ap(st) < max{Ar(sxst), 0.5} 
= max{Ar(s(xs)t), 0.5} 
< max{Ar(s), Ar(t), 0.5}, 
by similar argument 
Ar(st) < max{A7(s), Az(t), 0.5} and Ap(st) > min{Ar(s), A(t), 0.5} also hold. 
Hence J is a neutrosophic (€, € Vq)-FB-I of S. 


Proposition 


Consider that A is a neutrosophic subset of a left weakly regular OSG S.Then every neutro- 


sophic (€, € Vq)-FGB-I of S is a neutrosophic (€,€ Vq)-FB-I of S. 


Proof. Proved by proposition [3]. 


5. Lower Parts of Neutrosophic (€, € Vq)-generalized bi-ideals 


In this section, we will start the fundamental operations of the lower parts of the neutro- 
sophic subset, the neutrosophic characteristic function(CF) lower parts, left (resp. right)RG, 
left (resp. right)SMP, the related theorems and the lammas of the lower parts. 


Definition 5.1. Let A be a neutrosophic subset of an OSG S, we stated the LP as 4 = 
(x, AP, AT, AF) of A as follows; 


Ar (x)=max{rAr(x), 0.5} 
AT(x)=max{Az(x), 0.5} 
AF(x)=min{Apr(x), 0.5} 


For any subset A 4 ¢ and neutrosophic subsets(NSUBSs) A of OSG S, then LP of neutrosophic 


CF (X44) will be denoted by X 4. 
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Definition 5.2. Let A and 7 any tow NSUBSs of an OSG S, we stated (AN), (AUN) and 
(A ® 7) as follows: 


(AAn) (2)=max{ANn(x), 0.5} 
(AUn) (2)=max{AUn(x), 0.5} 


(A @ n) (x)=max{A @ n(x), 0.5}. 


Lemma 5.3. Let \ and n be any tow NSUBSs of an OSG S, then (X\) = AX where X” = 
(xz, AP, AT, AF) is the LP of X. 


Proof. Assume that Xo is the lower part of A, then by definition [5.2 | 


Af (x)=max{Ar(x), 0.5} 
(Ar) r(#)=max{{maxr{Ar(x),0.5}}, 0.5} 
=max{Ar(x),0.5} = Ar(z) 
Similarly (A7)7 = Az and (AF)F = \F also hold. 
Thus, (A) =X. 


Lemma 5.4. Let \ and 7 be any tow NSUBSs of an OSG S, then 
e (ANN) = XN. 
© (AUN) = NUT 
e(ASn) =A’ Oy. 


Proof. Proof is straightforward. 


Definition 5.5. Let S be an OSG. Then the LP of the neutrosophic CF X4 = (X}j,, X),, 
Xj,) of A= (x, (Ar, Ar, AF)(£)) is defined as 


O.57if cEA, 

My) = 
rr (@) 1 otherwise. 
O.57if ceA, 

XxX) (rz) = 
v2) 1 otherwise. 
lifaéA, 

X (2) = 

rr (2) 0.5 otherwise. 
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Theorem 5.6. Let A = (x, (Ar, Ar, AFr)(x)) and B = (2, (nr,n1, AF)(x)) are any tow 
NSUBS of an OSG S, then 


(1) (X40XB) = XAnB 
(2) (XaUXB) = XAuB 


(3) (Xa @ XB) = X(yal- 


Proof. The proof of (1) and (2) is simple here. So for the proof of (3), Suppose that x € (AB], 


then X(4,](%) = 0.5. Since « € (AB), then x < ab for some a € A and b € B implies that 
(a,b) € A,.Thus A, #4 ¢. Therefore, 


(X4 ® Xp) (x) = {(X4 ® Xp)(x), 0.5} 
Since a € A and b € B, therefore, X),,(x) = 0.5 = X,,(b). Hence, 


(Xrxr © Xnr)(@) = { Ag. yea, Xre(@) V Xor(0)] } 


= { IN (0.5, 0.5] \ = 0.5. 
(a, b)eEAx 
Similarly, 


(X), ° Xn,)(x) = 0.5 and 
(Xie ° Xnp) (2) = 0.5. 


Consequently, (X4 ® Xg)(x) = 0.5 
=> (X48 Xp) (zr) = 0.5. 
Thus (X4 ® Xp) (x) = X (apy: 
If x ¢ (Adj, then X(4py(2) = 1. Let (y,z) € Ax, then 


(Xn © Xnr)(@) = { Ay veg, Kar () V Xnn(2)] } 
Since(y, z) € A, then x < yz. If y € A and z € B, then yz € AB implies that x € (AB] 
which goes to contradiction. Therefore, if y ¢ A and z € B, then X),(y) = 1, Xy,(0) = 0.5. 


Hence 


(Xj, 0 Xpp)(z) = { A nea, [lV 0-5] \ =" 


The similar case hold if y € A and z ¢ B. By similar way, 
(Xa O22) = end (Xoo nh. 
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Consequently, (X4 ® Xg)(x) = 1. 
Hence, (X4@ Xp) = X (AB): 


Lemma 5.7. The LP X 4 of the CF X44 of A is a neutrosophic (€, € Vq)-FGB-I of an OSG 
SA isa GB-I of S. 


Proof. Let A is a GB-I of S, then by theorem [4.4], X~4 is a neutrosophic (€, € Vq)-FGB-I of 
5: 

<, suppose that X”,4 is a neutrosophic (€, € Vq)-FGB-I of S. 

Let z,yES>a<yand yEA, then X 4(y) = 0.5. 

Since X 4 is a neutrosophic (€, € Vq)-FGB-I of S. 

Thus X"4(x) < mar{X”4(y), 0.5} = 0.5. Also X74 > 0.5 (always). 

Therefore, X4(x) = 0.5 shows that x € A. 

Similarly, for z, y, z€ S and z,z € A, then X4(y) = 0.5 = X 4(z). 

Since X 4 is a neutrosophic (€, € Vq)-FGB-I of S. 

So X- (xyz) < max{X",(xz), X7,4(z), 0.5} = 0.5. also X-4(xyz) > 0.5 (always). 

Therefore, X4(xyz) = 0.5. Shows that xyz € A. 

Hence, A is a GB-I of S. 


Lemma 5.8. The LP X 4 of the CF X, of A is a neutrosophic (€,€ Vq)-FL (resp. right)I 
of S= A is L(resp. right)I of S. 


Proof. Follows from the lemma [5.4]. 


Definition 5.9. Let S be an OSG . Then S is L(resp. right)RG ifVae S,d2r€S 3a< aa? 
(resp.a < ax) or A C (S'A?] (resp. A C (A?S]). 


Definition 5.10. S is L(resp. right)SMP V L(resp. right)I A of S, A=S. S is SMP if it is both 
left and right SMP , and is left, right and RG then S is CRG. 


Lemma 5.11. An OSG S is CRG #V ACS, we have, A C (A?S.A?]. 
Lemma 5.12. An OSG S is L(resp. right)SMP = V (Sa/=S, (resp. (aS/=SV ae S. 


Theorem 5.13. If S is RG, left and right SMP, then X (a) = \(b) V a,b € S where X is a 
neutrosophic (€,€ Vq)-FGB-I of S. 


Proof. Suppose that S is RG, left and right SMP and X is a neutrosophic (€,€ Vq)-FGB-I 
of S. Let E, = {s € S|s < s?}. Since S is RG, therefore Va € 9, Jz € S 3 a < aza also 


az < axax = (ax)*. Thus ax € E, implies that E, 4 ¢. Now let b, e € 9, using Lemma 
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[3.3.7], S = (Sb] and S = (bS]. Since e € S it implies that e € (Sb] and e € (bS], then e < 2b, 
by for some x, y € S. 
Hence e? < (by)(xb) = b(yx)b. Now as 2 is a neutrosophic (€, € Vq)-FGB-I of S. 

Ar(e7) <max{Ar(b(yx)b), 0.5} 

< max{Ar(b), Ar(b), 0.5} 

=max{Ar(b), 0.5} 

Ar(e?) V0.5 < max{Ar(b), 0.5} V 0.5 

=max{A7(b), 0.5} 

Nr (e*?) < Xr(b) 

Since e € Ey, so e < e? that is Ar (e) < max{Ar(e?), 0.5} 
implies that X"r(e) < A ‘7(b). 
By similar way \r(e) < A7(b) and A “r(e) > A f(b). Therefore, X” is a constant on E,. Now 
since S is RG so for a € S, az, xa € Es follows that X*p(ax) = AX ‘7(b) = X7(axa). Since 
a < ax(axa) = (ax)a(xa). Therefore 

Ar(a) < max {Ar((ax)a(xa)), 0.5} 

< max {Ar(ax), A7(xa), 0.5} 

= max {(Ar(az), 0.5), (Ar(a), 0.5)} 

Ar(a) V 0.5= max {(Ar(ax), 0.5), (Ar(xa), 0.5)} V0.5 

N7(a) < max {A 7(ax), A7(xa)} = Xp (b). 
By similar way, \77(a) < A77(b), X F(a) > X F(b). Since b € (Sal, (aS], therefore, b < sa, at 


for some s, t € S. Thus 


Ar(b?) < max {A;(a(ts)a), 0.5} 
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< max{Ar(a), Ar(a), 0.5} 

= max {Ar(a), 0.5} 

Ap (b2) < max{Xp(a), 0.5} V 0.5 

=max{Ar(a), 0.5} 

Mp (b?) < X7(a) 
since b € E, so b < b? that is A7(b) < max {A7(b), 0.5} implies that A ~7(b) < X*7(b?). 
Thus \"p(b) < X“p(b?) < Xp (a). 


By similar way \"7(b) < \'7(a) and A r(b) > X F(a). 
Thus \“r(b) = A*r(a), A-7(b) = AX 7(a), and A f(b) = A pr(a). Resultantly, \ (a) = X(b). 


Theorem 5.14. If S is an OSG, then it is RG = V neutrosophic (€,€ Vq)-FGB-I of S, 
N (a) =X(a?)Va € S. 


Proof. The direct part of the theorem derived from Theorem [5.8]. 
<, suppose that a € S, assume B(a”) = (a? Ua? Sa?] is GB-I of S 


0.5 if a € B(a?) 
X” B(q2)(a) = 
2(a2)(@) 1 otherwise 
is a neutrosophic (€, € Vq)-FGB-I 8, X”g(q2)(a”) = X” pq2)(a). Thus,a € B(a?), hence a < a? 


or a < a?xa2. Now if a < a then a < a? = aa < a’a? 


a € (a?Sa’]. If a < a?xa’, then a € (a?Sa?]. .., S is CRG. 


= aaa” < aaa? © a?Sa? and 


Lemma 5.15. If S is an OSG, then the understating axioms are equivalently: 
(1) S is RG. 

(2) GNL C (GL) V GB-I G and LI L of S. 

(3) G(k) N L(k) C (G(K)L(k)] Vk ES. 


Theorem 5.16. If S be an OSG, then the understating condition are equivalently: 

(1) S is RG. 

(II) (X@n) X (AN) V neutrosophic (€,€ Vq)-FGB-I of X and neutrosophic (€, € Vq)-FLI 
of S. 


Proof. (I) = (IT):. Assume that S is RG, A is a neutrosophic (€, € Vq)-FGB-I and 77 is a neu- 


trosophic (€, € Vq)-FLI of S. Then dz € S 5a < axa < (axa)(xa) implies that (axa, ra) € Ag 
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which shows that A, 4 ¢. Hence 
(Ar o nr) (a) = max{(Ar o nr) (a), 0.5} 
= max{ ( No. nea, r(y) V mr(2)]-0.5 )} 


< max {(Ar(axa) V nr(aa), 0.5)} 
Since A is a neutrosophic (€, € \V q)-FGB-I and 77 is a neutrosophic (€, € Vq)-FLI of S. 
Then, Ar(axa) < max {Ar(a), Ar(a), 0.5}= max{Ar(a), 0.5} and Ar(xra) < max 
{\r(a), 0.5}. Therefore, (Ar 0 nr) (a) < (Ar A nr) (a). 
Similarly, (Ay 0 nr) (a) S (Ar nr) (a) and (Ar o nr) (a) 2 (Ar One) (a) 
Consequently, (A @ 7) X (ANn) 
<, suppose that (A ® 7) x (ANn). To demonstrate that S is RG, by Lemma [5.10], it is 
adequate to demonstrate that GM L C (GL] for GB-I G and LI L of S. Let x € GN L, then 
x €Gandze€ L. Thus by Lemma [5.10], XG is a neutrosophic (€, € Vq)-FGB-I and X7;, 
is a neutrosophic (€, € Vq)-FLI of S. By supposition, (Xg @ Xz) (x) < (XGNX_z) (x)= max 
{(XGNXz)(x), 0.5}. 
Since, x € G and x € L, then Xg(x) = 0.5 or Xg(x) V0.5 = 0.5 = 0.5 V 0.5 implies 
that X~¢(x) = 0.5 similarly X~;(x) = 0.5 which show that X “GNX, = 0.5. Follows that 
(XGNXz) (x) = 0.5. By Lemma [5.10], (XeNXz) (x) = X(qzj = 0.5 therefore, x € (GL]. 
Hence,S is RG. 


Lemma 5.17. If S be an OSG, then the understating axioms are equivalently: 
(1) S is RG. 
(2)GNT C(G 


T] V GB-I G and ideal T of S. 
(3) G(k) (VL(k) c(G 


(k)L(a)| Vk ES. 


Theorem 5.18. If S be an OSG, then the understating condition are equivalently: 

(1) S is RG. 

(II) (A®n@ A) X (AN) V neutrosophic (€, € Vq)-FGB-I X and neutrosophic (€, € Vq)-FLI 
n of S. 


Proof. The proof of the theorem can be obtained by following the same procedure as follows 


in the proof of Theorem [5.11]. 


Lemma 5.19. If S be an OSG, then the understating axioms are equivalently: 
(1) Sis RG. 
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(2) RAGNL C (RGL]V RI R, GB-I G and LIL of §. 
(3) R(k) Gk) NL (k) C (R(k)G(K)L(k)] Vk S. 


Theorem 5.20. If S be an OSG, then the understating condition are equivalent: 

(1) S is RG. 

(II) (A@n@€) ZX (ANNE) V neutrosophic (€,€ Vq)-FRI X, neutrosophic (€, € Vq)-FGB-I 
n and neutrosophic (€, € Vq)-FLI € of S. 


Proof. Follows from the theorem [5.11]. 


Lemma 5.21. If S be an OSG, then the understating axioms are equivalently: 
(1) S is LWRG. 

(2) TOL C (TL) V ideal T and LI L of S. 

(3) T(K)N L(k) C (T(R)L(k)] VR ES. 


Theorem 5.22. If S be an OSG, then the understating condition are equivalently: 
(1) S is LWRG. 
(ID) (A@n) X (ANN) V neutrosophic (€, € Vq)-FI A and neutrosophuic (€,€ Vq)-FLI n of S. 


Proof. Follows from the Theorem [5.11] and Lemma [5.16]. 


Lemma 5.23. If S be an OSG, then the understating condition are equivalent: 
(1) S is LWRG. 

(2) TAG C (TG] V ideal T and GB-I G of S. 

(3) T(k) NG(k) C (T(K)G(k)] VR ES. 


Theorem 5.24. If S be an OSG, then the understating condition are equivalently: 

(1) S is LWRG. 

(II) (A@n) X (ANN) V neutrosophic (€, € Vq)-FI X and neutrosophic (€,€ Vq)-FGB-I 7 of 
S. 


Proof. Follows from Theorem [5.11] and Lemma [5.18). 
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Abstract: 


In this paper a property which can be used to Baire spaces in fy. neutrosophic top. 
Spaces (simply as fy. — fuzzy, top. — topological) are introduced and studied. For this 
purpose, introduced fy. neutrosophic F, — set, fy. neutrosophic Gz — set, fy. neutrosophic 
dense, fy. neutrosophic nowh. (Simply as nowh. - nowhere) dense, fy. neutrosophic one 
(one denotes first) category, fy. neutrosophic two (two denotes second) category and fy. 
neutrosophic re. (Simply as re. — residual) set are defined. Also, some characterizations 


about these concepts are obtained. 
Keywords: 


Fy. neutrosophic dense set, Fy. neutrosophic nowh. dense set, Fy. neutrosophic re. 
set, Fy. neutrosophic Baire spaces, Fy. neutrosophic one and two category. 


AMS subject classification: 54A40, 03E72 


. Introduction: 
The concept of fy. sets were introduced by L.A. Zadeh in 1965 [10]. Then the fy. set 
theory is extension by many researchers. The important concept of fuzzy topological space 


was offered by C.L. Chang [3] and from that point forward different ideas in topology have 
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been reached out to fuzzy topological space. Since then much attention has been paid to 
generalize the basic concepts of general topology in fuzzy setting and thus a morden theory 
of fuzzy topology has been developed. The concept of fuzzy m— Baire spaces was 
introduced and studied by G. Thangaraj and E. Poongothai in [7]. The concept of 
neutrosophic sets was defined with membership, non-membership and indeterminacy 
degrees. In 2017, Veereswari [9] introduced fy. neutrosophic top. spaces. This concept is 
the solution and representation of the problems with various fields. 

In this paper, we define new concepts of fy. neutrosophic F, — set, fy. neutrosophic 
Gs — set, fy. neutrosophic dense, fy. neutrosophic nowh. dense, fy. neutrosophic one and 
two category sets, fy. neutrosophic re. set, fy. neutrosophic Baire spaces, fy. neutrosophic 
one and two category spaces in fy. neutrosophic top. spaces, and we also discussed some 
new properties and examples based of this defined concept. 


. Preliminaries: 


Definition 2.1 [2]: 

A fy. neutrosophic set A on the universe of discourse X is defined as 
A= (x,T,(x),1,(x),F,(%)) . %«€X where 1,1,F:X ~[0,1] and O € 
T(x) + £,(x) + F(x) <3. 
With the condition 0 = Ty (x) + Ly (x) + Fy (x) <2. 
Definition 2.2 [2]: 


A fy. neutrosophic set A is a subset of a fy. neutrosophic set B (i.e.,) A © B for all x 


if (x) < T(x), £,(«) < §,(x), F,() > FG). 
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Definition 2.3 [2]: 
Let X be a_ non-empty set, and A= (x,T,(x),1,(0),F,(x)) . 
B= (x,T3;(x), I,(x), Fy (x)) be two fy. neutrosophic sets. Then 
AUB = (x, max(T,(x),T;(xx)),max( J, (x), J, («)),min(F, (x), ())) 
ANB = (x,min(T,(x),T, (x)),min( 1, (x), 1, (x)),max(F, (x), (x) 
Definition 2.4 [2]: 
The difference between two fy. neutrosophic sets A and B is defined as 


A\B(x) = (x,min(T, (x), F, (x)),min(1,(x),1 — 
Iz (x)),max( F, (x), Ty(x))) 


Definition 2.5 [2]: 

A fy. neutrosophic set A over the universe X¥ is said to be null or empty fy. 
neutrosophic set if T(x) = 0, I, (x) = 0, F,(x) = 1 for allx €X. It is denoted by Oy. 
Definition 2.6 [2]: 

A fy. neutrosophic set A over the universe X is said to be absolute (universe) fy. 
neutrosophic set if T(x) = 1, 1,(x) = 1, F,(x) =0 for all x €X. It is denoted by 1,. 
Definition 2.7 [2]: 

The complement of a fy. neutrosophic set A is denoted by A© and is defined as 
A = (x,T,c(x),1L¢(x), F,¢(x)) where 
T C(x) = F, (x), 1,¢(x) = 1 —1, (x), F,¢(x) = T, (x) 


The complement of fy. neutrosophic set A can also be defined as A“ = 1,, —A. 
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Definition 2.8 [1]: 


A fy. neutrosophic topology on a non-empty set ¥ is a t of fy. neutrosophic sets in 


(i) 0,,1, Et 
(ii) A, NA, Et for any A,,A,ET 
(iii) U A, € t for any arbitrary family {A,:i € J} Er 
Satisfying the following axioms. 
In this case the pair (X, r) is called fy. neutrosophic top. space and any Fy. neutrosophic set 
in t is known as fy. neutrosophic open set in X. 
Definition 2.9 [1]: 
The complement A* of a fy. neutrosophic set A in a fy. neutrosophic top. 
space (X, rT) is called fy. neutrosophic closed set in X. 
Definition 2.10 [1]: 
Let (X, ty) be a fy. neutrosophic top. space and A= (x,T, (2x), J, (2), F,(2c)) be a 
fy. neutrosophic set in ¥. Then the closure and interior of A are defined by 
int(A) =U {G:G is a fuzzy neutrosophic open set in X and G © A} 
cl(A) =n {G:G is a fuzzy neutrosophic closed set in X and A & G} 
On Fuzzy Neutrosophic Nowhere Dense Sets 
Throughout the present paper, P denote the fy. neutrosophic top. spaces. Let Ay, be a 
fy. neutrosophic set on P. The fy. neutrosophic interior and closure of Ay, is denoted by 


fn(A,)* , fn(Ay)~ respectively. A fy. neutrosophic set Ay is defined to be fy. 
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neutrosophic open set (fmOS) if Ay < fm(((Ay)~)*)~. The complement of a fy. 


neutrosophic open set is called fy. neutrosophic closed set (fmC'S). 


Definition 3.1: 

A fy. neutrosophic set Ay in a fy. neutrosophic top. space (P,T),) is called a fy. 
neutrosophic F, — set if Ay =V,Ay,, where Ay € ty fori ET. 
Definition 3.2: 

A fy. neutrosophic set Ay, in a fy. neutrosophic top. space (P,T,,) is called a fy. 
neutrosophic Gs; — set in (P, tT) if Ay = Aj=,Ay,, where Ay. € Ty fori € 1. 

Definition 3.3: 

A fy. neutrosophic set Ay, in a fy. neutrosophic top. space (P,T),) is called a fy. 
neutrosophic semi-open if A, = fm( ((Ay)*)~). The complement of Ay in (P, ty) is 
called a fy. neutrosophic semi-closed set in (P, T,,). 

Definition 3.4: 
A fy. neutrosophic set Ay, in a fy. neutrosophic top. space (P,t,) is called a fy. 


neutrosophic dense if there exist no fmCS By in (P,ty) s.t Ay C By C 1,y. That is, 


fn (Ay) = 1,y- 
Definition 3.5: 

A fy. neutrosophic set Ay, in a fy. neutrosophic top. space (P,T,) is called a fy. 
neutrosophic nowh. dense set if there exist no non-zero fmOS By in (P,t,) s.t 
By, © fn(Ay)” . That is, fn(((Ay))*) = Oy. 


Example 3.1: 
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Let P = {a, b, c} and consider the family ty = {0 1), Ay, By, Cy} where 

Ay = {(a, 0.3,0.3,0.5), (b, 0.6,0.6,0.5), (c, 0.6,0.6,0.5)} 

By = {(a, 0.6,0.6,0.6), (b,0.3,0.3,0.3), (c, 0.6,0.6,0.6)} 

Cy = {(a, 0.3,0.3,0.4), (b, 0.7,0.7,0.4), (c, 0.3,0.3,0.4)} 

Thus (P, T,,) is a fy. neutrosophic top. spaces. 

Now fn(((Ay)~)*) = 0, fn(((By) )*) = 0, and fn(((C,)~ )*) = Oy. This gives that 
Ay, By and Cy are fy. neutrosophic nowh. dense sets in (P, T,;)- 

Definition 3.6: 

Let (P, ty) be a fy. neutrosophic top. space. A fy. neutrosophic set Ay, in (P, Ty) is 
called fy. neutrosophic one category set if Ay = Vj=, Ay., where Ay. ’s are fy. neutrosophic 
nowh. dense sets in (P,t,,). Any other fy. neutrosophic set in (P,t),) is said to be of fy. 
neutrosophic two category. 

Definition 3.7: 

A fy. neutrosophic top. space (P,T),) is called fy. neutrosophic one category space if 
the fy. neutrosophic set 1, is a fy. neutrosophic one category set in (P,t,). That is 1, 
= VE, Ay., where Ay.’s are fy. neutrosophic nowh. dense sets in (P,ty). Otherwise 
(P,T,,) will be called a fy. neutrosophic two category space. 

Definition 3.8: 

Let Ay be a fy. neutrosophic one category set in (P,t,). Then Ay is called fy. 

neutrosophic re. set in (P, Ty). 


Proposition 3.1: 
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If Ay is a fmCS in (P, ty) with fn(A,)* =O, then A, is a Fy. neutrosophic nowh. dense 
set in (P, Ty). 
Proof: 

Let Ay isa fnCS (P,t,). Then fn(Ay)” = Ay. 
Now fn(((A,))*) = fn(Ay)* = 0,,. and hence A, is a fy. neutrosophic nowh. dense set 
in (P, T;). 
Proposition 3.2: 
If A, is a fy. neutrosophic nowh. dense set in (P, t,,) then fn(A,,)* = Oy. 
Proof: 

Let Ay, be a fy. neutrosophic nowh. dense set in (P,t,). Now Ay = fm(Ay)~ gives 
that fn(A,)* < fn(((Ay))*) = 04. Hence, we have fn(A,,)* = Ox. 
Remark 3.1: 

The complement of a fy. neutrosophic nowh. dense set need not be a fy. neutrosophic 

nowh. dense set. For, consider the following example. 
Example 3.2: 
Let P = {a, b, c} and consider the family ty = {0 1), Ay, By, Cy} where 
Ay = {(a, 0.5,0.5,0.4), (b, 0.5,0.3,0.5), (c, 0.5,0.5,0.4)} 
By = {¢a, 0.5,0.5,0.3), (b,0.4,0.2,0.5), (c, 0.5,0.4,0.3)} 
Cy = {(a, 0.5,0.4,0.5),(b, 0.5,0.3,0.2), (c, 0.5,0.6,0.3)} 


Now fn(((B,))*) = Oy is a fy. neutrosophic nowh. dense sets in (P, Ty). 
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But fn(((B,)~)*) #0, . Therefore By is not a fy. neutrosophic nowh. dense sets in 
(P, Ty). 

Proposition 3.3: 

If A, is a fy. neutrosophic dense, fmOS in (P,ty) s.t By < Ay, then By is a fy. 
neutrosophic nowh. dense set in (P, Ty). 

Proof: 

Let Ay be a fnOS in (P,ty) s.t fn(Ay) = 1. Now By < Ay gives that fn(By)~ 
<fn(Ay) =(1—Ay) [ (Ay) is a fmCS in (P,ty) ] Then we _ have 
fn(((By)~)*) < fn(@y)* = Fn(@y)) = 1-1 = Oy. and hence fn(((By)~)*) = Oy. 
Therefore B,, is a fy. neutrosophic nowh. dense set in (P, Ty). 

Proposition 3.4: 

If A,, is anon-zero fy. neutrosophic nowh. dense set in (P, T,), is a fy. neutrosophic nowh. 
dense set then Ay, is fy. neutrosophic semi-closed set in (P, Ty). 

Proof: 

Let A,, be a fy. neutrosophic nowh. dense set in (P, ty). Then fn(((A,,)~)*) = Oy. 
and therefore fm(((A,y)~)*)<=A,y. Hence, Ay is fy. neutrosophic semi-closed set in 
(P, Ty). 

Proposition 3.5: 
If a fmCS Ay, is a fy. neutrosophic nowh. dense set in (P, ty) if and only if fn(A,,)* = Oy. 


Proof: 
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Let Ay be a fnCS in (P,ty) with fn(A,,)* =0,,. Then by proposition 3.1, Ay is a 
fy. neutrosophic nowh. dense set in (P, T),). Conversely, let Ay, is a fy. neutrosophic nowh. 
dense set in (P,t,,), then fn(((A,y)~ )*) = Oy, which gives that fn(A,)* = 0,, [since Ay 
is fnCS in fn(A,,)” = Ay]. 

Proposition 3.6: 

If Ay, is a fy. neutrosophic nowh. dense set in (P,t,,), then A,, is a fy. neutrosophic dense 
set in (P, T,,). 

Proof: 

Let Ay, be a fy. neutrosophic nowh. dense set in (P, Ty). 

Then by proposition Bae we have, fn{A,)* = 0. Now 
fn({A,)° = (fn(Ay))* = 1 —0,,=1,. Therefore Ay is a fy. neutrosophic dense set in 
(P, ty). 

Proposition 3.7: 

If Ay is a fy. neutrosophic nowh. dense set and fmOS in (P,t,,), then A, is a fy. 
neutrosophic nowh. dense set in (P, T,,). 

Proof: 


Let Ay be a fnmOS in (P,ty)~ st, fn(Ayy=1. Now 


fn(((Ay))*) = (fn((Ay)*)-) = fn(4y) ==1-—1=0y- Hence Ay is a fy. 
neutrosophic nowh. dense set in (P, T,,). 


Proposition 3.8: 
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If Ay, is a fy. neutrosophic nowh. dense set in (P,7),), then fm(A,,)~ is a fy. neutrosophic 
nowh. dense set in (P, Ty). 
Proof: 

Let fn(Ay) = By, Now fn(((By))*) 
= fn((((4y)) )*) = fn(((Ay) )*) = Op: 
Hence By, = fnm(A,,)~ is a fy. neutrosophic nowh. dense set in (P, Ty). 
Proposition 3.9: 
If Ay is a fy. neutrosophic nowh. dense set in (P,t,,), then fm(A,,)~ is a fy. neutrosophic 
dense set in (P, T,,). 
Proof: 

By proposition 3.8, we have fm(A,)~ is a fy. neutrosophic nowh. dense set in 
(P,t,,). By proposition 3.7, we have fm(A,y)~ is a fy. neutrosophic nowh. dense set in 
(P, ty). 

Proposition 3.10: 
Let Ay, be a fy. neutrosophic dense set in (P, Ty). 
If By, is any fy. neutrosophic set in (P,t,,), then By is a fy. neutrosophic nowh. dense set 
in (P,t,,), if and only if Ay A By, is a fy. neutrosophic nowh. dense set in (P, Ty). 
Proof: 
Let By, be a Fy. neutrosophic nowh. dense set in (P, T),). 


Now, 


fn(((Ay A By) )*) = (fn(fn(Ay) A fn (By) ))* = (fn(1 A fn(By)))* 
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Therefore A, A By, is a fy. neutrosophic nowh. dense set in (P, T),). 
Conversely let Ay AB, is a fy. neutrosophic nowh. dense set in (P,t,). Then 
fn(((Ay A By) )*) = 0,, Gives that (fn(fn(Ay)” Afn (By) ))*. 
Hence (fn(1 A fn(By)~))* = 0, and therefore fn(((By)~)*) =0, which means that 
B,, is a fy. neutrosophic nowh. dense set in (P, Ty). 
Proposition 3.11: 
Every fy. neutrosophic nowh. dense sets is a fmCS. 
Proof: 

Let Ay be any fy. neutrosophic nowh. dense set in a fy. neutrosophic top. space (P, Ty). 
Therefore, we have fn(((A,,)~)*) = 0,, and it means that there does not exist any fmOS in 
between A,, and (A,)~. Also, let us suppose that A, = By, where By is fmOS and 
obviously (Ay) = By. Therefore By is a fmCS. 


Fuzzy Neutrosophic Baire Space 


Definition 4.1: 

A fy. neutrosophic top. space (P,t,) is called fy. neutrosophic Baire space if 
fn(VzZ,(A a ))* =0,,, where Ay.'s are fy. neutrosophic nowh. dense sets in (P, ty). 
Example 4.1: 

Let P = {a, b, c} and consider the family ty = {0,, 14, Ay, By, Cy, Dy} where 
Ay = {(a, 0.3,0.3,0.5), {b, 0.6,0.6,0.5), (c, 0.6,0.6,0.5)} 


By = {¢a, 0.3,0.3,0.3), (b,0.6,0.6,0.5), (c, 0.6,0.6,0.6)} 
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Cy = {a, 0.7,0.7,0.4), (b, 0.4,0.3,0.3), (c, 0.3,0.3,0.4)} 
Dy, = {a, 0.3,0.3,0.3), (b, 0.7,0.7,0.7), (c, 0.3,0.3,0.3)} 
Now Ay, By and Cy are fy. neutrosophic nowh. dense sets in (P,t). Also 
fn(Ay VBy VCy)* =0,. Hence (P, t,,) be a fy. neutrosophic Baire Space. 
Proposition 4.1: 
Let (P, ty) be a fy. neutrosophic top. space. Then the following are equivalent. 
i) (P, ty) is a fy. neutrosophic baire space. 
ii) fm (A,)* = 0,, for every fy. neutrosophic one category set Ay in (P, T);)- 
iii) fn (By)* = 1,, for every fy. neutrosophic re. set By in (P, ty). 
Proof: 

(> (ii) 

Let Ay be a fy. neutrosophic one category set in (P, ty). Then Ay = (V= Ay, ), 
where Ay.’ sare fy. mneutrosophic nowh. dense sets in (P,t,). Now 
fn (Ay)* = fn (VE, Ay,)* =Oy- Since (P,ty) is a fy. neutrosophic Baire space. 
Therefore fn (A,,)* = 0,- 

(ii) > (iti) 

Let By, be a fy. neutrosophic re. set in (P,t,,). Then By is a fy. neutrosophic one 
category set in (P,t,,). By hypothesis, fm(B,,)* = 0, which gives that fn(A,,)~= Oy. 
Hence fn (Ay) = 1y. 


(iit) > (i) 
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Let Ay, be a fy. neutrosophic one category set in (P,t,,). Then Ay = (Vey Ay,), 
where Ay. "s are fy. neutrosophic nowh. dense sets in (P, T,,). Now A,, is a fy. neutrosophic 
one category set gives that Ay, is a fy. neutrosophic re. set in (P,t,,). By hypothesis, we 
have fn(Ay)” =1, which gives that fn(Ay)*= 1,. Hence fn (Ay)* = Oy. That is, 
fn (V4 Ay, )” = Oy, where Ay.’'s are fy. neutrosophic nowh. dense sets in (P, ty). Hence 
(P, T),) is a fy. neutrosophic Baire space. 

Proposition 4.2: 

If Ay be a fy. neutrosophic one category set in (P,t,,) then Ay = Aj=1 By, , where 
fn (By,)” = 1y- 

Proof: 

Let Ay, be a fy. neutrosophic one category set in (P, Ty). 
Then Ay = (V=; Ay, ), where Ay.’s are fy. neutrosophic nowh. dense sets in (P, t.). Now 
Ay = VieuAy, =, Ay, Now Ay, is a fy. neutrosophic nowh. dense sets in (P, ty). Then 
by proposition [3.6] we have Ay. is a fy. neutrosophic dense sets in (P,t,,). Let us put 
By. = Ay. Then Ay = AZ, By., where fn (By. )” = 1y. 
Proposition 4.3: 
If fn (Vi,Ay,)* = Oy where fn(Ay.)* = Oy and Ay. Ety, then (P,ty) is a fy. 
neutrosophic Baire space. 
Proof: 

Now Ay. € Ty gives that Ay. is a fnOS in (P,t,). Since fn (Ay, )* = 0,. By 


proposition (3.2), Ay. is a fy. neutrosophic nowh. dense sets in (P,ty). Therefore 
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fn (VE, Ay, )* = Oy, where Ay. ’s is a fy. neutrosophic nowh. dense sets in (P, ty). Hence 
(P, T),) is a fy. neutrosophic Baire space. 

Proposition 4.4: 

If fm (V3, Ay, )* where fn (Ay.)* = Oy and Ay.’s are fmCS in fy. neutrosophic top. space 
in (P, t,,) then (P, t,) is a fy. neutrosophic Baire space. 

Proof: 

Let Ay.'s be fnCS in (P,t,,). Since fn (Ay, )* = Oy, by proposition (3.2), Ay.’s are 
fy. neutrosophic nowh. dense sets in (P, ty). Thus fn (VW, Ay.)* =0,, where Ay.'s are 
fy. neutrosophic nowh. dense sets in (P,t,,). Hence (P,t,,) is a fy. neutrosophic Baire 
space. 

Proposition 4.5 

If fn (AZ, Ay, .)” =1y, where Ay.’s are fy. neutrosophic dense and fmOS in fy. 
neutrosophic top. space (P, ty) if and only if (P,z,,) is a fy. neutrosophic Baire space. 
Proof: 

Let Ay.'s be fy. neutrosophic dense sets in (P,ty).Then fm (AZ, Ay..)” = 1y 
which gives that 1— fm (Ay Ay,,)” =Oy. That is fm ((1—A,Ay,) )* = Oy gives 
that fm (1 —VE=14y,)* = Oy. Since Ay.’s be fy. neutrosophic dense, fm (Ay. )” = Ly. 
Hence fn (1—Ay, +=1—fn (Ay, ) =0,. Consequently fm (1—Vj=, Ay. y* =o, , 
where fn (1 — Ay.)* = Oy and Ay.’s be fmCS in (P, ty). By proposition 4.4, (P, ty) is a 


fy. neutrosophic Baire space. 
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Conversely, let Ay.’s are fy. neutrosophic dense and fmCS in (P,ty). By 
proposition (3.7), 1 — Ay. "sare fy. neutrosophic nowh. dense sets in (P, ty). Then Ay = 
V=,1—Ay is a_ fy. neutrosophic one category set in (P,ty). Now 
fn (Ay)* = fn (VE, — Ay,))* = fn(i— Az Ay,)* == 
fn (VE, Ay,)) - 

Since (P, r,) is a fy. neutrosophic Baire space, by proposition 4.1, we set fn (Ay)* = Oy. 
Then (1— fn (AZ, Ay, ) ) =0y. This gives that ( fn (AZ, Ay, ) }=1y. 
Conclusion: 

In this paper, the concept of a new class of sets, spaces and called them fy. 
neutrosophic dense, fy. neutrosophic nowh. dense, fy. neutrosophic re. set, fy. neutrosophic 
one category set, fy. neutrosophic two category sets, fy. neutrosophic Baire spaces, fy. 
neutrosophic one category space, fy. neutrosophic two category space. Some of its 
characterizations of fy. neutrosophic Baire spaces are also studied. As fuzzy neutrosophic 
have many applications in many fields: information technology, information system, 
decision support system. In the future research presented some of the applications. 
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Abstract: The landslide disaster caused huge losses to human lives and property, and the research 
on the selection of landslide treatment schemes has attracted global attention. Fuzzy multi- 
attribute decision-making methods are widely used for selecting the slope treatment schemes in 
engineering practice. But they do not take into account human linguistic arguments in the 
linguistic decision-making environment, which usually contains incomplete and uncertain 
information, and still lack a qualitative evaluation method. To deal with multiple attribute group 
decision-making (MAGDM) problems of landslide treatment schemes in the linguistic 
neutrosophic environment, a linguistic neutrosophic number Dombi weighted arithmetic 
averaging (LNNDWAA) operator and a linguistic neutrosophic number Dombi weighted 
geometric averaging (LNNDWGA) operator are developed to aggregate linguistic neutrosophic 
information. Then, anew MAGDM method using these aggregation operators is proposed in view 
of the Dombi operational flexibility. Finally, the proposed method is applied to select the optimal 
landslide treatment scheme under the linguistic neutrosophic environment. The results show that 
this method can effectively solve the decision-making problem of landslide treatment schemes and 
make the decision result more reasonable and flexible than other existing methods. 


Keywords: landslide treatment scheme; multiple attribute decision; linguistic neutrosophic 
number; Dombi operation 


1. Introduction 


Landslides have caused immeasurable economic losses to human society. For example, China 
has an average of almost 30,000 landslides, rock falls, and debris flows every year, many of which 
have caused catastrophic disasters. On average, nearly 800 people are killed each year, and the 
direct economic loss exceeds 1 billion US dollars. In 2019, a total of 6,181 geological disasters 
occurred nationwide (Figure 1), where slope failure accounted for 68.27%, accounting for the vast 
majority [1]. Therefore, great attention has been paid to the prevention and treatment of landslides. 
At present, there are many prevention and control plans for slopes. To choose the most reasonable 
plan, some decision-making (DM) methods are needed. In recent years, research on DM methods of 
slope treatment schemes has received increasing attention. These DM methods include the 
empirical discriminant method [2], the analytic hierarchy process [3], the fuzzy multi-attribute DM 
method [4], the subjective and objective weighting method [5], and so on. However, most of these 
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methods are based on the analysis or subjective judgment of expert experience, which leads to 
unreasonable, uneconomical, and sometimes even huge waste in the final choice of the treatment 
schemes. Fuzzy multi-attribute DM methods have been widely used because they can deal with 
fuzzy evaluation and DM problems. But they does not take into account human linguistic 
arguments in the DM issue of the treatment schemes, which usually contains incomplete and 
uncertain information. 


1. 96% 
0.02% 9 69% 


20. 03% 


| Ground collapse Ea Ground fissurell//)) Debris flow 
Land subsidence L] Rock fall | Slope failure 


Figure 1. Types of geological disasters in 2019 


Due to the indeterminacy and ambiguity of human cognition of objective things and the 
intricacy of multi-attribute group decision making (MAGDM) environment, linguistic variables can 
more effectively describe decision information than numerical values [6,7,8]. Therefore, to improve 
the DM effectiveness, many researchers performed extensive studies on DM challenges in linguistic 
environments. Zadeh [7] initially proposed the concept of linguistic variables (LVs), which can 
employ words or sentences to represent qualitative information. In order to solve DM problems 
with linguistic information, Herrera et al. [9, 10] created a technique for linguistic decision analysis. 
Later, Xu [11,12,13] developed linguistic aggregation operators and goal programming models to 
handle DM problems. To tackle incompleteness and ambiguity in DM situations more effectively, 
Merig6 et al. [14,15,16] proposed some linguistic aggregation operators for the aggregation of LVs. 
Xu [17,18] proposed uncertain LVs given by interval values. Then, some scholars developed various 
aggregation operators of uncertain LVs for the MAGDM problems with uncertain linguistic 
information [19-23]. Chen et al. [24] proposed the concept of linguistic intuitionistic fuzzy numbers 
(LIFNs), which enables the direct description of real and false linguistic information using linguistic 
items. Liu et al. [25,26] put forward some LIFN aggregation operators for multi-attribute DM. 
However, LIFN cannot express uncertain and inconsistent linguistic information in DM problems. 
But the neutrosophic numbers (NNs) [27-30] and neutrosophic sets [28-30] proposed by 
Smarandache make up for the above shortcomings. Some scholars put forward new concepts 
focusing on the combination of neutrosophic set and linguistic set. Subsequently, Fang and Ye [8] 
introduced the linguistic neutrosophic number (LNN) which includes three independent LVs for 
describe true, false, and uncertain linguistic information. They also introduced the LNN weighted 
geometric and LNN weighted arithmetic averaging operators to handle MAGDM problems 
containing LNN information. However, this MAGDM method [8] can be better applicable to the 
expression and processing of inconsistent and uncertain linguistic information in DM problems. 
After that, some LNN aggregation operators were successively proposed, such as LNN normalized 
weighted geometric Bonferroni mean (LNNNWGBM) and LNN normalized weighted Bonferroni 
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mean (LNNNWBM) operators [31] and linguistic neutrosophic power weighted Heronian 
aggregation (LNPWHA) operators [32]. These aggregation operators can effectively deal with 
linguistic DM problems with inconsistent and uncertain linguistic information. Furthermore, Shi 
and Ye developed three correlation coefficients of LNNs [33] and two cosine similarity measures of 
LNNs [34] for MAGDM problems with LNN information. Cui and Ye [35] defined the concept of 
hesitant linguistic neutrosophic number (HLNN) sets and introduced the normalized generalized 
distance and similarity measures of HLNNs for DM problems with HLNN information. 

In 1982, Dombi [36] developed Dombi t-conorm and Dombi t-norm operations, which contain 
the advantage of changeability by adjusting a parameter value. Hence, Liu et al. [37] introduced the 
Dombi operations of intuitionistic fuzzy sets (IFSs) and proposed some Dombi aggregation 
operators for the MAGDM problem with intuitionistic fuzzy information. Ye and Chen [38] 
introduced the Dombi operations of single-valued neutrosophic numbers (SVNNs), then presented 
the single-valued neutrosophic Dombi weighted geometric average (GVNDWGA) operator and the 
single-valued neutrosophic Dombi weighted arithmetic average (GVNDWAA) operator to handle 
DM problems with LNNs. Ye and Lu [39] extended the Dombi operations to the environment of 
linguistic cubic variables (LCVs) and developed the linguistic cubic variable Dombi weighted 
geometric average (LCVDWGA) operator and linguistic cubic variable Dombi weighted arithmetic 
average (LCVDWAA) operator for MAGDM problems. However, in the available research, the 
Dombi operations have not yet been extended to LNNs. Therefore, the main goals of this study are 
(1) to propose some Dombi operations of LNNs, (2) to propose the LNN Dombi weighted geometric 
averaging (LNNDWGA) and LNN Dombi weighted arithmetic averaging (LNNDWAA) operators, 
(3) to develop a DM method based on the LNNDWAA or LNNDWGA operator for performing 
MAGDM problems in the LNN information environment, and (4) to validate the viability of this 
method through a case study. 

The following sections constitute the rest of this paper. Section 2 introduces some preliminaries. 
In Section 3, we define the Dombi operations of LNNs and propose the LNNDWAA and 
LNNDWGA operators and their properties. Section 4 introduces a new MAGDM method using the 
LNNDWAA or LNNDWGA operator. In Section 5, the application of the proposed method is 
demonstrated by an application example and then a comparative analysis is given to show its 
superiority over existing approaches. Section 6 gives the conclusions of this article. 


2. Preliminaries 


2.1 Several Concepts of LNNs 


Definition 1 [8]. Suppose that Fr%e= {Frx’, Eri’, ..., Erg} is a set of linguistic terms with an odd 
cardinality ® + 1. Then, LNN is defined as N= <Fr.’, Fr,’, Fr’> for Er’, Fry, Fr’ © Fr®e and x, Y,Z€ 
[0, D], where Fr‘’, Fr,’ and Fr*” independently represent truth, uncertainty, and falsity LVs, 
respectively. 

Definition 2 [8]. Set N = <Fr,’, Fr,’, Fr:’> as LNN in Fr®. The score and accuracy functions of N are 


determined by the following eqations: 


U(N) =(20+x-y—z)/(3@) for U(N) €[0,1], (1) 
V(N) =(x-z)/® for V(N) €[-1,]]. (2) 


Definition 3 [8]. Let N, =(Fri’, Fri’, Fri’) and N, =(Fri’, Fr’, Fr) be two LNNs in 


Fr®, and they imply the following ranking relations: 
(1) When U(N1) > U(N2) => Ni > N32; 
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(2) When U(N1) < U(N2) => Ni~< Nz; 

(3) When V(N:) = V(N2) and U(N1) = U(N2) => Ni = No; 
(4) When V(N1) < V(N2) and U(N1) = U(N2) => Nix N>; 
(5) When V(N1) > V(N2) and U(N1) = U(N2) => Ni> No. 


Definition 4 [8]. Let N, =(Fr.”, Fri’, Fr’) and N, =(Fri’, Fri’, Fr) be two LNNs in 


Fr®o, and A is a positive real number (A > 0). Their operational laws are introduced as follows: 


(1) N, (>) N, = (Fr, Fr, Fri) ® (Fr, Fri? , Fri? ) = [ec Fr Fr’ } 


XX? Viy2? yz 
xy +x)— 1%2 M2 1<2 


Q) N@N, = (Frye, Fr, Fre? )@( Fr’, Fre’, Fre’ )= [Pet a } 


, ° 77. 
*1%2 yy ty YiY2 _£1%2 
ap) 


(3) AN, =A Fr, Fr? Fr? \= Fr*° Te ok akan ot gis 


a9 _\A9 A ; 
©-o| 1-21 | 2 | 4 
® © ® 


A 
(4) Ni = (Fri? Fre’, Fri) =( Fr’ Fr Fk 


o(2) o-of1-] o-of 3) 
2.2 Weighted Aggregation Operators of LNNs 


Definition 5 [8]. Set N, = (F ae 2 aate a ae (g = 1, 2, ..., h) as an assemblage of LNNs in Fr®, 


The LNNWAA operator is defined below: 


h 
LNNWAA(N,,N),...N,) = 17,Ny, (3) 


g=l 
. . h 
where ys is the weight of Ng (g=1, 2, ..., 4) for0< yg <1 and pe | 1. 


Theorem 1 [8]. Let NV Pin (F ts F ae F; re) (g =1, 2, ..., 4) as an assemblage of LNN in Fr®, then 


the aggregation result is obtained based on the following aggregation equation: 


h 
LNNWAA(N,,N,,....N,) = >,7,N, =( Fr” Wau 


Ro 
h LT i, 
X¢ ys of [Cc ye of [ce y's 
= o-o| | a-—2)" ce ee 
= Ih gel . gal 2 


(4) 


Definition 6 [8]. Suppose that N, = (Fr : cane Fr) (g=1, 2, ..., h) is a group of LNNs in Fr®, 


Xg 


the LNNWGA operator is defined by 


h 
LNNWGA(N,,N,,-..N,) =] [N,", (5) 
g=l 
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h 
where yz is the weight of Ng (g=1, 2, ..., 4) for0< yg <1 and ae ie 1. 


Theorem 2 [8]. Let NV, =( Fr, Fr, Fr) (g = 1, 2, ..., h) as an assemblage of linguistic 


neutrosophic numbers in Fr®, then the result of aggregation is obtained based on the following 


aggregation equation: 


h 
LNNWGA(N,,N,,..N,)=][N," =( Fr™, . Fr® ,Fr® (6) 


x h y h Z, 4 
eet eo] [cs e-ef Ja)" —@-e] Ja--£)"* 
gel 2 gel 2 gal 2 


3. Dombi Operations of LNNs 


The Dombi operations contain the advantage of flexible aggregations by modifying the value 
of the parameter. In 1982, Dombi [36] proposed the Dombi T-norm and T-conorm operations for the 
first time. Although many researchers have introduced Dombi operations in various linguistic 
decision-making environments and decision-making methods [37-43], the Dombi operations have 
not yet expanded to LNNs. Therefore, this section proposes the Dombi T-norm and T-conorm 
operations of LNNs, then presents the LNNDWAA and LNNDWGA operators and their properties. 


3.1 Dombi Operational Laws of LNNs 


Definition 7 [36]. For any two real-values Th and Tj, the Dombi T-norm and T-conorm operations 


between Th and Tj are defined below: 


O, (Th, Tj) = , (7) 


¢ : 1 
0; (Th.T) =1- (8) 
1+ ( ah + Ay 
1-Th 1-7 


where the parameter p 21 and (Th, 17) € [0, 1] x [0, 1]. 


Definition 8. Assume that N, = (F SSP ae oF De and N, = (F ea eee i) are two LNNs, 


A >0, and p > 0. Then, the Dombi T-norm and T-conorm operational laws of LNNs are expressed 


below: 
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N,®N, 


x 


(Fre, Fr, Fr’ \@ Fr, Fr, Fri? ) 


R R R 
=| Fr’? Fr’ F Fr’ A 
Ox Ox 
o py iP 3 py iP 
1-y,/® l-y,/® 1-z,/® 1-z,/® 
1 1+ + 1+ + 
x} I- ; iP y,/® y2/® z/ 2/D 
x/® YP ( x/® 
1+ + 
1-x,/0) “(1-x,/® 
= Ro Ro Ro 
=| Fr a ,Fr a ,Fr a 


hel eel rey 


Ro Ro Ro 
=| Fr” Fi Fr” Fr’ 
Ox 
Pp p\P 
1-x,/® 1-x,/® 
1+4| —— | 4+] 1 1 
x/D Xy/@D x} 1— ip ®x| 1-— TF 
Pp p 7 p Pp 
le y,/® Al y2/® le Z/@ + Zy/D 
1-y,/® 1-y,/® 1-z,/® 1-z,/® 
Ro Ro Ro 
=| kr Fr™ Fr™ 
® ? ® ? ® 
Q- o- 
Vp Vp Vp 
O-x, O-x, ef y y i Z ° Zz ig 
144) —1 | 4] — 144, 1 | 4 2 144) 1 | 4) 2 
xy Xy ®-y, ®-y, O-z, ®-z, 


Ro Ro Ro 
=| Fr ,Fr Pa ,Fr 6 
Vp Vp 
p Pp 
; ; (28) ; (22) ; 
®x| 1- Tp y,/® z/® 
x/o \ 
1442) 
1-x,/® 
_ Ro Ro Ro 
=| Fr % ,Fr é ,Fr é 
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(9) 


, (10) 


(11) 
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R 
é , Fr ‘0 
o- ©- 

Vp Vp Vp 
@-x, y iP Zz i 
144 4] ——1 144 a| —1 144 4] —! 
xy @-y, D-z, 


However, the operational results of the equations (9)—(12) are also LNNs. 


Example 1. Let Ni = <Fr,’, Fri’, Er;’> and No = <Fr3’, Ers’, Fre’> in Fr®o= {Frs’, Er’, 


LNNs, A = 0.5, p = 1. Based on the equations (9)—(12), we have the following operational results: 


N, ON, =( Fr’, Fr® Fr?) @ (FA, Fr”, Fr,” ) 


= Ro Ro Ro = Ro Ro Ro ‘ 
= Pr 6 Fr 6 Fr 6 = (Bits ees Ps ant te snto) 

a 1 ni 1 ni 1 nu 

(ae)| Ge} Ge 

6-2) (63 i 2 3 4 
Ro y.Ro Re Ro y.Ro LR 

N,@N, =(Fr, "Et FP, ”)@ (Fr; "EE 6 FT, °) 
_ Ro Ro Ro Ro Ro Ro 
See 6 .Fr 6 Fr 6 (seen ayer gee 


AN, =A( Fr”, Fr®, Fr,” ) 


= Ro Ro Ro _ Ro Ro Ro 
=| Er 6 »Fr 6 Fr 6 = Fi ne Tonia Pa gn 
1 Vi 1 Tat 1 i 
wfos{ 2) ross) ross) 
6-2 i 3 


a 
A R R R 
N, =( Fr; arn oar ye ey 


730 


(12) 


..., Er’} be two 
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3.2 Dombi Weighted Aggregation Operators of LNNs 
Definition 9. Set N, = Ce i Fr) (g=1, 2, ..., h) as a group of LNNs. Let y = (71, v2, ..., Yn) 


h 
be the weight vector of Ng such that ys € [0, 1] and Dis a= 1. The LYNDWAA and LYNNDWGA 


operators are proposed below: 


h 
LNNDWAA(N,, Ny5.-5N,)= ®7,N,, (13) 
bs 
h 
LNNDWGA(N,,N,,...,N,) = @ Ni (14) 
ee 


Theorem 3. Let N, = (F Pa ant (g = 1, 2, ..., h) be an assemblage of LNNs and y = (1, 


h 
V2, +, yn) be the weight vector of Ng such that yg € [0, 1] and ae | iis 1. The aggregated result of 


the LNNDWAA operator is still an LNN, which can be expressed by 


h 
LNNDWAA(N,,N,,..,N,) = ® YN, = Ee zi Fr’ Fre, . (15) 
a 


7 oO 
Vp Wp Vp 
h # P h o-y Pe h -z, 2 
fre 1+ 7 5 ct 1+ vr : s 
gol & gel os gal “g 


Theorem 3 is proved through mathematical induction below. 


Proof: 


(a) Let h = 2. Based on Definition 8 we can obtain 


LNNDWAA(N,,N,)=N, ®N, 


| 
= 
a 
8 


R R R 
=i Fr: fre’ S sere é 
2- pile pip pip 
Z x, 2 @-y 2 @-z 
1+ vy 7 1 1+ | 7 1+ Yn 7 
is 7 -x, gel : Vg gel * Zg 


(b) If h =k, we can keep the following result from the equation (15): 
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k 
LNNDWAA(N,,N,5.1N,) = ®y,N, 
2 


Ro Ro Ro 
=( Fr “ , Fr _ Fr 


o- 
Vp Vp Vp 
E x, \ ks @-y ° 7 ®-z, \ 
I+ Yr{ st ] 1+ 7 & 1+ vr. 8 
yal 8 gal Ye gel Xe 


(c) Set h=k + 1. Based on Definition 9 and the equation (15), there exists the following result: 


k+l 


LNNDWAA(N,,No5.-5N ys Nur) = ® 7,N, 
= 


=) 
> 

= 
a 
i) 


© Dae. 


R R R 
Fr”? Fre’ , Fr”? 
O— 
kl xu NP ve ku (py VP ue kil (@_, VP UR 
8 g “g 
re ee iy na : ” yal 1 
g=l 8 gel 8g gel 8 


In terms of the above results, the equation (15) can hold for all h. 


Then, the LNNDWAA operator has some properties: 
(1) Reducibility: When y = (1/h, 1/h, ..., 1/h), there exists 


h 
LNNDWAA(N, N,N) = ® 7,N, 
g= 


R R R 
={ Fr” i ger ig Py 
o- 
A p /p h . p /p ‘i ' 3 p Vp 
x -y m2 
1+ yf = 1 I+ yf oon) I+ yf 7 
man O-x, = h\ Ye “alt 2g 


(2) Idempotency: Let all LNNs be N : =(F Ee) = N (g = 1, 2, ..., h). Then, 


Xs Ye 2g 


LNNDWAA(N1, Nz, ..., Nn) =N. 
(3) Commutativity: Let the LNN sequence (N1’, N2’, ..., Na’) be an arbitrary arrangement of (N1, 
Nz, ..., Nn). Then, there is LNNDWAA(NY1’, N2’, ..., Na’) =LNNDWAA(Ni, Nz, ..., Nn). 


(4) Boundedness: If the maximum and minimum LNNs are 


= Ro Ro Ro = Ro Ro Ro , 
Nu ie: LT rine Fe) and N... = Cane ae fe) , then Nmin < 
& & & & & & 


LNNDWAA(N1, Nz, ..., Nn) S Nmax. 


Proof: 


(1) Based on the equation (15), we can see that the property (1) is valid. 
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(2) Since N, = (Fr? Fr, Fri’ ) =N (g=1, 2,..., h), by the equation (15) we can obtain the 


following result: 


h 
LNNDWAA(N,,N,,....N,)= ®7,N, 
= 


Fr ‘< Yaar ce 
eT} ET} GT 
=( Fr’ 9 Fr, JFr@9 | )=( Fry", Fr”, Fr’ )=N 


Hence, LNNDWAA(Ni, N2, ..., Nn) = N holds. 
(3) The property (3) is obvious. 


(4) Since min(x,) <x,< max(x, ), max(y,) <y,< min(y, rs max(Z,) = ae min(z, ) , there 


are the following inequalities: 


® ® ® 


(0) ; up = min(x,)<® : yp Smax(x,)= 72 
p min(x,) i x, ks max(.x, ) 
14 g 1+), 14 
[eee *\ @-x, dr ® —max(x,) 
ro) ro) . ro) 
Vp =max(y,)S pve Smun(yh= pir”? 
h ® —max(y,) h @-y, : h ®—min(y,) 
144 ‘ 1+) 2%, 1 0 meant era 
® ® : cv) 
pie =max(z,) S pie (Z,)= pe 
h ®—max(z,) fi x @O-z, h ®—-min(z,) 
14 be Ys Z 14 Dy ~ 
gal max(Z,) gal 8 gal min(z,) 


Therefore, Nmin < LNNDWAA(Ni, N2, ..., Nn) < Nmax is true. 
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Theorem 4. Let N, = (Fr, ae Fr) (g=1, 2, ..., h) be a group of LNNs and y = (71, 72, ..., Yn) 


h 
be the weight vector of Ng (g = 1, 2, ..., h) for ys € [0, 1] and oe | ae 1. The aggregated result of 


the LNNDWAA operator is still an LNN, which can be expressed by 


h 
LNNDWGA(N,No5-.5N,)= ® Ni 
g= 


R R R (6) 
=( Fr a eg és SFr 6 


h o-x.Y uP h ae Mp 
& & 
gal 8 gal 8 


Theorem 4 is also proved based on mathematical induction, which is given below. 


Proof: 


(a) Let i = 2. Based on Definition 8 we can obtain 


LNNDWGA(N,,N,) =N, @N, 


Fr® c , Fr® 
O-— 
1+ 


ace ec 


(b) If h =k, we can get the following equation from the equation (16): 
k 


LNNDWGA(N,,N),..-N,) = ® Nj 
Be 


= Ro Ro Ro 
=( Fr , Fr % , Fr . 


5 mee Vp o- ; ; pe ; 
=) ) z 
i: Yr : Me Yn = ] Le mal : 
gal Xg gal \P-Ye qi (2-2, 


(c) If{h=k +1, there exists the following result: 


i 
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k 


+1 
LNNDWGAUN,,N,,..N,+Nya) = @Ny 


Ro 
, Fr 
es ee es (Oa = eo = Se 
5 = } Vp , ‘5 p Vp 5 7 p /p 
I+ Ys I+ %e| = 1+ Ye 
gal Xg gal (PVs ql \P-Z, 


In terms of the above results, the equation (16) is true for all h. 


The LNNDWGA operator also contains some properties: 
(1) Reducibility: When the weight vector is y = (1/h, 1/h, ..., 1/h), the equation (16) yields the 
following result: 


h 
LNNDWGA(N,,N,,...N,) = @ Nz 
Pe 


it 1(o-x, ue. oe fia f aye. P ve ss HE se ONE Me 
& & "s 
. yf x a ye yt ] 
gal 8 g=l Ye gel 8 


(2) Idempotency: Let all LNNs be N ‘ =(F aay 2 = N (g = 1, 2, ..., h). Then, 


LNNDWGA(Ni, Nz, ..., Nn) = N. 
(3) Commutativity: Let the LNN sequence (N1’, Nz’, ..., Ni’) be any permutation of (N1, N2, 
Nn). Then, there is LNNDWGAV(N1,, N2’, ..., Nn’) = LNNDWGA(N1, Nz, ..., Na). 


(4) Boundedness: If the maximum and minimum LNNs are 


soos 


Ro Ro Ro Ro . 
Nnax = (Frit, ieee) and Nin -(Frg Tint, )> Financ gees) @ dhe Nene e 
g& & & 


LNNDWGA(N1, N2, eos Nn) < Nmax. 


Since the characteristics of the LNNDWGA operator can be easily proved by the similar proof 
process of the characteristics of the LNNDWAA operator, it is omitted here. 


4. MAGDM Method based on the LYNDWAA and LNNDWGA Operators 


This section proposed a new DM method based on the LNNDWAA and LNNDWGA 
operators to solve MAGDM problems in the LNN environment. 

Ina MAGDM problem, let P = {P1, P2, ..., Pu} be a set of alternatives and VW = {W1, W, ..., Wi} bea 
set of attributes. The weight vector of the attributes Y% (¢ = 1, 2, ..., h) is y = (1, yz, «.., yn). Assume 
that there is a group of decision-makers Q = {Q1, Q2, ..., Or} with their weight vector 7 = (11, 172, ..., Nr). 
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Each decision maker evaluates the value of each attribute W% (g = 1, 2, ..., h) for each alternative Pi 
from the set of linguistic terms Fre = {Fr;° = very low, Fr’’ = low, Fr,’ = slightly low, Fr’ = medium, 
Fr,’ = slightly high, Fr;’ = high, Fr,’ = very high}. According to the linguistic terms, each decision- 
maker can assign the three linguistic values of indeterminacy, falsity, and truth to each attribute VW; 
for the alternative Pv. Thus, LNN is composed of the obtained linguistic values. Hence, the LNN 
assessment information of the attributes Ve (g = 1, 2, ..., h) for the alternatives P» (v = 1, 2, ..., u) 


provided by each decision-maker Qs (s = 1, 2, ..., 7) can establish the LNN decision matrix 


M. =(N; ) ! where N° = er ae) (s=12,..,75,0=1,2,.. u,9=1, 2, ..,h) are 


VS 


LNNs. 

Then, we present a MAGDM method using the score function (accuracy function) and the 
LNNDWAA and LNNDWGA operators to perform the MAGDM problem with LNN information. 
Here, the MAGDM method is described by the specific decision-making steps below. 

Step 1: Aggregate all Ms (s = 1, 2, ..., r) by using the following LNNDWAA or LNNDWGA 


operator: 


r 


1 2 r\_ Ss 
Geel) — O7.N\. 


N,, = LNNDWAA(N 


(17) 
= Fr® P Si gas Z rf Fr® e 
o- : ; pyle ; ~ Ne Vp : TAB Vp 
Beal a8 Hf 5n( 22 Hf r( 2 
sel O-x,, s=l Yvg s=l vg 
or 
= 1 2 Pte s \Is 
N,, = LNNDWGA(N),,Nj, 4 Ni,) = @(N, ) 
(18) 
- Fr® F Fr®° ; Fr®° 
° pip G ° pyr ® ° pp 
Sey Bell eel 


to obtain the integrated matrix R = ( N .) , where N= (F °F ae F 7) WHT awe H I, 
ve V8 vg “Ve 


x, 


2, ..., h) are integrated LNNs. 
Step 2: Use the following LNNDWAA or LNNDWGA operator to obtain the collective overall 
LNNs WN: for Po (v = 1, 2, ..., u): 


h 
N, = LNNDWAA(N,,, Nya Nis) = ON 
i 


(19) 
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N, =LNNDWGAUWN,,,,N,55--5N,,,) = SN 
ps 


or ; (20) 
a Fr®° Fr*? 2 


co) 
Vp O- Vp 
Pp h . Pp 
“8 
gal 8 


o- 
h o pte h 
mE: Ye 
g=l 8 g=l *8 


Step 3: Calculate the score values of U(Nz) (the accuracy values of V(Nv)) (v = 1, 2, ..., u) through 


the equation (1) (the equation (2)). 
Step 4: Rank all alternatives in decreasing order, then select the more reasonable one. 
Step 5: End. 


5. An Illustrative Example on Slope Treatment Scheme Selection 


The application of the MAGDM method proposed in this paper is illustrated by the selection of 
slope treatment schemes. To avoid slope instability, a set of four slope treatment options P = {P1, P2, 
Ps, Pa} is proposed, where P1 is gravity retaining wall + lattice protection; P2 is anti-slide retaining 
wall + anti-slide pile; Ps is anchor retaining wall + lattice protection; and Ps is pile-plate retaining 
wall. The evaluation of the schemes should meet the following attribute requirements: (1) Y% is the 
economic status; (2) ¥Y% is the security situation; (3) W% is the construction feasibility; and (4) W% is the 
environment situation. The weight vector of the four attributes is assigned as y = (0.23, 0.28, 0.26, 
0.23). Assume that three experts are invited as a group of decision makers Q = {Q1, Q2, Q3}, then the 
weight vecror 7 = (0.29, 0.33, 0.38) is given to indicate the importance of the various decision makers. 

Decision makers need to assess the four attributes on the four alternatives from the linguistic 
term set Fro = {Fri” = very low, Fr’’ = low, Fr’ = slightly low, Fry’ = medium, Fr’? = slightly high, Fre 
= high, Fr’= very high} with = 6. Thus, the linguistic evaluation results of each decision-maker QO: 
(s = 1, 2, 3) can be established as the LNN decision matrices M1, M2, and Ms: 


(F mo ,F oa ,F a ) (F i ,F ig ,F i ) (F a ,F io ,F a ) (F re Fi ie ,F ae ) | 
(F ise FF od ,F an ) ( F oe FF ie fF a ) ( F re FF as FF Pl ) (F Ay Fi ae fF me ) 

M= 
(F ea ,F a ,F a ) (F fe ,F he ,F aa ) (F oe ,F oe ,F a ) (F Te ,F Te ,F iad ) 
(F ie FF re FF ie ) ( F; Ae FF ne Ff ie ) ( F ae FF a FF id ) (F ag Fi i fF ig ) 
(F ie ,F ne FF ad ) (F eae ,F i ,F ae ) (F ie Ff a ,F a ) (F re ,F a ,F aly 4 
(F me ,F fa FF Tet ) (F as Fi Ee ,F ie ) (F i FF ne ,F ik ) ( F 7 ,F i ,F me ) 

M.= 
: (F ae ,F es FF ig ) (F ne ,F ih ,F Pi ) (F as FF om ,F iad ) (F oi ,F i ,F ae ) 
(F ee wa a ,F aa ) (F fas wa re wa Be ) (F ie wa ne wa ig ) ( F ae wal ne wa a ) 
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Fr® , Fr, Ro Da rtu Fri”, Fr, Ro , Fr Pre. Fr, Ro Fr, Ro 


(Fe ) ) ( ae 
Cade Oak ig mea CARES aces he OR Es Page a = Fre 
( ) { ) (Fr ) (Fr 


Fr®? , Fr”, Fr,” Bee Fr”, Fri? ke CPR: Fr? 


3 


The decision procedures based on the LNNDWAA operator are indicated below. 
Step 1: Aggregate the decision matrices M1, Mz, and Ms by the equation (17) for p = 1 and 


obtain the integrated matrix R = ( Nye ie . 


Ro Ro ‘0 Ro Ro 0 Ro Ro ‘0 Ro Ro 
| (Fri 4249 ? Fry, 0000? (ae 5751 ) (Pet 2 Fry 0000? Fr 0033 ) (Ee ? Fr, 2345? Fr 8599 ) (Eom Fry 5751 iF q on )] 
Ro Ro ‘0 Ro Ro Ro Ro Ro Ro Ro Ro 0 
R (Fr 4.4496? ir, 2472? Fs 2346 ) (FreSsen ? Fry 5751? Fry 2472 ) CE oe ? Fry 6201? Pr, 0000 ) are 2 Fry 5751? Er 7430 ) . 
= Ro Ro Ro Ro Ro Ro Ro Ro Ro Ro Ro Ro 
(Fr 3.3799? Fry, 6036? Fry 7933 ) (Frits 1? Fr, 2698? Fry. 2140 ) (Frisice ? Fry 2472? Fr, 7192 ) (Pi ass ? Fr; 2345? Fry. 2140 ) 
Bre cE pas PE Pr Ft Ete fA 2 AN ee pa eens ed 
3.3799? 2.2140? 3.0211 3.4249? 1.5038? 2.2901 3.0000? 2.2472? 1.8692 3.3799? 23 sno. hs 2901 


Sip 2: Through the equation (19), obtain the collective overall LNNs of No for Po (v = 1, 2, 3, 3,4) 


below: 


Ro 


Nie <P thee, Etsy F¥aimm No = <P rata Erigey Frases) No = <Frisoy Priomy Frosh) and Ne=<Frsuy 
Ev sping E Toons: 

Step 3: Calculate the score values of U(Nz) (v = 1, 2, 3, 4) by the equation (1): 

U(N1) = 0.6154, U(N2) = 0.6165, U(Ns) = 0.6174, and U(Ns) = 0.6116. 

Step 4: Rank the four alternatives: P3> P2> P:> Ps. It can be seen that P3 is the most reasonable 
option among the four ones. 

Or the decision procedures based on the LNNDWGA operator are indicated below. 

Step 1: Aggregate the decision matrices Mi, M2, and Ms by the equation (18) for p = 1 and 


obtain the integrated matrix R = ( Nes ), , : 


E Ro Ro Ro Ro Ro Ro Ro Ro Ro Ro Ro Ro 
Fr, Fr. Fr. FY, o000 ? Fry, 0000? Fr, 1401 Fry, 149° Fr, 3799? Fr, 9967 FF; 5698 2 Fr. 7302? Fry 4623 


( 3.2698? ~ “2.0000? ~ “2.7302 ) ( ) ( ) ( ) 

Ro Ro Ro Ro Ro Ro ‘0 Ro Ro 
CPi 2 Fr, 3964 ath q oat ) (Pras ? Fry 7302? ty. Fis) (Be os ? Fr, 7655? ta oe 0000 ) Poi 2 Fr, 7099 Ff i 2808 ) . 
(Fay Fr® Fr Ro ) (Frais Fr® Fr Ro ) (fa, Fr Fr Ro ) (Fe Fr® Fr Ro ) 


3.2345? 3.7528? 3.9798 3.8023” 3.4249? 2.3526 4.2463? 2.3964? 2.2570 4.2463? 3.3799? 2.3526 


Ro Ro Ro Ro Ro Ro Ro Ro Ro Ro Ro Ro 
(Fr 2345? Fry 3526? Fr, 2222 ) (Fr 2698? Fr 7173? Fry 4497 ) (Fr 0000 Er, 3964? Fr, 4093 ) (Fr; 2345? Fry, 6851? Fry 4497 ) 


Step 2: Through the equation (20), obtain the collective overall LNNs N>» for Po (v = 1, 2, 3, 4) 
below: 
Ni SSE Ypacsis ET csi Et aus, N= SPP ceaty ED one) FY gate? NB = SET huay EP seany ET gee AN NE= SETS pay 
Fr 650, Et oe? 
Step 3: Obtain the score values of U(Ne) (v = 1, 2, 3, 4) by the equation (1): 
U(N1) = 0.5322, U(N2) = 0.5134, U(Ns) = 0.5352, and U(Na) = 0.5312. 
Step 4: Rank the four alternatives: P3> Pi> Ps> P2. It can be seen that P3 is the most reasonable 


choice among the four ones. 
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We can repeat the above decision process by changing the parameter p from 2 to 4. The sorting 
results obtained by using the LNNDWAA operator are shown in Figure 2. Then, the ranking orders 
based on the LNNDWGA operator are indicated in Figure 3. 


p=4 


p=3 


wi P, 
i 


Mm P, 
mi P, 


Figure 2. Ranking orders of the four alternatives based on the LNNDWAA operator (I, II, II, IV are ranking 


numbers) 


As shown in Figure 2, the sorting results obtained based on the LNNDWAA operator change 
with the change of the parameter values of p. With an increase of p, the score values of the four 


alternatives gradually increase. However, the ranking orders tend to robustness when p > 3. 


0.0 0.1 0.2 0.3 0.4 0.5 
U 


Figure 3. Ranking orders of the four alternatives based on the LNNDWGA operator 
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For the evaluation results using the LNNDWGA operator in Figure 3, the ranking orders also 
change with the change of p. With an increase of p, the score values of the four alternatives 
gradually decrease. The ranking orders tend to robustness when the value of the parameter p 
exceeds 3. 

Furthermore, a comparison is made between the new MAGDM method and the existing 
relative MAGDM methods by the operators of LNNWAA and LNNWGA proposed by Fan and Ye 
[24]. According to the calculational steps given by Fan and Ye [24], the alternatives are evaluated as 
follows. 


Step 1: By the LNNWAA operator of the equation (4), we can obtain the integrated matrix 
R= (N., vis 


Ro Ro Ro Ro Ro Ro Ro Ro Ro Ro Ro Ro 
FP 3957+ FT c0009 F243 Fr, coo» FT 00009 T3988 Fr, o¢49 FT 36107 T0433 FP 39575 Fy 62439 FN, 9761 


Ro Ro Ro 
Fry 3649» F Ty 99639 FN, 3013 


Ro Ro Ro 
( ) Fr ooi7 FT 6043 To 2863 
R = 
( Ro Ro Ro ) 


Ro Ro Ro 
Fry 3549» ET 6109 FT. 2496 


Ro Ro Ro Ro Ro Ro 
ae Leave ane) (Prog PF esi E tase) . 


( 
( 
( Ro Ro Ro 
( 


Fr; 33985 FF 6377» FT 9900 Fry 3649» FT 29639 FT; g083 


( 
( 
(F Yao FFs songs Pt eae) 
( 


Ro Ro Ro Ro Ro Ro Ro Ro Ro Ro Ro Ro 
Fry 33992 FT 34962 T3086) FF 3757° FN sou» Poza Fie iii one aces) (Ar sabia ieel hess) 


Step 2: The collective overall linguistic neutrosophic numbers of No for Po (v = 1, 2, 3, 4) was 
determined below: 

NiS<Frocain Ptraty Freie N22 <E thoy Proves Progam, Ne = <P rime Prime Frome? and Ne= Fri, 
Pie Piso 

Step 3: Calculate the score values of U(N>) (v = 1, 2, 3, 4) for the collective overall linguistic 
neutrosophic numbers of Nv: 

U(N1) = 0.5929, U(N2) = 0.5860, U(Ns) = 0.5967, and U(Ns) = 0.5902. 

Step 4: We can get the ranking of the four alternatives: P3> P1> P4> P2. It can be seen that P3 is 
the most reasonable choice among the four ones. 

Or by the LNNWGA operator of the equation (5), the calculational steps are given below. 

Step 1: This step is the same as Step 1 mentioned above. 

Step 2: Through the equation (5), the collective overall LNNs of N» for Ps (v = 1, 2, 3, 4) below: 

Ni=<Prosus Fr hey Frou) No =<Frany Ethie Fraves N3 = <Eritee, Ethsan Erosom, and Na=<Prj uy 
Five Eos 

Step 3: Calculate the score values of U(Ne) (v = 1, 2, 3, 4): 

U(N1) = 0.5832, U(N2) = 0.5525, U(N3) = 0.5857, and U(Ns) = 0.5843. 

Step 4: We can get the ranking of the four alternatives: P3> P4> P2> P1. It can be seen that P3 is 
the most reasonable option among the four ones. 

Figure 4 shows the comparison of the decision results obtained using the LNNWGA and 
LNNWAA operators [24] and the proposed LNNDWAA and LNNDWGA operators in this study. 
The ranking orders in this MAGDM example are influenced by different aggregation operators and 
values of the parameter p. According to the results obtained using the LNNWGA and LNNWAA 
operators, the scheme P3 is the most reasonable option among the four alternatives. It is the same as 
the result based on the proposed LNNDWAA and LNNDWGA operators when p = 1. However, the 
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best alternative is P2 according to the proposed LNNDWAA operator when p = 2, 3, 4. According to 
the result of the proposed LNNDWGA operator, when p = 2, 3, 4, the best alternative is Ps. 


Decision 


results 


mE P, 
mE P, 
mE P, 
me P, 


All alternatives are ranked in a decreasing order 


Figure 4. Comparison of the decision results based on different aggregation operators and values of p 


6. Conclusion 


In this study, the LNNDWAA and LNNDWGA operators and their properties were proposed 
in view of the Dombi operations in the LNN environment. A novel technique for MAGDM 
problems was proposed using the LYNNDWAA or LNNDWGA operator. In the proposed MAGDM 
process, regarding the satisfactory assessment of alternatives over multiple attributes, we 
established a decision matrix based on the suitable evaluation results given by the decision makers. 
Then, we used the LNNDWAA/LNNDWGA operator to aggregate LNN information. Finally, the 
score values (accuracy values if necessary) was calculated and the ranking results of alternatives are 
given in a descending order to obtain the optimal choice. In the DM application, an illustrative 
example of the selection of landslide treatment schemes was presented to verify the feasibility of the 
proposed method. Compared with the related MAGDM methods in previous studies, this new 
method can influence the sorting order of alternatives by changing the parameter values of p. Thus, 
it can overcome the insufficiency of decision flexibility in the existing MAGDM method with LNNs. 
Therefore, we can more effectively deal with the DM problem of landslide treatment schemes by 
specifying various parameter values according to the preferences and demands of decision makers. 
It is obvious that this new method can better solve the DM problem of landslide treatment schemes 
and make the DM results more reasonable and flexible in the uncertainty and inconsistency of 
human linguistic judgments. 
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Abstract. There are several decision-making based situations in which it is necessary to categorize the eval- 
uating parameters into their respective sub-parametric values based non-overlapping sets. The existing soft 
set model is not compatible with such situations therefore hypersoft set (H s-set) is developed which manages 
such situations by utilizing a novel mapping called multi-argument approximate mapping which broadens the 
domain of soft approximate mapping. This research presents the characterization of several essential axiomatic 
properties and set-based operations of Hs-set which will help the researchers to implement this emerging theory 
to other fields of study. The brief discussion on some hybridized structures of Hs-set with fuzzy set-like models 


is also provided. 


Keywords: Hs-set; Hs-Relation; H-s-Function; Hs-Matrix. 


1. Introduction 


There are several models in literature to deal uncertainties but fuzzy set |1| is the most signif- 
icant in this regards. It has its own intricacies which limit it to tackle uncertain decision-making 
scenarios effectively. The justification behind these obstacles is, potentially, the deficiency of 
parameterization tool. A novel model is required for managing vagueness and uncertainties 
which should be liberated from all such obstacles. In 1999, Molodtsov established a set- 
structure known as soft set (S-set) in literature as a novel parameterized sub-class of universal 
set. In the year 2003, Maji et al. broadened the idea and investigated several rudimental 
axiomatic properties and set-operations of s-sets . They also validated several results. Later 
on Pei et al. introduced an information system (Inf-sys) by using the idea of 8-sets. It is 
proved that §-set can be considered as a particular class of Inf-sys. Afterwards, Ali et al. 
identified many assertions in the research proposed by Maji et al. and introduced novel notions 
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by using the concept of restricted and extended s-set aggregation operations. In the same way, 
Babitha et al. [el{7| made investigation on §-set relation, Hs-set function by using the Carte- 
sian product of Hs-sets. Sezgin et al. (sj, Ge et al. [9], Fuli provided few amendments 
in previous work by establishing few novel results. In order to utilize the concept of §-sets in 
the development of algebraic structures, Saeed et al. characterized the classical notions 
of elements and points under §-set environment. Many researchers discussed various 
gluing structures of s-sets with other fuzzy set-like models to resolve several real-life decision 
making issues. 

It is a matter of common observation that in various decision making problems, parameters 
have to be partitioned into their related sub-parametric valued sets whereas the previous re- 
searches on S-set are not sufficient to manage such settings therefore Smarandache initiated 
the notion of hypersoft set (H s-set) as an extension of §-set by introducing a novel multi- 
argument approximate mapping (maa-mapping). Any novel theory can not be implemented 
in real-world situations without the characterization of its elementary axiomatic-properties. 
Although Saeed et al. made a good effort to investigate various basic properties of Hs- 
set but it does not cover many of the aspects of Hs-set theory. Therefore this paper aims 
to (i). generalize the research works described in for Hs-set environment and (ii). 
to modify the results discussed by Saeed et al. [25]. In the present work, all the necessary 
rudiments of Hs-set are investigated for its further developments. The Figure {1] explains the 


sectional-outlines of the paper. 


Introduces few basic axiomatic 
properties of hypersoft sets and 
Illustrates set theoretic operations of 
hypersoft sets. 

Explains hypersoft relations and 
hypersoft functions. 


Recollects few essential definitions 
and results to assist the main results. 


Section 2 


Section 4 | Discusses some basic results and laws | Section 5 


on hypersoft sets. 


Section 6 | Presents the matrix representation of | Section 7 


hypersoft sets with some operations 


Investigates few hybrids of hypersoft 
sets. 


Section 8 Summarizes the paper with the provision of some future directions. 


FIGURE 1. Outlines of the paper 


2. Preliminaries 


The purpose of this section is to review some basic properties of s-set for clear understanding 
of proposed study. The symbol II will represent initial universe in the remaining parts of the 
article. 
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Definition 2.1. 
A 8-set S on II is usually stated by a pair (Vs,6) in which Vg: 6 > P' is an approximate 


mapping & 6 be a sub-family of parameters. The family of s-sets is symbolized as X(w..6)- 


Definition 2.2. 
For (WUs,,61) & (Ws,, G2) € Uw, 6), if G1 Go, & Ws, (€) € Ws, (€) for all €¢ G then s-set 
(Vs,,61) is a soft-subset of §-set (Us,, 62). 


Definition 2.3. 
For (Ws,,61) & (Ws,, 62) € Uw,,6), their union is a s-set (Ws,,63) with 63 = 6; U 62 & for 
€ € Gz, 
Ws, (€) €€ (G1 \ Ga) 
Ws, (€) = Ws, (€) €€ (Go \ G1) 
Us, (€) UWs, (€) €€ (619 G2) 
Definition 2.4. 
For (Ws,,61) & (Ws,, G62) € Uw,.6), their intersection is a 8-set (Vs,,64) with G4 = 61N Ge 
& for €€ By, Us, (2) = Vs, (2) N Vs, (2). 


One can refer for detailed description on §8-sets. 


3. Hypersoft Set 


This part of the paper provides the basic axiomatic-properties of Hs-set along with the 


modification of some notions stated in [25]. 


Definition 3.1. 

Let 21, 22, As,....,2%, are non-overlapping sets having sub-parametric values of parameters 
a1, 2, G3, ....,@n, respectively, then a Hs-set on II, is usually stated by a pair (0, 21) in which 
@:%5 Plisa maa-mapping and 2 = ll A;. The family of Hs-sets is symbolized by (0,2): 


i=1 
The model of Hs-set is presented in Figure [2] 


Example 3.2. Mrs. Smith visits a mobile mall to purchase a mobile for her personal 
use. She is accompanied by her two friends who are experts in mobile purchasing. They 
collectively observed 8 types of mobiles which are considered as elements of universal set 
l= {M1 , Mo, Ms, My, Ms, Ng, Mr, Mts}. They have fixed some parameters for this purchase 
with their mutual consensus that are €; = random only memory in giga bytes, é2 = Resolution 
of camera in pixels, é3 = length in inches, é4 = random access memory in giga bytes, and é5 
= power of battery in mAh. These parameters have their sub-collections as: 

B, = {611 = 32, €y2 = 64}, Bo = {E1 = 8, E22 = 16}, Bg = {E31 = 6.5, E30 = 6.7} 

Ba = {E41 = 4, Ea2 = 8}, Bs = {E51 = 4000} then A = By, x Bo x Bz x By x Bs 
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Bea 


Isp 


maa-function 
maa-function 


FIGURE 2. Pictorial Version of Hs-set 


QA = {61, 65,03, 04, -.0, O16} and every 6, (yi, is a 5-tuple member. Then the Hs-set (©, 2) 


is constructed as 


1, {M1 Mo}) , (82, (M1, Me, Ms}) , (3, {Me, Ms, M4}) , (Ga, {Mz Ms, Me}) , 
5,{Me, Mr, Ms}) , (A6, (Meo, Mz, Ms, Mr}) , (7, (Mt, Ms, Ms, Me}), 

Ag, {M, Mz, Mg, M7}) , (Ao, {Me, Ms, Mg, Mr, Ms}) , (A10, {Mr, Ms, Me, Mz, Ms}), 
641, {Me, Ma, Me, Mr, Ms}) , (12, (M1, Mo, Ms, Ms, Mr, Ms}), 

613, {M2 My, Ms, Mr, Ms}) (14, {WM1, Ms, Ms, Mr, Ms}) , 

O15, {M, Mo, Ms, Ms, Mr, Ms}) , (O16, {M1 Ms, Me, Mr, Ms}) 


6 
6 


( 
( 
(0, 2) = 
( 
( 


Definition 3.3. Let F" be a collection consisting of fuzzy subsets on I. Let aj,n > 1,40” 
are parameters having their relevant sub-parametric values in the sets 2; respectively, with 


A, nA; =, for i#j, & 11", 19". Then a fuzzy Hs-set (Ofns, 2) on II is stated as, 
(Ons, 2) = {(8, Opns(O)) + 0 € A, Ofns() € F"} 
where © ns > F! and for all 6 € A = Ay x Ay x Ay x... x Ay 
Oyns(8) ={He,, (@)/7:@ eT tg, ca(@) «CU = [0, 1]} 
is a fuzzy set on I. 


One can consider this definition as modified form of fuzzy Hs-set stated in and (24). 
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Example 3.4. Assuming the Example|3.2| Fuzzy Hs-set (9 fhs> 2t) is constructed as 


61, {0.1/9 , 0.2/M}) , (62, {0.1/1 , 0.2/Me, 0.3/M3}) , (63, {0.2/Me, 0.3/Ms, 0.4/M-4}) , 


( 
(64, {0.4/M4, 0.5/Ms, 0.6/6 }) , (45, {0.6/Ms, 0.7/Mz, 0.8/Ms}) , (46, {0.2/Mz, 0.3/M3,0.4/Ma, 0.7/Mz}) , 
(67, {0.1/I1, 0.3/Ms, 0.5/Ms, 0.6/Me}) , (Os, {0.2/Me, 0.3/Ms, 0.6/Ms, 0.7/Mz}) , 
(Ofns,A) =4 (69, {0.2/Me, 0.3/Ms, 0.6/IMg, 0.7/M, 0.8/Ms}) , (610, {0.1/Mr , 0.3/Ms, 0.6/IMe, 0.7/Mr, 0.8/Ms}) , 
(611, {0.2/IM2, 0.4/Ma4, 0.6/IMg, 0.7/Mz, 0.8/Ms}) , (G12, {0.1/9 , 0.2/Me, 0.3/Ms, 0.6/IMe, 0.7/M, 0.8/Ms}) , 
(613, {0.2/IMz, 0.3/Ms, 0.5/Ms, 0.7/Mz, 0.8/Ms}) , (G14, {0.1/9 , 0.3/Ms, 0.5/Ms, 0.7/ Mr, 0.8/Ms}) , 
(415, {0.1/1 , 0.2/Meo, 0.3/Ms, 0.5/Ms, 0.7/ Mtr, 0.8/Ms}) , (G16, {0.4/ M4, 0.5/Ms , 0.6/Me, 0.7/Mtr, 0.8/Ms }) 
Definition 3.5. Let (01,21), (O2,%2) € Uieg) then (01,21) is said to be Hs- subset of 


(Og, 22) if 24, € Xo and v6 € 1, 01(0) Cc 02(6). 


Example 3.6. Assuming Example [3.2| if 

(01,1) = { (61,{9t1}) , (Bo, {M, M2}) , (45, (M2, Ms}) } 

(Og, 22) rr, { (61, {91 , Mo}) , (62, {I Mo, M3 }) ’ (63, {My, Ms, M4}) ’ (64, {M, Ms, Me}) } 
then (0, 24) C (Og, 22). 


Example 3.8. Reconsidering 21, 22, 23, 24, , 25 from Example 3.2] we get 


KYA = {xO1, xB, xO3, xO4,....., O16} 


Definition 3.9. A Hs-set (9,2) is stated as a relative null Hs-set w.r.t %, © A, symbolized 
by (8, 21)@ , if O(0) = @, VO € Ay. 


Example 3.10. Assuming Example|3.2} if (0, 21) = { (61,2) ; (62, 2) ; (63,2) } where 2, © 
2, 


Definition 3.11. A Hs-set (©, 2,) is stated as a relative whole Hs-set w.rt %, © A, symbol- 
ized by (0,21), , if O() = II, VO € A. 


Example 3.12. Assuming Example|3.2} if (©, 21) 4 = { (61,11) ; (60, II) F (63, I1) } where 2; € 
2. 


Definition 3.13. A Hs-set (0, 21) is stated as a absolute whole Hs-set on I, symbolized by 
(0,2), , if O(8) = IL, VO € A. 


Example 3.14. Assuming Example [3.2| if 
= (61,11) , (2, IL) , (43, 11) , (@4, 1) , (85, 11) , (46, IL) , (67, IL) , (68, IL), 
Cn ee 
(45, IT) ’ (410, II) ’ (611, 11) ’ (O12, IT) ; (613, 11) ; (6,4, Il) ’ (O15, IT) ’ (6,6, IL) 


M. Saeed, A. U. Rahman, M. Ahsan, F. Smarandache, Theory of Hypersoft Sets: Axiomatic 
Properties, Aggregation Operations, Relations, Functions and Matrices 


Neutrosophic Sets and Systems, Vol. 51, 2022 idl 


Proposition 3.15. Let (01, 21), (O2, %2), (O3, 3) € Yea) with Ay, As, Ag CW then 
(i) (01, 1) € (01, 2%) qj 


(ii) (01, 21 )e S (01, 24) 

(iii) (O01, 21) S (O1, 2h) 

(iv) If (O01, 21) © (O2, 2) & (O2, Az) © (O3, As) then (O1, 21) € (O3, As) 
(v) If (01, 21) = (92, 22) & (O2, Az) = (O3, As) then (O1, 21) = (Os, As) 


Definition 3.16. The complement of a Hs-set (9,2), symbolized by (©, 2)®, is stated as 
(©, 2)° = (O°, x2) where O® : xA + P™ with O°(«6) = 1 O(6), VO A. 


Example 3.17. From Example [3.2| we get 


(x61, {M3, Ma, Ms, Me, M7, Ms}) , (x2, {M4, Ms, Me, Mr, Ms}) (x43, {M1 Ms, Ms, Mr, Ms}), 
(x64, {0t1, Me, Mz, M7, Mest), («As (M1, Mo, Ms, Ma, Ms) , (KA, (Mo, Ms, Ma, Mr), 
(O,A)° =} (xG7, {Me, M4, M7, Ms}), (KAs, (M1, Ms, Ms, Ms}) , (x Go, {M1, Ma, Ms }) , (xH10, (Me, Ma, Ms }) , 
(« O11, {M1 Mts, Ms }) , (x12, (Ma, Ms}) , (xO13, (M1, Ma, Me}), («G14, (Mo, Ma, Me}), 
(x15, {Ma Me}) . (x16, (Mti, Mo, Mts}) 
Definition 3.18. The relative complement of a Hs-set (0,21), symbolized by (0,2)®, is 
stated as (0, 2)® = (0°, 2A) where O® : A > P"™ with 0°®() = IL\ O(6), VO € 


Example 3.19. Reconsidering Example [3.2| we get 


(41, {Mt3, Ma, Ms, Me, M7, Mst) (G2, {Ms Ms, Me, Mr, Met) , (3, (M1, Ms, Me, Mr, Ms}), 
(44, {1, Me, Mz, M7, Mest), (45, {91, Me, Ms, M4, Ns}), (G6, {Me, Ms, M4, Mr) , 

(0, 2)® =4 (47, {Mo, Ma, Mr, Ms}) , (As, (Mr, Ma, Ms, Mest) , (Go, (Nr, Ma, Ms}) ,(A10, {Me, Ma, Ms}), 
(411, {91, Ms, M5}), (O12, (Ma, Ms}) , (G13, (M1, Ma, Mod) , (G14, (Me, Ma, Me}), 
(415, {Na, Me}) , (G16, (Mtr, Mea, Ms }) 


Proposition 3.20. Let (0,2) € Xie@q) then 
(i) ((O, 2)°)° = (0, 2) 
(ii) ((O, 2)®)® = (©, 2) 
(iii) ((O1, Ai )a)° = (01, Ai)o = ((O1, Wi) gq)? ; Wi S A 
(iv) ((O1, 21 )@)° = (01, 21) q = ((O1, 21 ae)? ; Mr S A 


Definition 3.21. For (01, 21) &(©2, %2) € X94), the union-operation (©, 21) U (O2, 22), is 
a Hs-set (03, %3) with 3 = A, UA» and for be As, 
0, (0) 6 € (A, \ Ay) 
Q3(6) = Q2(0) 6 € (Ay \ Ay) 
01(0) UQ2(0) A € (A, NAy) 
Example 3.22. Let 
(O41, 21) ={ (61, {t1, Mo}) , (2, {Mtr Mo, Ms}) , (Os, {Mto, Ms, M4}) } 
(Oz, 22) ={ (63, {ti Ma}) , (G1, {Ms Ms, Me}) , (45, {Mo, Mr, M6 }) } 
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then 


ne | (4, (2s, 25t2}) (Bo, {8,5 (By, (Hr, ta, Ay, Ht} 


(64, {Mas, Ms, Me}) ’ (65, {Mo, Ma, Me}) 
Definition 3.23. For (01,2, )&(O2,%2) € Hie), the intersection-operation (01,24) 
(02, %2), isa Hs-set (03, 23) with 3 = %1 nm Ay & for be Als, Q3(0) = 01(6) n O2(6). 


Example 3.24. Reconsidering Example 3.22] we get (03, 23) = { (63, {M>}) ie 


Definition 3.25. For (01,21 )&(O2, %2) € Xie), their extended-intersection (0,21) n- 
(Q2,%2), is a Hs-set (O3,%3) with Ay = A, UAy and for 6 € As, 
01(0) 6 € (A, \ Ay) 
03(6) = 2(8) 6 € (My \ Ar) 
01(A)NO2(8) = AE (Ay A Ag) 
Example 3.26. Taking assumptions of Example [3.22} we get 


(61, {IM1, M2}) ’ (62, {MN1, Me, M3 }) ’ (63, {M2}) ’ | 


a (64, {Ms, Ms, Ne }) , (45, {2Mt2, Ma, Me }) 


Definition 3.27. For (01, 1 )&(©2, %2) € Hie), their AND-operation (01,21) A(@2, 22), 
is a Hs-set (03,23) with 3 = A, x A» and for (6;,9;) EAs, H; € 1,0; € Ao, 


Q3(6:,0;) = O1(:) U O2(4;). 
Example 3.28. Taking assumptions of Example|3.22| we get 


x 7 | T= (61, 63) LS (61, 64) 13 = (61,65) 14 = (62, 63) 175 = (62,64) , | 
1 x Ay = Rae an maar aan 
76 = (02,05) , 77 = (03,3) , 73 = (03,94) ,79 = (63, 45) 

then 
(71, {Mt Mta}), (72, {Mt Mo, Ma, Ms, Met), 
(73, {M, My, M4, Me}) , (a4, (Mr, Me, Ms}), 

(03,23) = 4 (75, (M1, Meo, My, Ma, Ms, Me}) , (m6, {Mt Mo, My, Ma, Ms}) , 

(77, {Mt Me, Ms, Ma}) , (7s, (Mo, My, Ms, Mts, Me}) , 
(m9, {Mto, Ms, Ma, Me}) , 


Definition 3.29. For (01, %)&(O2, Az) € X(@.q), their OR-operation (1, 2%) V(Oz2, Az), is 
a Hs-set (03, 23) with 23 = %, x A and for (6;,0;) € As, 6; € Wi, 0; € Aly, 

@3(6;,4;) = 01(8;) 9 O2(4;). 
Example 3.30. Taking assumptions of Examples and |3.30}| we get 


(03 As) -{ (71, {9% Mo}) (ma, (3) (73, {9Ma}) , (m4, {MMe}, 7 | 
(15, {}) ’ (m6, {M}) ’ (17, {M}) ’ (m3, {M4}) ’ (79, {M, Ma}) ’ 
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Definition 3.31. For (01, %1)&(O2, A%2) ¢ Xe.y), their restricted-union (01, 21) UR (O2, 22), 
is a Hs-set (03,23) with 3 = A, Ay and for 6 € As, 


@3() = ©1(8) U O2(8). 
Example 3.32. Taking assumptions of Example [3.22] we get 
(03, A3) = (65, {9t, Mo, Mts, Ms}) } 
Definition 3.33. For (01, %1)&(©2,%2) € Ley), their restricted-difference (01,21) \r 
(@2,%2), is a Hs-set (03,23) with Az = %, A Ay and for 6 € As, 
O3(8) = 1(4) - O2(8). 
Example 3.34. Taking suppositions of Example|3.29] we get (Oz, 23) = { (63, {IMs, Ma} ) I; 


Definition 3.35. For (01, 21)&(02,2%2) € “egy, their restricted-symmetric-difference 
(01,21) & (Oz, %2), is a Hs-set (3,23) stated by 


(03,23) = { ((O1,24:) Ur (O2, Ba) Sz ((O1, 241) 9 (O2,%2)) } 


(@3, 2s) = { ((O1, 21) \z (O2, A2)) UR ((O2, %2) \z (O1, %1)) } 
Example 3.36. Taking suppositions of Example [3.22] we get 


((O1, 21) \p (@2,22)) = { (4s, (Rts, H}) } 


((O2,%2) \r (O1,21)) = { (43, {95t1}) } 
then 
(O3, 23) =} (63, {91 Mts, M4}) } 


4. Axioms-based Results of Hs-sets 


This part presents some classical axioms-based results of set theory that are also valid for 
H s-settings. 

(1) Idempotent Laws 
(a) (0, 2) U (O, 2) = (©, A) = (0, A) UR (O, 2) 
(b) (0, 2) n (O, 2) = (0, 2) = (O, A) n_ (0, 2) 

(2) Identity Laws 
(a) (0, 2) U (0, A)o = (0, A) = (0, A) UR (O, A)o 
(b) (O, 2) n (0, 2), = (O, 2) = (O, A) ne (O, A), 
(c) (0,2) \r (0, A) = (O, 2) = (0, 2) & (0, A)o 
(d) (0,2) \p (0, 2) = (0, 2)a = (0, 2) & (0, 2) 
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(3) Domination Laws 
(a) (O, 2) U (0, 2) F = (0, Xr = (O, 2) UR (0, 2) F 
(b) (O, 2) a (0, Xe = (0, Ao = (O, 2) Me (0, Wo 
(4) Property of Exclusion 


(0, 2) U (0, 2)® = (0, A) = (©, A) Ur (0, 2)® 
(5) Property of Contradiction 
(O, 2) a (©, 2)? = (0, X)e 7 (O, 2) Me (O,3))* 


(6) Absorption Laws 
(a) (©1, 21) U ((O1, 21) 9 (O2, A2)) = (01, li) 
(b) (01, 21) 9 ((O1, 21) U (Oz, A2)) = (O1, 21) 
(c) (01,21) Ur ((O1, 21) Ne (2, %2)) = (01, 21) 
(d) (01,21) Me ((O1, 21) UR (O2, %2)) = (01, 21) 
(7) Commutative Laws 
(a) (O1, 21) U (2, Az) = (O2, Ae) v (O1, 2%) 
(b) (©1, 21) Ur (O2, Az) = (O2, Ae) UR (O1, Ar) 
(c) (O41, 1) M (Og, Ay) = (Og, Ae) N (Ox, Ay) 
(d) (O1, 21) Ne (O2, We) = (O2, Ae) Ne (O1, Bs) 
(e) (01, 21) & (O2, Az) = (O2, Aa) & (O1, 21) 


(8) Associative Laws 


(a) (O1, 21) U ((O2, Az) UV (O3, A3)) = ((O1, Wi) U (Oz, %2)) U (Os, As) 

(b) (01, %1) Ur ((O2, 22) UR (O3, %3)) = ((O1, 21) UR (O2, A%2)) UR (O3, As) 
(c) (01, 2%) 9 ((O2, A) 9 (O3, As)) = ((O1, 2) 9 (Oz, A2)) 9 (Os, 23) 

(d) (01, %1) Me ((O2, Ae) Ne (O3, A3)) = ((O1, Wi) Ne (O2, %a)) Ne (O3, As) 
(e) (01, 2%) V((O2, Aa) V(O3, As)) = ((O1, 21) V(O2, A%e)) V(Os, As) 

f) (©1, 2) A((O2, 2) ACOs, As)) = ((O1, 1) A(O2, A2)) ACOs, As) 


(h) ((01, 21) A(2, 22))% = (01, 21)° V(r, Al2)® 
(10) Distributive Laws 
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(a) (O1, 21) U ((O2, Ae) 1 (Os, %3)) = ((O1, Ar) V (O2, A%2)) r ((O1, Ai) U (Os, A3)) 

(b) (01, %1) 9 ((O2, Ao) U (O3, A3)) = ((O1, 1) M (G2, A2)) YU ((O1, %r) 1 (O3, As)) 

(c) (01, 21) Ur ((O2, 22) Ne (O3,%3)) = ((O1, 1) UR (O2, A2)) Ne ((O1, 2) UR (O3, A3)) 
(d) (01, %1) Me ((O2, Az) UR (O3,%3)) = ((O1, Ar) Ne (O2, A2)) Ue ((O1, 1) Ne (O3, 23)) 
(e) (01, 21) Ur ((O2, Ae) 9 (O3, s)) = ((O1, Ai) UR (C2, A2)) 9 ((O1, 1) UR (Os, As)) 
(f) (01, 21) 9 ((O2, Az) UR (O3, %3)) = ((O1, Ar) 1 (Oz, %2)) UR ((O1, 21) 9 (O3, A3)) 


5. Relations-based Operations of Hs-sets 


Here some relations-based classical notions and results are generalized for Hs-sets. 


Definition 5.1. For (01, 21)&(©2, %2) € H(e,y), their Cartesian product (O1, 21) x (G2, 22), 
is a Hs-set (03,23) where %3 = Ay x Ay & O3 : AZ > P(I x Tl) stated by Q3(6;,6;) = 
©1(4;) x O2(0;) V (6;,0;) € Ag that is O3(6;,0;) = {(6:,9;) : 6; € O1(4;), 0; € O2(4;)}- 


Definition 5.2. If (O1, 21), (©2,%2) € H~e@q) then a relation from (1,21) to (O2, 22) is 
stated as Hs-relation (=, 24) (conveniently =) which is the Hs-subset of (01,21) x (O2, A2) 
where %, © °Ay x Ay & V (64,2) € Ay, 3(O1,02) = O3(61,42), where (03,23) = (O1,2%1) x 
(Oz, Ag). 


Definition 5.3. Let = be a Hs-relation from (1,2) to (Q2,%2) such that (©3,%3) = 
(01, 21) x (Oo, Ay). Then 
(i) The DoM & (the domain of 2) is a Hs-set (0,29) c (01,2) where W = {6; ¢ A: 
©3(6;,0;) €= forsome 6; € A} & O(61) = O1(61), V 01 € W. 
(ii) The RNG & (the range of =) is a Hs-set (€,£) ¢ (Q2,%) where Lc Ay & L= {Hj € 
Ay : ©3(6;,6;) €= forsome 6; €A,} & E(O2) = 01 (2), V O2€ &. 
(iii) The =~! (inverse of ©) is a Hs-relation from (@2,%2) to (01,21) stated by S! = 
{©2(4;) x ©1(6;) : ©1(6;)2O2(4;)}. 


Example 5.4. Let 
(61,21) = { ©1(61), ©1(62), O1(65) } ,(@2,%2) = { O2(41), O2(45), O2(66) } 


(©1(01) x ©2(64)), (O1(41) x O2(45)), (01(1) x O2(46)), 
(01,21) x (O2,%2) =} (O1(G2) x O2(4)), (O1(82) x O2(85)), (O1(82) x O2(46)), 
(©1(43) x ©2(64)), (O1(43) x O2(45)), (01(43) x @2(46)) 


== { (©1(61) x ©2(41)), (1(41) x @2(86)), (O1(B2) x O2(46)), (O1(83) x O2(45)) } 
(i) DoM= = (0, 25) where 9 = {61,4, 3} c Ql & 0(4;) = 01 (6;)V 6; € QM. 
(ii) RNGE = (€,£2) where £ = {64,66} ¢ Ae & E(6;) = O2(0;)V 4; € £. 
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(iii) 
1 


— 
= 
= 


= { (2(61) x 1(41)), (O2(86) x 1(41)), (O2(46) x ©1(B2)), (O2(B5) x O1(83)) 


Definition 5.5. Let © & G are two Hs-relations on Hs-set (O, 29), then we get 
(i) EcG, if for all ws € W, O(a) x O(s) € E then O(w) x O(c) €G. 
(ii) E© = {O(w) x O(s) : O(w) x O(c) ¢B, V w, > € Wh. 
iii) BUG = {O(@) x O(<) : E(w) x O(s) € E or E(w) x O(c) € GV w,¢ € Wh. 
(iv) ENG = {O(@) x O(<) : O(w) x O(c) € B & O(w) x O(c) EG, V w, 5 € Wh. 


— 


Example 5.6. Let (8,23) = { (61), (62), (43) } then 
(0(41) x (41), (0(41) x O(62)), (O(A1) x O(43)), 
(9,23) x (0,2) =} (O(62) x O(61)), (O(42) x O(42)), (O(62) x O(43)), 
(0(43) x ©(41)), (O(83) x O(62)), (O(43) x O(43)) 


——~———- 


then we get 


=={ (0(61) x (61), (0(61) x (4s), (@(G2) x (43), (O(43) x O(43)) } 


G = { (0(61) x ©(61)), (O(b1) x O(H2)), (@(G2) x O(b2)), (O(As) x O(62)) } 


“© _ -{ (8(61) x ©(42)), (O (62) x O(61)), (O(82) x O(62)), | > 
((43) x ©(41)), (O(s) x O(62)) 
6© = { (0(61) x O(43)), (@(G2) x O(61)), (O(62) x (4s), (O(8s) x O(63)) }. 
aoe: | (O(61) x ©(41)), (@(A1) x O(62)), (O(H1) x (Gs), (G2) x O(G2)), | 
(0 (42) x (43), (O(8s) x O(82)), (O(Gs) x O(8s)) 
(3) EnG={ (0(61:) x @(1)) }. 
Definition 5.7. Let = be a Hs-relation on (0,29), then 
(i) if O(w) x O(w) € EVm € Y, then & is reflexive, e.g. & = { (O(6,) x @(61)) Is 
(ii) if O(@w) x O(<) € S then O(c) x E(w) € EVw,¢ € W, so = is symmetric, e.g. 
== { (0(61) x 0(62)), (0(62) x 0(41)) }- 
(iii) if O(@w) x O(c) € B & O(<) x E(w) € SE then E(w) x E(w) € EVa,<c, w € W, so = is 
transitive. e.g. == { (0(61) x ©(62)), (61) x O(43)), (O(G2) x O(43)) }. 
(iv) if properties (i)-(iii) are satisfied then = is stated as equivalence relation. E.g. 
=={ (0(6:) x 0(61)), (0(41) x ©(42)), (O(G2) x O(61)), (O(B2) x O(62)) }. 
(v) if O(w) x O(c) € ES then w =<Va,¢ € YW, so & is stated as identity. e.g. 
E={ (0(61) x ©(61)), (O(G2) x O(42)), (O(Hs) x O(4s)) }. 
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Definition 5.8. If © is a Hs-relation from (01,21) to (O2,2%2.) & Gisa Hs-relation from 
(02, 22) to (O3, 23) then composition of = & G, symbolized by =o G, is also a Hs-relation 
T from (04, 1) to (Oz, 23) stated as if O1(@) € (01,21) & O3(w) € (03,23) then O1(@) x 
O3(w) €20G ie. O1(w) x O3(w) €H0G iff O1(w) x O2(s) € B & O0(c) x O3(w) € E. 


Example 5.9. Let 
Seas eae 
(01(92) x ©2(43)), (01(43) x O2(43)) 
set enon mera 


{1]}> 


(©2(62) x ©3(62)), (O2(03) x O3(62)) 
then 
_ | (©1(1) x O3(41)), (01(41) x O3(42)), 


’ sor cme ere etrrape ce: | 


Definition 5.10. A Hs-relation ¥ from (01, 21) to (O2, 22), represented by F : (01, 21) > 
(Q 2, %y), is stated as Hs-function when (a). DoM § = 2;, (b). DoM § has not repeated mem- 
bers & (c). Element-based uniqueness exists between RNG ¥ & DoM G i.e. if 01(@w) F O2(<) 
(or 01(@) x Oo(c) € ¥) then F(O1(@w)) = O2(c). 


onl 
=) 


Example 5.11. Let 1 = {m1, 72,3} & Ae = {o1, 62,63, 64} then 
(01,21) ={ ©1(w1), O1(w2), O1(@ws) i (Oz, 2) =4 O2(<1), O2(<2), O2(<3), O2(s4) } 
so Hs-functions is 
B= { (O1(a1) x O2(s1)), (O1(w2) x O2(s3)), (O1(@s) x O2(s4)) } 
Definition 5.12. A Hs-function 3: (01, 21) > (Oz, 2) is stated as 
(i) if RNGF c Ay, then INTO-Hs-function. E.g. Let %, = {@1,W2,73} & Ay = 
{<1,<2,63,64} then ¥= { (O1(z1) x ©2(s1)), (O1(w2) x O2(<s)), (Or (zs) x On(s1)) } 
(ii) if RNG¥ = Ay, then ONTO-Hs-function. E.g. Let %, = {w1,@2,w3, m4} & Ay = 
{S1, 62,63, 4} then 
= { (O1(w1) x O2(s1)), (O1(w2) x O2(s3)), (O1 (ws) x O2(sa)), (O1(wa) x O2(s2)) } 
(iii) 1-1 Hs-function if ©1(@1) # @1(we) then $(O1(@1)) + ¥(O1(we)). E.g. 
= { (O1(w1) x O2(s1)), (O1(w2) x O2(s4)), (O1 (ws) x O2(s2)), (O1(wa) x O2(s3)) } 
(iv) if it is both INTO and ONTO then bijective Hs-function. E.g. 
B= { (O1(a1) x On(s1)), (O1(w2) x O2(<2)), (O1(@s) x O2(s3)), (O1(wa) x On(<a)) } 
Definition 5.13. The identity Hs-function on Hs-set (©, £) is stated by J: (O,£) > (0, £) 
such that 3(O(1)) = O(1) V O(1) € (0, £). E.g. Let £ = {h, le, 13,14} then 


3={ (O(h) x O(L)), (O(a) x O(a), (lls) x O(Is)), (O(a) * O(a) } 
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6. Matrix-theory Based on Hs-sets 


Here some classical matrix-based notions are generalized for Hs-sets. 


Definition 6.1. 


(i) Let (0,2) be a Hs-set on II. A set Rg ¢ IIx 2 is a relation version of (©, 2) stated as 
Ra = { (w,6):b€%,a (6) }. 
(ii) The characteristic function Xpy is stated by Ag, : IL x 2 — {0,1}, where 


Xp, (o0,6) 1 ; (w,6)€Ry 
W, = BY ee 
= 0 ; (w,6)¢Ra 


(iii) Tf || = m & || =n then (8;;) is an mx n Hs-matrix of (0,2) on II and stated as 


S11 812. we Sn 

: _| S21 S22 Son 
(3ij nxn = ; 

Sml Sm2 + Smn 


Note: The family of all mx n Hs- matrices on I is symbolized by ayer. 


Example 6.2. Let II = {@1,W2, W3,W4,W5} & A = {61,4, 3, 04, 05}. Then (61) = 
{a1,@2}, O(62) = Z, O(63) = {w4,m5}, O(64) = {wo,~3,~4,}, O(05) = @, therefore we 
get (0,2) = { (61, {a71, 72}), (bs, (wa, 75}), (O4, {e2, ws, 4, }) } & 

Ry ={ (1,61), (w2, 61), (wa, 63), (ws, 63), (2, 04), (3, 64), (wa, O4) Hence Hs- matrix is 


given as 


1 00 0 0 
100 1 0 
(ij)sc5=] 0 0 0 1 O 4ai?,237°. 
001 1 0 
00 1 0 0 
Definition 6.3. Let (5;;),,., € (Guyot then (5;;),.., iS characterized as: 


(i) The (0),,.n is stated as a null Hs- matrix if 8; =0 V i,j eg. 


(O)su5 = 12, ij’. 


oS © Oo © 
oe 2 oa © 
oOo oO Oo 
S&S Oi -& 
So © oo © 


0 0 0 


M. Saeed, A. U. Rahman, M. Ahsan, F. Smarandache, Theory of Hypersoft Sets: Axiomatic 
Properties, Aggregation Operations, Relations, Functions and Matrices 


jo) 


Neutrosophic Sets and Systems, Vol. 51, 2022 


| 


(ii) An %,-universal Hs- matrix, symbolized by (8;;) 


(iii) The (&,,;)" 


MxXn 


in[6.2| with (4) = @(42) = ©(63) = (41) = O(45) = TI then 


. \ Ql 
(Sj) 55 = 


Qo oc oOo 2 


- | | — 


on > ee) 


ly 


See Se eS 
a 


mxn? 


if $5 = 1, V9 € Ja, = {7:0; ©} 
& i. E.g. Let 2 be as provided in [6.2] & Wi = {62,604,605} © A with O(62) = O(64) = 
Q(6;) = II then 


5 “5 
12,1) - 


is stated as universal Hs- matrix if 87 =1,V i,j. E.g. Let 2 as stated 


ae 
(355) 55 = 


a 


- - | — 


fe ee ee 


Se oe Se Be 
a 


(hsm) 


Definition 6.4. Let 2) = (8ij nxn > ©2 = (Bice € (De. 


then 


5 “5 
12,1) - 


(a) £1 is stated as Hs- sub-matriz of Lo, symbolized by £1 ¢ Lo if 5; < bij eg. £1 = 


1 
1 
1 
1 
1 


on a ee) 


(b) £1 & Lz are stated as comparable, symbolized by £j || £2, if £1 © L2 or Lo © Lh. 


0 
0 
0 
0 
0 


ee — ae — no 


a 


1 


& L2= 


- | —_ — 


1 


KS Se eS He 


1 


1 
1 
1 
1 
1 


a 


1 


- - YE SS eS 


(c) £1 is stated as proper Hs- sub-matriz of £o, symbolized by £1 c Lo if for atleast one 


term Sig < ie e.g. £1 = 


1 
1 


joo) 


(d) £1 is stated as strictly Hs- 


Sij < ie e.g. 21 = 


0 


oOo Oo Oo 


S oro. 


0 


0 
0 
0 
0 


0 


1 


1 
1 
1 
1 


011 1 1 

Lh 1 1 1 

011 & Lo=] 1 1 

1 11 1 1 

011 1 1 
sub-matrix of 29, symbolized by 
0 O 1 111 
0 O 1111 
0 O & Lo=} 111 ~«21 
0 0 1111 
0 O 1 111 


1 


eS S&S SS 


£ 
1 
1 
1 
1 
1 


1 


Se oe ee 


1 


SS —_— — — 


1 & &o if for each term 


(e) union of £1 & Lo, symbolized by L; U Lo, is also a Hs- matrix £3 = (dij )mxn if 


bi; = max{5i;, ti; } V i,j e.g. 
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110411 1 111i 

1114141 1114141 
Let £:=| 0 1011 & So=} 111121 then 

11111 1114141 

010141 1114141 

111141 

111141 
Xg=L,ULo=] 1 1 1 1 1 

111141 

1114141 


(f) intersection of £1 & &2, symbolized by L1 nN Lo, is also a Hs- matrix £3 = (ous wen TE 
bi = min{ siz, ti; } V isd e.g. 


1104141 1 111i 
111141 1114141 
Let £:;=| 0 1011 & Lo=]} 111121 then 
111411 11314141 
010141 1114141 
1104141 
111141 
£3=£1NL2=] 0 101 «1 
1114141 
010141 


(g) The £© (ij ven (Complement of £ = (8;j) yn) 18 also a Hs- matrix if pi; = 1-8;; V i,j 


e.g. 
11011 0 01 0 0 
1 1i1i1i1ii1 0 0 0 0 0 
Let =] 0 101 1 { then GO=] 1010 0 
1 1i1i1i1ii1 0 0 0 0 0 
010411 101 0 0 
(h) The difference £2 \ £4, is also a Hs- matrix £3 such that £3 = L9n © e.g. 
11011 1 111i 
1 111i 1 111i 
Si:=}/ 0 1011 & L2=} 1 1121~«21 then 
11111 1 111i 
0104141 1 111i 
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a | 


£3 = 2.n LO 


£35 


a 
Bee Ee Ee Be 
See Se eS 
a 


Proposition 6.5. For €; = (333) men, Ga 


axiomatic results are valid: 


= - - S| 


re CO rF CO O&O 


0 1 0 0 0 
0 0 0 0 0 
0 10 0 7=] 1 
0 0 0 0 0 
0 1 0 0 1 


€1 (Ome = (0) mxmn; fu (ig)inxn = (853) 


fy a ¢,© = (O) pases 


(1) Cy UC, = &, Cyne, =e 

(2) Cr mvn Cay Cia) ng = Ct 
(3 

( 

(5 €, UC, 9 = (8) 

( 

(7) (€,2)©=¢6 

(8 Cy U Cg = CQuGy, Cy N€g = Conky 
(9 


) 
) 
) 
) 
6) (€,U C2) 9 = On G®, (Cyn&)© = €,OuGe 
) 
) 
) 
) 


on ee) 


Fe OF CO KF 


SoS. © © oS. © 
Se o 2 2 2 


(hsm) 


= (fij)mxn:€3 = (tig)mxn € (D)mxn» the following 


Cy U (C2 U 3) - (€, UCg) UEs, €1N(C2N Ez) = (C1 Ng) NC3 


(10) €; U(€gN E3) = (C1 UC) N (C1 UCZ), Cr N (C2 UE3) = (C1 NC2g) U(Ei N |3) 


Definition 6.6. Let B = (4;)mxn, 2 = (dik)mxn € IDS”, then 
(i) AND-product is stated as 


a: (IDs x (sr) qe? with (@;) A (dix) = (hu) & ha = min{éj,din}  & 


l=n(j-1)+k. 


(ii) OR-product is stated as 


vi (DOP x DC | DY) with (6) v (diz) = (hin) & ha = max{éj;, dig}. 


MXN 


(iii) AND-NOT-product is stated as 


(iv) OR-NOT-product is stated as 
v (IDG x Dem — ys”) with (3) v (dik) = (hit) & har = maw {éij,1- dig}. 


Example 6.7. Let % = 


Ee CO KF Fe 


(i) Pag= 


FPF OF F 


1 
1 
0 
1 


Ee CO KF KF 


Ee CO F§ & 


a 


eS Se SS Be 


0 


1 
0 
1 


eS Se SS Be 


Se Se eS Ee 


Se oe ee 


— ~\(hsm ~\ (hsm a. (hs 
RUD ep Sn)! 


x 


& 

ll 
a 
pe eS eS 


Cl ntl ee 
Ee CO F CO 
ee COC FF CO 
ee CO KF CO 
Ee oS ee S&S 

el el ot 


1 


1 


1 
1 
1 


eS Se SS Be 


- _ | — 


Se oe ee 


He with (Giz) R (diz) = (hit) & hi = min{ ej, 1- dix}. 


then 


- —_ — — 
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7. Hybridized Structures of Hs-sets 


Here the notions of some hybridized model of Hs-sets are presented. The set 2 = 21 x Ay x 
Shak x Am with Aq AAs =@V a,8=1,2,...,m and Yq are same as stated in Definition|8.1] The 


Figure [3] presents the notations and their full names that are used in this section. 


Abbreviations | Used for Abbreviations | Used for 

ivfH s-set interval-valued fuzzy hyper- | ivf-set interval-valued fuzzy set 
soft set 

F's (Il) collection of interval-valued | fphs-set fuzzy parameterized hypersoft 
fuzzy subsets over I set 

maa-function | multi-argument approximate | iv-fphs-set interval-valued fuzzy parame- 
function terized hypersoft set 

if phs-set intuitionistic fuzzy parame- | nphs-set neutrosophic parameterized 
terized hypersoft set hypersoft set 

if-set intuitionistic fuzzy set n-set neutrosophic set 


FIGURE 3. Notations 


Definition 7.1. An ivf Hs-set ([,2) on II is stated by 


(P,2) = { (0,7(0));6 €4,7(6) «FF (ED) } 
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where T': & > Fi’ (I) & T(6) = { bra (@)/a :@E IL, bya) (@) e C(I) } is an ivf-set on II. 


Example 7.2. Let iat = {@1, W2, W3, WA, 5, WE, W7, We} & A = {61, 02,3, 04, 05, 06, 97, 08}, 
ivf Hs-set (1,2) is constructed as 


(61, {[0.1, 0.2]/c1, [0.2, 0.3]/a2, [0.4,0.5]/c4, [0.5, 0.6]/a5}) , 
(65, {[0.1, 0.3]/a1, [0.2, 0.4]/a2, [0.3, 0.4]/as, [0.6,0.8]/a6}) , 
(65, {[0.2, 0.3]/aa, [0.3, 0.4]/3, [0.4, 0.5]/ma, , [0.5, 0.7]/a5}), 
(0,21) = (64, {[0.4, 0.5]/aa, [0.5, 0.6]/a5, [0.6, 0.7]/a6, [0.7, 0.8]/a7}), 
(65, {[0.3, 0.6]/a3, [0.6, 0.7]/76, [0.7, 0.8]/a7, [0.8, 0.9]/as}) , 
(66, {[0.2, 0.4]/a2, [0.3, 0.5]/3, [0.4, 0.6]/aa, [0.7, 0.8]/a7}), 
(67, {[0.1,0.4]/c1, [0.3, 0.4]/7s, [0.5,0.7]/as, [0.6, 0.8]/ae}), 
(63, {[0.2, 0.5]/a2, [0.3, 0.6]/a73, [0.6, 0.8]/a76, [0.7, 0.8]/a7}) 


Definition 7.3. A fphs-set (D,2) on II is stated as 


(D,2) = { (yr(6)/6,0r(6)) 6%, Or(6) « P™, pr (6) «C(I } 
where F is a fuzzy set with y¢ : 2 — C(I) as membership function of fphs-set & 
OF: A P™ is maa-function of fphs-set. 

Example 7.4. From Example [7.2| we get 


(0.1/61, {w1, w2}) ; (0.2/0, {w1,@2,03}) ; (0.3/6, {W2,W3, wa4}) 5 
(D, 2) = (0.4/0., {W4, 5, w6}) 5 (0.5/65, {W6,@7, ws}) 5 (0.6/8, {w2, @3, W4, 7}) 5 
(0.7/6, {@1,@3, W5, we}) ) (0.8/8s, {@2, @3,W6, W7}) 


Definition 7.5. An iv-fphs-set (€,2) on II is stated as 


(€, 2) = { (WU civ (8)/0, wriv(9)) 0 € 2L, we, (8) € pu Wriv (0) € C(I) } 
where F” is an ivf-set with Uri. : & > C(I) as membership function of fphs-set and wr,, : 


9 + P! is maa-function of iv- fphs-set. 


Example 7.6. From Example [7.2| we get 


((0.1,0.2]/61, {71, @2}) , ([0.2, 0.3]/62, {a71, w2, @3}), 

([0.3, 0.41/65, {w2, @3, @4}) ; ([0.4, 0.5]/64, {W4, 5, we}) ; 

((0.5, 0.6]/05, {6, 77, ws}) , ([0-6, 0.7]/86, {w2, 73, 4, m7}), 
((0.7,0.8]/67, {a1, 03, ws, we}) , ([0.8, 0.9]/Os, {w2, w3, 6, w7}) 


(E, 2) = 


Definition 7.7. An ifphs-set (H,2) on II is stated as 
(H,2) ={ (< 51(6),52(6) > 0,07 (6) 6 € 21, u7* (6) « PM, 1(8),<2(6) «CD } 
where ZF is an if-set with ¢,(6),<2(@) : % > C(I) as membership and non-membership func- 


tions of ifphs-set and yy~7 : A> P" is maa-function of ifphs-set. 
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Example 7.8. From Example]7.2| we get 


(< 0.1,0.2 > /01, {w1, w2}) , (< 0.2,0.3 > /62, {w1, w2,73}), 

(< 0.3,0.4 > /65, {w, 73, w4}) , (< 0.4,0.5 > /64, {wa, ws, W6}) : 

(< 0.5, 0.6 > /65, {w6, 07, ws}) , (< 0.6, 0.7 > /66, {wo, w3, 74, @7}) , 

(x 0.7,0.8 > /67, {w1, 03, 5, we}) ; (< 0.8, 0.9 > /6s, {w2, 73,6, @7}) 


(H, 2) = 


Definition 7.9. A nphs-set (N,2) on II is stated as 


(v.21) -{ (< A1(8), \2(6), \3(4) > /8, 0 (6)) 36 € 2, WY (A) € PH, ! 
d1(8) € C(L), A2(8) € C(D), A3(8) € C(I) 


where N is a neutrosophic set with \1(4), 2(), \3(0) : > C(I) as membership, indetermi- 


nate and falsity of nphs-set and u\ : % > P"l ig maa-function of nphs-set. 


Example 7.10. From Example |7.2| we get 


(< 0.1,0.2, 0.2 > /01, {@1, @2}) , (< 0.2, 0.3, 0.3 > /62, {m1, wa, @3}) , 

(< 0.3, 0.4,0.4 > /03, {w2, @3, wa}) , (< 0.4,0.5,0.5 > /64, {w4, 5, we}), 

(< 0.5, 0.6, 0.6 > /45, {w6, 77, ws}) , (< 0.6,0.7,0.7 > /66, {w2, 73, 4, W7}), 

(< 0.7,0.5, 0.8 > /67, {W1,W3, 5, we}) ; (< 0.8, 0.4, 0.9 > /6s, {wa, w3, 06, W7}) 


(N, 20) = 


Definition 7.11. A Hs-set (8,2) is known as bijective Hs-set (bhs-set) on II if 
(i) U 86) = 
Jer 
(ii) for 94,04 €2A,a# B,B(Ag)N B(A3) = © 


Example 7.12. Reconsidering Example [7.2| we get 


(8, 2) = { (61, {a }) ’ (62, {w2}) ) (65, {w3}) ) (64, {wa}) ’ (65, {ws5}) ) (96, {w}) ’ (67, {w7}) ) (6s, {ws}) } 


Definition 7.13. A fhs-set (B/ 2) is stated as bijective fhs-set on II if 


(i) U 8S (6) =I with Y wy (aw) € C(I) where wy (@) is a f membership for each w € II 
deal well 
(ii) for 94,45 EY, a # B, B63) 0 B/ (45) = © 


Example 7.14. Reconsidering Example [7.2| we get 


(61, {0.1/a71}) , (A2, {0.2/~2}), 
(63, {0.13/a3}) , (A, {0.14/a4}), 
(65, {0.05/c5}) , (86, {0.06/6}) , 
(67, {0.07/c27}) , (88, {0.08/as}) 


Definition 7.15. An ivfhs-set (BS A) is stated as bijective ivfhs-set on IL if 


(i) U Bld) =I with > Sup(wy (@)) € C(I) where ws (@) is an ivf-membership for 
Oe2l well 
each w € II 
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(ii) for 64,05 € A, a + B, BY (84) n BY (85) = @ 
Example 7.16. Reconsidering Example [7.2| we get 


(61, {[0.01, 0.1]/a1}) , (42, {[0.02, 0.2]/a2}), 

(65, {[0.03, 0.13]/a3}) , (64, {[0.04, 0.14]/a4}), 
(65, {[0.03, 0.05]/75}) , (86, {[0.02, 0.06]/a6}), 
(67, {[0.03, 0.07]/c7}) , (68, {[0.04, 0.08]/cs}) 


(BF A) = 


Definition 7.17. An ifhs-set (8'f 2) is known as bijective ifhs-set on II if 


(i) U Bf(6) = TM with Y Tip(w) & Y Fig(w) € C(I) where Tip (w) & Fig (w) are 
OEQ well well 
membership and non-membership grades for each @ € II 


(ii) for 64,05 € 2, & + B, BY (84) 1 BY (85) = @ 
Example 7.18. Reassuming Example [7.2| we get 
(61, {< 0.01, 0.1 > /a1}) , (02, {< 0.02, 0.2 > /wa}), 
03, {< 0.03, 0.13 > /w3}), (04 ,{< 0.04, 0.14 > /aa}), 


(3 
(05, {< 0.03, 0.05 > /o75}) , (86, {< 0.02, 0.06 > /we}), 
(67, {< 0.03, 0.07 > /w7}) , (88, {< 0.04, 0.08 > /ws}) 


(Bi! 2) = 


Definition 7.19. A nhs-set (B21) is known as bijective nhs-set on II if 
(i) U BN(6) = IL with x Tv(w), X IvN(w) & YY Fw(w) ¢€ C(I) where 


well well 


Ty (w),In (wm) & Fw te are membership, indeterminacy and non-membership 
grades for each @ € II 
(ii) for 04,65 € 4, + B, BY (84) n BY (G5) = 2 
Example 7.20. Reassuming Example [7.2| we get 
(61, {< 0.01, 0.02, 0.1 > /a1}), (60, {< 0.02, 0.03, 0.2 > /w2}), 
63, {< 0.03, 0.04, 0.13 > /as}) , (64, {< 0.04, 0.05, 0.14 > /wa}), 
(46 
(4s 


(65, {< 0.03, 0.04, 0.05 > /a5}) , (06, {< 0.02, 0.05, 0.06 > /we}), 
(67, {< 0.03, 0.04, 0.07 > /w7}) , (As, {< 0.04, 0.05, 0.08 > /as}) 


(BY 2) = 


8. Conclusions 


In this research work, several important rudiments (i.e. axioms-based properties, set-based 
aggregations etc.,) of Hs-set are investigated and explained with the support of real-scenarios 
based examples. In order to attract the intellectual attention of researchers, definitions of 
some glued models of H's-set are also presented which will motivate them to extend the theory 
to other branches of mathematical-cum-computational sciences. Some future directions and 
scope of Hs-sets are presented in Figure 
Conflicts of Interest: The authors declare no conflict of interest. 
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Discipline Scope 


Fuzzysetsandsystems | Developmentof intutionisticneutrosophichypersoft set, spherical hypersoft set, picture fuzzy hypersoft 
set, geometric hypersoft set etc. 
Graph Theory Development of fuzzy hypersoft graph, intutionistic fuzzy hypersoft graph, neutrosophic fuzzy hypersoft 
graph, intutionistic neutrosophic hypersoft graph, possibility fuzzy hypersoft graph, possibility 
intutionistic fuzzy hypersoft graph, possibility neutrosophic hypersoft graph etc. 


Sears Development of hypersoft groups, hypersoft rings, hypersoft vector spaces and their related structures. 

Functional Analysis Characterization of hypersoft metric spaces, hypersoft inner product spaces, normed hypersoft spaces, 
hypersoft measure theory, hypersoft Hilbert spaces etc. 

Topology 


Characterization of topological spaces, separation axioms, connected spaces and their relevant spaces. 


Mathematical Analysis Development of hypersoft fixed point theory, hypersoft real analysis, hypersoft modular inequalities, 
hypersoft complex analysis etc. 


FIGURE 4. Future Directions and Scope of Hs-sets 
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Abstract. The relative performance analysis and ranking of the financial ratios are highly important for 
optimal portfolio selection in the stock market. However, the relative performance evaluation of the financial 
ratios is highly complex and nonlinear. Thus, the main goal of this study is to measure the relative importance 
of the financial ratios of two groups as Accounting based financial measures (AFM) and Economic value-based 
financial measures (EFM) through Decision Making Trial and Evaluation Laboratory (DEMATEL) method 
under the neutrosophic environment. In this regard, one-year data (June 2018-May 2019) has been collected 
from 8 industries in the IT sector. The AFM and EFM values have been evaluated for each firm through the 
balance sheet. The obtained values have been given to the two experts: an experienced investor in the NASDAQ 
exchange and a Professor in Finance. They have given their opinion in terms of linguistic terms. Then, the AFM 
and EFM have ranked based on the neutrosophic DEMATEL approach. Finally, the neutrosophic DEMATEL 
approach has compared with the fuzzy DEMATEL and classical DEMATEL approach. The empirical results 


assist the investor and traders in selecting among the selected stock. 


Keywords: Neutrosophic number; Neutrosophic DEMATEL; Accounting based financial measures; Economic 


value-based financial measures 


1. Introduction 


The performance assessment of the companies is usually carried out in the context of finan- 
cial analysis. From a financial point of view, the notion of performance is defined as terms such 


as profit, profitability, production and economic growth, and so on. The use of financial ratios 
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in the performance review process may be useful for all businesses and relevant industries. 
Financial ratios obtained from the data in the balance sheets and income statements are con- 
sidered to be important metrics for assessing the output and financial assets of businesses. A 
large number of studies have been underway for many years (Chen and Shimerda [10], Halkos 
and Tzeremes [14], etc.) that prove that financial ratios are crucial indicators of the financial 
performance of firms. They allow users to review and analyze relevant data in order to provide 
useful information for decision-making. Singh and Schmidgall have shown that the value 
of the financial ratios also illustrates the strengths and weaknesses sides of the company in 
terms of flexibility, productivity, and profitability. The financial ratios also measure the various 
funding aspects of the stock and influence the movement of the stock price [25}. As the finan- 
cial performance measures demonstrate the productivity of the company and competitiveness, 
they should be carefully identified in the assessment process [10]. 

One of the widely accepted techniques in group decision making is the Multi-criteria decision- 
making (MCDM) technique. Traditional MCDM methods consist of a group of DMs providing 
a qualitative and quantitative assessment of the performance for every alternative with respect 
to the criteria and the relative significance of the criteria with regard to the entire judgments. 
Analytic Hierarchy Process (AHP), Simple Additive Weighting (SAW), Analytic Network Pro- 
cess (ANP), Technique for Order Preference by Similarity to Ideal Solution (TOPSIS), etc., 
which are the existing MCDM methods in the literature. Decision-Making Trial and Eval- 
uate on Laboratory (DEMATEL) is one of the popular MCDM approaches for the search 
for interaction effects between parameters and dimensions in decision-making problems. The 
DEMATEL method was initially developed to describe the causal relationship among the sub- 
components via a causal diagram. It was shown to be a powerful tool for solving complex 
problems and has several benefits for describing the interrelated relationship between the cri- 
teria. Most of the existing research work has successfully applied to the financial stock market 
environment. Lee et al. combined DEMATEL and ANP to analyze the interdependence 
between key factors of stock investment decision making. The DEMATEL method is used to 
analyze the causal relationship between the item groups instead of the ANP approach. Gol- 
cuk and Baykasoglu have suggested for ranking the alternatives based on integrating the 
ANP and DEMATEL method. Recently, Venugopal et al. developed a Fuzzy DEMATEL 
Approach for Financial Ratio Performance Evaluation of NASDAQ Exchange. 

However, the decision-makers (DMs) provide linguistic evaluation for several alternatives 
and criteria. Fuzzy MCDM methods have been effectively handled these types of circum- 
stances. Serkan and Turkay have introduced a novel DEMATEL method to the Priority 
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investment project by calculating their possibility of decreasing foreign trade deficit and creat- 
ing new investment together. Mills et al. proposed a hybrid MCDM approach by compris- 
ing an integrated ANP and DEMATEL for optimal portfolio selection. These results indicated 
that return, financial ratios, dividends, and risk are causal criteria group, which are the most 
influential determinants for obtaining high benefits of stock portfolio selection in the Shanghai 
Stock Exchange. Rezaeian and Akbari developed a new approach, which combines ANP 
and DEMATEL for stock portfolio selection in the fuzzy environment. The fuzzy DEMATEL 
method is used for different applications and has been used to change the ANP by analyzing 
the causal relationship between the item classes. This approach is called DEMATEL-ANP, as 
suggested by Golcuk and Baykasoglu [12]. Wu et al. used the fuzzy and gray Delphi ap- 
proach to determine a set of reliable attributes. Varma and Kumar [29], Tabrizi et al. have 
evaluated the different criteria that apply to companies and that can assist in the creation of 
portfolio construction and causal relations between the criteria defined. Perin (21), Aydn and 
Kahraman |7| has developed a fuzzy DEMATEL system for dealing with interactions between 
evaluation parameters and proposed a fuzzy ANP method to calculate the relative importance 
of each criterion, which was evaluating and the quality of service achievement of airlines in 
Turkey is ranked. 

Recently, | [13], [26], (32, [4], [15] many authors have used the idea of neutrosophic set in 
MCDM methods. The concept of the neutrosophic set was introduced by Smarandache [23], 
which is distinguished by the role of truth-membership function, indeterminacy-membership 
function, and falsity-membership function. Therefore the neutrosophic set theory can be used 
to rationalize the confusion associated with ambiguity in an analogous way to human thought. 
This handles vague data as distributions of possibilities in terms of membership functions. 
Using the concept of triangular neutrosophic additive reciprocal preference relations Basset 
et.al, (6| developed a novel method for the group decision-making problem. Bhattacharya 
[3]. (9], discussed the concept of rule-based neutrosophic reasoning applied to the options 
Market. Basset et al. GF have presented a navel hybrid multiple criteria group decision- 
making framework for the project selection under the neutrosophic environment. Altuntas 
and Dereli studied a novel approach based on a process called DEMATEL and patent 
quote analysis to prioritize investment project portfolios. The suggested strategy represents 
the viewpoint of the Government and takes into account foreign trade deficits and attract new 
investments for prioritization. The objective of this paper is to measure the relative importance 
of the financial ratios of two groups such as AFM and FM by using the DEMATEL approach 


under the neutrosophic environment. 
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1.1. Motivation and Contributions 


Stock markets are unpredictable frameworks impacted by many interrelated financial, po- 
litical, and internal factors and described by implicit non-linearities. Understanding whenever 
and how to invest in stock markets and to make the decisions are very difficult for investors. 
In this regard, investors need knowledge about the stocks and an intensive analysis associated 
with the markets along with an excellent experience. At present, there are numerous market- 
places, different variables, indicators, etc. that must be become analyzed before taking the 
financial decisions in the short interval of the time. The performance evaluation of companies 
is one of the most important measures that is considered by investors. Thus, the performance 
analysis is required in optimal stock selection to make use of mathematical and statistical tools 
to assist investors to decide at the optimum moment. However, there are many Accounting 
based financial measures(AFM) and Economic value-based financial measures (EFM) available 
in the stock market. Hence, the ranking of the AFM and EFM is important and essential in 
the stock market selection, which is motivated to research this field. The main purpose of 
the analysis is to evaluate which accounting earnings performance measures and value-based 
performance measures are best expressed in adjustments in the market value of the product. 
In general, most of the performance measures are not deterministic and can not be accurately 
predicted. Fuzzy set theory is vividly used to predict the performance values of securities in an 
uncertain environment. However, the fuzzy set focuses only on the degree of truth-membership 
and it does not take into account the non-membership and indeterminacy. Atanassov |5| devel- 
oped intuitionist fuzzy set theory, which takes into account both degrees of truth and degree 
of falsity but does not find indeterminacy. So, it fails to deals with indeterminacy existing in 
the real world. To overcome these drawbacks of the fuzzy set, we are used the neutrosophic set 
in an uncertain environment. The neutrosophic set is an extent or generalization of the intu- 
itionistic fuzzy set. It represents real-world problems effectively and efficiently by considering 
all aspects of decision situations (Abdel-Basset et al. [2}). 

The neutrosophic DEMATEL model is used to deal with interdependencies between cri- 
teria and then to draw up a casual diagram between criteria for the assessment of financial 
performance ratios. This study intends to establish an investment decision model to provide 
investors with the MCDM model consisting of neutrosophic DEMATEL. The empirical results 
assist the investor and traders to select stock. To the best of our knowledge, there is no work 
studied yet for financial ratio performance selection by using the neutrosophic DEMATEL 


approach. The contributions of the paper as follows: 


e The financial data of 8 companies, which are listed in the NASDAQ Exchange for a 
years time period between June 2018 - May 2019 have collected. 
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e AFM and EFM values are calculated from the balance sheet for each firm, which is 
given to the two experts. 

e Opinion has been collected from two experts: an investor in the NASDAQ exchange, 
and a Professor in Finance. 

e The relative performance ranking of the financial ratios is evaluated through the Neu- 
trosophic DEMATEL framework. 

e The Neutrosophic DEMATEL method is compared with the fuzzy DEMATEL and 
classical DEMATEL approach. 


2. Neutrosophic sets 


In this section, we discuss the definitions of neutrosophic sets, single-valued neutrosophic 


sets, triangular neutrosophic numbers, and operations on triangular neutrosophic numbers. 


Definition 2.1. 

Let E be be an universe of discourse and € € &. A neutrosophic set X in F is characterized 
by a truth truth-membership function Tx(&) an indeterminacy-membership function Ix (&) 
and a falsity membership function F’y(&). Tx(€), Ix (€) and Fx (€) are real standard or real 
nonstandard subsets of |—0, 1+ [. That is Tx(é) : FE >] —0, 1+ [Ix (€): EF ~] -—0,14+[ 
and Fx (€) : E >] — 0, 14+|. There is no restriction on the sum of Tx (), Ix (€) and F'x(€), so 
0 < supTx (€) + suplx(€) + supk’x (€) < 3. 


Definition 2.2. 

Let E be be a space of points. A single valued neutrosophic set X over E is an object taking 
the form {(€, Tx (), Ix (€), Fx(€),) :€ € E}, where Tx (€) : E — [0,1], Ix (€) : E — [0,1] and 
Fx (€): E = [0,1] with 0 < Tx (€)+Ix(6)+F x (€) < 3 for all € € E. The intervals Tx (€), Ix (€) 
and F'x (€) represent the truth membership degree, the indeterminacy-membership degree and 


the falsity membership degree of x to, respectively. 


Definition 2.3. 

Suppose a, 4, 6; € [0,1] and 1@), 12,1) © R where I) < 12) < 1@), Then single value 
triangular neutrosophic number t = ((1 , 1), 1)); ay, 6, 6)) is a special neutrosophic set on the 
real line set R, whose truth-membership, indeterminacy-membership and falsity-membership 


functions are defined as: 


=|) 
ai (hes), 1 <E< 12) 
2) 


QI, é= 1 
Ti(€) = a m 
" (ao-iss) ea) 
0, otherwise 
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(2) — —1(1) 
Cte), 1M <e< 12) 


91, € = 1) 
N(§) = _](2) (3)_ Q) 
eo as )) 12D <¢E<j@) 
1, otherwise 


(2)_ —~1Q) 
COE) 1) <e <1?) 
Re =2 B é=12) ®) 


—|[(2) (3) __ 
(E a §) 12) < é< 1(3) 


Definition 2.4. 
Suppose that 1 = ((1, 12), 1@)); ay, &, By) and m = ((m®,m®, m®)); am, Om; Bm) are two 
single valued triangular neutrosophic numbers and y # 0 be any real number. Then the arith- 


metic operations are defined as follows: 


= (IY — m®), 12) — m@ 18) — mM); ag A am, V 9%, bi V Bm) 
Gay t= (oe oy 70 7a); et, 91, Br), where 140 


(iv) =| (Wt, “A, 1); 01, 81,61), if (7 > 0) 
(WE), A), 1); on, 1, Br), if (y <0) 
(a By Be): A am, 1 V Ons BEV Bm), if (1 > 0,m) > 0) 

(2 1a: om LY) A Om; OV Om; BV Bm), if (1) < 0,m®) > 0) 
(4,4 ioe fe 7)301 A Om; V Om; BV Bm), if (9) < 0,m®) < 0) 

(vi) l/m = 


(I9m® 12m), 12m); ay A am, V 9m; 61 V Bm), if (IS) > 0,m®) > 0) 

(90m), 12) m2), 19m); ay A am, OV Om, Bi V Bm), if (IS) < 0,m® > 0) 

(LOmO 12m2) 19m); a7 A am, 91 V Om BV Bm), if (18) < 0,m® < 0) 
3. Neutrosophic DEMATEL Approach 


Smarandache proposed the neutrosophic set theory. Neutrosophy handles vagueness and 
uncertainty, and attend the indeterminacy of values. Neutrosophy has some of the advantages: 
(i) Neutrosophy provides the ability to present unknown information in our model us- 
ing the indeterminacy degree, so the experts can present opinions about the unsure 
preferences. 
(ii) Neutrosophy depicts the disagreement between decision-makers and experts. 
(iii) Neutrosophy heeds all aspects of decision making situations by considering truthiness, 
indeterminacy, and falsity altogether. 
Fontela and Gabus have suggested that DEMATEL is used to be an important tool for 


defining the cause-and-effect chain components of a vast system. It deals with the evaluation 
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of collaborative interaction between factors and the identification of critical relationships via 
a graphic conceptual framework. The neutrosophy DEMATEL model is used to deal with 
internal dependencies among criteria and then to construct a casual graph between the criteria 
for the financial performance ratio assessment. The neutrosophy DEMATEL method is briefly 


discussed as follows and the flow chart of the proposed framework is shown in Fig. 1. 


Construct the linguistic Convert linguistic 
direct-relation matrix terms in to triangular 
for each Expert Neutrosophic number 


Select the Experts and Collect the opinion 
Criteria from each Expert 


Compute Average Convert the 
opinions value of all Neutrosophic scales to 
experts crisp values 


Construct the crisp 


Dorualizing direct-relation matrix 


Compute the total- Calculate the two 
relation matrix indexes Q+R and Q-R 


FIGURE 1. The framework of proposed neutrosophy DEMATEL method 


Step 1 : Identify the experts who have well experience in the investment field. 

Step 2 : Select the most important criteria which will influence the given problem. 

Step 3 : Construct the linguistic direct-relation Matrix. This shows the degree of effect that 
each criterion has on other criteria. In this regard, collect the opinion from each ex- 
pert and make the pairwise comparisons matrix for each expert, whose elements are 
linguistic terms such as Equally important, Slightly important, Strongly important, 
very strongly important, Absolutely important, etc., which is represented by the fol- 
lowing matrix. This matrix is called linguistic the direct-relation matrix, which is a 
n xX n matrix whose elements ¢;; indicates the degree of effect between criteria i and 
criteria j, where t;; takes any one the linguistic terms like equally important, slightly 
important, strongly important, very strongly important, absolutely important. 

Step 4 : Convert the linguistic terms of direct-relation into the triangular neutrosophic scale, 
which is shown in table 2. 

The triangular neutrosophic scale is in the form of t;; = (Ge i ee fia Ce, Dig) 
such that iy ; i, i are the lower, median and upper bound of neutrosophic number 
of i” over j* criteria, a;;,6;;, ;; are the truth-membership, indeterminacy and falsity 


membership functions of i*” over j*” criteria. 


Step 5 : Convert the neutrosophic scales to crisp values by using the following equations [27]: 
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Ch C2 Ch 
fai tu tie tin 
Co ta to2 ton 
a tri tn2 ai tan 


TABLE 1. Linguistic direct relation matrix 


Cj CG ee Ch, 
Ci (ey, 2. 1). a1, 611, P11) (CD 2), 1), a2, 912,812) +*- (et, 12) 1), Can; Fins Bin) 
C2 (eD, 2). 1S): a1, 921, P21) (Gs ; 2), 1), 22, 922, B22) ++: ((e?, ee 1). Q2n; 92n, Ban) 
Cy (ee? ; 42) ; 12), QAn1; Onis Bni) (et, 42) ; t2)). On2, On2; Bn2) ee (eD ) £2) (3). Ann) Osis Boa) 


TABLE 2. Neutrosophic Direct relation matrix 


1) =|? x0 xe 


(3) Og + 615 + Bij 
ij 


r(t 9 (4) 


Step 6 : Combine the opinions of all experts in one integration matrix and measure the 
average opinions of the experts by dividing the opinion of all experts for each criterion 
by the number of experts (n) considered in the question. Each expert average value 
is determined by dividing each value by the number of experts (n) as shown in the 


equation (5), and then add all the expert’s average values. 


- ae 


= (5) 


Sij 


where s;; represents the average opinions value of i” criteria and j*” criteria and r* 
indicates the opinions crisp value of i” criteria and j” criteria for the k*"(k = 1,...,m) 
decision maker. 

Step 7 : Construct the crisp direct-relation matrix S. This matrix is obtained from previous 
step 6 i.e. the integrating of all averaged opinions of experts. The initial direct-relation 
matrix denoted as S, which is a n x n matrix whose elements ¢;; indicates the degree 


of effect between criteria i and criteria j. 
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Snl1 Sn2 "*° 1 | 
Step 8 : Normalizing the direct relation matrix by using the following equations. 
U=KxS 
1 1 


Maz ae Siz ; Max iat Sig 
Step 9 : Computing the total-relation matrix P by using the following equation 


K = Min( , Leianleje (6) 


P=Ux(I-U)? (7) 
where I is the n x n identity matrix 
Step 10 : Calculate the two indexes Q+R and Q-R for each criterion and draw the causal 
diagram. The first step to compute the sum of row (Q) and the sum of column (R) for 
each criterion separately. The (Q) and (R) are two vectors and the vector is calculated 


by using the following equations, where P = [zj], i, 7 € 1,2,...,n 


Q=) 4. Via 12a (8) 
j=l 

=) a5, Vi =1,2,...n (9) 
j=l 


4. Case Study in NASDAQ Exchange 


In the present study, the neutrosophic DEMATEL approach is used for evaluation of relative 
importance of the financial ratio measure under the stock market environment. The proposed 
method is explained with a case study example as follows: 

(1) Select the expects in the stock market field: We consider eight potential protable 
companies such as Apple, Micro-soft, Google, Intel Corporation, Adobe Inc, NVIDIA 
Corporation, and Micron Technology, Inc., Cognizant Technology Solutions Corp. The 
data for one-year performance (June 2018-May 2019) of 8 industries in the IT sector 
has been gained by distributing a questionnaire among two experts: (i) investors in 
the NASDAQ exchange (DM1), and (ii) a professor in Finance (DM2). The decision- 
maker collected opinion two different group financial measures: the Accounting based 


financial measures (AFM) and Economic value-based financial measures (EFM). 
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(2) Identify the most important criteria in financial ratio measure [33]: AFM based four 
criteria such Return On Assets (ROA), Return On Equity (ROE), Earnings per share 
(EPS), price for earnings ratio (P/E) Ratio which is shown in Fig. 2 and EFM based 
four criteria such that Economic Value Added (EVA), Market Value Added (MVA), 
Cash Value Added (CVA), Cash Flow Return on Investment (CFROI) whcih is shown 
in Fig.3. 


(a) 


FIGURE 2. Accounting based financial measures 


(b) 


FIGURE 3. Economic value-based financial measures 


(3) Construct the pairwise comparison matrix: In order to compare the interrelation be- 
tween the four criteria such as ROA, ROE, EPS, P/E Ratio in AFM, and four criteria 
such as EVA, MVA, CVA, CFROI in EVA, we collect the linguistic information from 
the ‘two experts. Then, we design a range of values for each linguistic expression based 
on the (DM) expert evaluation as represented as A 5-point Likert scale (see Table 3), 
which is given in Tables 4, 5, 6, and 7. 
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Explanation Scale Neutrosophic Triangular Scale 
Equally important 1 (Cie, £)50:5..0.5,0:5) 
Slightly important 3 (2.3, a 0.30, 0.75, 0.70) 
Strongly important 5 ((4,5, 6); 0.80, 0.15, 0.20) 
very strongly important 7 ((6,7, 8); 0.90, 0.10, 0.10) 
Absolutely important 9 ((9,9, . 1.00, 0.00, 0.00) 
sporadic values between two close scales 2 ((1, 2,3); 0.40, 0.60, 0.65) 

A i 4, 5); 0.35, 0.60, 0.40) 

6 ((5,6,7);0.70, 0.25, 0.30) 

8 renee 


TABLE 3. The Neutrosophic Triangular scale value 


C71 (ROA C2(ROE) C3(EPS) C4(P/E) Ratio 


Ci(ROA)  (1,1,1;0.5,0.5,0.5) — (2,3,4;0.3,0.75,0.7)  (6,7,8;0.9,0.1,0.1) (9,9,9;1,0,0) 

C2(ROE) (4,5,6;0.8,0.15,0.2)  (1,1,1;0.5,0.5,0.5) — (7,8,9;0.85,0.1,0.15) — (6,7,8;0.9,0.1,0.1) 
C3(EPS) (2,3,4;0.3,0.75,0.7) (3,4,5;0.35,0.6,0.4)  (1,1,1;0.5,0.5,0.5) — (4,5,6;0.8,0.15,0.2) 
C4(P/E) Ratio (1,2,3;0.4,0.6,0.65) (2,3,4;0.3,0.75,0.7)  (5,6,7;0.7,0.25,0.3) — (1,1,1;0.5,0.5,0.5) 


TABLE 4. The pairwise Neutrosophic comparison matrix of AFM’s criteria 


given by expert 1 


C7; (ROA) Cr (ROE) C3 (EPS) C,4(P/E) Ratio 


Ci(ROA)  (1,1,1;0.5,0.5,0.5) — (2,3,4;0.3,0.75,0.7) (9,9,9;1,0,0) (4,5,6;0.8,0.15,0.2) 
C2(ROE) (4,5,6;0.8,0.15,0.2) (1,1,1;0.5,0.5,0.5) — (1,2,3;0.4,0.6,0.65) —_ (6,7,8;0.9,0.1,0.1) 
C3(EPS)  (6,7,8;0.9,0.1,0.1)  (3,4,5;0.35,0.6,0.4)  (1,1,1;0.5,0.5,0.5) —(4,5,6;0.8,0.15,0.2) 
C,4(P/E)Ratio (1,2,3;0.4,0.6,0.65) (2,3,4;0.3,0.75,0.7)  (7,8,9;0.85,0.1,0.15)  (1,1,1;0.5,0.5,0.5) 


TABLE 5. The pairwise Neutrosophic comparison matrix of AFM’s criteria 


given by expert 2 


(4) Convert the neutrosophic AFM and EFM matrices into crisp matrix by using equation 
(4), which is shown in Table 8 and 9 

(5) In order to construct the initial direction relation-matrix, measure the average opinions 
of the experts by using equation (5). The initial direction relation-matrix is shown in 


table 10. 
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E\ (EVA) E>(MVA) E3(CVA) E,(CFROI) 
E,(EVA) (1,1,1;0.5,0.5,0.5)  (5,6,7;0.7,0.25,0.3) (5,6,7;0.7,0.25,0.3) (9,9,9;1,0,0) 
Ex(MVA) _ (6,7,8;0.9,0.1,0.1)  (1,1,1;0.5,0.5,0.5) ——-(6,7,8;0.9,1,1) _—_(7,8,9;0.8,0.1,0.15) 
E3(CVA) — (4,5,6;0.8,0.15,0.2) (5,6,7;0.7,0.25,0.3) (1,1,1;0.5,0.5,0.5) —_ (7,8,9;0.8,0.1,0.15) 
E,(CFROI)  (1,2,3;0.4,0.6,0.65) (9,9,9;1,0,0) (9,9,9;1,0,0) (1,1,1;0.5,0.5,0.5) 


TABLE 6. The pairwise Neutrosophic comparison matrix of EFM’s criteria 


given by expert 1 


E\(EVA) E>(MVA) E3(CVA) E,(CFROI) 


E, (EVA) (1,1,1;0.5,0.5,0.5)  (5,6,7;0.7,0.25,0.3)  (3,4,5;0.35,0.6,0.4) (9,9,9;1,0,0) 

E)(MVA)  (2,3,4;0.3,0.75,0.7)  (1,1,1;0.5,0.5,0.5) — (6,7,8;0.9,0.1,0.1)  (5,6,7;0.7,0.2,0.35) 
E3(CVA) — (4,5,6;0.8,0.15,0.2) (3,4,5;0.35,0.6,0.4) (1,1,1;0.5,0.5,0.5) — (5,6,7;0.7,0.2,0.35) 
E,(CFROI)  (5,6,7;0.7,0.25,0.3)  (6,7,8;0.9,0.1,0.1)  (6,7,8;0.9,0.1,0.1)  (1,1,1;0.5,0.5,0.5) 


TABLE 7. The pairwise Neutrosophic comparison matrix of EFM’s criteria 


given by expert 2 


Expert-1 Expert-2 
Ci(ROA) Cx(ROE) C3(EPS) Ci(P/E) Ratio C\(ROA) C2(ROE) C3(EPS) C,(P/E) Ratio 
Ci(ROA) 1.0000 4.6667 41.0667 81.0000 1.0000 4.6667 81.0000 15.3333 
C2(ROE) 15.3333 1.0000 61.6000 41.0667 15.3333 1.0000 1.1000 41.0667 
C3(EPS) 4.6667 9.0000 1.0000 15.3333 41.0667 9.0000 1.0000 15.3333 
C4(P/E) Ratio 1.1000 4.6667 29.1667 1.0000 1.1000 4.6667 61.6000 1.0000 
TABLE 8. The crisp values of pairwise comparison matrix for AFM 
Expert-1 Expert-2 
E\(EVA) E2(MVA) 63(CVA) E,(CFROI) £\(EVA) £2(MVA) 63(CVA) E4(CFROT) 
E\ (EVA) 1.0000 29.1667 29.1667 81.0000 1.0000 29.1667 9.0000 81.0000 
E2(MVA) 108.2667 1.0000 108.2667 58.8000 4.6667 1.0000 41.0667 29.1667 
E3(CVA) 15.3333 29.1667 1.0000 58.8000 | = 15.3333 9.0000 1.0000 29.1667 
E4(CFROJ) 1.1000 0.0000 0.0000 1.0000 | 29.1667 41.0667 41.0667 1.0000 


TABLE 9. The crisp values of pairwise comparison matrix for EFM 


(6) Normalizing the initial direct relation matrix by using equations (6) and (7). The 


normalized matrix is presented in Table 11. 
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AFM EFM 
Ci(ROA) C(ROB) C3(EPS) C,(P/E) Ratio E\(EVA) E:(MVA) 3(CVA) £,(CFROT) 
C\(ROA) 1.0000 4.6667 61.0333 48.1667 | E,\ (EVA) 1.0000 29.1667 19.0833 81.0000 
C(ROE) 15.3333 1.0000 = 31.3500 41.0667 | E.(MVA) 56.4667 1.0000 74.6667 43.9833 
C3(EPS) 22.8667 9.0000 1.0000 15.3333 | E3(CVA) 15.3333 19.0833 1.0000 43.9833 
C4(P/E) Ratio 1.1000 4.6667 45.3833 1.0000 | £4(CFROI) 15.1333 20.5333 20.5333 1.0000 

TABLE 10. Direct-relation matrix for AFM and EFM 

AFM EFM 
Ci(ROA) C2(ROE) C3(EPS) Ci(P/E) Ratio E\(EVA) E2(MVA) E3(CVA) E.(CFROI) 
Ci(ROA) 0.0348 0.1625 2.1254 1.6773 | Ey (EVA) 0.0227 0.6624. ~—0.4334 1.8397 
C2(ROE) 0.5340 0.0348 ~—«1.0917 1.4301 | E)(MVA) 1.2825 0.0227 1.6958 0.9990 
C3(EPS) 0.7963 0.3134 0.0348 0.5340 | £3(CVA) 0.3483 0.4334 —(0.0227 0.9990 
Cu(P/E) Ratio 0.0383 (0.1625. 1.5804 0.0348 | Ex(CFROI) —0.3437—s«0.4664—Ss(0.4664 0.0227 


TABLE 11. Normalized decision matrix for AFM and EFM ratio 


(7) Compute the total-relation matrix by using equation (8). The total-relation matrix, is 


given in Table 12. 


AFM EFM 
Ci(ROA) C(ROE) C3(EPS) C,(P/E) Ratio E\(EVA) E2(MVA) £3(CVA) E,(CFROI) 
Ci(ROA) 0.0071  -0.0501  -1.6525 -0.8965 | E, (EVA) 0.0060  -0.1977  -0.2637 -0.7966 
C2(ROE) -0.2348 0.0209 -—--1.0010 -0.5474 | B(MVA) -0.4555 0.0026 ~—--0.7370 -0.9952 
C3(EPS) -0.1016 0.0350 -0.0021 -0.2244 | E3(CVA) -0.0972 0.0908 0.0081 -0.3740 
Ci(P/E) Ratio -0.0105 -0.0153 0.4471 0.0091 | £;(CFROI) -0.0723 —--0.0701_—-0.1170 0.0049 


TABLE 12. Total relation matrix 


(8) By using equations (9) and (10), calculate the indexes Q+R and Q-R for each criterion 
and rank the criteria, which is shown in Table 13. Finally, draw the causal diagram 


for financial measures, which is shown in Fig. 3 and 4. 


5. Result and discussion 


In this section, we analyze the results of the proposed method. Table 14, presents the 
ranking of AFM and EFM, which has been used for financial performance evaluation. 
From the result, it is observed that ROE is the highest Q+R score value (-1.8418) 
secured the first rank, and P/E Ratio is indicated the Q+R value is -2.1230. Hence, 
it secured the second rank. The EPS has indicated the Q+R value is -3.4657. It has 
secured the least rank. Hence, ROE has secured the first rank, which shows that ROE 


is the most important criterion in AFM. The company management and investor are 
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AFM EFM 
Criteria Q+R Q-R Criteria Q+R Q-R 
Ci(ROA) -2.9319 -2.2521| E,(EVA) —-1.8711  -0.6329 
C2(ROE) -1.8418 -1.6829 | E,(MVA) —-2.5412 -1.8291 
C3(EPS) -3.4657 2.7395 | E3(CVA) -1.6634 0.5557 
C,4(P/E) Ratio -2.1230 1.1955 | Ey4(CFROI) -2.4153 1.9063 


TABLE 13. The comparative neutrosophic DEMATEL technique Q + R and 
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FIGURE 5. The causal diagram for Economic value-based financial measures criteria 


recommended to pay more attention to ROE for achieving their best competitiveness 
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in the organization. According to the degree of importance, Q+R the AFM criteria 
are ranked as follows: C3 > Cy > C4 >C>. 

In addition, table 14 presents a summary of financial measure EFM. From the result, 
we conclude that the criteria CVA is the most important of the criteria since it has the 
highest Q+R priority value (-1.6634). The Q+R value of EVA is -1.8711, which has 
secured the second rank. Similarly, MVA is the least performance of the criteria. The 
company management and investor are recommended to pay more attention to CVA 
for achieving their best competitiveness in the organization. According to the degree 
of importance,(S+R) the criteria EFM has ranked which are Ey > Ey, > Ey > Es. 
However, the causal diagram constructed with the horizontal axis is Q+R and the 
vertical axis is Q-R. The causal diagram of AFM’s and EFM’s criteria are shown in 


Figures 3 and 4 respectively. 


6. Conclusion 


Financial ratios provide useful quantitative financial information about the perfor- 
mance of a company. The proposed approach (Neutrosophic-DEMATEL) is used to 
evaluate the relative importance of financial ratios compared to two groups: Accounting 
based financial measures (AFM) and Economic value-based financial measures (EFM). 
The empirical results are recommended the following results to the investor: ROE is 
the most important financial measure in AFM and CVA is the most influential measure 
in EFM. Hence, the proposed method suggests to the investors pay more attention to 
ROE in AFM and CVA in EFM. Moreover, the proposed neutrosophic- DEMATEL 
model gives a different result for both financial measures. Because neutrosophic DE- 
MATEL has provided us with more degrees of freedom to represent uncertainty and 
indeterminacy in real-world information. The discussed results will help the companies, 
investors, and traders before making profound decisions. 

In the future, we consider the other economic value measures such as shareholder 
value-added, equity economic value-added, and other performance measures by us- 
ing different MCDM techniques like AHP, ELECTRE, and PROMETHEE under an 


interval valued neutrosophic environment. 


References 


[1] Altuntas, S.; Dereli, T. A novel approach based on DEMATEL method and patent citation analysis 
for prioritizing a portfolio of investment projects. Expert systems with Applications, 2015, 42(3), 
pp.1003-1012. 

[2] Abdel-Basset, M.; Manogaran, G.; Gamal, A.; Smarandache, F. A hybrid approach of neutro- 
sophic sets and DEMATEL method for developing supplier selection criteria. Design Automation for 
Embedded Systems, 2018, 22(3), pp.257-278. 


Veeramani et al., Neutrosophic DEMATEL approach for financial ratio performance evaluation of the 
NASDAQ Exchange 


Neutrosophic Sets and Systems, Vol. 51, 2022 


3] Abdel-Basset, M.; Atef, A. and Smarandache, F.; A hybrid Neutrosophic multiple criteria group 
decision making approach for project selection. Cognitive Systems Research, 2019, 57, pp.216-227. 

4) Aslam, M.; Fahmi, A.; Almahdi, F.A.A.; Yaqoob, N.; Extension of TOPSIS method for group 
decision-making under triangular linguistic neutrosophic cubic sets. Soft Computing, 2021, 25(5), 
pp.3359-3376. 

5] Atanassov, K.T.; Intuitionistic fuzzy sets. Physica, Heidelberg, 1999, pp.1-137. 

6] Abdel-Basset, M.; Mohamed, M.; Hussien, A.N.; Sangaiah, A.K.; A novel group decision-making 
model based on triangular neutrosophic numbers. Soft Computing, 2018, 22(20), pp.6629-6643. 

7| Aydn, S.; Kahraman, C.; Evaluation of firms applying to Malcolm Baldrige National Quality 
Award: a modified fuzzy AHP method. Complex & Intelligent Systems, 2019, 5(1), pp.53-63. 

8] Bhattacharya, $.; Neutrosophic information fusion applied to the options market. Investment Man- 


agement and Financial Innovations, 1, (2005) pp.139-145. 


9] Bhattacharya, S.; Utility, rationality and beyond-from behavioral finance to informational finance. 
American Research Press (2005). 

10] Chen, K.H.; Shimerda, T.A.; An empirical analysis of useful financial ratios. Financial manage- 
ment, 1981, pp.51-60. 

11] Fontela, E.; Gabus, A.; The DEMATEL observer, DEMATEL 1976 report. Battelle Geneva Re- 
search Center, 1976 Switzerland Geneva 

12] Golcuk, I; Baykasoglu, A.; An analysis of DEMATEL approaches for criteria interaction handling 
within ANP. Expert Systems with Applications, 2016, 46, pp.346-366. 

13] Hezam, I.M.; Nayeem, M.K.; Foul, A.; Alrasheedi, A.F.; COVID-19 Vaccine: A neutrosophic 
MCDM approach for determining the priority groups. Results in physics, 2021, 20, pp.103654. 

14] Halkos, G.E.; Tzeremes, N.G.; Industry performance evaluation with the use of financial ratios: 
An application of bootstrapped DEA. Expert Systems with Applications, 2012, 39(5), pp.5872-5880. 
15] Jana, C.; Pal, M.; Multi-criteria decision making process based on some single-valued neutrosophic 
Dombi power aggregation operators. Soft Computing, 2021, pp.1-18. 

16] Khoshnevisan, M.; Bhattacharya, $.; Neutrosophic information fusion applied to financial market. 
In Sixth International Conference of Information Fusion, 2003, 2, pp. 1252-1257. 

17] Lee, W.S.; Huang, A.Y.; Chang, Y.Y.; Cheng, C.M.; Analysis of decision making factors for equity 
investment by DEMATEL and Analytic Network Process. Expert Systems with Applications, 2011, 
38(7), pp.8375-8383. 

[18] Mahdi, I.M.; Riley, M.J.; Fereig, S.M.; Alex, A.P.; A multicriteria approach to contractor selection. 


Engineering Construction and Architectural Management, 2002, 9(1), pp.29-37. 

[19] Mills, E.F.E.A.; Baafi, M.A.; Amowine, N.; Zeng, K.; A hybrid grey MCDM approach for asset 
allocation: evidence from Chinas Shanghai Stock Exchange. Journal of Business Economics and 
Management, 2020, 21(2), pp.446-472. 

20] Opricovic, S.; Tzeng, G.H.; Defuzzification within a multicriteria decision model. International 
Journal of Uncertainty, Fuzziness and Knowledge-Based Systems, 2003, 11(05), pp.635-652. 

21] Perin, S., Evaluating airline service quality using a combined fuzzy decision-making approach. 
Journal of Air Transport Management, 2017, 68, pp.48-60. 

22] Rezaeian, J.; Akbari, F.; Stock portfolio selection using a hybrid fuzzy approach: a case study in 
Tehran Stock Exchange. International Journal of Operational Research, 2015, 22(4), 423-453. 

23] Smarandache, F.; Neutrosophic seta generalization of the intuitionistic fuzzy set. Journal of De- 
fense Resources Management, 2010, 1(1), pp.107-116. 

24) Singh, A.J.; Schmidgall, R.S.; Analysis of financial ratios commonly used by US lodging financial 
executives. Journal of Retail & Leisure Property, 2002, 2(3), pp.201-213. 


Veeramani et al., Neutrosophic DEMATEL approach for financial ratio performance evaluation of the 
NASDAQ Exchange 


Neutrosophic Sets and Systems, Vol. 51, 2022 


25] Sim, K.; Liu, G.; Gopalkrishnan, V.; Li, J.; A case study on financial ratios via cross-graph 
quasi-bicliques. Information Sciences, 2011, 181(1), pp.201-216. 

26] Slamaa, A.A.; El-Ghareeb, H.A.; Saleh, A.A.; A Road-map for Migration System-Architecture 
Decision by Neutrosophic-ANP and Benchmark for Enterprise Resource Planning Systems. IEEE 
Access, 2021, 9, pp.48583-48604. 

27| Nabeeh, N. A.; Smarandache, F.; Abdel-Basset, M.; El-Ghareeb, H. A.; Aboelfetouh, A.; An 
Integrated Neutrosophic-TOPSIS Approach and its Application to Personnel Selection: A New Trend 
in Brain Processing and Analysis. IEEE Access. 2019, doi: 10.1109/ACCESS.2019.2899841. 

[28] Tabrizi, B.H.; Torabi, S.A; Ghaderi, S.F.; A novel project portfolio selection framework: An 


application of fuzzy DEMATEL and multi-choice goal programming. Scientia Iranica. Transaction E, 
Industrial Engineering, 2016, 23(6), pp.2945. 

[29] Varma, K.; Kumar, K.S.; Criteria analysis aiding portfolio selection using DEMATEL. Procedia 
Engineering, 2012, 38, pp.3649-3661. 

[30] Venugopal, R.; Veeramani, C.; Edalatpanah, S.A.; (2022). Analysis of Fuzzy DEMATEL Approach 
for Financial Ratio Performance Evaluation of NASDAQ Exchange. Proceedings of International 
Conference on Data Science and Applications. Lecture Notes in Networks and Systems, 2022, 287, 
pp.637648. 

[31] Wu, K.J.; Liao, C.J.; Tseng, M.L.; Lim, M.K.; Hu, J.; Tan, K.; Toward sustainability: using big 
data to explore the decisive attributes of supply chain risks and uncertainties. Journal of Cleaner 
Production, 2017, 142, pp.663-676. 

[32] Wu, J.; Khalil, A.M.; Hassan, N.; Smarandache, F.; Azzam, A.A.; Yang, H.; Similarity Measures 
and Multi-person TOPSIS Method Using m-polar Single-Valued Neutrosophic Sets. International 
Journal of Computational Intelligence Systems, 2021, 14(1), pp.869-885. 

[33] Yalcin, N.; Bayrakdaroglu, A.; Kahraman, C., Application of fuzzy multi-criteria decision making 
methods for financial performance evaluation of Turkish manufacturing industries. Expert systems 
with applications, 2012, 39(1), pp.350-364. 

[34] Zadeh.L.A.; Fuzzy sets. Information and Control, 1965, 8(3), 338353. 


Received: June 5, 2022. Accepted: September 21, 2022. 


Veeramani et al., Neutrosophic DEMATEL approach for financial ratio performance evaluation of the 
NASDAQ Exchange 


Tog) 
@NSS Neutrosophic Sets and Systems, Vol. 51, 2022 


NM University of New Mexico 


= oe 


Rough Semigroups in Connection with Single Valued Neutrosophic (€, €)-Ideals 


Young Bae Jun ', Anas Al-Masarwah ?* and Majdoleen Abu Qamar ? 

' Department of Mathematics Education, Gyeongsang National University, Jinju 52828, Korea; 
skywineQ@gmail.com 

? Department of Mathematics, Faculty of Science, Ajloun National University, P.O. Box 43, Ajloun 26810, 
Jordan; almasarwah85@gmail.com, anas.almasarwah@anu.edu.jo 

3 Department of Mathematical Sciences, Faculty of Science and Technology, Universiti Kebangsaan Malaysia, 


43600 UKM Bangi, Selangor DE, Malaysia; mjabuqamar@gmail.com 


* Correspondence: almasarwah85@gmail.com 


Abstract. The scheme of rough sets is an effective procedure that handle ambiguous, inexact or uncertain 
information configuration. Rough set theory for algebraic structures like semigroups is a formal approxima- 
tion space consisting of a universal set and an equivalence relation. This article achieves a new utilization 
of rough sets in the theory of semigroups via single valued neutrosophic (SVN) subsemigroups/ideals. The 
conceptions of an SVN (€, €)-subsemigroup and an SVN (€, €)-ideal in semigroups are introduced, and its 
properties are investigated. Special congruence relations induced by an SVN (€, €)-ideal are introduced in 
semigroups. Using these notions, the lower and upper approximations, so called the R -lower approximation 
and the Rq-upper approximation for gq € {T,/, fF} based on an SVN (€, €)-ideal in semigroups are presented, 
and related characteristics are discussed. The notions of lower and upper subsemigroups/ideals, so called the 
R,-lower subsemigroup/ideal and the R,-upper subsemigroup/ideal for g € {T, 1, F'}, are defined, and then the 


relationships between subsemigroups/ideals and R,-lower (upper) subsemigroups/ideals are considered. 


Keywords: single valued neutrosophic (€, €)-subsemigroup/ideal; R -lower subsemigroup/ideal; R g-upper 


subsemigroup/ideal. 


1. Introduction 


Rough sets were originally suggested by Pawlak (see (1}), as an official approximation of the 
classical set in terms of a couple of sets that specify the upper and lower approximations of 
the crisp set. The approach of rough set is adequate for rule induction from sets of imperfect 


information. This approach helps in set apart between three patterns of missing attribute 
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values; those are lost value, attribute-concept value and “do not care” conditions. Rough set 
can be seen as being used in a variety of fields (see |2/9]). 

In 1965, Zadeh fetched up the idea of fuzzy set to handle imprecise information (see (10}). 
He used a single value to represent the degree of membership of the fuzzy set defined in a 
universe. There is a difficulty that not all problems with imprecise information are expressed 
in the class of single point membership value. To defeat such difficulties, an interval valued 
fuzzy set is adopted by Turksen (see (11). As an extended notion of fuzzy sets, Atanassov 
attained a new scope called intuitionistic fuzziness sets (see (12}). In intuitionistic fuzzy sets, 
the membership (resp. nonmembership) function represents truth (resp. false) part. Smaran- 
dache used indeterminacy membership function as an independent component to introduce 
neutrosophic sets, which are a widen of intuitionistic fuzzy sets, by using three independent 
components: truth, indeterminacy and falsehood (see [13}15)). Wang et al. formed the idea of 
SVN sets which is an instance of neutrosophic sets which can be utilized in various disciplines 
of real-life issues, etc. (see [16}). It is already well known that neutrosophic sets are being 
applied in almost every field of study. 

In this article, we state a SVN (€, €)-subsemigroup and a SVN (€, €)-ideal in semigroups, 
and investigate their properties. We define some special congruence relations Rip), Riz,8) 
and Rp) induced by a SVN (€, €)-ideal, and discuss a few properties in semigroups. Using 
these notions, we introduce the lower and upper approximations, so called the R,-lower ap- 
proximation and the R,-upper approximation for gq € {T,I,F}, based on a SVN (€, €)-ideal 
in semigroups, and investigate related properties. Using the notion of R,-lower approxima- 
tion and R,-upper approximation, we define lower and upper subsemigroups/ideals, so called 
the R,-lower subsemigroup/ideal and the R,-upper subsemigroup/ideal for q € {T,I, F}, are 
defined, and then we provide the relationships between subsemigroups/ideals and R,-lower 


(upper) subsemigroups/ideals. 


2. Preliminaries 


This segment lists the basic well-known contents that are relevant to the current paper. 


Definition 2.1. A set S 4 ¢ together with a binary operation “-” such that (w-z)-h = w-(z-h) 


for all w,z,h € S is called a semigroup. 


We use wz instead of w- z in what follows. Given two subsets G and H of a semigroup S, 


we define: 


GH := {wz|w eG, z€ H}. 
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Definition 2.2. A subset N 4 ¢ of a semigroup S is a subsemigroup of S if NN C N, anda 
left ideal (resp., right ideal) of S if SN C N (resp., NS C N). We say that N is an ideal of S 
if it is both a left and a right ideal of S. 


Definition 2.3 ( |16]). Let S 4. An SVN set in S is defined as: 
Vor := {(w; Vr(w), Ur(w), Vr(w))|w € S} (1) 
where Ur, U7, Up: S > [0,1] are functions. 
For the sake of clarity, the SVN set in will be symbolized by Uqip := (Wr, U7, Up). 
Given an SVN set Uqyp := (Wr, U;, Vr) in S, a, 6 € (0,1] and y € [0, 1), we describe: 
Te (Vr; a) := {w € S|Ur(w) > a}, 
Te(Wrir; 8) = {w € S|Wr(w) = B}, 
Fe(Wrir; y) = {w € S|Up(w) < 7}, 
which are called SVN €-subsets. 
Definition 2.4 ( (17]). An SVN set W yp in a semigroup S is an SVN (€, €)-subsemigroup of 


S if it satisfies: 
w € Te(Wrir;aw), 2 € Te(Uripjaz) > wz € Te(Vrir; min{ay, a;}), 
w € Je(Wrr; Bw), 2 € Terr; Bz) > we € le(Wrm; min{hy, B2}), (2) 
w € Fe(WUrir; ww), 2 € Feri yz) => wz € Fe(Urir; max{Yw, Yz})- 
Lemma 2.5 ( ). An SVN set Upp in a semigroup S is an SVN (€, €)-subsemigroup of S 
if and only if it satisfies: 
Ur(wz) > min{Vr(w), Vr(z)} 
(Vw,z€S)| W;(wz) > min{V;(w), Y;(z)} (3) 
Ur(wz) < max{V p(w), Ve(z)} 


3. Rough semigroups based on single valued neutrosophic (€, €)-ideals 

Here, let S be a semigroup unless otherwise stated. 
Definition 3.1. An SVN set Vyyp in S is a left SVN (€, €)-ideal of S if it is an SVN (€, €)- 
subsemigroup of S' satisfying the following condition: 


z2€Te(Wypja) > wz € Te(Vrip; a) 
(Vw,z€S)) zéle(Urr; 8) > wzele(Vrm; 8) |- (4) 
z€ Ferry) > wz € Fe(Vrir;7) 
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Definition 3.2. An SVN set Wyp in S is a right SVN (€, €)-ideal of S if it is an SVN 
(€, €)-subsemigroup of S' satisfying the following condition: 
z2€Te(Wyp;a) > zw € Te(V rip; a) 
(Vw,z€S)| zele(Urm; 8) > zwele(Wrr;f) |- (5) 
z€ Fe(Wrm;y) > zw € Fe(Urir; 7) 


If Vyyp is a left and a right SVN (€, €)-ideal of ', we say that Upp is an SVN (€, €)-ideal 
of S. 


699 


Example 3.3. Consider a semigroup S = {¢1,<2,¢3, 64} with the operation given by Table 


[1 
TABLE 1. Table for “-” operation 
S1 $2 $3 S4 
S1 S1 $2 $2 S4 
$2 $2 $2 $2 S4 
93 $2 $2 $2 S4 
S4 S4 S4 S4 S4 


Let Uyip be an SVN set in S which is shown as: 


Wri = {(<1, (0.33, 0.27, 0.68)), (<2, (0.55, 0.47, 0.57)), 
(c3, (0.11, 0.17, 0.89)), (ca, (0.88, 0.77, 0.36)) }. 


It is routine to show that Vyp is an SVN (€, €)-ideal of S. 


Theorem 3.4. An SVN set Uqip in S is a left (resp. right) SVN (€, €)-ideal of S <= it 
satisfies and 
Vr(wz) > Ur(z) (resp. Ur(w)) 
(Vw,2€S) | Wy(wz) > U7(z) (resp. Uz(w)) | - (6) 
Ur(wz) < Ur(z) (resp. Ur(w)) 


Proof. Let Vip be a left SVN (€, €)-ideal of S. Obviously, the condition is true by 
Lemma [2.5] If 3 w,z € S such that Ur(wz) < Ur(z), then z € Te(Wrpp; Vr(z)) but wz ¢ 
Te(Vrir; Ur(z)), a contradiction. So Up(wz) > Ur(z) Vw,z € S. Assume that V;(ab) < 
U7(b) for some a,b € S and take 8 := 5(W;(ab) + W;(b)). Then, b € Ie(Wrrp; 8) and ab ¢ 
Ie(W yp; 3), which is a contradiction. Hence, Vy(wz) > W;(z) for all w,z € S. If Up(wz) > 
Wpr(z) for some w,z € S, then 4 y € (0,1) such that Vp(wz) > y > Up(z). Then, z € 


Fe(Worp;y) and wz ¢ Fe(Wrir;y), which induces a contradiction. Therefore, Vr(wz) < 
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Ur(z) Vw,z € S. Similarly, if Upp is a right SVN (€, €)-ideal of S, then Up(wz) > Ur(w), 
W7(wz) > U;(w) and Up(wz) < Up(w) for all w,z € S. 

Conversely, suppose that Uqyp satisfies Vp(wz) > Ur(w), Ur(wz) > Ur(w) and Up(wz) < 
Ur(w) Vw,z € S. Let w € Te(Urm; a) 9 Je(Urip; 8) Fe(V rir; y). Then, 


Ur(wz) > Ur(w) >a, 


V7(wz) > Vy(w) > 6 
and 
Up(wz) < Ur(w) <7, 


which imply that wz € Te(Wrrp;a) 9 Te(Wrr; 8) ON Fe(Vrir;y). Hence, Vopr is a right 
SVN (é€, €)-ideal of S. Similarly, if Vip satisfies Up(wz) > Ur(z), Vr(wz) > V7(z) and 
Up(wz) < Up(z) for all w,z € S, then Vyyp is a left SVN (€, €)-ideal of S. 


Let A be the diagonal relation on S and let ya be the characteristic function of A in S x S. 


Given an SVNS Wy p in S, consider the following relations on S: 


Rae) = {(w,z) € Sx S| max{xa(w, z),min{Ur(w), Ur(z)}} > a} 
Re) = {(w, 2) € S x S|max{xa(w, z),min{W;(w), U7(z)}} = B} Cr) 
{(w,z) € S x S|min{ fa(w, z),max{Ur(w), Ve(z)}} < y} 


where a, 3 € (0,1], y € [0,1) and 
fa:SxS-— [0,1], (w,z)H1-xa(w, z). 


It is simple to demonstrate that Ryp.q), Riz.) and Rip.) are equivalence relations on S. Let 
WVrir be an SVN (¢, €)-ideal of S. Let a,w,z € S be such that (w,z) € Ryra). If aw = az, 


then ya(aw,az) = 1 and so 
max{xa(aw, az), min{Vp(aw), Vr(az)}} =1l>a. 
Thus (aw, az) € Rip). Similarly, we can verify that 
max{xa(aw, az), min{W;(aw), V;(az)}} =1> 8, 
that is, (aw, az) € Riz g). If aw = az, then fa(w,z) = 1—(w,z) =0 and so 


min{ fa(w, z),max{Vpr(w), Ve(z)}} =0< 74, 
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i.e., (aw,az) € Rip). Suppose that aw # az. Then, xa(aw,az) = 0 and w # z. Since Ur p 
is a left SVN (€, €)-ideal of S, it follows that 
max{ya(aw, az), min{Vr(aw), Vr(az)}} = min{V7(aw), Ur(az)} 
= min{Vr(w), Yr(z)} 


>a, 


max{ya(aw, az), min{V;(aw), V;(az)}} = min{V;(aw), V;(az)} 
> min{V;(w), Ur(z)} 
> 


and 


min{ fa(ax, ay), max{V r(aw), Vp(az)}} = max{V p(aw), Vp(az)} 
< max{Vr(w), Yr(z)} 
Si 
Thus (aw,az) € Rip), (aw,az) € Rizg) and (aw,az) € Ry). Similarly, we can verify 
that (wa, za) € Rr), (wa, za) € Riz.) and (wa, za) € Ripy). Therefore, Rip.q), Riz,g) and 
Rr) are congruence relations on S. 


We summarize the result as a lemma. 


Lemma 3.5. If Vrip is an SVN (€, €)-ideal of S, then Ripa), Rez.) and Rip) are congru- 


ence relations on S. 


Given w € S, let [w](7,.) (resp., [w]¢z,8) and [w](7,7)) denote the equivalence class of x which 


is called T-equivalence class (resp. I-equivalence class and F'-equivalence class) of x. 


Lemma 3.6. If Vr is an SVN (c€, €)-ideal of S, then [w\raylzlra) © [wz](r7,0); 
[w] 7,6) [2](7,2) © [wz]7,e) and [wl (rp ylzelay © [wz](ry for every a, B,y € [0, 1]. 


Proof. Let a € [wl(r.e)[2](7,a). Then, a = w’2! for some w’ € [w](r,q) and 2’ € [z](7,q). Thus 
Ur(w,w’) > a and Ur(z,2') > a. Since Riz) is a congruence relation on S, it follows 
that Ur(wz,w'z') > a, that is, a = w'2' € [wz|(rq). Hence, [w]raylzlcra) © [wzl(r0)- If 
6 € [wlr,s)[2](7,8), then 6 = w'z' for some w’ € [w](z,g) and 2’ € [z](7,g). Hence, Uy(w,w’) > 6 
and W7(z,2’) > 6 which imply that V;(wz,w'2’) > 6, that is, b = w'2’ € [wz]7). This 
shows that [w](z,3)[2](7,8) © [wz](z,4). Suppose that ¢ € [w](r,)|z](7). Then, ¢ = ab for some 
a € [wr and 6 € [z|(7y). Thus, Up(a,w) < y and Wp(b,z) < y, and so Wp(ab,wz) < 7 
since Rip.) is a congruence relation on S. Therefore, c = ab € [wz](Fy)> which proves 


lwleylemy © wl): a 
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The following example illustrates Lemma|3.6} 


Example 3.7. Consider the SVN (€, €)-ideal Uyyp of S in Example[3.3} If we take (a, 6, y) = 
(0.44, 0.37, 0.63), then 


Riera) = {(s15 51); (62,52), (53, 53); (54, 4), (62,54) F 

Rca) = {(s1, 51), (s2, 52); (63,53), (4, 4), (S2, 54) F 
and 

Rep = {(s1, 51); (S2; 62); (63,53), (Sa, 54); (52, 54) F- 


Hence, [sil(r.a) = {si}, [salera) = {62,54}, [ssl(ra) = {sa}, and [sa](r.0) = {52,S4}- It follows 
that [s1] (7,0) [ss] (7,20) = {so} © {s2, 4} = [s2] (7,0) = [s153] (7,2): In the same way, we can check 
[w]¢r,8)[2]¢7,8) © [wz]iz,8) and [wry [zZ]“ey © [wlan for w,z € S. 


Definition 3.8. The congruence relation Ripq) (resp., Riz,3) and Rip,)) on S is said to be 


complete if [w|(re)[z](r,) = [wz|(r9) (resp., [w]cz,aylzliz,8) = [w2)i,a) and [wl ylzley = 


[wz](r,»)) for all w,z € S. 


Example 3.9. Consider a semigroup S = {¢1, @,¢3,¢64} with the “.” operation given by Table 


TABLE 2. Table for “-” operation 


S1 $2 83 S4 


S1 S1 $2 $3 S4 
$2 $2 $2 $3 S4 
$3 83 83 83 S4 
S4 S4 S4 S4 $3 


Let Uyjp be an SVNS in S' which is shown as: 


Wr = {(c1, (0.11, 0.27, 0.68)), (<2, (0.44, 0.47, 0.57)), 
(c3, (0.77, 0.67, 0.29)), (ca, (0.77, 0.67, 0.29)) }. 


Then, Vyyr is an SVN (€, €)-ideal of S. It is routine to verify that [w](7,a)[z](7,0) = [w2](r,9); 
[w]z,ey[z]c,4) = [w2zlua) and [wl(rylzliey = [wz], for all w,z € S where (a, 6,7) = 
(0.77, 0.67, 0.29). Therefore, Rir..), Riz,3) and Ri) are complete congruence relations on S 
for (a, 6,7) = (0.77, 0.67, 0.29). 
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Definition 3.10. Let Upyp be an SVN (€, €)-ideal of S and let N be a nonempty subset of 
S. Given q € {T,1,F}, the Rg-lower approximation and Rqg-upper approximation of X are 
defined to be the sets 

Rr(N3a) = {w € S|[w]ra) C N} 

R{(N; 8) := {w € S|[w]cz,a) CN} 

Rp(N;7) = {wu € S|[w cs CN} 


and 
Rr (Na) = {w € S|lelera) ON #0} 
Rr(N; B) = {w € S|[w]iza) AN #9} 
Re(Ns7) = {w € Slltelun ON #0}, 
respectively. 


By routine calculations, we have the next proposition. 


Proposition 3.11. Let Upp be an SVN (€, €)-ideal of S. For any nonempty subsets G and 


HT of S, the following assertions are valid. 


Rr(G;a) CGC Rr (G; a), 
R1(G; B) C G C Rr(G; 8), (8) 
Rp(G;7) CG C Re(G; 7), 


Rr(GN A; a) = Rr(G;a)N Rr (A; a), 
RAG A; B) =R7(G; 8) R;(A; 8), (9) 
RGN #37) =Re(Giy) OO Re(AY), 


Rr(Gn H;a) C Rr(G;a)N Rr(H;a), 
Rri(GN H; 8) C Ri(G; 8) NO Rr (HA; B), (10) 


Rr(Gn H;y) C Re(G;y) NA Re(A;7), 


Rr(G; a) C Rr(H; a), 
GOH >| RAG;8) CRF; £), ; (11) 
Rp(G3y) CRe(H;), 


Rr(Ga) C Rr(H;a), 


GCH >| Ri(G;8) CR(H;B), |, (12) 
Rr(G; yy) Rr(H my) 
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Rr(G;a) UR7(A; a) C R7p(GU H; a), 
R1(G; 8B) UR7(A; 6) CR (GU A; 8), (13) 
Rp(G;y) URe(A;7) C Re(GU;4), 


Rr(GU H; a) = Rr(G;a) U Rr(H; a), 
Rr(GUH; 8) = Rr(G; 8) U R7(H; B), (14) 
Rr(GU H;7) =Rr(G;7) URe(A;7), 


Rr(Rr(G; a); a) = Rr(G; a), 
Ri(Rr(G; 8); B) = Rr(G; 8), (15) 
Rr(Rp(G;7);7) = Re(G37), 


Rr(Rr(G;a);a) = Rr(G;a), 
Ri(Rx(G; B); 8) = Rx(G; B), (16) 
Re(Re(G;7);7) = Re(G;7), 


Rr(Rr(G;a);a) = Rr(G;a), 
R/(R1(G; 8); 8) = Ry(G; 8), (17) 
Rr(Re(G;7);7) =Re(G;y), 


Rr(Rr(G;a); a) = Rr(G; a), 
Ri(Ry(G; 8); 8) = Rr(G; 8), (18) 
Re(Rp(G7)i 7) = Re(Gs7). 
Proposition 3.12. Let Upip be an SVN (€, €)-ideal of S. For any nonempty subsets G and 
AT of S, we have the following assertion. 
Rr(G;a)Rr(H;a) C Rr(GH; a), 
R1(G; 8)R1(H; 8) C Ry(GH; 8), (19) 
Re(G;7)Rr(Hs7) © Re(GH; 7). 
Proof. Let w € Rr(G;a)Rr(H; a). Then, w = ab for some a € Rr(G;a) and b € Rr(H;a). 
It follows that 4 wa,w, € S such that wa € [al(r.a) NG and wy € [b(7.4) NH. Since R74) 


is a congruence relations on S, we have waws € [ablir.a) I GH, and so w = ab € Rr(GH;a). 
Similarly, we get R7(G;6B)R7(H; 8) C Ri(GH; 8). If w € Re(G;7)Rer(A;7), then Ja € 
Rer(G;7) and 6 € Rp(H;7) such that w = ab. Hence, [al(py) AG FO and [bp #0, 
which imply that 4 wa € [al(7,)1G and wy € [b](7y) 1 H. Since Rip) is a congruence 


relations on S, it follows that waw» € [ab](7,4) GH. Therefore, w = ab € Rr(GH;7), and so 
Rp(G57)Rr(H; 7) C Re(GH; 4). 
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In Proposition |3.12| the reverse inclusion relationship does not hold as seen in the next 


example. 


Example 3.13. Consider the SVN (€, €)-ideal UWpyp of S in Example If we 
take (a,6,y) = (0.44,0.37,0.63), then Rr({a};a)Rr({s}ie) = {a}{e} = {ox}, 
Rr({s}s BRr({saks 8) = {si}{sa} = {co}, and Re(fabyRe({s3}7) = {a}{s} = 
{so}. Also Rr({si}{ss}ia) = {c2,c4}, Rr({si}{s3a}; 8) = {ca,c4} and Re({a}{ahy) = 
{co,sa}. Therefore, Rr({aH{ake) ~£ Rr({abaRr({s3s};a), Ri({s}{ss};8) ¢ 
Rr({s1}; B)Rr({s3}; B), and Re({a}{o3a}i 7) Z Re({o1}i NRe({s3}; 7)- 


Proposition 3.14. [f congruence relations Ryr.q), Riz,3) and Ri) on S are complete, then 
Rrp(G;a)Rr(H; a) C Rp(GH; a), 
R7(G; B)R,(H; 8) C R/(GH; 8), (20) 
Rp(G;y)Rr(H;7) © Rp(GH;7) 

for all nonempty subsets G and H of S. 


Proof. Let w € R7(G;a)R_(H;a). Then, w = ab for some a € Rp (G;a) and b € Rp (H;a). 
Since R7,.)is a complete congruence relations on S, we get [a](7,.)[6](7,0) = [abl(r.) C GH. 
Hence, w = ab € R7(GH;a). Therefore, Rp(G;a)R7(H;a) C R-(GH;a). Similarly, we 
have R;(G; 2)R;(H; 8) C R;(GH; 8). If w € Rr(G;y)Rr(HA;7), then 4 a,b € S such that 
w = ab,a € Rp(G;7y) and b € Rp(H;7). Hence, [alip,)[b](n) = [abliny GC GH, and so 
w = ab € Rp(GH;a). Therefore, R-(G;7)Rp(H;7) C Rp(GH;7). 


In Proposition}3.14} if congruence relations Ryr 4), Ryz.3) and Rip) on S are not complete, 
(T,a)> **(1,8) (Fy 


then the inclusion relationship does not hold as seen in the next example. 


Example 3.15. Consider the SVN (€, €)-ideal Vyjp of S in Example and take 
(a, 8,7) = (0.44, 0.37, 0.63). Then, Rir.9), Rir,g) and Rip) are not complete. Obviously, 
Rr(Gia)Rr(H;a) = {2} £ 0 = Ry(GH; a), R;(G; 8)Rj(H; 8) = {2} £ 0 = R,(GH; §), 
and Rp(G;7)Rp(H;7) = {so} £ 0 = Rp(GH; 7) where G = H = {c2, <3}. 


The results discussed above will contribute to the study of rough subsemigroups and ideals. 


Definition 3.16. Let Upyp be an SVN (€, €)-ideal of S and let X be a nonempty subset of 
S. Given q € {T,I, F}, if R,_-lower approximation (resp., R,-upper approximation) of X is 
a subsemigroup of S, then we say that X is a Rg-lower rough subsemigroup (resp., Rq-upper 
rough subsemigroup) of S. If Rg-lower approximation (resp., Rg-upper approximation) of X 
is an ideal of S, then we say that X is a Ry-lower rough ideal (resp., Rq-upper rough ideal) of 
S. 


Y.B. Jun, A. Al-Masarwah and M. Abu Qamar, Rough Semigroups in Connection with 
Single Valued Neutrosophic (€, €)-Ideals 


Neutrosophic Sets and Systems, Vol. 51, 2022 793 


Theorem 3.17. Let Upp be an SVN (€, €)-ideal of S and (a, 8,y) € (0,1] x (0,1] x [0,1). 
If G is a subsemigroup (resp., ideal) of S, then it is an Rq-upper rough subsemigroup (resp., 
Rq-upper rough ideal) of S for q € {T, 1, F}. 


Proof. Suppose G is a subsemigroup of S, then GG C G, and so 


Rr(G;a)Rr(G;a) C Rr(GG; a) C Rr(G;a), 
R1(G; BYR1(G; B) C Ri(GG; B) C Ri(G; B) 


and 
Re(G57)Rr(G 7) C Re(GG;7) C Re(G;7) 


by and Proposition Hence, Rr(G; a), R7(G; 8) and Rr(G;7) are subsemigroups of 
S, and so G is an R,-upper rough subsemigroup of S$ for q € {T,/,F}. If G is an ideal of S, 
then SG'S C G. Using and Proposition |3.12| we have 


Rr(S;a)Rr(G; a)Rr(S;a) C Rr(SGS;a) C Rr(G;a), 


yc 
R1(S; B)R1(G; BYRr(S; 8) © Rr(SGS; B) C Ri (G; B) 


and 


Re(S;y)Rr(G;y)Rr(S;7) © Re(SGS;7) © Re(G;7). 


This shows that Rr(G; a), R1(G; 8) and R(G; 7) are ideals of S. Therefore, G is an Rg-upper 
rough ideal of S for q € {T,I, F}. 


Next example demonstrates that there is an Rg-upper rough ideal for gq € {T, I, F} which 


is not an ideal. 


6699 


Example 3.18. Let S = {¢1,<¢2,°3, <4} be a semigroup with the operation given by Table 


TABLE 3. Table for “-” operation 
S1 92 3 S4 
S1 S1 $2 $3 S4 
$2 $2 $2 $2 $2 
83 83 83 83 83 
S4 S4 $3 S2 $1 
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Let Uqyjp be an SVNS in S' which is shown as : 


Ur = {(a1, (0.5, 0.6, 0.6)), (ca, (0.7, 0.9, 0.2)), 
(<3, (0.7, 0.9, 0.2)), (sa, (0.3, 0.4, 0.8)) }. 
Clearly, Uprp is an SVN (€, €)-ideal of S. Consider (a, 8, y) € (0, 1] x (0,1] x [0,1) such that 
the subsets {ci}, {ca} and {c2,¢3} are the R,-congruence classes for g € {(T,a), (I, 6), (F,y)}. 


Then, Rr({s2};@) = {c2, 53}, Rr({sa}; B) = {c2, 53} and Re({o}; 7) = {s2,53} which are ideals 
of S. Hence, {s2} is an Ry-upper rough ideal for q € {T,I,F}. But it is not an ideal of $ 


since S{c2} = {2,03} Z {oy}. 


Theorem 3.19. Let Vrp be an SVN (€, €)-ideal of S. in which Ripe), Rir1,3) and Ry ry) 
are complete congruence relations on S. If G is a subsemigroup (resp., ideal) of S, then it is 


an Rq-lower rough subsemigroup (resp., Rq-lower rough ideal) of S for q € {T,I, F}. 
Proof. If G is a subsemigroup of S’, then GG C G and thus 
Rr(G a)Rr(G;a) C Rp(GG; a) C Rp (G;a), 
Ry(G; B)Ry(G; B) C Ry(GG; B) C R7(G; B), 
Re(G;y)Rer(G;7) C Re(GG;7) C Re(G;7) 
by and (20). Therefore, R7(G; a), R7(G;a) and R-(G; a) are subsemigroups of S, that 
is, G is an R,-lower rough subsemigroup of S for q € {T,I,F}. If G is an ideal of S, then 
SGS CG. It follows from and that 
Rr(S;a)Rr(G; a)Rp(S;a) C Rr (SGS; a) C Rp (Ga), 
Ry(S; B)Ry1(G; B)Ry(S; B) C Ry (SGS; B) C R7(G; B), 
Rp(S;V)Rer(Gs Rr(S;7) C Re(SGS;7) C Rp(G;7). 


Hence, Rp (G; a), R;(G; a) and Rp-(G; a) are ideals of S, and therefore G is an R,-lower rough 
ideal of S for g € {T, I, F}. 


The example below demonstrates that there is an R,-lower rough subsemigroup for gq € 


{T, I, F} which is not a subsemigroup. 


Example 3.20. Consider the SVN (€, €)-ideal Upp of S in Example Then, Riza); 
Re) and Ri) are complete congruence relations on S for (a, 8,7) = (0.77, 0.67, 0.29). 
Also, Rr({s1, 52, 54}5@) = {s1, 62}, Rr({s1, 52,54}; 8) = {51 so} and Rp({s1, 2, oa}; Y) = {o1, sa} 
are subsemigroups of S. Hence, {<1,<2,s4} is an R -lower rough subsemigroup of S' for qg € 


{T, I, F},. but it is not a subsemigroup of S since {¢1, 52, a}{o1, 02,54} = S Z {o1, 52, 4}. 
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4. Conclusions 


The application of the SVN set gained attention among researchers. This paper found a 
new link between semigroups and SVNSs by introducing an SVN (€, €)-subsemigroup and an 
SVN (€, €)-ideal in semigroups, and studying their properties. Special congruence relations 
induced by an SVN (é€,€)-ideal in semigroups have been introduced. We have introduced 
the lower (R,-lower approximation) and upper approximations (R,-upper approximation) for 
q € {T,I, F} based on an SVN (€, €)-ideal in semigroups, and have discussed related prop- 
erties. We also have defined the concepts of lower and upper subsemigroups/ideals, so called 
the Ry-lower subsemigroup/ideal and the R,-upper subsemigroup/ideal for g € {T, 1, F}, and 
have considered the relationships between subsemigroups/ideals and R,-lower (upper) sub- 
semigroups/ideals. In future work, various types of rough SVN ideals in semigroups will be 
defined and discussed. In addition, the idea in this research article can be analyzed according 
to the works in (18}{22}, which will be the way for much future work. 
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Abstract. In the competitive market, a customer’s choice for an item depends on several factors like management’s 
marketing strategy and service, the item’s price and greenness. Demand increases with the marketing strategy, service 
and item’s greenness, but it is inversely related to the item’s price. These relations are non-linear and imprecise. 
Recently, neutrosophic set has been introduced to represent impreciseness more realistically. Moreover, resources (cap- 
ital, storage space, etc.) are generally uncertain (random or imprecise). Considering the above business scenarios, 
profit maximization EOQ models with price, marketing, service, and green dependent neutrosophic demand and or- 
der quantity dependent unit production cost are developed under different uncertain resource constraints. Models’ 
parameters are pentagonal neutrosophic (PN) numbers. The proposed models are first made deterministic and then 
solved using the geometric programming technique. The PN parameters are made crisp using the score function. The 
random, fuzzy, rough and trapezoidal neutrosophic resource constraints in different models are converted to crisp using 
possibility measure, chance-constrained technique, trust measure and (a, 3,)-cut with weighted mean, respectively. 
These processes reduce the objective function and constraints to signomial forms, and the reduced problems are solved 
by geometric programming technique with the degree of difficulty 2. Numerical experiments and sensitivity analyses 
are performed to illustrate the models. 


Keywords: Inventory; Pentagonal neutrosophic number; Possibility; Chance constrained programming; Trust mea- 


sure; 


1. Introduction 


Nowadays, integration of the effects of marketing cost, service cost, green cost, etc., into demand in 
an EOQ model is a realistic production and business strategy. Marketing costs are generally the total 


expenditure of a manufacturing company on marketing activities. This cost includes advertisement 
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of the products, campaigning, promotional events, market research, etc. Now these activities, and 
hence marketing costs, directly affect the demand of items. Again, some manufacturing companies 
spend incentives on their sales representatives for better performance. Sometimes incentives are given 
to the delivery agents to have perfect timing in delivering the items. These types of expenditure 
are termed service cost and this cost also directly affects total demand. The demands for green 
goods are always very high in any market. Green costs include the extra expenditure to produce 
green goods. Thus the demand of an item increases with its greenness. Moreover, it is well known 
that an item’s demand is inversely related to its selling price, i.e., demand continuously decreases 
with the price. In practice, the relations mentioned above are not linear and deterministic. Demand 
is always related to the marketing effort, service provided, greenness and price non-linearly in an 
imprecise sense, i.e., fuzzy. Recently, neutrosophic set more realistically represents the impreciseness. 
Following these real-life facts, demand is taken as a non-linear function of marketing and service 
costs, item’s greenness and price in a neutrosophic fuzzy sense. This presentation of demand is new 
in the literature. Lee and Kim first identified the idea of marketing planning into a classical 
inventory problem. They formulated the model with price and marketing cost dependent demand 
and solved using the geometric programming (GP) method. Later, Lee investigated profit 
maximization problems with optimal selling price and order quantity as decision variables along 
with some constraints. A multi-objective marketing planning EOQ problem was studied by Islam [4]. 
Later, marketing cost, selling price and service cost dependent demand was considered by Samadi et 
al. [5}. They solved the model under a fuzzy environment. Recently, Aggarwal et al. (6) developed 
an inventory model with price and advertising expenditure dependent demand. 

In reality, an inventory model is formulated along with one or more restrictions like a limitation 
on storage space, order, production cost, etc. Among these restrictions, storage space constraint 
is very common. A manufacturing company builds or hires a warehouse to store its products at 
the beginning of production or business. These warehouses bear certain dimension that limits total 
storage space. In practical situations, this space may not be adequate all the time. Hence, space 
may be augmented if necessary. This augmentation is usually uncertain, i.e., the total available 
area may be considered as imprecise, random, rough, etc., in nature. Roy and Maiti |7| investigated 
a fuzzy EOQ problem under space constraints where demand depends on unit cost. Later, multi- 
objective inventory problems were considered for deteriorating items with space constraints under 
fuzzy (cf. [3}) and intuitionistic fuzzy (cf. (9]) environments. Again, Mandal and Islam (10, Panda 
and Maiti solved an EOQ model with space constraint having fuzzy coefficients by applying the 
GP method. Recently, Kar et al. proposed neutrosophic GP technique to solve inventory 
problems with space constraints under neutrosophic environment. Das et al. investigated a multi- 


item production inventory model with limited storage area under fuzzy environment. Moreover, 
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Karimi and Sadjadi developed a deteriorating multi-item EOQ model under capacity constraint 
and solved by a dynamic programming approach. 

Chance constrained programming is introduced in an optimization problem when the chances of 
satisfying a certain constraint are above a certain level. In other words, when any constraint involves 
one or more random parameters, it is called a chance constraint. Charnes and Cooper first 
developed a chance-constrained programming technique to solve stochastic optimization. Later, it 
has been extended in various directions (17}{19). An EOQ model for stochastically imperfect products 
was investigated and solved using chance-constrained programming by Panda et al. [20]. In the recent 
era, Widyan developed a multi-criteria inventory model with random constraints. Furthermore, 
Hajiagha et al. solved a multi-criteria fuzzy inventory model using chance-constrained and 
probabilistic programming based hybrid algorithm. 

In the real world scenario, the demand for items in the manufacturing companies changes fre- 
quently. We can only note down the sales data of an item for one period and suggest an estimated 
demand of that item for the next period based on the previous one. Depending on this estimate, 
which may be fuzzy, rough, random, etc., the amount of resources, such as budget, warehouse space, 
etc., are determined. In such situations, the rough set theory, developed by Pawlak and oth- 
ers [24], is used to deal with imprecise, inconsistent, incomplete information and knowledge. Later, 
many researchers have studied the rough set theory in various working fields (25][26]. Also, Xu and 
Zhao solved a fuzzy rough multi-objective decision making problem. De et al. investigated 
an imperfect economic production model over different time horizons. Xu and Yao proposed 
randomness and roughness simultaneously and established that some parameters follow random 
distribution with rough expected value. Recently, Bera and Mandal and Midya and Roy 
investigated multi-objective transportation problems under rough environment. 

The theory of impreciseness has been used in various fields in the recent era. The concept of fuzzy 
set was first came up with Zadeh [32], and after that, many researchers extended it and 
applied it in different problems. Later, Atanassov successfully introduced the generalization of 
fuzzy set, called intuitionistic fuzzy set (IFS). In IFS, there are two-degree functions: membership 
and non-membership. Many researchers have applied IFS in various fields. Nowadays, to deal 
with indeterminate/inconsistent information, Smarandache developed neutrosophic set (NS). 
Unlike IFS, NS has three independent components: membership, indeterminacy and falsity. These 
independent degrees lie within ]O~,1*[. Later, Wang et al. developed single valued neutrosophic 
set, and Peng et al. proposed simplified NS. In recent era, Chakraborty et al. applied 
the idea of pentagonal neutrosophic number on different problems. Moreover, Khalid et al. 
and Pramanik et al. introduced neutrosophic GP technique in several fields. 

Generally, the GP technique is a very effective method for solving a class of non-linear optimization 


problems. The GP technique’s most remarkable advantage is that this converts a complicated 
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non-linear optimization problem involving highly non-linear constraints into an equivalent linear 
optimization problem with only linear constraints. The basic concept of GP was initially introduced 
by Duffin (56). GP has contributed several applications in various areas such as inventory systems, 
circuit design, system design, project management, etc. Kochenberger first tackled the inventory 
problem by GP technique. Later, several researchers efficiently applied the GP technique for 
solving various non-linear problems in different fields. 

In spite of the above developments in GP and its application in inventory control problems under 
uncertain environments, very few researchers have used GP in EOQ with neutrosophic uncertainty 
(cf. Kar et al. (12}). Only a few analytically expressed the limited resource amounts using neutro- 
sophic numbers. Moreover, there are very few inventory control problems for green products using 
GP. We have tried to fill up the above lacunas in the present investigation. 

In this paper, single item profit maximization inventory models are formulated with selling price, 
marketing, service and green dependent neutrosophic demand. The models are developed with 
different uncertain storage space constraints. Parameters of all models’ objective functions are 
considered as PN numbers to formulate the models more realistically. Again, the resource constraint 
is taken in various environments as fuzzy, random, rough and trapezoidal neutrosophic (TN) numbers 
to derive particular models. At first, all the models are transformed into equivalent crisp forms using 
score function, possibility measure, chance-constrained programming, trust measure and (a, 3,7)- 
cut for PN, fuzzy, random, rough and TN environments respectively. These processes lead both 
objective function and constraint expression to signomial forms, which are solved using the GP 
technique. Solution procedures for all models are numerically illustrated. Sensitivity analysis is 
presented to observe the changes in optimum results against various parameters. 


Thus, the main contributions of this investigation are 


e For the first time, marketing, service and green expenditures, along with the item’s selling 
price, is integrated into the item’s demand to develop the model more realistically. Relations 
of these parameters with the demand are imprecise, expressed by PN numbers. 

e Realistically, in this investigation, uncertain resource capacities are considered as fuzzy, ran- 
dom, rough and neutrosophic. 

e Unit production cost is taken as a non-linear function of the order quantity. 

e Models are appropriately solved by the GP technique to get the exact values/expressions of 
the decision variable. 

e Due to the presence of neutrosophic parameters in the model, the concept of score function 
is introduced to convert the model into a crisp maximization problem. 

e For converting particular models from fuzzy, random and rough environments to an equiv- 


alent crisp form, possibility measure, chance-constrained programming and trust measure 
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are respectively applied. In the case of TN resource constraint, (a, 6, 7)-cuts and weighted 


arithmetic mean are used. 


The remaining part of the present investigation is arranged as follows: Section |2] represents the 
formulation of the proposed models. Section[3]derives some particular cases. The solution procedures 
for all the models are explained in Section In Section |5| numerical experiments are performed 
and the optimum results are described. Section [6] represents a sensitivity analysis. Conclusion and 


future extensions are presented in Section [7 All required preliminaries are explained in Appendix. 


2. Formulation of the proposed models 


The proposed models are established using the following notations and assumptions: 


Notations: 


Inventory related parameters: 

Symbol Explanation 

: demand rate per unit time 

production cost per unit item 

set-up cost per period 

holding cost per item per unit time 
period of each cycle 

available total storage capacity area 

wo: capacity area to store per unit quantity 
eae inventory level at any time t (> 0) 
selling price elasticity to demand 
marketing expenditure elasticity to demand 
service expenditure elasticity to demand 
green expenditure elasticity to demand 
lot size elasticity to unit production cost 
ecision variables: 

selling price per unit quantity 

number of order quantity 

marketing expenditure per unit item 
service expenditure per unit item 

green expenditure per unit item 


SOomPeay 


ante tetas Ss 


Assumptions: 
(a) Replenishment rate is instantaneous. 
(b) Shortages are not allowed. 

(c 
(d 


(e) In real life, it is always seen that when the items are ordered in a lot, the per item production 


) 
) Lead time is negligible. 

) The inventory system allows a single item. 

) 

cost reduces with the size of ordered units. Therefore, the unit production cost is inversely 
related to order quantity. So it is taken as C = rQ-°, where r is the scaling factor and 
<a e-< 1, 
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(f) It is universally accepted that the demand of an item is negatively influenced by its price 
- either inversely or linearly. Marketing effort in the form of advertisement in electronic 
media, displayed hoardings on roadsides, etc., always uplifts the demand. Similarly, the 
service sector, in the form of timely dispatch, availability, good handling of customers, etc., 
plays an important role in increasing the sale/demand of an item (cf. Samadi et al. (5}). 
Nowadays, due to increased environmental consciousness, the demand for green products 
gradually increases day by day. Thus, greenness also plays a role in increased demand. Hence, 
demand can be expressed as D = kP~*M°’R°G“, where k is the scaling factor/market size 
and a > 1,0 < b,c,d < 1. Normally, the market size for a customized product is considered 
to be very high. So, the market size parameter, k, is estimated by an uncertain high number 
(cf. Samadi et al. (5)). 


2.1. Mathematical model 


In the present investigation, the inventory level continuously decreases to satisfy the demand (See 
Figure 1). If I(t) be the inventory level at time t, then the governing differential equation over the 
time (0,T) is given by 

DiQ=<=0,0<t<T, (0 = *) (1) 


where J(0) = Q and I(T) = 0. 


i(t) 


0 T 2T t 


FIGURE 1. Crisp inventory model 


Solving the above differential equation, we get I(t) = Q— Dt and T = @ 


Now, the average profit in the system involves the following: 


Average sales revenue = Pe average production cost = oe average marketing cost = sul average 
service cost = average green cost = a average set-up cost = A and average holding cost = 


ana, = 22. 
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Hence total profit per unit time is 
f = Sales revenue - Production cost - Merketing cost - Service cost - Green cost 
- Set-up cost - Holding cost 
= kP!-¢mM?’ ReG4 = kr P~*M°R°G?Q- = kP-°M!*> ReG@ = kP~*M? Ri *¢G4 
=kP-* Me RG * —~ kAP ir read —0sn0 


Here, the space constraint is expressed as woQ < w. 


2.2. Model-1: Model in neutrosophic environment 


In reality, all data in an inventory model may not be found accurately. There may arise the 
case when some of the data are uncertain, incomplete and/or indeterminant. To deal with such a 
situation, the model’s parameters are expressed in an imprecise environment considering fuzzy sets, 
intuitionistic sets, neutrosophic sets, rough sets, etc. The present inventory model considers all the 
elasticity parameters, scaling factors, holding cost, set-up cost, total available space, and per unit 


quantity area in the neutrosophic environment using PN numbers. Let us assume, 


= ((@1, G2, 3,44, 5); War, Oar, Var) b= ((b1, ba, b3, ba, bs) 5 gn, opr, V5") 

((€1, C2, C3, Ca, C5) 3 Wer, Oar, Ver) ,d" = = (( dy, dz, d3, d4, ds) ; wy, gr, Vz) 

(91, 62, 03, 04, 45) ; bitin = ((k1, ko, kg, ka, ks) ; iit tes P en) 
((11,72;13, 74515) } Len, OFn, Ven) , = (Hi; Ho, Hs; Ha, As); Pentel an) 
= (AL Aa, As, Aa, As); ee W” = ((w1, We, W3, W4, Ws) ; Lan, Ow, Ver) 
= 


(wo1, W02; W03, Wo, wos) 3 > Hwo"s Fw” > Vriy”) 


Thus, the inventory model in neutrosophic environment is formulated as 
Max f =k? P12" yh" RE GT — Rng PH" MP" RE GT Q-& _ pr p-a YO’ Re" Gt 
—k" p-@ ye" Rite" Ga" _ jen p- a" yy" Re Gi+d" _ gn An p-a" yy?" Re" GA" Q-1 _ 0.5 "Q (3) 
subject to wo” Q <w” (4) 


P,M,R,G,Q>0 (5) 


3. Particular cases 
3.1. Model-1.1: (Model with fuzzy space constraint) 


In this consideration, the inventory problem remains similar as formulated previously, except that 
the space constraint is taken under fuzzy environment. Practically, the total available space in a 
production source point may not be predicted precisely. Keeping this fact in mind, it is assumed 
that the total storage space is imprecise in nature, and it is expressed by triangular fuzzy number 
W = (wi, w2,w3). Thus, for Model-1.1, the profit function (Max fi.1, say) is same as in expression 
subject to w) Q < w and positivity condition (5). 
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3.2. Model-1.2: (Model with random space constraint) 


In this case, total available space w is assumed to be random in nature and all the other terms in 
the model are left same as in Model-1. Hence, the Model-1.2 is formulated with the profit expression 
(Max fi.2, say) same as in equation and the constraints are given by wo Q < wW and positivity 
condition (5). 


3.3. Model-1.8: (Model with rough space constraint) 


When the available total storage space w is a rough variable, the constraint reduces to the rough 


environment and is expressed as woQ < W, where W = ([w1, we|[w3, wal), 0 < wy < wi < we < wa 


is a rough variable. Therefore, the Model-1.3 is described by the same profit function (say, fi.3) as 
in equation with the restriction w) Q < w and condition (5). 


3.4. Model-1.4: (Model with neutrosophic space constraint) 


In this case, we express the total available storage area capacity using a TN number w = 
((wW1, W2, W3, W4)} Lew, Tw, Vw). The corresponding neutrosophic inventory model becomes maximize 


profit (say, fi,4) as represented in subject to the constraints wo Q < w and positivity restriction 


(5). 


3.5. Model-1.5: (Model without space constraint) 


In this particular case, the inventory model is considered as an unconstrained profit maximization 
problem by omitting the space constraint from Model-1. Here, the expression for optimal profit (say, 


fi.5) remains same as in equation along with the positivity constraint only. 


4. Solution procedure 
4.1. Solution procedure for Model-1 


In this Section, a solution procedure is described to find a solution space for the neutrosophic 
inventory Model-1. Firstly, the model is converted into a crisp one from the neutrosophic one 
by applying the definition of the score function for PN numbers. It is then transformed into a 


posynomial problem. After that GP technique is used to get an ideal solution space. 
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Let us find the score values for the neutrosophic parameters as follows: (See Appendix) 


S(a") = p i See tao tas x (2+ pan — oan — vanr)} 

so) = ip 1 + bz + bg + ba + bs) x (2 + pgn — ogn — Yn) 

S(e") = = {(e1 co + €3 +4 +5) X (2 + pan — oe ane 

S(a") = plraraeneaxerre-or- a) 

S(6") = =e {(01 + 82 + 83 + 84 + 85) x (2+ Hgn — OGm — Vgn)} 

S(k") = jg (Ot ha ha that bs) x Diteiaacaee —~1%;,)} (6) 
Sr) = 4 bre +173 trates) X (2+ pn — opm — v9n)} 

S(H") = iB { (Hy + Ho + H3 + Hy + Hs) x (2+ ban — O Gn — Vin) } 
S(A") = 1b {(Ay + Ap + Az + Ag + As) x (2+ fen — Tgn — V gn) } 

Sw") = z {(wy + wo + w3 + wa + ws) x (2 + ban — Own — Vgn)} 

S (x0!) = = {(wor + woe + wos + wos + wos) (2+ Hasyn — 5" — Her) 


Using these values in Model-1, the converted crisp model can be formulated as follows: 
Max f = S(k") P1-8@") p80") RSE GS") =" S(E")S(F") P~S@ SO") RSE) GSA) Q-S 6 
—S(k") P~S@) +80") RSM) GSA) _ ee ee 


~8(k") P~8@") SO") RSE) Gits(a") — 8(k")S(A") P-S@) Mv S(b") ps a")g-1 
—0.55(H")Q (7) 
subject to S(wWo") Q < S(w”) (8) 


P.M,R,G,Q>0 


This transformed form of the inventory problem represents by a signomial GP problem, and its 
degree of difficulty is 2. Some necessary modifications are needed to convert the model into a posyn- 
omial GP problem. For the conversion, an appropriate lower bound is considered for the objective 
function with the aim that the maximization of that lower bound will be equivalent to the maxi- 


mization of the objective function of the model. In this way, the signomial model is converted into 
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the following equivalent form by introducing another additional auxiliary variable and a constraint: 


Max fo 


subject to S(&")P!-5@") 450) RSC GSE) _ g(k") 5 (7) P~S@) MSC) RSC GSA) Q- SH) 
~S( k”) p-S(@") ygits(e") RSC) Gs@") _ S(k") Pp -S(@) ygS@") Ri+S8(@) Gea") 
~8(k") P~8@) SO") RSE) Gi+s(a") _ S(k")S(A") P~-S@ MSO) RSC) GS@) Q-1 
—0.55(H")Q < fo 


(9) 
S(wo") Q < S(w") (10) 
P,M,R,G,Q>0 (11) 


Again, this reduced model is equivalent to the following minimization problem: 


Min F = fy"! 


subject to foS(k")-!PS@)-1 4-86) R-SEVG-SE) 4 gig") P-1Q-5@) 4. P31 + POR 


+PG +4 5(A")PQ7! + 0.58(H™)S(k")-1 PS@)-1y-SO) R-SCIG-S@IQ < 1 
S(wo") Q < S(w”") 


P,M,R,G,Q>0 (12) 


The derived inventory model is a posynomial GP problem whose degree of difficulty is 2. To 


solve this problem the dual geometric programming problem is expressed as follows: 


weass= (55) (SY EY") GY)” 


~ woe ~ wo7 why wo 
S(A”) 0.59(H”) ae a S(tip") \ 
(me) Ce) (=) (6) _ 


subject to the following conditions: 


Normality condition: woo = l 


Orthogonality conditions: — wo9 + wo1 = 0 


(S(a”) — 1)wo1 — woz — wo3 — Wo — Wo5 — Woe + (S(4") — 1)wo7 = 0 


—S(b")wo1 + wo3 — $(b")wo7 = 0 
—S(é")wo1 + wos — S(€”)wo7 = 0 
—S(d")wo1 + wos — S(d")wo7 = 0 
—S(6")wo2 — wos + wo7 + Wii = 0 


Positivity condition: wo09, Wo1, Wo2, Wo3, Wo4, WoO5, Wo6, Wo7, W11 > O 
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where w = (wog, Wo1, Wo2, Wo3, Woda, Wo, Wos, Wo7, Wi)! and wo;(i = 0,1,...,7), wir are the dual vari- 
ables against the primal variables P, M, R,G and Q for the problem defined by equation (12). 

As the model has 2 degree of difficulty, we cannot calculate all the dual variables directly from the con- 
ditions. Therefore, solving the above constraints and expressing the dual variables wo;, i = 2,3,...,6 


in terms of wo7 and w 1 we get 


woo = 1 = wo1 


n m 


_ $(a") — S(b") — S(@) — S(d") - 2 1 
wo2 = 1— S(6") a W07 1—s() 
_ (a) ~ S(b") ~ 8") - Sa") - 1 
, 1— S(6") 
wo3 = S(b )(1 + wo7) 
wos = 5(@")(1 + wor) (14) 
wos = S(d")(1 + wor) 
1— 5(6") (s(a") — s(b") — S(@) — S(d”) — 1) 
Woe = 1— s(n) BOE i G tas 
5(6") (s(@") — $(6") — s(@) - s(@”) - 1) 
1— S(6”) 
Letting ky = ae) Se S(a")-1 and kz = = we get, 


Wo2 = (ky = kz) Wo7 — kow41 + ky and W06 = (he = 5(6")k ) WO07 + kowy4 = S(O" )ky 


Substituting these dual variables in equation (13), the dual objective function is expressed in terms 


of wo7 and wy, as given below: 


S(r) (ki—k2)wo7—kowii+ki 


| 
aoe) = Be) (a — kz) wo7 — kaw + kt 


‘ $(6")(1+wor) 1 S(@")(1+wo7) 
a= x CIENT LLnL 
S(b ira) (se nia) 


; ( 1 pe ; (ussut wor 
S(a")(1 + wor) S(k" )wor 


(ko—S(6")ky )wo7+kow11—S(6" kx 


x 


S(A”) 
(ko — S(O" )ky) woz + kowi1 — S(O") ky 


x (S(a")(1 + thq7)) SOG 07) : (qy" ap 


To evaluate the optimum dual variables wi, and wj, that optimize the dual objective d(wo7z, wi1), 


we first take logarithm of equation and get the following expression: 
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| ms 
log d(wo7,Wi1) = logS(k”) — + ((k1 — k2)wo7 — kewi1 + k1)logS(r”) 
— ((ky — ke) wo7 — kowi1 + ki) log((ki — ke) wo7 — kowii + k1) 


—(S(6")(1 + wo7))log(S(6")(1 + wo7)) — (S(2")(1 + wo7))log(S(2") (1 + wo7)) 
—(S(d")(1 + wo7))log(S(d")(1 + wo7)) + wo7log (235 — worlogwo7 
S(k”) 
+((ko — S(6")k1)wo7 + kow11 — S(O")k1)logS(A”) 
—((ke = S(O" ky) woz + kow41 = S(O" )k1)log( (ke = S(6")k1) wor + kowy4 = S(O" )k1) 


+ (S@)(1 + wor)) log (S(@") (A + wy) + watog (2) (16) 


Since there are two variables wo7 and w 1, in the above logarithmic expression (16), to derive these 


optimal dual variables, we set the first order partial derivatives of log d(wo7, wii) with respect to 
wo7 and wy, respectively, to zero and get the followings: 


O log d(wo7, wi) 


FS) = (ky = ka)logS(r”) _ (ky = k)log((ky = k2)wo7 = kow 1 + ky) 
WO7 


—§(b")log(S(b")(1 + wo7)) — S(e")log(S(2")(1 + woz) 
—~§(d")log(S(d")(1 + wo7)) + (ke — S(6")k1)logS(A”) 
— (ky — 5(6")ky )log( (ky — S(6")ky wor + kowi1 — S(6")k1) 


“ (235) + logwo7 + S(a”)log(S(@") (1 + woz) 


=0 (17) 


O log d(wo7, wi1) 
Owi1 


= kglogS(r”) + kglog((ky = k2)wo7 — kowiyz+ ky) + kglogS(A”) 


—kglog((k2 — S(6")k1)wor + kewi1 — S(6")k1) + log (oe) 


=( (18) 
By using any search method or any software the above equations and can be solved to get 
the optimal dual variables w57 and w},. With the help of these optimal values, other optimal dual 
variables can easily be evaluated from equation (14). Consequently, the optimum dual objective 
function d*(w*) can be calculated. Now, the primal-dual relations of the problem are derived 


as: 
7 * de * 
A= S_ wii, S(kr) p*5(@")—1 y+ 50") Re-SE) Ga-8) _ a S(#”)P*1Q*-8O@") = Sa 
t=1 


P*-1y* = Wo3 p*-1R* = wos P*-1@q* = Ws, S An p*-l x1 _ Wo6 
d ) d ’ d o) ( ) Q d oy 


Chaitali Kar, Tapan Kumar Roy and Manoranjan Maiti, EOQ model with price, marketing, 
service and green dependent neutrosophic demand under uncertain resource constraint: A 
geometric programming approach 


Neutrosophic Sets and Systems, Vol. 51, 2022 809 | 


> 
Wi 


0.58(8)S(Er) 1 PPO yer SO eS) Ge —SA Igo = Mor, Gear ke 
W 


With the help of these equations, we obtain the following expressions for the optimal primal 


ok 
Wi 


variables: 
S(w") S(wo") igi WO S(wo”) wos 
— = , P* = 9(A” _ a i M*=S(A” : 
= S(0i”) A SGn) uke ASC") wi, 
Re = 9(Am) GO) Wb ew = g (Amy SO) Wis 
S(w") we S(w") woe 


Substituting the above obtained optimal variables in neutrosophic inventory model i.e. Model-1, the 


optimal profit becomes 


_ ( S(t”) 


) 1—S(4”)+$(6")+8(@")+S(d") 7 —S(a") 


* * S(b"), « S(e ws oe) 
So ud; W03 Wo «| 
i=l 


wg S(w") 


An wor ae ee 2 a 
-s(en (SS) wg — wh — ws — 8(4")| 5(R") — 0.558") 
06 


4.2. Solution procedure for Model-1.1 


In this case, the constraint is formulated under fuzzy environment. ‘To deal with such type 
of constraint in inventory model, we follow the possibility theory. After defuzzification the space 
constraint reduces to Pos (woQ < w) > 7, 7 represents the degree of fuzziness and w = (w1, wa, w3). 


Following Lemma|l| the crisp formulation of the constraint becomes : 


woQ < nwe + (1 — 7)w3 (19) 


Here the above obtained constraint is under crisp environment. Using the score function formula, 
the neutrosophic objective function is converted into a crisp one, and consequently, the equivalent 
crisp model becomes: 
Maximize profit f;.1 as given in equation subject to conditions and (5). 

Now the model reduces to a signomial GP problem with degree of difficulty 2. Therefore, this 
problem can be solved by the GP technique. Following the similar approach as computed in section 


the optimum results are evaluated as follows: 


u x 
Q* = 1yW2 “Tr (1 ~~ n)w3 P= S( An WO 1 Woi 
wo ; nwa+(1—n)w3 wig” 
M* = 8(A wos RY = g(a eat won 
Nw, + (1 — n)w3 wig nw, + (1 — n)w3 wig 
Gt = 5(A" os 


nw, + (1 — n)w3 wo, 
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and the optimum profit becomes 


S(A") er 1—S(4")+$(6")+S(@")+S(d") 7 _8(a") . - 
i = * 0 ws, w* S(b we Se) y* s(a”) 
i Wig NwW2+ (1—n)ws > 0 03 04 05 
is (A) 7 s(6")-1 
* ae ° weg — wey, — wis — S(A)| S(k” 
2 : me ( Woe NW2+ (1 — am) 03 04 05 (A”) | S(k”) 


) ve (1 =) aig 


—0.5.9(H” 
Wo 


4.3. Solution procedure for Model-1.2 


For this particular case, the space constraint is considered in a random sense. To deal with such 
types of constraints, we follow the chance-constrained programming approach and the corresponding 
constraint becomes: 


Pr(woQ<wt)>p,0<p<l1 


where ’Pr’ indicates probability and p represents the prescribed permissible probability. 
Now, assume that w be normally distributed random variable with m,, and ow as mean and standard 
deviation respectively. Then, the constraint can be expressed as 


W—m W —m 
Pr ws 0@ w 


Ow Ow 


2p 


where is a standard normal variate. 


If we consider ¢(p), such that Sep) g(t) dt , where ¢(t) is the standard normal density function, then 


w-—Mw 
o 


we get 
W—- Ny 


wa me < 4(p) 


Ww 


Thus, using chance-constrained programming the reduced crisp constraint can be written as 


woQ < Mw + ow(p) (20) 


Again, Definition [7] is used to transform the objective function into a crisp expression from a neutro- 
sophic one. Thus, the corresponding crisp model can be expressed by the objective function given 
in equation subject to the constraints and (5). The above is again a signomial GP problem 
having degree of difficulty 2. Now we follow the GP approach as presented in section to solve 


the model. Finally, the optimal solution is obtained in the following form: 


7 * * 
Q* = Mw + w(P) p= S(A”) WO Diz a AC = S(A”) WO =. 
wo My + Owh(P) Whe My + Fwh(P) Whe 
R= s(A" WO Woa Gr= S(A”) wo W05 


in + wD) tig Tg + FwS(P) Wig 
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and corresponding optimum profit becomes 


S(A”) 1-S(a")+S(b")+5(2")+S(d") 7 —S(a") 

- wo * + S(b"), * S(&"), * S(d”) 
= Woi W W W 

fi2 ( Wig May + “) > 0 03 04 05 


t s(A") ow eae 
“ Yn — 50 ; a) wo3 — Woa — Wos — SCA") | SCR") 
i=1 


Woe Mw + oud 


My + ow(p) 


—0.55(H”) = 
0 


4.4. Solution procedure for Model-1.3 


In this case, the space constraint is supposed to be in rough environment. Therefore, using 


Definition [12| the trust measure to the crisp conversion becomes 
Tr (w > woQ) =m 


where 7 € [0, 1] is the trust level. 


Now, following Theorem[2] the rough constraint can be written in equivalent crisp form as expressed 


below: 
wy — MOs—ws) if we < woQ < wa 
C(we—w1)+(1—C)w2(wa—w3)—m (wa—w3)(wea-wi) 
mO<d ScamnytO-Swamusy HS ODS erp (21) 
lw t Ceca yrs) if w3 < woQ < wy 
w3 


where ¢ € (0, 1). 

After reducing the neutrosophic objective function into its crisp form, the consequent model can be 
expressed by the profit function f;.3 as given in expression (7) subject to restrictions and (5). 
This obtained signomial GP problem bearing degree of difficulty 2 is then solved using GP technique 
as described in section [4.1] The optimal decision variables and profit are respectively obtained as: 


wa * * 5 
ta) pra say Aarti, yt = (ary Mbs, Re = 9dr) OMe, 
wo T  w066 T ue T wi, 
* ny Wo Wos 
G = a( a ae d 
T wy96 
es 1—S(4")+$(6")+8(@")+S8(d") 7 —S(a") 
is ( wr ") dW a3 wha : ws we 
: S(A”) — T 
5 ae ei * * * An bn ryn 
x 28 8G ( 7 *) Wo3 — Woa — Whs — S(A")| S(k") — 0.58(H ie 
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where 
wy — BOsws) if wo < woQ < wa 
pa ere oteay Ht Sm Sy 
wa 4 assy) ) if w3 < woQ < wy 
W3 
and ¢ € (0,1). 


4.5. Solution procedure for Model-1.4 


To convert this neutrosophic model into a crisp representation, we first need to calculate the 
a — cut, 8 — cut and y — cut of the TN number. Using Definition [10], we derive the following 


a—cut, @ —cut and y — cut for the neutrosophic total space 


Wa = [Lw(a), Ra(a)] = ee — ow + ee (ts — a) wa + “ 


Be bw 
tig = [Lin(8), Res(8)) = [< = Bhin-+(B~ea)wn, (= Bus + (8 rely 


iy = [etn RG) = [=a rm aden, C= aun + vse 


After that, we transform the neutrosophic parameters in the constraint into a crisp interval number 
by using Theorem [I] Thus, we have the crisp constraint as woQ < [Lw, Rul, 

where Ly = maz {Li(a), L'.(B), Lily} | Ry = min { Rola), R’(8), Ri (7) 

Now applying the weighted mean approach (cf. Lemma|2), convert the interval number into para- 


metric function and get the crisp formulation of the constraint as follows: 
woQ < La(1— p)+ Rup (22) 


After reducing the PN objective of the model-1.4 into a crisp one using the score function, the 
converted equivalent crisp formulation is expressed with the objective function same as in along 
with the constraints given in and (5). Now the reduced model is again a signomial GP problem 
having 2 degree of difficulty. Following the solution procedure, explained in Section [4.1 we get the 


following optimal solutions: 


Qt = Lu(1— p)+ Rup pre (4) wo ae Wi 
wo , Lw(l—-p)+ Rap wig ’ 
* An WO W3 * An WO Wo 
M* = s(A = 04 
( Tal — p) + Rap wi, ( ‘rapa Reo 
G* = 5(A”) sl “os 


Ly(1 — p) + Rup woe 
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along with the optimum profit given by 


s(An) 1-S(a")+(6")+5(@)+5(d") 7 —S(@") 
—— wo * * S(b") x S(é") x S(d") 
~— Wo; w w w 
co ( Wo6 ots) > 0 03 04 05 
7 S(A”) S(")-1 
o — a bai = * * An Tn 
zeae ( wig ots) ws — Wha — wos — S(A")| SCR") 
iati= e 


4.6. Solution procedure for Model-1.5 


The objective function of this particular model is transformed into crisp environment by using the 
definition of score function, and obtained crisp expression is given in the equation (7). Since there is 
only the positivity restriction in this model, the problem is a signomial GP problem with 1 degree 


of difficulty. Thus, the model can be solved by the GP technique, and the optimum solutions are as 
follows: 


1 
Oo _ S(A”) Woa 1—s(@") P* _ (=) TCS (7) 1—s(6") 
M* = u93 (2) se ( Woe ) aa R* — ui, (“) Ta ( Woo ) mae 
ue oe wip S(A") 


1 S(a”) 
Gt _ ae (se) 1—s(@”) ( WO6 ) 1—s(6") 
we S(A") 


Now using these optimum decision variables, optimal profit can be calculated easily. 


5. Numerical experiments 


Input data for Model-1: 
The proposed models (Model-1,-1.1,-1.2,-1.3,-1.4 and -1.5) are illustrated with a theoretical example 


in this section. For this, the following inputs in appropriate units are considered: 


a” = ((2,3,7,8, 10);0.6,0.5,0.6), 6” = ((0.2, 0.32, 0.45, 0.52, 0.61) ;0.9, 0.1, 0.3) , 

é” = ((0.09, 0.18, 0.34, 0.43, 0.52) ;0.9, 0.3, 0.1) ,d” = ((0.09, 0.12, 0.19, 0.28, 0.37) ;0.8, 0.5, 0.3) , 
6” = ((0.01, 0.02, 0.03, 0.04, 0.05) ; 0.8, 0.4, 0.4) ,#” = ((2, 5.5, 8, 10, 12) ;0.6, 0.2, 0.4) , 

k” = ((200000, 400000, 600000, 750000, 1050000) ; 0.9, 0.3, 0.1) , 

H” = ((0.9, 1.2, 2.5, 3.8, 4.1) ; 0.9, 0.8, 0.6) , A” = ((36, 58, 86, 110.5, 122) ; 0.7, 0.4, 0.3) , 


vio” = ((1, 6, 10, 15, 18) ;0.5, 0.5, 0.2) , ” = ((280, 450, 695, 860, 1390) ; 0.7, 0.4, 0.3) . 
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Input data for particular models: 
For the particular models (Model-1.1,-1.2,1.3 and -1.4) the required inputs are presented in Table[1| 


All the other parameters for these models are similar as in Model-1. 


TABLE 1. Other input data for particular models 


Environments Related data 

Fuzzy w = (410, 490,570) 7 = 0.5 

Random (Mw, Tw) = (480, 20) p = 0.96 

Rough w = ([460, 510][420, 580]), C= 0.5, m = 0.6 

TN w = ((420, 465, 500, 550); 0.7, 0.3, 0.3), a=0.1, B=0.7, y=0.9 


Optimum results: 
All models are formulated with the help of above considered parameters and optimized using the 
proposed solution approach. The optimum values of selling price P*, number of order quantity Q*, 
marketing expenditure M*, service expenditure R*, green expenditure G* and profit f* are eval- 
uated for the inventory models with the constraint in different environments, and the results are 
indicated in Table [2] 


TABLE 2. Optimal solutions for all models 


Environments 7 2 7 7 ‘e r 
Models Objective constraint ut a a Q f 
1 PN PN 12.600 1.470 1.092 0.588 81.67 1089.50 
1.1 PN Fuzzy 12.466 1.454 1.080 0.581 88.33 1101.27 
1.2 PN Random 12.790 1.492 1.108 0.597 74.17 1073.64 
1.3 PN Rough 12.610 1.471 1.093 0.588 81.48 1089.04 
1.4 PN TN 12.710 1.483 1.102 0.593 77.21 1080.44 
1.5 PN No constraint 11.463 1.337 0.993 0.535 197.87 1160.63 


From Table |2| it is observed that the optimal profit for the model with PN numbers (Model-1) 
is 1089.50 $. Again, the optimal selling price per unit item is 12.6 $ for this model, and the total 
order quantity is 81.67 units. Moreover, the marketing, service and green expenditure per item are 
1.47 $, 1.092 $ and 0.588 $, respectively. Similarly, we note that the optimal profit for the particular 
cases, i.e., models with fuzzy constraint (Model-1.1), random constraint (Model-1.2), rough con- 
straint (Model-1.3) and TN constraint (Model-1.4) are 1101.27 $, 1073.64 $, 1089.04 $ and 1080.44 
$ respectively. The optimal values of these particular models’ decision variables are presented in 
Table|2| Again, as per expectation, the unconstrained model (Model-1.5) gives the maximum profit 
among all models. Strictly speaking, as the environments under which the models are formulated 


are different, their optimum results can not be compared. 
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6. Sensitivity analysis 


In this Section, we perform some sensitivity analysis to observe the changes in optimal profit with 
respect to the changes in parameters for the particular models. From Figure it is noted that 
whenever the degree of fuzziness (7) or the trust level (71) increases from 0.1 to 0.9, the optimal 
profit decreases continuously. But, with the increases of weights (~) of the weighted mean used 
in Model-1.4, optimal profit increases (cf. Figure [2a). Again, the decrease of optimal profit with 
respect to the considered probability (p) of Model-1.2 is plotted in Figure|2b] The changes in optimal 
profit of all the models along with the changes in total available space and set-up cost are figured 
in Figures |2c] and |2d] respectively. 
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FIGURE 2. (A) Optimal profit vs. degree of fuzzyness (7)/ trust measure (71) / weight 
of weighted mean (p); (B) Optimal profit vs. permissible probability (p) for Model- 
1.2; (C) Optimal profit of all models vs. total available space; (D) Optimal profit of 
all models vs. set-up cost 


7. Conclusions 


The main goal of the present study is to develop an economic order quantity model with space 
constraint having all its parameters as PN numbers. In reality, marketing expenditure and service 
quality play a significant role in the demand of any manufacturing company. Again, the demand for 


green items is always very high in the market. Therefore, the demand in this model is considered as a 
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function of the selling price, marketing, service and green expenditure to be more realistic. Moreover, 
order quantity dependent unit production cost is assumed here. Again, the space constraint is 
considered in several environments like fuzzy, random, rough, and TN. Possibility measure and 
chance-constrained programming are used to deal with the fuzzy and random constraint goals, 
respectively. For all the models, a solution procedure is suggested. Finally, the GP technique is 
applied to solve the converted crisp models. Moreover, some numerical experiments and sensitivity 
analyses are done to illustrate the models. 

In the future, the model can be developed more realistically by assuming ramp type demand, power 
demand, probabilistic demand, etc. Here, the model is considered for a single item, and hence it can 
be extended to a multi-item model. Also, shortages can be allowed in the problem. Furthermore, 
the items may be damageable, and preservation technology may be introduced. Moreover, different 
environments can be considered, such as intuitionistic, fuzzy-random, fuzzy-rough, type-2 fuzzy, etc. 
Again, the researchers may suggest different solution procedures and compare the optimum results 
with the present one. 
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Appendix 


Definition 1 (Fuzzy set). A fuzzy set B in X (space of points/objects) is an object having the 
form B = {(x, wp_(a)) : 2 © X} where wz: X — [0,1] is the membership function of the fuzzy set B. 


Definition 2 (Triangular fuzzy number). [20 A triangular fuzzy number B = (b1, bz, b3) is a fuzzy 


number whose membership function w,(x) is defined as 


a—by b <a < bo 


bo—by 
g(z) = 4 P8=® by <a <b 
MB b3—b2 2570S 93 
0 otherwise 


where |b;, b3] 1s the supporting interval and the point (b2,1) is the peak. 


Definition 3 (Possibility measure). [20] Let m and n be two fuzzy numbers and the corresponding 
memberships functions be [in (x) and tp(x) respectively. Then the possibility measure of m and nh is 
defined as: Pos(m* nr) = Sup{min(pm(z), ual(y)), ec yER, xx y} 


Here, the abbreviation ’Pos’ stands for possibility measure and ’*’ 


represents any one of the relations 
<,>,=,<,>. Analogously if i be a crisp number,say n, then we have 


Pos(mx*n) = Sup{min(un(x), © ER, xx nh 


Chaitali Kar, Tapan Kumar Roy and Manoranjan Maiti, EOQ model with price, marketing, 
service and green dependent neutrosophic demand under uncertain resource constraint: A 
geometric programming approach 


Neutrosophic Sets and Systems, Vol. 51, 2022 


iA 


Lemma 1. Let m = (m1,m2,m3) be any triangular fuzzy number and 0 < mj, and n be any crisp 


number. Then, 


Pos(im>n)>aiff ">a 


m3—m2 — 


Definition 4 (Neutrosophic set). Let the set X be a space of points (objects) andxu € X. A 
neutrosophic set (NS) B”" c X is represented by three independent functions: membership function 


Lign(x), hesitation function o~n(x) and non-membership function Vjn(x) and expressed as 


B= (a en(D) Os) Yale) tee Xs 


where [bpn(X), TAn(x), Van(w): X > JO~,17[ V x € X are real standard or non-standard subset of 


]O-,1*[. The sum of these three independent functions is related as follows: 


O- < Sup pgn(z) + Sup og,(£) + Sup van(z) < 3t Vee X. 


Definition 5 (Single valued neutrosophic set). Let the set X be a space of points (objects). A 
single valued neutrosophic set (SVNS) B C X is expressed as 


where [jn,F pn, Vpn : X — [0,1] satisfy the condition 0 < pgn(£) + Ogn(L) + Ugn(t) < SV EE 
X. Ppn(L), TAn(w) and vg, (x) denote the membership, hesitation and non-membership function 


respectively. 


Definition 6 (Single valued pentagonal neutrosophic number). A single valued pentagonal 
neutrosophic number (SVPN-number) B” having the form 


mw w wy Wy mw 


a = ([(b;, bo, 63, b4, bs); w], [(01; Bo, by, b4, b5)5 ul; [(d, » by , b3 1 D4 , Ds ); yl) 


where w,u,y € [0,1]. Here, membership function Ljn(x) : R — [0, w], hesitation function oAn(«) : 


R — [u,1] and non-membership function vjn(x) : R — [y,1] are defined as follows: 


Mery (@) 0 SB < by Og (@) 01 SB < by 
Marg(@) by SB < bg Ogg (@) 09 SB <b, 
w x = by u = b, 

LUBn Ga = OBn (x) " ” 
Mgapl®) 53 <a < bg Oparg(e) 63 <2 < by 
Marg (@) by <2 < bs Opa (@) by Sa < bs 
0 otherwise 0 otherwise 
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and 
Ww Ww 
Vax (a) by <a< by 
Ww Wt 
Ves (at) by <a< bs 
y a bs 
Vn (x) — ee < ee 
Vero (x) 3 Qt< 0 
Ww Wt 
ge (x) by << bs 
0 otherwise 
respectively. 


Definition 7 (Score function of PN number). The score function is significantly used in the 
conversion of PN number into a crisp real number. The value of the score function utterly depends 
on the value of the membership, hesitation and non-membership degree of the PN number. Let 
Br = ((b1, ba, 63, ba, 5); Mijn, PAns Vpn) be any SVPN-number. Then the value of the score function 


is evaluated as 


S(B”) = & { (bi + bz + bg + ba +5) X (2+ gn — On — Vim)} 


Definition 8 (Single valued trapezoidal neutrosophic number). [62] A single valued trapezoidal 
neutrosophic number (SVTN-number) B is a special neutrosophic set on R (set of real number) 


having the form 

B = ((b1, ba, bs, ba); we, UB, YB) 
where Wp, UR, YR € [0,1] be any real numbers and bi, bz, 63,b4 € R, b1 < bz < b3 < ba are the 
values of the trapezoidal number. Here, membership function 13 (x), hesitation function op(x) and 


non-membership function vj(a) are defined as follows: 


= : bo—atus(a—b : 
pw, if bi <a <by mretupeb) GF bb <a <by 
Boe WB if bg <x < bg ee up if bo <a <b 
_ : , —b3+up_(b4a— : 
Pw, if by<a< ba ectaruphime) if bs <a < by 
0 otherwise 0 otherwise 
and 
bo—a+y 5 (a—b . 
2 erupt 1) if by < r< bo 
me YB if bo <a <bg 
Bi —b3+y 5 (ba— . 
— real ao) if bg <a <b 
0 otherwise 
respectively. 


Definition 9 ((a,8,y)-cut set of SVTN-number). Let B = ((b1, bo, b3,b4); We, UB, YR) be a 
SVTN-number. Then, (a, 8, )-cut set of the SVIN-number B is denoted by Bra,6,y) and defined as: 
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Bia,by) = {2b a(2) = a, 08(2) < B,vg(z) < 7,2 € R} 
which satisfies following the conditions: 
O<a<wg, ug Sh<1, yp sy<land0<a+h+ 7<3 


where Up, OR and V~™ represent membership, hesitation and non-membership function respectively. 


Definition 10 (a-cut, 5-cut, y-cut of SVT N-number). Let B = ((b1, be, b3, ba); WR, UR, YR) be 
an arbitrary SVT N-number. Then 
1. a-cut of B is defined by 


=“ wp—a)by+ab wp—a)b4t+abs 
Ba = (Lp(a), Rp(a)] = | Sa-aeete CanaPetots| 


WB WB 
where a € [0, wa]. 
2. B-cut of B is defined by 
Bp = [L'5(8), R'g(8)] = (eee ee | 


B 1l-ug 1-ug 


where B € [ug, 1]. 
3. y-cut of B is defined by 


- " " 1—y)b —ys)b) (1-y)b —ys)b 
B, = [Lg (0), Rg()] = [Seals Coane ues) 


where y € [yg, 1]. 


Theorem 1. Let B = ((b1, b2, 63, b4); We, UB, YB) be an arbitrary SVTN-number. Then, Bi tig a 
Bal Ben By is hold for anyO<a<wa, up <B<landyg<y<1 whereO<a+6+7<3. 


Proof: See 


Lemma 2. Let A = |a,b],a,b > 0 be a closed interval with weights w,(> 0), we(> 0). Then the 
interval can be represented by a function using the weighted arithmetic mean 
wat wd _ 


ee W1 + We 


a(1— p)+bp 


where p= —2_, pe [0,1]. 


witw2 


Definition 11 (Rough variable). Let (A,6,A,7) be a rough space. A rough variable € is a 
measurable function from the rough space (A,6,A,7) to R (the set of real numbers). That is, for 
every Borel set B of R, we have {n€ A: &(n)€ BE} EA 


The upper and lower approximations of the rough variable € are denoted and defined by € = 
{E(n) : € A} and € = {E(n) : 7 € 6} respectively. 


Definition 12 (Trust measure). [23) Let (A,6,A,7) be a rough space. The trust measure of event 
A is denoted by Tr {A} and defined by Tr {A} = 5(Lr {A} +Tr {A}), where the lower and upper 
trust measure of event A are defined by Tr {A} = oe and Tr{A\= at respectively. 
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For a real life problem when sufficient information is given about the measurement of 7, it may 
be treated as Lebesgue measure. More generally, the trust measure can be considered in the form as 
Tr{A} =(1—n)Tr{A}+nTr {A}, 0< <1. 

Let € = (Im, n][p,¢q]), p< m<n<q be a rough variable. Lebesgue measure is considered for the 
trust measure of the rough event associated with é >r. Then the trust measure of the rough event 


& > is defined by the following function curve 


0 ifaqgr 
na ifn<r<q 
ire or} = Ma) + CWO ifms<rsn 
Mm) +(1-n) ifp<r<m 
1 ifr<p 
Theorem 2. [esl Let € = ([m,n][p,q]), p< m<n<q be a rough variable and € > r be a rough 
event. Then Tr {é > " >a iff 
q- ew nen ss 
n(n—m)+(1—n)n(q—p)—a(q—p)(n—m) 
2 nn—m)-+(I=n)n(a—P) ifmsrsn 
q+ aceon tl ifp<r<m 
Pp 


for any predetermined level a € [0,1] 


Proof. For any a € [0,1], we have 


0 ifq<r 
nae) ifn<rs<q 

2% a< wae) 4 (ean) ifm<r<n 
Ma + (1-n) ifp<r<m 
1 ifr<p 


[With the help of definition of trust measure of an event] 


ai if tera 

n(n m) t (1 n)n(q 2) a(q p)(n m) : 
ers n(n=m)-+(1—n)n(q—p) ifm<r<n 
a“ a ifp<r<m 


Pp 
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Hence the proof is done. 
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Abstract: 

A similarity measure is used to tackle many issues that include indistinct and blurred information, 
excluding is not able to deal with the general fuzziness and obscurity of the problems that have 
various information. In this paper, we study some basic concepts which are helpful for us to build 
the structure of the article, such as soft set, neutrosophic soft set, hypersoft set, neutrosophic 
hypersoft set (NHSS), and interval-valued NHSS, etc. The main objective of the present research is 
to develop a cosine similarity measure and set-theoretic similarity measure for an IVNHSS with 
their necessary properties. A decision-making approach has been established by using cosine and 
set-theoretic similarity measures. Furthermore, we used to develop a technique to solve multi- 
criteria decision-making problems. Finally, the advantages, effectiveness, flexibility, and 
comparative analysis of the algorithms are given with prevailing methods. 


Keywords: Neutrosophic soft-set; hypersoft set; neutrosophic hypersoft set; interval-valued 
neutrosophic hypersoft set; similarity measures 


1. Introduction 


Decision-making is an interesting concern to pick the perfect alternate for any specific 
persistence. Firstly, it is pretended that details about alternatives are accumulated in crisp numbers, 
but in real-life situations, collective farm information always conquers wrong and inaccurate 
information. Fuzzy sets are like sets having an element of membership (Mem) degree. In classical set 
theory, the Mem degree of the elements in a set is examined in binary form to see that the element is 
not entirely concomitant. In contrast, the fuzzy set theory enables advanced Mem categorization of 
the components in the set. The Mem function portrays it, and also the multipurpose unit interval of 
the Mem function is [0, 1]. In some circumstances, decision-makers consider objects’ Mem and 
nonmember-ship (Nmem) values. Zadeh’s FS cannot handle imprecise and vague information in 
such cases. Atanassov [2] developed the notion of intuitionistic fuzzy sets (IFS) to deal above 
mentioned difficulties. The IFS accommodates the imprecise and inaccurate information using Mem 
and Nmem values. 

Atanassov IFS was unable to solve those problems in which decision-makers considered the 
membership degree (MD) and nonmembership degrees (NMD) such as MD = 0.5 and NDM = 0.8, 
then 0.5+0.8 ¢ 1. Yager [3, 4] extended the notion of IFS to Pythagorean fuzzy sets (PFSs) to 
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overcome above-discussed complications by modifying MD + NMD <1 to MD*?+ NMD? <1. 
After developing PFSs, Zhang and Xu [5] proposed operational laws for PFSs and established a DM 
approach to resolving the MCDM problem. Wei and Lu [6] planned some power aggregation 
operators (AOs) and proposed a DM technique to solve multi-attribute decision-making (MADM) 
issues under the Pythagorean fuzzy environment. Wang and Li[7] presented power Bonferroni mean 
operators for PFSs with their basic properties using interaction. Gao et al. [8] presented several 
aggregation operators by considering the interaction and proposed a DM approach to solving 
MADM difficulties utilizing the developed operators. Wei [9] developed the interaction operational 
laws for Pythagorean fuzzy numbers (PFNs) by considering interaction and established interaction 
aggregation operators by using the developed interaction operations. Zhang [10] developed the 
accuracy function and presented a DM approach to solving multiple criteria group decision-making 
(MCGDWM) problems using PFNs. Wang et al. [11] extended the PFS and introduced an interactive 
Hamacher operation with some novel AOs. They also established a DM method to solve MADM 
problems using their proposed operators. Wang and Li [12] developed some interval-valued PFSs 
and utilized their operators to resolve multi-attribute group decision-making (MAGDM) issues. Peng 
and Yuan [13] established novel operators such as Pythagorean fuzzy point operators and developed 
a DM technique using their proposed operators. Peng and Yang [14] introduced fundamental 
operations and their necessary possessions under PFSs and planned DM methodology. Garg [15] 
developed the logarithmic operational laws for PFSs and proposed some AOs. Arora and Garg [16] 
presented the operational laws for linguistic IFS and developed prioritized AOs. Ma and Xu [17] 
presented some innovative AOs for PFSs and proposed the score and accuracy functions for PFNs. 

Above mentioned theories and their DM methodologies have been used in several fields of life. 
But, these theories cannot deal with the parametrization of the alternatives. Molodtsov [18] 
developed soft sets (SS) to overcome the complications, as mentioned earlier. Molodtsov’s SS 
competently deals with imprecise, vague, and unclear objects considering their parametrization. Maji 
et al. [19] prolonged the notion of SS and introduced some necessary operators with their properties. 
Maji et al. [20] established a DM technique using their developed operations for SS. They also merged 
two well-known theories, such as FS and SS, and established the concept of fuzzy soft sets (FSS) [21]. 
They also proposed an intuitionistic fuzzy soft set (IFSS) [22] and discussed their basic operations. 
Garg and Arora [23] extended the notion of IFSS and presented a generalized form of IFSS with AOs. 
They also planned a DM technique to resolve undefined and inaccurate information under IFSS 
information. Garg and Arora [24] presented the correlation and weighted correlation coefficients for 
IFSS and developed the TOPSIS approach utilizing established correlation procedures. Zulgarnain et 
al. [25] introduced some AOs and correlation coefficients for interval-valued IFSS. They also extended 
the TOPSIS technique using their developed correlation measures to solve the MADM problem. Peng 
et al. [26] proposed the Pythagorean fuzzy soft sets (PFSSs) and presented fundamental operations 
of PFSSs with their desirable properties by merging PFS and SS. Athira et al. [27] proposed the 
entropy measure for PFSSs. They also presented some distance measures for PFSSs and utilized their 
developed distance measures to solve DM [28] issues. Zulqarnain et al. [29] introduced Einstein 
operational laws for Pythagorean fuzzy soft numbers (PFSNs) and developed Einstein AOs utilizing 
defined operational laws for PFSNs. They also planned a DM approach to solve MADM problems 
with the help of presented operators. Riaz et al. [30] prolonged the idea of PFSSs and developed the 
m polar PFSSs. They also established the TOPSIS method under the considered hybrid structure and 
proposed a DM methodology to solve the MCGDM problem. Riaz et al. [31] developed the similarity 
measures for PFSS with their fundamental properties. Zulqarnain et al. [32, 33] protracted the Einstein 
ordered AOs for PFSSs and utilized their developed approach to solving the MAGDM problem. 

All the above studies only deal the inadequate information because of membership and non- 
membership values. However, these theories cannot handle the overall incompatible and imprecise 
data. To address such inconsistent and vague records, the idea of the neutrosophic set (NS) was 
developed by Smarandache [34]. Maji [35] offered the perception of a neutrosophic soft set (NSS) 
with necessary operations. The idea of the possibility of NSS was developed by Karaaslan [36] and 


Rana Muhammad Zulqarnain, Aiyared Iampan, Hamiden Abd El-Wahed Khalifa, Imran Siddique, Similarity Measures for 
Interval-Valued Neutrosophic Hypersoft Set With Their Application to Solve Decision Making Problem 


Neutrosophic Sets and Systems, Vol. 51, 2022 826 


introduced a possibility of neutrosophic soft DM method based on And-product. Broumi [37] 
developed the generalized NSS with some operations and properties and used the projected concept 
for DM. Deli and Subas [38] developed the single-valued Neutrosophic numbers (SVNNs) to solve 
MCDM problems. They also established the cut sets for SVNNs. Wang et al. [39] proposed the 
correlation coefficient (CC) for SVNSs. Ye [40] introduced the simplified NSs with operational laws 
and AOs. Also, he presented an MCDM technique utilizing his planned AOs. Masooma et al. [41] 
progressed a new concept by combining the multipolar fuzzy set and NS, known as the multipolar 
NS. They also established various characterization and operations with examples. Zulqarnain et al. 
[42] offered the generalized neutrosophic TOPSIS and used their presented technique for supplier 
selection. 

All the above studies have some limitations. When any attribute from a set contains further sub- 
attributes, then the above-presented theories fail to solve such problems. To overcome the limitations 
above, Smarandache [43] protracted the idea of SS to hypersoft sets (HSS) by substituting the one- 
parameter function f to a multi-parameter (sub-attribute) function. Samarandache claimed that the 
established HSS competently deals with uncertain objects compared to SS. Several researchers 
explored the HSS and presented a lot of extensions for HSS [44, 45]. Zulqarnain et al. [46] presented 
the IFHSS, the generalized version of IFSS. They established the TOPSIS method utilizing the 
developed correlation coefficient. Zulqarnain et al. [47] proposed the Pythagorean fuzzy hypersoft 
sets with AOs and correlation coefficients. They also established the TOPSIS technique using their 
developed correlation coefficient and utilized the presented approach to select appropriate anti-virus 
face masks. Zulqarnain et al. [48, 49] presented some fundamental operations with their properties 
for interval-valued NHSS. Also, they proposed the CC and WCC for interval-valued NHSSS and 
established a decision-making approach utilizing their developed CC. Several researchers extended 
the notion of HSS and introduced different operators for hybrid structures of fuzzy hypersoft sets 
[50-55]. Broumi et al. [56] extended the mathematical algebra of neutrosophic graphs to the interval- 
valued neutrosophic graph. Broumi et al. [57] discussed several operations for interval-valued 
neutrosophic graphs and discussed their desirable properties. Singh [58] introduced a fuzzy three- 
way context using the properties of the interval-valued neutrosophic set, and its graphical properties 
deal with partial ignorance. Zulqarnain et al. [59, 60] proposed some fundamental operations for 
generalized multipolar neutrosophic soft sets and multipolar interval-valued neutrosophic soft sets. 
However, all existing studies only deal with the scenario by using MD and NMD of sub-attributes of 
the considered attributes. If any decision-maker considers the MD = 0.7 and NDM = 0.6, then 0.7 + 
0.6 < 1 of any sub-attribute of the alternatives. We can observe that the theories mentioned above 
cannot handle it. Zulqarnain et al. [47] proposed the more generalized notion of PFHSS comparative 
to IFHSS. The PFHSS accommodates more uncertainty compared to IFHSS by updating the condition 
MD + NMD <1 to (T5qq (8)) + (Ieqa (8)) < 1. All existing hybrid structures of FS cannot 
handle the indeterminacy of sub-attributes of considered n-tuple attributes. On the other hand, 
developed aggregation operators can accommodate the sub-attributes of considered attributes using 
truthiness, indeterminacy, and falsity objects of sub-attributes with the following condition 0 < 
Ora,)(5) + Tea,)(8) + Yeu, (8) S 3. It may be seen that the best selection of the suggested approach is to 


resemble the verbalized own method, and that ensures the liableness along with the effectiveness of the 
recommended approach. 


The following research is organized: In section 2, we recollected some basic definitions used in 
the subsequent sequel, such as NS, SS, NSS, HSS, NHSS, and IVNHSS. Section 3 proposes the 
similarity measures such as cosine and set-theoretic for NHSS with its properties. We established a 
decision-making technique to solve decision-making complications utilizing our developed 
similarity measures. In section 4, we use the proposed similarity measures for decision-making. A 
brief comparative analysis has been conducted between proposed techniques with existing 
methodologies in section 5. Finally, the conclusion and future directions are presented in section 6. 
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2. Preliminaries 


In this section,” we recollect some basic definitions which are helpful to build the structure of the 
following manuscript such as soft set, hypersoft set, and neutrosophic hypersoft set. 
Definition 2.1 [4] 
Let U be the universal set and € be the set of attributes concerning U. Let P(U) be the power set 
of U and AE €.A pair (F, A) is called a soft set over U, and its mapping is given as 

F:A > P(U) 
It is also defined as: 
(F,A) = {F(e) € P(U):e € E€,F(e) = Oife EA} 

Definition 2.2 [38] 
Let U be a universe of discourse and P(U) be a power set of U and k ={k,, kz, k3,..., Kn}(n 21) be 
a set of attributes and set kK; a set of corresponding sub-attributes of k; respectively with K; N K; = 
@ for n = 1 for each i, j € {1,23 ... n} and i # j. Assume K, x K, x K3* ... x Ky = A = 
{ip X Aox X +++ X Ay} bea collection of multi-attributes, wherel < hs a,1 sk < B,andi<sl< 
y,and a, B,and y € N. Then the pair (F, K, x K, x K3x...x K, = A) issaid to be HSS over U, and 
its mapping is defined as 
F: K, x Ky x K3x...* Ky = & > P(U). 
It is also defined as 
(F, A)= (4, Fy(@): a €A, Fy(a) € P(U)} 
Definition 2.3 [38] 
Let U be a universe of discourse and P(U) be a power set of U and k ={ky, kz, kz,..., kn}(n 21) be 
a set of attributes and set K; a set of corresponding sub-attributes of k; respectively with Kj 9 K; 


@ for n = 1 for each i, j € {1,2,3 ... n} and i # j. Assume K, x Ky x K3x ... x Ky = A = 
{ip X An,x X +++ X Ay} be a collection of sub-attributes, where1 <h<sa,1l<k<fB,and1<l< 
y, and a, B, and y € Nand NS“ be a collection of all neutrosophic subsets over U. Then the pair 
(F, Ky x Kz x K3x... x Ky = A) is said to be NHSS over U, and its mapping is defined as 
F: K, x Ky x K3x...* Ky =& 2 NS%, 
It is also defined as 
(F, A) = {((4 Fa(@)):& EA, Fa) € NS“}, where Fx() = {(6, o¢ a (8), Te(@ (5), Ye(@ (6): 6 € U}, 
where 4¢(4)(6), Tr(a)(5), and y¢(q)(5) represent the truth, indeterminacy, and falsity grades of the 
attributes such as o¢(q)(6), Tra) (O), Yr(ay(5) € [0,1], andO0 < oF(a)(6) + Tea (6) + Vem (6) S 3. 
Example 2.4 
Consider the universe of discourse U = {6,,6,} and & = {#€, = Teaching methdology, tz = 
Subjects,£3 = Classes} be a collection of attributes with following their corresponding attribute 
values are given as teaching methodology = L, = {a,, = project base,a,, = class discussion}, 
Subjects = Lz = {a2, = Mathematics,a,. = Computer Science,a,3 = Statistics}, and Classes = L3 = 
{a3, = Masters,a3, = Doctorol}. Let A = L, x L, x L3 bea set of attributes 
A= L, x Lz x Lz = {411,412} X {A21, 422,23} X {31,432} 
= le 21,431), (Ay1, 21, 432), (A114, A22, 31), (11, A22, 432), (G11, A23, 431), (G11, A23, a 

(Ay 2, A21,431), (42, A21, 432), (Ar2, 22,431), (G12, 422, A32), (Azz, 423, 431), (Ariz, A23, 432), 
A = {a,, a, a3, ay, ds, ae, a>, dg, Go, Gyo, ay, 42} 
Then the NHSS over U is given as follows 
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(FA) = 
(G1, (54, (.6,.3,.8)), (62, (.9,.3,.5))), (Gz, (61, (.5,.2,.7)), (2, (.7,-1,.5))), (Gs, (61, (.5,.2,.8)), (52, (.4,.3,.4))), | 
(ts, (61, (.2,.5,.6)), (52, (.5,.1,.6))), (@s, (51, (8,.4,.3)), (52, (2,-3,.5))), (tio, (51, (.9,-6,-4)), (82, (.7,.6,-8))), 
(G7, (64, (.6..5,.3)), (52, (.4,.2,.8))), (Gg, (64, (.8,.2,.5)), (5, (.6,.8,.4))), (Go, (64, (. 7,.4,-9)), (52, (.7..3,-5))), | 
(G10, (54, (.8,.4,.6)), (82, (.7,-2,.9))), (Gr, (1, (.8,-4,.5)), (52, (.4,.2,.5))), (Gis, (61, (.7,.5,-8)), (52, (.7,.5,.9))) 
Definition 2.5 [42] 
Let U be a universe of discourse and P(U) be a power set of U and k ={k,, kz, k3,..., Kn}(n 2 1) be 
a set of attributes and set K; a set of corresponding sub-attributes of k; respectively with K; N K; = 
@ for n = 1 for each i, j € {1,23 ... n} and i # j. Assume K, x Kz x K3x ... x Ky, = A = 
{Ayn X Ag, X +X Any} be a collection of sub-attributes, where 1 <h<a,1<k<fB,and1<Il< 
y, and a, B,and y € Nand IVNS™ be a collection of all interval-valued neutrosophic subsets over 
U. Then the pair (F, K, x Kz x K3x ...* Ky = A) is said to be IVNHSS over U, and its mapping is 
defined as 
F: K, x Ky x K3x...* K, =& > IVNS®". 
It is also defined as 
( F , K ) = — {(Gy, Fig (Gp)): Gy EX, Fe(Gy) € NSYY  , where = Fx (4) = 


{(5, 0% (%,) (8), Tr(a) (5), ¥e(a,)(6)): 5 € Uf, where o5(%,)(5), tr(u,)(6), and y(%,)(5) represent the 


interval truth, indeterminacy, and falsity grades of the attributes such as o-(y,)(6) 

£ o £ o 
[oF Fray], ta = [ea ta], vee) = Ee RORZAMOIE 
where Ox(%,)(5), x(x) (8) > Tea, (8) tre)» Voce, Ka,)() S [0,1], and 0 < 


Ox (,) (5) + t(c4, (S)+ 1a, (8) < 3. 

Simply an interval-valued neutrosophic hypersoft number (IVNHSN) can be expressed as F = 
{[o% (8), OR (8), [eh cay (6), ty] [cay (8), 1a (8)]}, where 0 < o%:,)(8) + 
TE, (6)+ 14, (6) < 3. 


3. Similarity Measures for Interval-Valued Neutrosophic Hypersoft Set 


Many mathematicians developed various methodologies to solve MCDM problems in the past 
few years, such as aggregation operators for different hybrid structures, CC, similarity measures, and 
decision-making applications. The following section develops the cosine and set-theoretic similarity 
measure for IVNHSS. 

Definition 3.1 


Let (FA) = {(5:,[o%a9(6.), 2X) (6)]. [Fay (6), (6) [4,60 1X49 (6)]) | 6. € U} and 
Gud) = {(5: [ofa (8, F604 (8) [5c (8, 78049 (8) [rb cap (80-7H9(5D]) | 6: € U} be two 
IVNHSSs defined over a universe of discourse U. Then, the then cosine similarity measure of (F,A) 
and (G,/) can be described as follows: 
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Sivnuss((F,A), (G,M)) = 
(FF G+ F564) (6))(F§ cq Dt sta 
(vec porns yi 


(coo) (756, :)) *+(heay(@ 


(ceo) +00) +(cbea yd 
Proposition 3.2 
Let (F,A), (G,A), and (#,C) € NHSS, then the following properties hold 
1. 0S Sivyuss((FA), (GA) < 1 


2 Sivuuss((F.A), (G,M)) a Sivnuss((G,M), (F,A)) 
3. If (FA) © GA) © (H,C), then Siyyuss(FA),(H,0)) < Sivwuss((F.A), (G,A)) and 


Sivwnss((FA), (H,6)) < Sivwnss(GA), (H, 0). 


Proof: Using the above definition, the proof of these properties can be done easily. 
Definition 3.3 


Let (F,A) = {(5, [ore (6), 6% (6). [Fe (d.7% (6). [roc (6.1%, ()]) | 5 € u} and 
(GM) = {(5, [ofc 6), 0 (6)] [ebay (6), iy (6 [oc (6.7%, (6)]]) | 5, € u} be two 


IVNHSSs defined over a universe of discourse U. Then, the then cosine similarity measure of (F,A) 
and (G,/) can be described as follows: 


Sivnuss ( (FA) , (GA) ) 
aod oH, (81))( 86a) + Oa, (81) +(FF (ay) 80+ ‘rap (=u) 0+ *Ya,)(0)+ 
(V4) 80+ Hay) OO) Yq) 60+ i (60) 


2 
(( (cs) +(2,,)(00) +(%aqy% 
max 2 
((céus*) +(x) 0) +( Heap 
Proposition 3.4 


Let (FA) = {(5:, [oF 9(6.), 26) (6)]. [ay (6), (6) [4c (60, ray (6)]) | 6. € U} and 


(G,M) = {(5., [ofc )(6), 0%.) (6)] [bey]. [r6ey 6).74,9(6)]) | 5: € u} be two 
IVNHSSs. Then, the following properties hold. 
1. OS Siynuss((FA), (GA)) < 1 


2. Sivwuss((F A), (G,M)) = Sivnuss((G,A), (F A)) 
3. If (FA) © GA) © (H,C), then Siywuss(FA),(H,0)) < Siwuss((F.A), (G,A)) and 
Sivnuss (FA), (H,0)) S Sirwuss(G.A), (H, C)). 


Proof: Using the above definition, the proof of these properties can be done easily. 


YS w 


)+ (Fay D+ Fay (“Gay Ot e{,)(6D)+ 
eee port rg (6) 


2 
+(x) (0) +(bag (6) +(r54 (0) ‘) 


) 
mr 


2 2 
+(Elqy(60) +(rb cy) +499) 


a Wiha Dh 
7%,,)(0) *+(1£ap(@0) +(72,,)0) )} 

7 2 
+ Hay) +(e) *(rZiy) 0) ) 


)+( 
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4. Application of Correlation Coefficient for Decision Making Under IVNHSS Environment 
This section utilized the developed approaches based on cosine and set-theoretic similarity 
measures for decision making. 
4.1 Algorithm for Similarity Measures of IVNHSS 
Step 1. Pick out the set containing parameters. 


Step 2. Construct the IVNHSS according to experts. 
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Step 3. Compute the cosine similarity measure by using definition 3.1. 


Step 4. Compute the set-theoretic similarity measure for NHSS by utilizing definition 3.3. 

Step 5. An alternative with a maximum value with cosine similarity measure has the maximum rank 
according to considered numerical illustration. 

Step 6. An alternative with a maximum value with a set-theoretic similarity measure has the 
maximum rank according to considered numerical illustration. 

Step 7. Analyze the ranking.” 


Input alternatives, attributes 
*Construct the IVNHSS according to experts 


¢Compute the cosine similarity measure by using 
definition 3.1. 


*Compute the set-theoretic similarity measure for 
NHSS by utilizing definition 3.3. 


*Compute score values 
¢Pick the most suitable alternae with supreme score 
value 
¢ Analyze the alternatives ranking 


Figure 1: Flow chart of the presented similarity measures 


4.2. Problem Formulation and Application of IVNHSS For Decision Making 

A construction company calls for the appointment of a civil engineer to supervise the workers. Several 
engineers apply for the civil engineer post, simply four engineers call for an interview based on experience for 
undervaluation suchas S ={S,, Sz, S53, S,} bea set of selected engineers call for the interview. The managing 
director hires a committee of four experts U = {k,, K2,K3,«,4}} for the selection of civil engineer. The group 
of experts chooses the set of attributes for the selection of an appropriate civil engineer such as 2 = 
{@, = Experiance, €, = Dealing skills, ?3 = Qualification} be a set of parameters for the selection of 
MS. Experience = ¢, = {a,,; = more than 20,a,, = less than 20}, Dealing skills = €, = {a,, = 
public dealing, az, = Staff dealing} i and Qualification = £3 = {a3, = 
Doctoral degree in medical education,a3, = Masters degree in medical education}. Let L’ = £, x 
£, x £3 beaset of sub-attributes. The experts evaluate the applicants under defined parameters and forward 
the evaluation performa to the company's managing director. Finally, the director scrutinizes the best applicant 
based on the expert’s evaluation report. Let 2’ = £, x £, x £3 beaset of sub-attributes 
R= €, x €, x €3 = {Ay Aya} X {Ay1,A22} X {31,A32} 
- [a 21,431), (A441, Az, 432), (Ay1, 422, 431), (Ay1, Az2, 432), 


© Utz, 2131), (rz, @21, 32), (12, 422,431), (G12, M22, G32) 
of all multi sub-attributes. Each DM will evaluate the ratings of each alternative in the form of 


IVNHSNs under the considered multi sub-attributes. The developed method to find the best 
alternative is as follows. 


F Oo ie ent ee Se 
\ QL’ = {4,, dz, dz, dy, ds, Gg, d7,dg} be aset 
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4.2.1. Application of IVNHSS For Decision Making 
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Assume S = {5S,, Sy, S3, 5,4} be a set of alternatives which are shortlisted for interview and 2 = 


{€, = Experiance, f, = Dealing skills, £3 = Qualification} be a set of parameters for the selection of 


MS. Experience = ?, = {a@,, = more than 20,a,, = less than 20}, Dealing skills = ?, = {a,,= 


public dealing,az, = Staff dealing} f 


and 


Qualification = 


e; 


= {a3 = 


Doctoral degree in medical education, a32 = Masters degree in medical education}. Let 2’ = €, x 


€, x #3 be a set of sub-attributes. The health ministry defines a criterion for selecting MS for all 


alternatives in terms of IVNHSNs given in Table 1. 


Table 1. Decision Matrix of Concerning Department 


12) a a, a3 a, as ae a, ag 
6, ({.3,.5], [.2,.4], [.2,.6]) (L2,.3L05,.7], [.4,.3) (L5, -6], [.1,.3], [.4,.6]) ([-2,.4], [.3, 5], [.3, .6]) ([-2,.3], 2, .4], [-4,.5]) ([-4, 6], [-1, .3], [-2,.4]) (L6,.7], [.2, .3], [.3,-4]) (L-4,-5], [.5, 8], [.1,.2]) 
5 (5, .6], [-1, .3], [-4,.6]) (L5,.7], [-1,.2], [.4,.6]) (L-2,.4], [.3,.4], [-2,.5]) (6, 8], [.1,.2], [.3,.5]) ([-4,.6], [-4, 5], [.3,.5]) ([-3,.5], 4,5], [-1,.3]) ((-1,.2], [.5, 8], [.2,.4]) (L5,.7], [-1,.2], [.5, .6]) 
63 ([-2,.4], LS, .6], [.4,.6]) ((-2,.4], [.3,.4], [-2,.5]) ((-4 .6], 2, .3], [-1,.4)) ([-2, .5], [.2, .3], [.1, .6]) ([-3, 4], [2,5], [-5,.7]) ([-3,.5], -4, 5], [-1,.3]) ([-2,.4], [7,8], [.1,.2]) ((-1,.2], [.7, 8], [.2,.3]) 
Oy ({-2,.3], ES, .7], [-1,.3]) (L3,.4], [-2,.5], [-5,.7]) ([-2, .4], [.3, 5], [.3, .6]) (L5,.7], [-1,.2], [.4,.6]) ([-4, 6], [-1, .3], [-2,.4]) ({-1,.2], ES, .8], [.2,.4]) ([-2,.4], [.3,.4], [-2,.5]) (L5, 6], [.1,.3], [.4,.6]) 
Table 2. Decision Matrix for Alternative 8 
co) di, hp ts is i; ig it, i, 
On ((-2,.4], [.4,-5], [.-3,-4)) (L3,.4], [4-5], [-2,.5]) ([-3, 6], [-2, .3], [-1,.2]) ([-2,.4], [-4, .6], [-1,.2]) ((-1,.3], [.6,.7], [.2,.3]) (L-4,-5], [.2, .5], [.2,.3]) ([-6,.7], [-1,.2], [-2,.3]) ([-4, 6], [-2, .3], [-4,.5]) 
5, (L3,.4], [2,5], [-5,.7]) ((-4,-7], [-1,.2], [-,.2)) ([-4,.5], [2,5], [-1,.2]) ([-5,.7], [-1,.2], [.2,.4]) (6, 8], [.1,.2], [.1,.5]) ([-2,.4], [7,8], [-1,.2]) ({-2,.4], 3, .5], [.3, .6]) ([-3,.4], -4, 5], [-2,.4]) 
63 (L5, .6], [.2, .3], [.4,.5]) (L5,.7], [-1,.2], [.2,-4]) ([-7, 8], [-1,.2], [-2,.4]) ({-1,.3], [1,5], [-2,.5]) ((-1,.4], [.2,.4], [.,.2]) (2, .5], [.2,.4], [.3,.5]) ([-3,.5], 2, .4], [-4,.6]) ([-5,.7], [1,.2], [-5, .6]) 
54 (3, .5], [.3,.4], [-6,.7]) ([-2,.4], [.3, 4], [-2,.5])) ({-2,.4], L7, 8], [-1,.2]) ((-4,.7], [1.2], [-1,.2]) (L5, 6], [.2, .3], [.4,.5]) (L-2,.4], [.3, 5], [.3, .6]) ([-4, .6], [-2, .3], [-4,.5]) ([-1,.3], £1, .5], [-2,.5]) 
Table 3. Decision Matrix for Alternative ‘®@) 
x® di, dp iis ii, is ig %, Bg 
6 (24,646,145) (23,646,135)  (L268)125) (45,625,602) (23,646,135) (1266.8)62.5) (7,8) 642.623) (316.7), £2..5) 
& (45,625,602) C5-76b20124) CL3b667)126) CL4bi2sh14.6) (Lb b24bbL2) (2,625,046) (4), [2.5) 64.6) (Lt, 4, (2,5), [4,.6) 
& (3,4, £2-6,14.6) (24,634,625) (45,625,002)  (L-2262-5,04.6) (3,5) 63-5,16.7) (3,5) 63,5)66.-7) (1.21625) 64.6) (05,7) (1.2), 62.4) 
& = (24,645,168) (35,635,167) L206 5.146) CL4b24bL2) (45,025,602) C2,62-5)64.6) (45) 62-5, 60-2) (212.5), (4,6) 
Table 4. Decision Matrix for Alternative X@ 
x tj te ts ts is ig it, ts 
8 (667LL021(35) (6-8) 14.2[2.3)  (66-7113,5,00.2) (7, 8b6121[25) (67bEL 20602) (58h 612,124)  C3,66-70L2.5) 7,8) 64,21, 62,3) 
& — C57h[3-4)623) (5,71 125)[23) (56,134,142) (78b135,L0.3) CL2b(25,646) CL4bl25)146) (46)623bL0.2I) (4,6) 62.3] 60.2) 
63 (£2,.4),03,4102.5) (4.7, [2.31)[3.7) (461123) .L2) (3,5,03,5).6.7) (66-8) .L-2000.2) (7, 8)04.2.02-4) (1,21 2..5)046) — (f.6,.8}, [1,2], 3) 
& = (6, 81 [3-4,00.2) (5.7, 01-2b(45)  (.2,025) 04-6) (5,6, [3-4) 00.2) (62,.4)03,4102.5) (LL.3)06.7.12-5) (7,8) [1.2)02,5) — (f-4,-6], [2,3], 4.27) 
Table 5. Decision Matrix for Alternative x“ 
co) ii, dp is ii, is ig it, is 
8 (E3-5/L24,(0.2) (03-6, 0.204.7) (471 13-4[2.3) (67, 8b62,4, 135)  (5-70034112.4) 4.6) 62-5)63-4) (2.3, 65-7624) (05,-7).£2,4], 63,5) 
& = (45,657,624)  (47113-5)[24) 5, 81(3-4)[23) (24162 3b(45) (35)123)[35) (62446231036)  (£5,-8]63,-6)12,3) (4,6), [2.3] 2-21) 
&  (E2-41,L3,4,L2.5)  ((4,.6),[2,3)135) (3,5) 135) 60.2)  (63-5)64.6,16.7)  (E5-7b60.2114.5) (46,635,621) (6.7) 61-2163,5) (2,5). 62,3], £4,.6)) 
6 (1.2 [2-5).04.6) (5,.7, [2-41 .L.3) (3,5, [25], .0.3) (4.6, [2,5. (3.4) (5,8. [3,41[2.3) (46,123) .L21D  (4-7003,5)12-4) (22,41. 3,41, 62,.5) 
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Step 3. Compute the cosine similarity measure by using definition 3.1. 

By using Tables 1-5, compute the cosine similarity measure between Sjyyyss(S,51), Sivnuss(S/S2), 
Sivuuss(S,S3), and Siynuss(S,S;) by using equation 3.1, such as 

Sivnnss(5,51) = 0.07007. 

Similarly, we can find the cosine similarity measure between Siynuyss(S,52), Sivnunss(S,53), and 
Sivnuss(S/Sa) given as 

Sivwuss(S,S2) = 0.06771, Siynnss(5S,53) = 0.06943, and Siywnss(S,54) = 0.06874. This shows that 
Sivnuss(S, 51) > Sivnuss(S, 53) > Sivnuss(S,S4) > Sivnnss(S,S2). It can be seen from this ranking 
alternative S; is most relevant and similar to S. Therefore S, is the best alternative for the civil 
engineer, the ranking of other alternatives given as S, > S3 > S4 > Sp. 

Now we compute the set-theoretic similarity measure by using Definition 3.3 between Sfryyss(S,51); 
Sfonuss(S:S2)> Sfrnuss(S,53), and Sfyyss(S,54) given as From Tables 1-5, we can find the set-theoretic 
similarity measure for each alternative by using definition 3.3 given as Sfyyyss(S,51) = 0.06986, Sirnnss(S,52) 
= 0.06379, Sfruss(S,53) = 0.06157, and Spyyss(S,54) = 0.06176. Shrypss(S,51) > Sirwyss(S,S2) > 
Sivnnss(5, 54) > Sivwuss(S,53). It can be seen from this ranking alternative S, is most relevant and similar 
to S. Therefore S, is the best alternative for the civil engineer, the ranking of other alternatives given as S, > 


Leia 
5. Discussion and Comparative Analysis 


In the subsequent section, we will talk over the usefulness, easiness, manageability, and assistance of 
the planned method. We also performed a short evaluation of the undermentioned: the planned 
technique and some prevailing methodologies. 


5.1. Superiority of the Proposed Approach 

Through this study and comparison, it could be determined that the consequences acquired by the 
suggested approach have been more common than either available method. Overall, the DM procedure 
associated with the prevailing DM methods accommodates extra information to address hesitation. Also, FS’s 
various hybrid structures are becoming a particular feature of NHSS, along with some appropriate 
circumstances added. The general info associated with the object could be stated precisely and analytically, see 
Table 6. Therefore, it is a suitable technique to syndicate inaccurate and ambiguous information in the DM 


process. Hence, the suggested approach is practical, modest, and ahead of fuzzy sets’ distinctive hybrid 


structures. 
Table 6. Comparison between NHSS and some existing techniques 
Set Truthiness Indeterminacy Falsity Parametrization Attributes Sub-attributes 
Zadeh [1] FS v x x x Jv x 
Atanassov [2] IFS Vv x v x v x 
Smarandache [34] NS v v Vv x Vv x 
Maji et al. [21] FSS v x x if v x 
Maji et al. [22] IFSS V x v v v x 
Peng et al. [26] PFSS v x v Vv Vv x 
Maji [35] NSS Vv Vv Vv Vv Vv x 
Zulgarnain et al. [46] | IFHSS v x v v Vv Vv 
Zulgarnain et al. [47] PFHSS v x v v Vv Vv 
Proposed approach NHSS v Vv Vv Vv v Vv 


It turns out that this is a contemporary issue. Why do we have to embody novel algorithms based on 
the proposed novel structure? Many indications compared with other existing methods; the 
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recommended method may be an exception. We remember the following fact: the mixed structure 
limits IFS, picture fuzzy sets, FS, fuzzy hesitation sets, NS, and other fuzzy sets and cannot provide 
complete information about the situation. But our m-polar model GmPNSS can deal with truthiness, 
indeterminacy, and falsity, so it is most suitable for MCDM. Due to the exaggerated multipolar 
neutrosophy, these three degrees are independent and provide a lot of information about alternative 
norms. Other similarity measures of available hybrid structures are converted into exceptional cases 
of GmPNSS. A comparative analysis of some already existing techniques is listed above in Table 6. 
Therefore, this model has more versatility and can efficiently resolve complications than 
intuitionistic, neutrosophic, hesitant, image, and ambiguity substitution. The similarity measure 
established for GmPNSS becomes better than the existing similarity measure for MCDM. 


5.1 Comparative Analysis 


In the following section, we recommend another algorithmic rule under NHSS by utilizing the 
progressed cosine similarity measure and set-theoretic similarity measure. Subsequently, we use the 
suggested algorithm to a realistic problem, namely the appropriate civil engineer in a company. The 
overall outcomes prove that the algorithmic rule is valuable and practical. It can be observed that S, 
is the most acceptable alternative for the civil engineer position. The recommended approach may be 
compared to other available methods. From the research findings, it has been concluded that the 
outcomes acquired by the planned approach exceed the consequences of the prevailing ideas. 
Therefore, compared to existing techniques, the established similarity measures handled the 
uncertain and ambiguous information competently. However, under current DM strategies, the core 
advantage of the planned method is that it can accommodate extra info in data comparative to 
existing techniques. It is also a beneficial tool to solve inaccurate and imprecise information in DM 
procedures. The benefit of the planned approach and related measures over current methods is 
evading conclusions grounded on adverse reasons. 


5.2. Discussion 


Zadeh’s [1] FS handled the inaccurate and imprecise information using MD of sub-attributes of 
considered attributes for each alternative. But the FS has no evidence around the NMD of the 
considered parameters. Atanassov’s [2] IFS accommodates the unclear and undefined objects using 
MD and NMD. However, IFS cannot handle the circumstances when MD + NMD 21, conversely, is 
presented notion competently deals with such difficulties. Meanwhile, these theories have no 
information about the indeterminacy of the attributes. To overcome such problems, Smarandache 
[34] proposed the idea of NS. Maji et al. [21] presented the notion of FSS to deal with the 
parametrization of the objects, which contains uncertainty by considering the MD of the attributes. 
But, the presented FSS provides no information about the NMD of the thing. To overcome the 
presented drawback, Maji et al. [22] offered the concept of IFSS. The proposed notion handles the 
uncertain object more accurately by using the MD and NMD of the attributes with their 
parametrization, and the sum of MD and NMD does not exceed 1. To handle this scenario, Peng et 
al. [26] proposed the notion of PFSS by modifying the condition MD + NMD <1 to MD? + NMD? < 
1 with their parametrization. The PFSS is unable to deal with the indeterminacy of the attributes. 
Maji [35] introduced the concept of NSS, in which decision-makers competently solve the DM 
problems comparative to the above-studied theories using truthiness, falsity, and indeterminacy of 
the object. But all the studies mentioned above have no information about the sub-attributes of the 
considered attributes. So the theories discussed earlier cannot handle the scenario when 
characteristics have their corresponding sub-attributes. Utilizing the MD and NMD, Zulgarnain et al. 
[46] extended the IFSS to IFHSS and proposed the CC and WCC for IFHSS in which MD + NMD < 1 
for each sub-attribute. But IFHSS cannot provide any information on the NMem values of the sub- 
attribute of the considered attribute. Zulgarnain et al. [47] proposed the more generalized notion of 
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PFHSS comparative to IFHSS. The PFHSS accommodates more uncertainty compared to IFHSS by 
updating the condition MD+ NMD<1 to (ox¢(6)) + (tea) (5))° < 1. All existing hybrid 
structures of FS cannot handle the indeterminacy of sub-attributes of considered n-tuple attributes. 
On the other hand, developed aggregation operators can accommodate the sub-attributes of 
considered attributes using truthness, indeterminacy, and falsity objects of sub-attributes with the 
following condition 0 < o¢(4)(5), Tra)(6), Yer(q@(5) S 3. It may be seen that the best selection of the 


suggested approach is to resemble the verbalized own method, and that ensures the liableness along with the 
effectiveness of the recommended approach. 


6. Conclusion 

The interval-valued neutrosophic hypersoft set is a novel concept that is an extension of the 
interval-valued neutrosophic soft set. This paper studies some basic concepts such as soft set, NSS, 
HSS, IFHSS, PFHSS, and NHSS. We developed the idea of cosine similarity measure and set-theoretic 
similarity measure for IVNHSS and described their desirable properties. Furthermore, a decision- 
making approach has been developed for IVNHSS based on the proposed technique. To verify the 
effectiveness of our developed techniques, we presented an illustration to solve MCDM problems. 
We introduced a comprehensive comparative analysis of proposed techniques with existing 
methods. In the future, the concept of IVNHSS will be extended to m polar interval-valued NHSS. It 
will solve real-life problems such as medical diagnoses, decision-making, etc. Future research will 
concentrate on presenting numerous other operators under the mPIVNHSS environment to solve 
decision-making issues. Many other structures such as topological, algebraic, ordered structures, etc., 


can be developed and discussed under-considered environment. 
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Abstract 


In this paper, as a new separation axioms in neutrosophic supra topological space, Ns-Ti- space 
(i=0,1,2) is built in this space. Moreover, SN.T:T2-open(closed) sets are defined in neutrosophic 
supra bi-topological spaces. Also SNsi-Ti-space (i=0,1,2) is built on this new neutrosophic sets. And 
their basic properties are presented. The relations between these new neutrosophic separation 
axioms is studied. Finally, many examples are presented. 


Keywords: Neutrosophic supra topological spaces, Neutrosophic supra bi-topological spaces, 
SN.TiT2-open set, SN.T:T2-closed set, neutrosophic separation axioms, Ns-Ti- space, Nssi-Ti- space 
(i=0,1,2). 


1. Introduction 


The idea of neutrosophic was invented and presented by F. Smarandache [1,2]. This science has 
many applications in all science, including topology, where neutrosophic topological space was 
defined by A. Salama and et al. in [3]. Also, the neutrosophic bi-topological space was defined by R. 
K. Al-Hamido [4] as an extension of neutrosophic topological spaces in 2019. The concept of 
neutrosophic supra bi-topological space has been studied in [5]. Also, the neutrosophic 
Tri-topological space was defined by R.K.Al-Hamido [6] as an extension of neutrosophic 
bi-topological spaces in 2018. Also, in 2018, R. K. Al-Hamido, extended neutrosophic bi-topological 
spaces to Neutrosophic Crisp Bi-Topological Spaces[7]. 


Later [8] studied the separations axioms but in neutrosophic crisp topological space via 
neutrosophic crisp points which is defined in this paper. Moreover, these new definitions of 
neutrosophic crisp points open the door to defined new types of separations axioms in neutrosophic 
crisp topological space. such as neutrosophic crisp semi separation axioms in[9] and separation 
axioms via neutrosophic crisp pre-open sets [10] in neutrosophic crisp topological spaces. 


Based on neutrosophic crisp bi-topological space [7], separations axioms in neutrosophic crisp 
bi-topological space were grounded by R. K. Al-Hamido et al. in [11]. 


Khattak et al. [12] worked on soft b-separation axioms in NSTS. Suresh and Palaniammal [13] 
presented NS(WG) separation axioms in NTS. 


Gunnuz Aras et al. [14] studied the separation axioms but in neutrosophic soft topological 
spaces(NSTS). 
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Mehmood et al. [15] worked on generalized neutrosophic separation axioms in NSTS. 


Recently, Neutrosophic crisp set theory has been employed to model uncertainty in several areas of 
application such as image processing [16],[17], and in geographic information systems[18] and 
possible applications to database[19]. Also, neutrosophic sets [20] may have applications in the 


medical field [21-22]. 


Recently, in 2021, A.Acikgoza et al. studied separations axioms in neutrosophic topological 
space[23] for the first time. 


Finally, R.Narmada et al. studied separation axioms in an ordered neutrosophic bitopological space 
in [24]. For more detail about neutrosophic topology see [25-32]. 


In this paper, we will defined new patterns from neutrosophic sets in neutrosophic supra 
bi-topological spaces, moreover we will defined separations axioms in neutrosophic supra 
topological space and in  neutrosophic supra bi-topological space depending on 
SN.T1T2-open(closed) sets are defined in neutrosophic supra bi-topological spaces. 


We will study the relationships among these new types of separations axioms, and we will also 


examine the relationship between separations axioms in neutrosophic supra topological space and 
neutrosophic supra bi-topological space. 


2. Preliminaries 


This section will discuss some basic definitions and properties of neutrosophic supra topology, 
which are helpful in sequel. 


Definition 2.1.[8] 
let X be a non-empty set, D be a neutrosophic set in X, then: 
Dis said to be neutrosophic quasi-coincident (neutrosophic q-coincident, for short) with L, denoted 


by DgL if and only if D <L*. If D is not neutrosophic quasi-coincident with L, we denote by D q L. 


Definition 2.2: [25] 


A neutrosophic supra topology (NST) on a non-empty set X is a family I of neutrosophic subsets in 
X satisfying the following axioms. 


1.1n and On belong to I. 


2.T is closed under arbitrary union. 


The pair (X, I) is called neutrosophic supra topological space (NSTS) in X. Moreover, members of I 
are known as neutrosophic supra open sets (NSOS). 


The set of all neutrosophic supra open (closed) set is denoted NSOS(X) (NSCS(X) ). 
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Definition 2.3. [5] 


Let T1,T2 be two neutrosophic supra topology on a nonempty set X then (X,T1,T2) be a neutrosophic 
supra Bi-topological space (SBi-NTS for short ). 


3. Separation axioms in neutrosophic supra topological space 


In this part, we have defined a new separation axioms in neutrosophic supra topological space, 
namely Ns-Ti-space ( i=0,1,2), for first time. 

Definition 3.1. 

A neutrosophic set F in NSTS (X,T) is called Ns-To-space if for any pair of neutrosophic points (NP) 
x#y eX, there exists an Ue NOS(X) such that (xeU and y¢U) or there exists Ve NOS(X); (yeV and 
x€éV). 

Example 3.2. 

Let X={n,m}, T= {{ns51s,Mee1e}:se[0,1],ee[0,1] } 

Then (X,T) is NSTS, (X,T) is Ns-To-space. 

Definition 3.3. 

A neutrosophic set F in NSTS (X,T) is called Ns-Ti-space if for any pair of neutrosophic points (NP) 
xzy €X, there exists U,Ve NOS(X); (xeU and y¢U) and (yeV and x¢V). 

Example 3.4. 

Let X=(fg}, T= {{ fss15, 8 eer }: se[0,1] , e€[0,1) }. 

Then (X,T) is NSTS, (X,T) is Ns-To-space. But, (X,T) is not Ns-Ti-space, because, f1,1,0 and gi,1,0 are 
neutrosophic points in (X, 7) ; f1,,0 # gi,10 and the only neutrosophic supra open set that contains g1,10 
is IN. 

Definition 3.5. 

A neutrosophic set F in NSTS (X,T) is called Ns-Tz-space if for any pair of neutrosophic points (NP) 


x#y eX, there exists U,Ve NOS(X); (xeU and y¢U) and (yeV and x¢V) ; Uq¥. 

Theorem 3.6. 

Let (X,T) be a NSTS, then: 

If (X,T) is Ns-T2-space then (X,T) is Ns-Ti-space. 

Proof: 

Let (X,T) is Ns-T2-space, Then for any pair of neutrosophic points (NP) x#yeX there exists U,Ve 


NOS(X); (xeU and y¢U) and (yeV and x¢V);UGV. so there exists U,VeENOS(X); (xeU and y¢U) 
and (yeV and x¢V). 

Therefore (X,T) is Ns-Ti-space. 

Remark 3.7. 

The converse of the theorem 3.6 is not true; see the following example: 

Example 3.8. 

In example 3.4, (X,T) is NSTS, X is Ns-To-space but not Ns-Ti-space, because, f11,0 and gi1,0 are 
neutrosophic points in (X, T) ; f110 # g110 and the only neutrosophic supra open set that contains 
gitois In. Therefore, X is Ns-To-space but not Ns-T2-space. 

Theorem 3.9. 

Let (X,T) be a NSTS, then: 

If (X,T) is Ns-Ti-space, then (X,T) is Ns-To-space. 

Proof: 

Let (X,T) is Ns-Ti-space, Then for any pair of neutrosophic points (NP) x#yexX, there exists U,Ve 
NOS(X); (xeU and y¢U) and (yeV and x¢V), so there exists U,VeENOS(X); (xeU and y¢U) or (yeV 
and x¢V). 

Therefore (X,T) is Ns-To-space. 

Remark 3.10. 

The converse of the theorem 3.9 is not true, see the following example: 
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Example 3.11. 

In example 3.5, (X,T) is NSTS, X is Ns-To-space but not Ns-Ti-space, because, f1,1,0 and gi1,0 are 
neutrosophic points in (X, 7) ; f1,,0 # gi10 and the only neutrosophic supra open set that contains g1,10 
is In. 

Remark 3.12. 

Let (X,T) be a NSTS, then: 

(X%,T) is Ns-T2-space = (X,T)is Ns-Ti-space = (X,T) is Ns-To-space. 

Proof: 

Proof following from theorem 3.9 and theorem 3.6. 


4, Separation axioms in neutrosophic supra bi-topological space 


In this part, we have defined for the first time a new separation axioms in neutrosophic supra 


topological space, which named Nssi-Ti-space ( i=0,1,2). 


Definition 4.1. 
A neutrosophic set A in SBi-NTS (X,T1,T2) is called " Ns.T:1T2-open set " if it is a neutrosophic open 
set in (X,T1) or in (X,T2). 

- Aneutrosophic set B in SBi-NTS (X,T1,T2) is called " Ns.T:T2-closed set " iff its complement is 

" Ns.T1T2-open set ". 

- The set of all " Ns.T:1T2-open (closed) sets " is denoted to be" Ns.T1T2-NOS (Ns.TiT2-NCS)". 
Definition 4.2. 
A SBi-NTS (X,T1,T2) is called Nssi-To-space if :Vx#yeX , J Ue Ns.T1T2-NOS; (xeU and y¢U) or 4d Ve 
Ns.T1T2-NOS; (yeV and x¢V). 


Example 4.3. 

Let X={n,m}, Ai={< n, 0.4, 0.4, 0.4>, < m, 0.5, 0.5, 0.5>}, Ao={< n, 0.3, 0.3, 0.3>, < m, 0.6, 0.6, 0.6>}, 

Ti={ On, Ai, Az, AivA2, In}, T2={ {ss 15, Meere}:se[0,1],ee[0,1] } 

Then (X,T1,T2) is SBi-NTS, (X,T1,T2) is Nssi-To-space. 

Definition 4.4. 

A SBi-NTS (X,T1,T2) is called Nssi-Ti-space if :Vx#yeX , a U,Ve Ns.TiT2-NOS; (xeU and y¢U) and 
(yeV and x¢V). 

Example 4.5. 

Let X={f,g}, A1={< f, 0.4, 0.4, 0.45, < g, 0.5, 0.5, 0.5>}, Az={< f, 0.3, 0.3, 0.3>, < g, 0.6, 0.6, 0.6>}, 

T1={ On, Ai, Az, Aiv Az, In}, T= {fs,5,15, 8 e¢1¢}:se[0,1],ee[0,1) } 

Then (X,T1,T2) is SBi-NTS, (X,T1,T2) is Nssi-To-space. But (X,T1,T2) is not Nssi-T1-space. 

Definition 4.6. 

A SBi-NTS (X,T1,T2) is called Nssi-T2-space if :Vx#yeX , J U,Ve Ns.TiT2-NOS; (xeU and y¢U) and 


(yeV and x¢V) ; Ug. 

Theorem 4.7. 

Let (X,T1,T2) be a SBi-NTS, then: 

(X,T1,T2) is Nssi-To-space <> (X,T1) is Ns-To-space or (X,T2) is Ns-To-space. 

Proof : 

ae 

Let (X,T1,T2) is Nssi-To-space then, Vx#yeX, 4 U,Ve Ns.T:1T2-NOS; (xeU and y¢U) and (yeV and 
x¢V) so there existe U,V € Ti-NOS; (xeU and y¢U) and (yeV and x¢V) or there existe U,Ve 
T2-NOS; (xeU and y¢U) and (yeV and x¢V) therefore (X,T1) is Ns-To-space or (X,T2) is 
Ns-To-space. 

=: 
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Let (X,T1) be a Ns-To-space or (X,T2) be a Ns-To-space. Then, for every x#yeX , there existe U,Ve 
T1-NOS; (xeU and y¢U) and (yeV and x¢V)or U,Ve T2-NOS; (xeU and y¢U) and (yeV and x¢V), 
so there exist U,Ve Ns.TiT2-NOS; (xeU and y¢U) or (yeV and x¢V). Therefore (X,T1,T2) is 
Nssi-To-space. 

Theorem 4.8. 

Let (X,T1,T2) be a SBi-NTS, then: 

(X,T1,T2) is Nssi-Ti-space <> (X,T1) is Ns-Ti-space or (X,T2) is Ns-Ti-space (i=1,2). 

Proof: 

In the same way of proof theorem 4.7. 

Theorem 4.9. 

Let (X,T1,T2) be a SBi-NTS, then: 

(X,T1,T2) is Nssi-T2-space => (X,T1,T2) is Nssi-Ti-space 

Proof: 

Let (X,T1,T2) is Nspi-T2-space, Then Vx#yeX , 4 U,Ve Ns.TiT2-NOS; (xeU and y¢U) and (yeV and 


x¢V) ;UG¥. so there existe U,VeNs.T:T2-NOS; (xeU and y¢U) and (yeV and x¢V). 
Therefore (X,T1,T2) is Nspi-T 1-space. 

Remark 4.10. 

The converse of the theorem 4.9 is not true, see the following example: 

Example 4.11. 

In example 4.5, (X,T1,T2) is SBi-NTS, X is Nspi-To-space but not Nspi-T)-space. 
Therefore X is Nspi-To-space but not Ngpji-T2-space. 

Theorem 4.12. 

Let (X,T1,T2) be a SBi-NTS, then: 

(X,T1,T2) is Nspi-T1-space = = (X,T1,T2) is Ngpi-To-space. 

Proof: 

Let (X,T1,T2) is Nspi-T;-space, Then Vx#yeX , 4 U,Ve Ns.TiT2-NOS; (xeU and y¢U) and (yeV and 
x¢V), so there existe U,V eNs.TiT2-NOS; (xeU and y¢U) or (yeV and x¢V). 
Therefore (X,T1,T2) is Nspi-To-space. 

Remark 4.13. 

The converse of the theorem 4.12 is not true, see the following example: 

Example 4.14. 

In example 4.5, (X,T1,T2) is SBi-NTS, X is Ngpi-To-space but not Nspi-T)-space. 
Remark 4.15. 

Let (X,T1,T2) be a SBi-NTS, then: 

(X,T1,T2) is Nspi-T2-space = (X,T1,T2) is Nspi-T |-space > (X,T1,T2) is Nspi-To-space. 
Proof: 

Proof following from theorem 4.9 and theorem 4.12. 

Theorem 4.16. 

Let (X,T1,T2) be a SBi-NTS, then: 

If (X,T1) is Ns-Ti-space and (X,T2) is Ns-Ti-space, then(X,T1,T2) is Nssi-Ti-space(i=0,1,2). 
Proof : 

From the theorem 4.7 and theorem 4.8. 

Remark 4.17: 

If (X,T1,T2) is Nssi-Ti-space(i=0,1,2) then may be(X,T1) or (X,T2) is not Ns-Ti-space, so the converse of 
the Theorem 4.16 is not true. 
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5. Conclusion 


In this paper, we have defined for first time a new separation axioms in neutrosophic supra 
topological space and neutrosophic supra bi-topological space which namely NS-Ti-space and 
NSBi-Ti-space (i=0,1,2). 

In the future, using these notions, various classes of separation axioms in neutrosophic supra 
topological space and neutrosophic supra bi-topological space as NS-Ti-space and NSBi-Ti-space 


(i=3,4,5) , and many researchers can be studied. 
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Abstract. In Operations Research, making decisions based on multiple criteria is crucial. Neutrosophic num- 
bers produce a more efficient conclusion when dealing with Fuzzy Multi Criteria Decision Making (MCDM) 
problems. In this paper, we determine qualitative and quantitative criteria for selecting the best building 
construction project. The major goal of this work is to show how to use interval valued neutrosophic sets in 
solving MCDM issues using the Max-Product formula. To calculate the weighted average for interval valued 
neutrosophic numbers, we offer a new technique in max product. Three approaches are used to rank the interval 


valued neutrosophic numbers, and their application is demonstrated numerically. 


Keywords: Fuzzy sets; Multiple Criteria Decision Making; Neutrosophic Fuzzy sets; Interval Valued Neutro- 
sophic Set; Interval Valued Neutrosophic Numbers. 


1. Introduction 


L.A. Zadeh |1| introduced fuzzy sets, fuzzy membership functions, and fuzzy logic in 1965. 
K. Atanassov |2| introduced the Intuitionistic Fuzzy set in 1986. It’s a fuzzy set generalization 
with a membership grade, non-membership grade, and degree of indeterminacy. MCDM is a 
very significant and rapidly increasing subject in operations research. Indeterminacy should 
be incorporated into the model formulation of difficulties because MCDM problems are well 
addressed in fuzzy and intuitionistic fuzzy. In the decision-making process, indeterminacy is 
very significant. As a result of the growth of the MCDM field in a fuzzy environment, the 
Neutrosophic Fuzzy MCDM was proposed, and it was used in SAW, AHP, GP, TOPSIS, and 
other applications. Neutrosophic set, the generalization of fuzzy set and intuitionstic fuzzy 
sets. In Multiple Criteria Decision Making, neutrosophic numbers are ranked to rate tough 
problems. Using Neutrosophic Sets in MCDM and ranking methodologies will provide the 


best possible solution to challenging situations. Smarandache introduced Neutrosophic 


Neutrosophic Sets and Systems, Vol. 51, 2022 §49 


set in 1998. The membership functions of Neutrosophic sets are Truth, Indeterminacy, and 
False. Smarandache and Wang proposed interval valued neutrosophic sets in 2005, and they 
introduced single valued neutrosophic sets in 2010. It independently expresses truth, indeter- 
minacy, and false membership degree. 

The paper Interval Neutrosophic Sets was published by Haibin Wang, et al. in 2004 (4). 
They introduce and verify the convexity of interval valued neutrosophic sets, as well as many 
features, operations, and relations of interval neutrosophic sets. Athar Kharal published a pa- 
per A Neutrosophic Multi-Criteria Decision Making Method in 2014. This study presents 
a method of MCDM based on Neutrosophic sets. It is the first time that neutrosophic sets 
have been introduced to the MCDM community. In 2014, Based on Bhattacharya’s distance, 
Broumi S and Smarandache F |7| define a novel cosine similarity between two Interval valued 
neutrosophic sets. They used the cosine similarity measure in pattern recognitionin this re- 
search. Jun Ye published a paper Similarity measures between interval neutrosophic sets and 
their applications in multicriteria decision-making in 2014. The Hamming and Euclidean 
distances between interval neutrosophic sets (INSs) are described in this study, and similarity 
measures between INSs are provided based on the relationship between distances and similar- 
ity measures. The article, Interval neutrosophic sets and their application in MCDM problems 
was published by Zhang et al in 2014 (3). They established Interval neutrosophic numbers 
operators and presented a comparativeapproach between INN and aggregation operators for 
INSs in this work. Saha and Broumi presented New Operators on Interval Valued Neutro- 
sophic Sets in 2019. They defined some new IVNS operators and examined their properties in 
this study. Theoperators are highly useful when dealing with two interval-valued neutrosophic 
sets. In the decision-making process, the similarity measure is essential in determining the 
degree of similarity between the ideal and each alternative. In 2019, Wang, et al. pro- 
posed a multi-criteria decision-making system based on improved cosine similarity measures 
with interval neutrosophic sets. The purpose of this study is to develop an MCDM technique 
for INSs based on a similarity measure. 

In 2017, Deli and Subas published the paper The concept of a single valued neutro- 
sophic number (SVNN) is important for quantifying an unknown quantity, and the ranking of 
SVNNis atough problem in multi-attribute decision making problems. The goal of this work 
is to offer a methodology for using SVNNs to solve multi-attribute decision-making problems. 
They created a ranking approach based on the concept of values and uncertainties, which they 
used to multi attribute decision making issues where the ratings of alternatives on criteria are 
expressed as SVTN-numbers. Ranking methods of Single Valued Neutrosophic number and 
Its Applications to Multiple Criteria Decision Making was published by D. Stanujkic, et 
al. in 2019. They demonstrate the utility of single-valued Neutrosophic sets in solving MCDM 
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problems in this work. The proposed Ranking method’s approach and numerical example were 
presented. Although single valued neutrosophic sets apply ranking methods, interval valued 
neutrosophic sets and numbers are also highly effective in ranking the alternatives.Ranking 
of Pentagonal Neutrosophic Numbers and its Applications to Solve Assignment Problem was 
published in 2020 by Radhika and Arun [18]. They suggest a new method for ranking neu- 
trosophic numbers based on their magnitude in this work. Theyoffer a method for solving 
neutrosophic assignment issues with pentagonal neutrosophic numbers. The article, Rank- 
ing of single-valued neutrosophic numbers through the index of optimism and its reasonable 
properties was published by R. Chutia and F. Smarandache in 2021 [19]. The significance 
and vagueness of a single-valued neutrosophic number are used to construct a novel way of 
ranking neutrosophic numbers in this study. The method is unique inthe reasonable features 
of a ranking system. 

There are many ranking methods that are applied in MCDM problems using the various 
types of neutrosophic numbers. The motive of our paper is to use Interval Valued Nutro- 
sophic Numbers to build ranking techniques in MCDM. It gives better results when similarity 
measures, score function, and hamming distance are used to rank the interval valued neu- 
trosophic numbers. The paper contains preliminaries and Basic elements of Interval Valued 
Neutrosophic sets, and ranking of IVNNs in section 2. The MCDM method based on Interval 
Valued Neutrosophic Numbers is provided in section 3. This proposed ranking approach is 


given numerical illustration in section 4. Finally, there is a ranking and a conclusion. 


2. Preliminaries 


Definition 2.1. Neutrosophic Set (NS) 
Let U be the universal set and every element x € U has degree of True, Indeterminacy, 


False membership in 8S. Then the Neutrosophic set can be written as 
S = {(x,Ts(2), Is(x), Fs(x)) : 2 € U} 


where, 0 < Ts(x) + Ig(x) + Fs(x) < 3 

and Truth Membership function Ts : U > (0, 1] 
Indeterminacy Membership function Ig : U > (0, 1] 
False Membership function F's : U > [0, 1] 


Definition 2.2. Interval Valued Neutrosophic Set (IVNS) 
Let U be a nonempty set with generic elements in U denoted by x. The Interval Valued 


Neutrosophic set S in U is as follows 


S= {zx : (x, s(x), [s(z), Fs(z)) CE U} 
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where, Interval Truth Membership Function Ts(x) = [T%, TY] 
Interval Indeterminacy Membership Function I(x) = [I£, If] 
Interval False Membership Function F(x) = [F%, FY] 

and for each point x € U. Ts(x), Ig(x), Fs(x) € [0,1] 


Definition 2.3. Interval Valued Neutrosophic Number (IVNN) 
For an IVNS § in U the triple interval ((t%, ¢9], [i2, 22], [f%, fU]) is called the Interval 


so "Ss sos 


Valued Neutrosophic Number. 


Operations on IVNN 

Let s1 = ((t¥, t¥], (if, 27], (AP, fU]) and so = ([¢%, tY], (2%, 27], [f£, £7]) be two IVNN and 
A > 0, then the basic operations are defined as follows [5], 
i)s1 + 52 = ([ty + ty — tty ty + ey — te], epg, YY), AY FY fe) 
ii)sy.52 = ([er ey, tye], [ir + iy — trig, iy +i — ig), LAT + fe — SY AY + 2 — FY) 
it)Asy = (i =(=47 1-0-7) aa vas (A )1) 
w)s} = (et), YL - a -#y1-0-#),-G- ,1-4-)"1) 


Definition 2.4. Score Function of IVNN 
Let s; = ((t¥, 2], [i£, 27], [ff, fU]) be an IVNN then a Score Funtion S(51) is (6) 


[2+¢7 +47 — 207 +77) -— P+ FP) 


Definition 2.5. Cosine Similarity Measure 
Let 1 = ((th 101 8] LFF, APT) and va = ((th, 18) Wh, i] LAP, £1) be two IVNN then 
a Cosine Similarity Measure C(s) between two IVNN s, and S92 is as follows : 


moter (ty + 7) ty + 3) + Ci + PS +) + AE FA + 2) 
(ak + e+ b+ e+ + RPV ++ G++ GE + YP 


C(s1, $2) = 


where, n = 1 


Definition 2.6. Hamming Distance 
Let 51 = ((¢#, ¢Z], (6%, 2Z], (FE, FU) and so = ¢[t#, 9], (64, 2Y], (fF, fY]) be two IVNN then 
the Hamming Distance H(,) between two IVNN sj and 52 is as follows [19], 


n 


Der, 92) = + het — ef] + le — a8] + feb — ab + — | + [ee + LP - 2 
al 
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2.1. Ranking of Interval Valued Neutrosophic numbers 


Let s; and sg be two IVNNs, then the ranking method for comparing two IVNS is defined 
as follows, 
(i) Score Function 
If S(s,) > Sis.) then 51 > s2 
(ii) Cosine Similarity Measure 
Cea5 > Ceas5 then s1 > s9 
(iii) Hamming Distance 


Hai} > res) then s1 < s9 


3. A MCDM approach based on Interval Valued Neutrosophic Numbers 


In this section, we proposed a new max-product approach for determining the weighted 
average for interval-valued neutrosophic numbers. This formula can be applied to any order of 
matrices containing interval-valued neutrosophic numbers, as well as two or more matrices of 


the same order. The remaining part contains the suggested method’s procedure and flowchart. 


Result 3.1. Let Az. and Bzyy be two matrix with an interval valued neutrosophic numbers. 


Then the Max-product for A and B is defined as follows, 
n n n nm 
L L U U 
max II Mere II Marrygr +++ | Max II Mery > II Magy >> 
m=1 m=1 m=1 m=1 
n n n n 
L L U U 

maz ( [] méys T] mb.) mar { T] m¥,,. T] m¥ape 

m=1 m=1 m=1 m=1 

nm n n nm 
L L U U 
Max II ™M fay? II MM fayore +: , MAL II Meryy> II ™M fayorss* 

m=1 m=1 m=1 m=1 


Where m denotes the number of matrices. 
We know, the fuzzy max-product composition, 

Let A and B be x x y and y x z matrices respectively. The Fuzzy Max product compo- 
sition of A and B is defined by, 


LA,B = max|pa(x,y)-uBY, 2)] 


From this we can extend the concept of Interval valued fuzzy number and Interval valued 
neutrosophic number. 

Let A and B be x x y matrices with an interval valued fuzzy numbers. For A and B 
matrices, we should find the maximum product. The lower and upper limits are independent 
in this case. As a result, we calculate the max-product separately for the lower and upper 


limit values. 


D. Jeni Seles Martina, G. Deepa, Ranking of Interval Valued Neutrosophic Numbers by 
Qualitative and Quantitative Criteria 


Neutrosophic Sets and Systems, Vol. 51, 2022 453 


Assume that Ajy2 and Byy2 be two matix with interval valued numbers. 
we take A= ((af,a¥’) (af,a¥’)) and B= ((of, 01) (6, 08)) 
Max-product of A and B = (mac[(at.of), (ak.by)] maz[(al bY), (a¥ bY)]) 
Let A and B be two matrices with interval valued neutrosophic numbers. 
we take A = |((af, af), (ah, a%), (ah,.a%)) ( (ah, a), (ak, a), (aky, 04%) )| 


B = |( (04,1), (64,04), (OF, 6%)) (bb, bE), (6, BY), (Df, 64) )| 
Max-product of A and B = 


[(maa[(aj-bi4), (a/9-b¢5)], maa[(ay bi), (at2-45)]) 
(maa[(aj;.bj1), (a/3-bj9)], maa[(aj.b4), (aj2-bi3)]) 
(maa| (a, bf), (afy-b¥5)], max|(a't,.bF,), (a%y.b%5)])] 


This equation represents the max product value of 1 x 2 matrices, and we calculate the 
values for x x y matrices in the same way. 


Max-product of m matrices = 


n n n n 
L L U U 
Max II Mery,» II Mexyor +++ | Max II Mézy,» II Mezyor ++ 
m=1 m=1 m=1 m=1 
n n n n 
L L U U 
mas ( T] mes T] meee) mae ( T] meas T] moar 
m=1 m=1 m=1 m=1 
n n n n 
L L U U 
max II I ns II TM foygr ++ | MAX II WT cas II or eee (1) 
m=1 m=1 m=1 m=1 


Here m denotes the number of matrices. The max product of more than two matrices 
with x rows and y columns is represented by Equation (1). For Interval valued neutrosophic 


numbers, this equation is used as the weighted average max product formula. 


3.1. Procedure and Flowchart for the proposed method 


The ranking of interval-valued neutrosophic numbers is used to solve some difficult prob- 
lems. Here we use score function, cosine similarity function, and hamming distance for ranking 
the values and we use two types of criteria which as qualitative and quantitative that are used 
for the more accurate outcome. The method’s procedure is as follows, when we take k alter- 
natives over m criteria by n experts. 

Step 1: Define an available alternatives based on selected problem. 

Step 2: Define a set of qualitative and quantitative criteria for evaluating the alternatives. 
Step 3: The performance of the alternatives are evaluted by the group of experts. These 
performance are taken into interval valued neutrosophic numbers. 


Step 4: Calculated overall ratings for qualitative and quantitative criteria separately by using 
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weighted average max product formula given in Equation 1. 

Step 5: Calculate the score function, cosine similarity function and hamming distance be- 
tween qualitative and quantitative values. 

Step 6: Rank the alternatives using the ranking of IVNNs and select the best one among 


those alternatives. 


We take 4 alternatives over 3 qualitative criteria and 3 quantitative criteria by 3 experts. 


By these expressions, the following flowchart is the steps for solving the problem. 


Expert? Expert3 


Define Alternatives A1 A2 A3 A4 


Qualitative Criteria Quantitative Criteria 
Overall Ratings Overall Ratings 


Score Function Cosine Similarity Measure Hamming Distance 


Rank the Alternatives 
Select the best one 


FIGURE 1. Flowchart 


4. Numerical Illustration 


An example of choosing the optimal construction for a building project to show how IVNNs 
may be used to solve MCDM challenges. Assume the manager is tasked with choosing the 
best tender construction for their structure. As a result, a group of three experts (F, E2, Es) 
was formed. On the basis of the following Qualitative and Quantitative criteria, the experts 
choose the best option out of four (A;, Az, A3, Aq) alternatives. 

Qualitative : C,- Technical skills, Co- Architectural Design, C3- Reliability 
Quantitative : C,- Performance, C's- Price, C- Period of work 
The experts give the rating values to each alternative for the given criteria. The values 


are taken as Interval-valued neutrosophic numbers. When the alternatives have good criteria 
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it has a high value in truth membership value. From this concept, experts have directly rated 


the alternatives in Interval values. In some critical situations, we use linguistic variables for 


Tables 1, 2 and 8 illustrate the ratings given by the three 


collecting ratings from experts. 


experts for qualitative criteria. Tables 4, 5, and 6 provide the ratings for qualitative criteria. 


TABLE 1. Qulitative ratings by Expert 1 


C3 


C2 


C} 


TABLE 2. Qulitative ratings by Expert 2 


C3 


[(.4,.5),(.1,.3),(.5,.6)] 
[(.5,.7),(.3,-5),(.3,.4)] 


C2 


[(6,.7),(.2,.3),(.4,.5)] 


C} 


[(.3,.4),(.5,.6),(.6,.7)] 


Ay 


[(.4,.6),(.2,.4),(.3,.4)] 
[(.5,.7),(.3,.4),(.4,.5)] 


[heigl (2,2) (0564)] 


Ag 


[(.4,.6),(.3,-4),(.4,.5)] 


[(.6,.8),(.2,.4),(.4,.5)] 
[tb y0 (2A) (6.8) 


A3 


[(.3,.4),(.5,.6),(.5,.7)] 


[(.4,.6),(.3,.5),(.5,.7)] 


Ag 


TABLE 3. Qulitative ratings by Expert 3 


C3 


C2 


Ci 


TABLE 4. Quantitative ratings by Expert 1 


Ce 


[(.3,.5),(.3,.4),(5,.6)] 
[Ae C2 3) .0..7)) 


Cs 


[(.4,.5),(.3,.4),(.5,.6)] 


C4 


[(:3,4),C2,.3).(.6,.7)] 


A 


[(.6,.7),(.3,.5),(.4,.5)] 


[(.4,.5),(.3,.5),(.5,.6)] 


Ag 


[(.6,.7),(.3,.4),(.4,.6)]  [(.5,.7),(.2,.4),(.3,.4)] 


[et pO 4k) 325) 


A3 


[(.5,.7),(.3,.5),(.2,.4)] [(6,-8),(.3,.4),(.5,.6)] 


[G27 8) (2,.8),( 4,5) 


Ag 
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TABLE 5. Quantitative ratings by Expert 2 


C4 Cs Ce 
Ay |(:2,4).3,4),(.6,-7)) > (034) ,(02,3),(.95:6)|  [64.5),0.3,4),1.6,.8)| 
Ag |(.4,-6),(.2,.4),(.6,.8)] [(-5,-6),¢1,-2),(.7,-8)| [(-6,.7),(-2,.3),(-7,.8)] 
Az |(.7,.8),(.3,-5),(.4,.5)] — [(.6,-8),(.2,.3),(.4,.5)] — [(-8,-9),(.3,.5),(.5,.6)] 
Ag. (25,6) (.354),(22;.3))° [0426 18).0.8.0)| [5.630.228 513.25) 

TABLE 6. Quantitative ratings by Expert 3 

C4 Cs C6 
Ay . |(4,5).(.2,.3),(.5,-2)| [.4).5),C2,4),0.6.7)|  [0'78),63;.4),(.6,.0)| 
Ag |(.7,-9),(.4,-5),(.3,.4)]  [(.6,.7),(.3,.4),(.4,-5)]  [(.5,-6),(.4,.5),(.3,.4)] 
Az [(.4,-6),(.2,.4),(.4,.5)] [(.4,.5),(.2,.3),(.6,.7)]  [(.6,.7),(.3,.4),(.4,.5)] 
Aa  |(-6,8)(.45.5),0.3,4)| [0728),033-4),(24..5)|- [(6,-7),04,.8) (3,4) 


We generate the overall rating values for qualitative and quantitative criteria using the 


weighted average max product formula. 


A;(T”) = max{(.5 x .3 x .5), (.6 x .6 x .6), (.7 x .4 x .7)} 
= maax{0.075, 0.216, 0.112} = 0.216 

Ay (TY) = mar{(.7 x .4 x .6), (.8 x .7 x .8), (.8 x .5 x .8)} 
= max{0.168, 0.448, 0.32} = 0.448 


Similarly, the interminacy and false values are calculated for A; and the remaining alter- 


natives are calculated in the same way. 


Overall ratings for qualitative criteria by three experts 


A, [(0.216, 0.448), (0.02, 0.072), (0.144, 0.245)] 
Ay — [(0.072, 0.18), (0.018, 0.09), (0.06, 0.12)] 
Ag  [(0.15, 0.336), (0.027, 0.1), (0.08, 0.175)] 
Aa — [(0.168, 0.336), (0.1, 0.18), (0.18, 0.392)] 


Overall ratings for quantitative criteria by three experts 


A, [(0.084, 0.2), (0.027, 0.064), (0.18, 0.343)] 
A, [(0.18, 0.294), (0.024, 0.1), (0.126, 0.224)] 
A, [(0.24,0.441), (0.018, 0.08), (0.096, 0.21)] 
A, [(0.21, 0.384), (0.024, 0.06), (0.045, 0.12)] 
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ery 


Score Function 


1 
Qualitative Ay = 5[2 + 0.216 + 0.448 — 2(0.02 + 0.072) — (0.144 + 0.245)] 


= 0.5227 


1 
Quantitative Ay = 5 [2 + 0.084 + 0.2 — 2(0.027 + 0.064) — (0.18 + 0.343) 


= 0.3948 
Aj + Aj 
2 

S(A1) = 0.4587 


Average S(A;) = 


Cosine Similarity Measure 

(0.664) (0.284) + (0.092)(0.091) + (0.389) (0.523) 
\/ (0.664)? + (0.092)? + (0.389)? ,/(0.284)2 + (0.091)? + (0.523)? 
C(A;) = 0.8581 


C(Ai) = 


Hamming Distance 


D(A) = =[|0.216 — 0.084 + |0.448 — 0.2| + |0.02 — 0.027| 


1 
6 


+ |0.072 — 0.064] + |0.144 — 0.18] + |0.245 — 0.343]] 


D(A1) = 0.0882 
The remaining values of score function, cosine similarity measure and hamming distance 


are calculated for each alternatives in the same way. 


Finally, the following table shows the ranking of the score function, cosine similarity 


function, and hamming distance. 


TABLE 7. The ranking results of three approaches 


S(A) Rank C(A) Rank D(A) Rank 
A, 0.4587 III 0.8581 II 0.0882 ~ III 
Ag 0.4665 YT 09917 I 0.0680 I 
Az 0.5195 I 0.9935 I 0.0458 I 
A, 0.4541 IV 0.8258 IV 0.1155 IV 


The values are calculated manually and then ran through MATLAB R2020a. We can 
solve a large number of matrices using Matlab code. This helps to solve the difficult situations 
in multiple criteria. Figure (a) shows the final output results, and Figure (b) shows the final 


ranking as a bar chart. 
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Ranking 


HE Score Function 
[EE Cosine Similarity 
[SS Hamming distance 


Values 
Oo 
a 


fx se “ Alternatives 


(A) Ouput Result (B) Ranking Bar chart 


FIGURE 2. MATLAB R2020a 


The colour blue represents the score function and the colour orange represents the cosine 
similarity measure in this bar chart, and Ag being the highest value in both. The hamming 
distance is represented by the colour yellow. When the distance between two points is small, 
the value receives the highest ranking. Clearly, A3 is the highest. In comparison to the other 
alternatives, A3 is the best one. 


Ranking order of the alternatives : A3 > Ag > Ai > Ag 


5. Conclusions 


Ranking methods always give a good result in decision-making. Particularly comparison 
of neutrosophic numbers uses to rank the values very easily. In that situvation, single-valued 
neutrosophic numbers and interval-valued neutrosophic numbers play the most part. In this 
paper, the basic concepts of interval valued neutrosophic sets and ranking of IVNNs are pre- 
sented. We proposed a new technique using max product to calculate the weighted average 
for interval valued neutrosophic numbers, which achieved a very efficient result. The ranking 
values of three approaches produced an ideal outcome for choosing the best option which is 
established in Numerical example. When compared to other alternatives, A3 is the best choice 
in terms of both qualitative and quantitative criteria. The output result verified through Mat- 
lab. This work can further be developed to solve more complex multi criteria decision making 
problems using many types of Neutrosophic numbers such as bi-polar, m-polar neutrosophic 


numbers. 
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Abstract. Several new linguistic neutrosophic semi-separation axioms and semi-regularity axioms are presented 
in this article and example cases are also given for non justifiable results. Additionally, a new class of spaces 
called linguistic neutrosophic semi-Do, linguistic neutrosophic semi-D; and linguistic neutrosophic semi-D2 is 


described and the inter relationships are analyzed with appropriate illustrations. 


Keywords: Linguistic Neutrosophic semi-T; spaces(i=0,1,2); Linguistic Neutrosophic semi-R, spaces(p=0,1); 


Linguistic Neutrosophic semi-D, spaces(k=0,1,2); 


1. Introduction 


It is known as separation axioms in topology and related fields of mathematics that one 
often makes several restrictions on the kinds of topological spaces that are to be considered. 
Maheswari and Prasad (9| generalized To, 7, and T> spaces to semi-7p, semi-7; and semi-T) 
respectively. The separation axioms Rp and FR, are introduced in topological spaces by Shanin 
in 1943. Several intriguing results have been obtained by Murdashwar and Naimpally 
studying the properties of Rp topological spaces. Also, they proposed a second concept, Ry, 
was introduced which is independent of 7p and 7, but stronger than 7). 

As a continuation of fuzzy sets and eventually intuitionistic fuzzy sets (1), Smarandache 
introduced the idea of neutrosophic sets. Chang 2], Coker and Salama, Alblowi are 
the topologists who have instigated the notion of fuzzy topology, intuitionistic fuzzy topology 
and neutrosophic topology respectively. Meanwhile, Fang found linguistic neutrosophic 
number which has led to the concept of linguistic neutrosophic topology introduced in 2021 


by Gayathri and Helen (6). In this article, linguistic neutrosophic semi-T;, (k = 0, 1,2) spaces 
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and linguistic neutrosophic semi-R, spaces(p = 0,1,) are discussed. Aside from that, the 
new spaces called linguistic neutrosophic semi-Dz spaces(k = 0,1,2) are introduced and their 
properties analyzed and numerous relationships are discussed. 


Throughout this article, (Sz1,7zN) denotes the linguistic neutrosophic topological space 


2. Preliminaries 


Definition 2.1. Let S be a space of points (objects), with a generic element in x denoted 
by S. A neutrosophic set A in S is characterized by a truth-membership function 74, an 
indeterminacy membership function J4 and a falsity-membership function F'4. T(x), L(x) 
and F4() are real standard or non-standard subsets of ]O~,1*[. That is 74: S >]0~,1*[, I, : 
S —]0-,1*[, Fa: S 3]0-,1*[. There is no restriction on the sum of T4(z), [4(x) and F(z), 


so 07 < sup T4(x)+ sup I4(x)+ sup F4(x) < 3°. 


Definition 2.2. Let S be a space of points (objects), with a generic element in x denoted 
by S. A single valued neutrosophic set (SVNS) A in S is characterized by truth-membership 
function Ty, indeterminacy-membership function [4 and falsity-membership function F'4. For 
each point S in S, T4(x),La(x), Fa(x) € [0,1]. When S is continuous, a SVNS A can be 
written as A = f{ (T(x), I(x), F(x))/z € S. When S is discrete, a SVNS A can be written as 
A= > Ps) le), @)) (a, € 8: 


Definition 2.3. Let S = {s9|@ = 0,1,2,.....,7} be a finite and totally ordered discrete 


term set, where 7 is the even value and sg represents a possible value for a linguistic variable. 


Definition 2.4. Let Q = {80, 51, S2,..., 5¢} be a linguistic term set (LTS) with odd cardi- 
nality t+1 and Q = {sp/so0 < sp < s:,h € [0,t]}. Then, a linguistic single valued neutrosophic 
set A is defined by, 

A = {(zx, 89(2), $4 (x), 8o(z))|a € S}, where sg(x), 8y(x), 8,(x) € Q represent the linguistic 
truth, linguistic indeterminacy and linguistic falsity degrees of S to A, respectively, with con- 
dition 0 < 6+W-+o < 3t. This triplet (sg, sy, s,) is called a linguistic single valued neutrosophic 


number. 


Definition 2.5. [6|Let a = (lg,ly,l,) be a LSVNN. The set of all labels is, L = 
ce eee 

Then the unit linguistic neutrosophic(LN in short) set (1zy) is defined as lpn = (lz, lo, lo), 
which is the truth membership,and the zero linguistic neutrosophic set (Oz) is defined as 


Orn = (lo, le, U4), which is the falsehood membership. 


Definition 2.6. (6) For a linguistic neutrosophic topology Tix, the collection of linguistic 


neutrosophic(LN in short) sets should obey, 
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(1) Opn, 1zN € TLN 
(2) kif) Ke € Try for any Ky, Ke € ttn 
(3) | JK E tpn, V{ Kj :1 € J} CTELN 


We call, the pair (Sz;1,TzN), a linguistic neutrosophic topological space. 


Definition 2.7. Let (Szy~,7zn) be a LNTS. Then, the LN semi-closure, for a LN subset 


E wn is defined as the intersection of all LNSCSs in Szy, that are contained in Ezy, (i.e) 


LNSCI(EzN) = {LK LN : Kin is a LNSCS in Syn and Kyn > Ezn}. 


Definition 2.8. A topological space (Sz1,TzN) is said to be 


(1) semi-To [9] (semi-Kolomogorov) if for each pair of distinct points in X, there exists a 


semi-open set containing one but not the other. 


(2) semi-T; [9] (semi-Frechet) if for each pair of distinct points x and y in X, there exist 


semi-open sets U and V containing x and y such that x € U,y¢ V anda €U,yeEV. 


(3) semi-T> [9] (semi-Hausdorff ) if every two points can be separated by disjoint semi-open 


sets. 
(4) Ro if for each open set G, x € G=> cl({x}) CG. 


(5) Ry if for each x,y € X with cl({x} 4 cl({y}), there exist two disjoint open sets U 


and V such that cl({x} C U and cl({y} EV. 


Definition 2.9. Let Sz be a non-void set and Krn = {(s, |Tk.n, len, F’K,y])} and Hin = 


{(s, [TH lap, FH,n])} are LN sets in LNTS. 
(1) Krn U Hyn can be defined as 
(a) Foe WN eS, ig AT ep ee lg Sls Pie V P|) t 
(Il) Krn M Hz can be defined as 
(a) Kin Ben = 18; Pepy Al yt ey As ey V P|} 
(III) The complement of Kypn = {(s,[Tk,y,Ik,y,FK,y])} is defined as, 
(a) (Kiw)° = {(8, [Frys Iki Tkiyl)} 
(Kiw)°)° = Kin 


3. Linguistic Neutrosophic Separation Axioms 


Definition 3.1. A LNS Pry = {(s1,Tp,y (51), [pn (51), Fp, y(s1)) : $1 € Stn} is called a 


linguistic neutrosophic point(LNP in short) if and only if for any element sz € Szy, 


Tp, n (81) = ly, Tp, y (81) = lg, FP, y (81) =I,, for $2 = $1, 


Tesi) =O, ie gia) = 0, fe, (s1) = for 82 # $1. 
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where 0<p<t0<q<t0<rc<t. 


Definition 3.2. A LNP Pry = {(s, Tp,y(s), [p,y(s), Fp,y(s)) + 5 € Stn} will be denoted by 
PLN* (igsg tr) OF Pan (8, lp, 'q, lr) or simply by sy, 1,,1,)- 


The complement of the LNP Pry*(,,1,,1,) Will be denoted by (PLN? (ip laslr)) OF $°(L, tale): 


Definition 3.3. A LNTS (Szy,7zN) is LN semi-Tp space if for a couple of distinct points in 


Szn, there lies a LNSO set containing one point not the other. 


Example 3.4. Let the universe of discourse be U = {a,b,c}. The set of all linguistic term 
is, L = { very salt(lo), salt(/1), very sour(lz), sour(/3), bitter(/4), sweet(I5), very sweet(g)}. 
Let Spn = {c}. Let $1 (a,tg 19,06) 1 $2(ajlr lols) b€ any two distinct LN points in S_y. Then 
An = (a, (lo, la, l6)) and Brn = (a, (l2, 10, 16)) the LNSOSs that contains the points s; and s2 
respectively such that so ¢ Ary and s1 ¢ Bry. 


Theorem 3.5. A LNTS (Srn,trn) is semi-To iff each couple of points s1,82 of 
Sin, LNSCI({s1}) 4 LNSCl({s9}). 


Proof: 

Necessity Part: Let the space (Szn,Tzn) is LN semi-Tp and s; # sg where 51,52 € Spy. 
Then there lies a LNSO set Vin with s; € Vpn and s2 ¢ Vpn. So, Stn\Vzn is a LNSC set 
containing s2 but not s;. Also, so € LNSCI({s2}) C Szn\Vin but s; ¢€ LNSCI({s2}). 
Sufficiency Part: Let s1,s2 € Szn with sj # sq where LNSCI({s,}) #4 LNSCI({s}). 
Then, there lies an element r € Szn with r € LNSCI({s1}) and r € LNSCl({s2}). If 
s1 € LNSCl({s2}), then LNSCl({s1}) C LNSCl({s2}).(i.e) r € LNSClI({s2}) which is a 
contradiction. Therefore, s; ¢ LNSCI({s2}). Also, so ¢ Spw\LNSCI({s2}) where the set 
Stn\LNSClI({s2}) is LNSO. 


Definition 3.6. Let Azy be a LN subset of (Sz1,TzN). Then LN semi-kernel of Ary is 
defined by, LNSKer(Azn) = {LK iN c Sin|ALn G KrNn and Kin E LNSO(SzrN,TxN)}. 


Theorem 3.7. A LN topological space (Stn, TiN) is semi-To iff for any couple of points s1, s2 
of Stn, LNSKer({s1}) 4 LNSKer({s2}). 


Proof: Necessity Part: Suppose Szy is a LN semi-TJ) space, then LNSCI({s1}) # 
LNSCl({so}). Ergo, LNSKer({s1}) 4 LNS Ker({s9}). 

Sufficiency Part: Let s1 # sg where s1,s2 € Spy and LNSKer({s;}) 4 LNSKer({s9}). 
Then, LDNSCl({si}) # LNSCl({se}). 


Definition 3.8. A LNTS (Szy,7zN) is LN semi-T; space if for every couple of distinct points 
in Spy, there lies LNSO sets Ezy and Fry containing two points respectively with Ezy M 


Fn = 4, (i.e) the intersection must be an empty set rather than zero element. 
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Example 3.9. Let the universe of discourse be U = {a,b,c} and the LTS be as in the example 
Let Spn = {c}. Let $1(a,t9,t0,l6)> $2(ajli,lo,l6) be any two distinct LN points in Spy. Then 
An = (a, (lo, la, l6)) and Brn = (a, (l2, 10, 16)) the LNSOSs that contains the points s; and s2 


respectively such that Ayy and Byy. 


Theorem 3.10. The upcoming characterizations of a LN semi-T, space imply each other. 
(1) The space Spy is LN semi-T, space. 
(2) {s} = LNSCl({s}) for every s € Sry. 
(3) For each s € Syn, the intersection of all LNSO sets containing s is {s}. 


Proof: (1) = (2): There lies a LNSO set Vpn in Szn with s,; € Vzn and so ¢ Vzyn. If 
s, € LNSCl({s2}), then s; is a LN semi-cluster point of {s2}. So, Urn is a LNSO set 
containing s; and {sg} Vzy 4 @, which arrives at a contradiction. Thus, s; ¢ LNSCl({s}). 
(2) = (3): Suppose {s,} = DN SCl({s,}). Then, {s1;} C LNSCl({s1}). If ss € LNSClI({s1}), 
then s; € LNSKer({s2}). Thus, DNSKer({s;}) C {s,}. Thus, {s;} = DNS Ker({s1}). 
Also, {81} =N{Vin : Vin € LNSO(SzrN,TLN) and s; € Urn}. 

(3) = (1): Let the intersections of all LNSO sets containing s is {s}. And let s1 4 s2, where 
81,52 € Spy. By the hypothesis, {s;} = N{Vin : Vin € LNSO(SzrNn,TLN) and s; € Uz}. 
Thus, we can find a LNSO set Viv containing s; but not sg. Therefore, Spx is LN semi-T} 


space. 
Theorem 3.11. The space (Spn,TLNn) is LN semi-T, iff the singleton sets are LNSC. 


Proof: Necessity Part: For every singleton set, {s} = LNSCl({s}). 
Sufficiency Part: Let {s} is LNSC, {s} = LNSCl({s}). Then the LNTS Sry is LN semi-T}. 


Definition 3.12. A LNTS (Szy,7zN) is LN semi-T> space if two distinct points s; and s2 
can be separated by disjoint LNSO sets Uzy and Vzjy respectively. 


Example 3.13. In example [3.9] Azn and Bryn are disjoint LNSOSs. 


Theorem 3.14. The underneath characterizations of a LN semi-T2 space imply each other. 


(1) The space Spy is LN semi-T> space. 
(2) For every s2 4 81, there is a LNSO set Urn containing 5, with sy ¢ LNSCI(UzN). 


Proof: (1) = (2): For each sz 4 s1, there lie LNSO sets Kyy and Hzy with s; © Kypn and 
so © Hrn with K~pjnN Ayn = ¢. Also, Kpn C Spn\Hn and sz ¢ Spn\Hxn, which shows 
that sg ¢ N{Sitw\Hin : Sun\Hzn is LNSC and Kzryn C Spy \H xy}. 

(2) = (1): Let so 4 51, then there lies a LNSO set U_y containing s; with so ¢ LNSCI(Uzn). 
Now, s; € Upw C LNSCI(UzN) and Szn\ELNSCI(UzN) is LNSO which is evident that 
Utn N(Stn\LNSCIUUzN)) = ¢. 
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4. Linguistic Neutrosophic Regulation Axioms 


Definition 4.1. A LNTS (Sz,Tzn) is semi-Ro if for each LNSO set Kypy, s € Kpn => 
LNSCi({s}) C Krn. 


Example 4.2. Let the universe of discourse be U = {z,y,z,w} and let Sry = {z,y}. 
The set of all LTS be L= {very strongly disagree(Io), strongly disagree(I,), disagree(I2), 
mostly disagree(l3), slightly disagree(l4), neither disagree nor agree(l5), slightly agree(Ig), 
mostly agree(I7), agree(/g), strongly agree(lg), very strongly agree(lj9)}. Let Fry = 
{(x, (110, l9, 12), (y, (ds, 07, l0))} be an LNSOS. Let s¢(2,(15,16,15)),(y,(I7,l2,le))} be a LNP. Now 
LNSCl({s}) = (Ezn)° © Frn, where Ezy is a LNSOS. 


Theorem 4.3. A LNTS (Srn,Tin) is LN semi-Ro iff each LN subset of Sin is the union of 
LNSC sets. 


Proof: Necessity Part: Let Spy be a LN semi-Rp space and Apy C Szy. Then for any 
s € Apn, LNSClI({s}) C Arn. Also, U{LNSCI({s}) : s € Arw} C Atn. Thus, Azw = 
LENSCl({s}) = U{LNSCI({s}) : 5 € Arn}. 

Sufficiency Part: Let s € Aznj where Azpy is LNSO. Then, there lie LNSC sets U; with 
Apn = U{U;:i € I}. Since s € Apw > 5 CU; :1 ET. Ergo, s € LNSClI({s}) CU; C Azn. 


Remark 4.4. Every LN semi-T; space is LN semi-Rp but not the reverse implication holds 


true. 
Example 4.5. In example |4.2| the space is semi-Ro but not semi-T; as Expy N Fry 4 Opn. 


Theorem 4.6. For any LNTS (Szn,TLNn) the upcoming statements imply each other. 
(1) (Szn,TLNn) is LN semi-Ro. 
(2) For any LNSC set Vin and for s ¢ Vin, there lies aUrn € LNSO(SzrNn, TiN) with 
s ¢ Uzn and Vin C Uz. 
(3) LNSClU{s}) 1 Vin = ¢, where Vin is a LNSC set and s ¢ Vin. 


Proof: (1) => (2): Let Kz be a LNSC set with s ¢ Kyy. By the definition, LNSCl({s}) C 
Srn\Krn and so Kpn C Spn\LNSCl({s}). Then, Sr~\LNSClI({s}) is the required LNSC 
set containing Kypy and s ¢ Spjn\LNSCI({s}). 

(2) = (3): Let Kry be a LNSC set with s ¢ Kzy. By hypothesis, we can find a Uzy € 
LNSO(Srn,TiN) with s ¢ Upn and Kyn C Upn. Suppose LNSCI({s}) 1Uzn # ¢, then 
there exists r € Spy with r € Upy and r € LNSClI({s}). Now, Hpn N{s} F ¢,(i.e)s € Hr. 
The result is that Uzy is a LNSO set that contains r and s € Uzy, which arrives at a 
contradiction. 

(3) = (1): If Hzn is a LNSO set and s € Ayn, then Szy\Hzn is LNSC and s ¢ Spn\Hrn. 
By the assumption, LN SCl({s}) 9 (Szw\Hxn) = ¢. 
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Theorem 4.7. In a LNTS (Szin,Tin) for any two points s,r, the result LNSCI({s}) # 
LNSCl({r}) > LNSCI({s}) AENSClI({r}) = ¢ holds iff the LNTS is LN semi-Ro. 


Proof: Necessity Part: Let s,r € Spx with LNSCI({s}) 4 LNSCl({r}). Now, suppose we 
can find an element in x € Spy with « € LNSCl({s}) and « € LNSCl({r}). There lies a 
LNSO set Urn containing x with {r}N Urn = ¢ so that r ¢ Upn. As x € LNSCI({s}), for 
each LNSO set Hzy containing x so that Hpy 1 {s} = ¢, which results in s € Uzy. Now, 
LNSCI({s}) € Spy\LNSCI({t}). 

Sufficiency Part: Let LNSCl({s}) #4 LNSCl({r}) implies LNSCl({s}) AN LNSCI({t}) = ¢. 
Let Hpy be a LNSO set with s € Hyy. If t ¢ Hrn and so s ¢ LNSCl({r}). By assumption, 
LNSCl({s})N LNSCl({t}) = ¢ and t ¢ LNSClI({s}). 


Theorem 4.8. In a space (Szn,TLN) for any two points s,r, the result LNSKer({s}) # 
LNSKer({r}) implies LNSKer({s}) 1 LNSKer({r}) = @ holds iff the LNTS is LN semi- 
Ro. 


Proof: Necessity Part: Let s,t € Szn with LNSKer({s}) # LNSKer({r}) and let 
x € LNSKer({s}) 1 LNSKer({r}). Then « € LNSKer({s}) and « € LNSKer({t}). 
Then, s € LNSCl({x}) and t € LNSCl({x}) and also LNSCI({s}) N LNSCl({z}) 4 @ 
and LNSCl({r}) nN LNSKer({z}) # ¢. Now, LNSCI({s}) = LNSCl({r}). Then, 
LNSKer({s}) = LNSKer({r}) which arrives at a contradiction. 

Sufficiency Part: Suppose LNSKer({s}) # UNS Ker({r}) implies LNSKer({s}) n 
LNSKer({r}) = ¢. Let s,t € Szpn with LNSCI({s}) # LNSCl({r}) and let x € 
ENSCl({s}) N LENSCl({r}), then « € LNSCI({s}) and x € LNSCI({t}). Then, 
s € LNSKer({x}) and t € LNSKer({x}). Now, LNSKer({s}) = LNSKer({x}) and 
INSKer({t}) = LNSKer({z}), also LNSKer({s}) = LNSKer({t}). Then, LDNSCl({s}) = 
LNSCl({r}) which is a contradiction. 


Theorem 4.9. For any LNTS (Szn,Tin) the following imply each other. 


(1) The space (Spy, TiN) is LN semi-Ro. 

(2) For a non-zero LN setAyn and for a LNSO set Krn, ALN Kin # 9, we can find a 
Upn € LNSC(Szrn, Tin) with Atn NUpn # 6 and Urn C Ky. 

(3) For any Hpn € LNSO(Srn,TLin),Hin = U{Utn : Urn € LNSC(SzN,TLN) and 
Uiw Spy}: 

(4) For any Kirn € LNSC(Szin,T1in), Kin = {Hn : Htn € LNSO(SzNn,TLN)} and 
Urn © Hyy}. 

(5) For any s € Spy, LNSCl({s}) C LNSKer({s}). 

(6) For any s,t € Sen, t € LNSClI({s}) 6 s € LNSCI({t}). 
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Proof: (1) = (2): Let (6 4 Artw) C Szn and Krn € LNSO(SzN, Trin) with ALnN Kin 4 
and let s € Arn Kyyn. Thus, LNSCI({s})N Azn # @. 

(2) = (3): If Arn € LNSO(Szrn,TiN) and s € Kyzyn, then one can find a LNSC set Urn 
with {s} N Urn # @ and Upn C Kzyn. This implies s € Uzpy and Uzny C Kyzn} and 
so Kpnw C U{Urn : Utn € LNSC(SzrNn,TrnN) and Upn C Kyzn}. Also, U{Urn : Urn € 
ENSC(Srn,Tin) and Upn C Kzrn} C Ky. 

(3) = (4): If Utw € ENSC(Szin, TiN, then Spn\Utn € LNSO(SzrN,7TLN). By hypothesis, 
Stw\Utnw = U{Stn\Kin : Stw\Kin € LNSC(Srn, Tin) and Stn\Kin © Stw\Uiy}. 
This implies that Uty =N{Kyin : K~w € LNSO(SzNn,TLN) and Urn C Kzy}. 

(4) > (5): If t € LNSKer({s}), then s € LNSCl({t}). Then we can find a LNSO set 
Vin containing s with Vij N {t} = ¢, which implies that LNSCI({t}) AN Vin = ¢. Then, 
LNSCl({t}) =N{Kin : Krn € LNSO(SzN, Tin) and LNSC1({t}) C Kr}. Since s € Vin, 
we have s ¢ LNSClI({t}) and so there exists Kpy € LNSO(Szn,Tin) with LNSCI({t}) C 
Kyn and s ¢ Kyy. This follows that LNSCl({s}) 0 Kirn = ¢. Thus, t € LNSCI({s}) and 
so LNSCl({s}) C LNSKer({s}). 

(5) => (6): If t €e LNSCl({s}) then by hypothesis, t € LNSKer({s}) and s € LNSCI({t}). 
Similarly, if s ¢@ LNSCI({t}) and s € LNSKer({t}) then t € LNSKer({s}). This shows that 
s€ LNSCl({y}) ot € LNSKer({s}). 

(6) = (1): Let Krn be a LNSO set in (Szy,t7pn) and let s € Kypy. If t ¢ Kzrn,then 
t € S~n\Kyn. Since LNSCI({t}) is the smallest LNSC set that contains t, we have t € 
LNSClI({t}) C Stw\Krin. Then LNSCI({t}) A Kin = ¢, which results that s ¢ LN SC1({t}). 


Theorem 4.10. For any LNTS (Szn,7in) the following imply each other. 


(1) (Szn,TLN) is LN semi-Ro. 

(2) If Hn is LNSC, then Hrnjn = LNSKer(Hzy). 

(3) If Hin is LNSC and s © Hyn, then LNSKer({s}) C Arn. 

(4) Ifs € Srn, then LNSKer({s}) C LNSCl({s}). 

Proof: Proof is direct. (1) = (2): Let Hz) be a LNSC and s ¢ Hyn. Then Spy\Hrn is a 
LNSO set containing s. Then by definition, LNSCI({s}) C Szn\Hzwn and also LNSCI({s})M 
Hrn = ¢. Also, s ¢ LNSKer(Hzn). This means that LNS Ker(Hzn) C Ayn. 

(2) = (3): Proof is direct. 

(3) => (4): Let s € LNSCI({s}) and the set LN SCI({s}) is LNSC. From the assumption, 
LNSKer({s}) C LNSCI({s}). 

(4) => (1): Let s e LDNSCI({t}). Then t € LNSKer({s}) and by hypothesis t € LNSCI({s}). 
On the other hand, let t € LNSCl({s}). Then, s € LNSKer({t}) and s € LNSC1({t}). This 
reveals that s © LNSCl({t}) iff t e LNSCI({s}). 


N.Gayathri, M.Helen, Semi-Separation Axioms and Semi-Regularity Axioms in Linguistic 
Neutrosophic Topological Spaces 


Neutrosophic Sets and Systems, Vol. 51, 2022 


Theorem 4.11. For any LNTS (Srn,Tzin) the following imply each other. 

(1) The space (S~n, TiN) is LN semi-Ro. 

(2) For Arn 4 ¢ and for a LNSO set Kirn, Arn Kin # ¢, we can find a Urn € 
LNSC(Sztn,Tin) with ALn OUzpn 4 ¢ and Urn C Ky. 

(3) For any Hpn € LNSO(Srn,Tin),Hin = U{Utn : Urn € LNSC(SzN,TLN) and 
Urn © Hyy}. 

(4) For any Kirn € LNSC(Szin,T1in), Kin = {Hn : Hpn € LNSO(SziNn,TLN)} and 
Un © Ayn}. 

(5) For any s € Spy, LNSCl({s}) C LNSKer({s}). 

(6) For any s,t € Spn, t € LNSCl({s}) & s € LNSCI({t}). 


Proof: (1) = (2): Proof is direct. (2) = (3): If Krw € LNSO(Szn,TziN) and s € Kr, 
then we can find a LNSC set Uzy in Spy with {s} 1 Urn # ¢ where Urn C Kyyn. This 
implies that s € Uzy and also s € U{Uzrn : Urn € LNSC(SzNn,TrN) and Upn C Kypn and 
so Kpn C U{Uzn : Urn € LNSC(SzrNn,T1iN). Also, U{Utn : Utnw € LNSC(Szin,TLN) and 
Un © Kiy} © Kin. 

(3) => (4): If Urw € LNSC(Szrn, TiN), then Szn\Urn € LNSO(Szn,TLN). By hypothesis, 
Stn\Utn = U{Sin\Kin : Stw\Kin € LNSC(Szn,T1n) and Srpy\Kin © Sin \Uy}. 
Thus Ury =N{Kzyn : Kpn € LNSO(Szrn,TrN) and Urn C Ky}. 

(4) => (5): If t € LNSKer({s}), then s € LNSCl({t}). Then we can find a LNSO set 
Vin containing s with Vzy~ N {t} = ¢, which implies that LNSCI({t})N Vin = ¢. Then 
LNSCl({t}) = {Kin : Krn € LNSO(Szn, Tin) and LNSC1({t}) C Kr}. Since s € Vin, 
s € LNSCl({t}) and so there lies Kpy € LNSO(Szn,7TLN) with LNSCI({t}) C Kzrn and 
sé Kr. 

Proof is direct for (5) = (6) and (6) = (1). 


Theorem 4.12. For any LNTS (Szn,Tzin) the following are equivalent. 
(1) (Szn,7TLN) is LN semi-Ro. 
(2) If Hrn is LNSC, then Hrn = LNSKer(Hzy). 
(3) If Hin is LNSC and s € Hyn, then LNSKer({s}) C Ary. 
(4) Ifs € Spn, then LNSKer({s}) C LNSCl({s}). 


Proof: (1) = (2): Let Hpy beaLNSC and s ¢ Hyy. Then Szny\Hzn isa LNSO set containing 
s. Then, LNSClI({s}) C Spn\Hzwn and also LNSCI({s}) 1 Hin = ¢. s € LNSKer(Hzn). 
This means that LNS Ker(Hzin) C Hpn. Now, Hin C LNSKer(Hzyn). 

(2) = (3): Proof is direct. 

(3) = (4): Proof is direct. 

(4) => (1): Let s € LNSCI({t}). Then, t € LNSKer({s}) and t € LNSCi({s}). Let 
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t € LNSCl({s}). Then, s € LNSKer({t}) and s € LNSClI({t}). This results that s € 
LNSCl({t}) iff t e LNSCl({s}). Also , the LNTS is LN semi-Ro. 


Definition 4.13. A LNTS (Sz, 72) is semi-R, if for any couple of points 51, s2 € Sz, with 
LNSCl({s1}) 4 LNSCl({s2}), there lie LNSO sets Kn and Hyy with LNSCI({s1}) C Krn 
and LNSCl({s2}) C Hyyn where Kpn 1 Ayn = ¢. 


Example 4.14. Let the universe of discourse be U = {z,y, z,w} and let Spw = {x,y,z}. The 
set of all LTS be L= { very poor (lo), poor(/1), very weak(l2), weak(I3), below average (I), 
average (15), above average (lg), good (I7), very good (lg), excellent (19), outstanding (l49)}. Let 
814 (2, (li, la, Ls)), (y, (lo, 44, Le)), (2, (la, la, l9))}, $2¢(a, (la, la, l4)), (y, (la, ba, 05), (2, (l7, ba, b9)) } 
be two distinct LNPs. Now, LNSCl({si1}) = Aztw C Kzyn and LNSClI({s2}) = 
Brn C Hrn, where Apy, Brn are LNSCSs and Kyy.Hpn are LNSOSs given by, 
Ayn = {(a, (hy, ls, la)), (y, (li, Ue, U5)), (2, (Us, Ig, t9))} 


)) ) 
Brn = {(a, (la, Is, l3)), (y, (la, le, 11), (2, (la, ds, tz) } 
Kin = {(2, (Us, le, t1)), (y, (la, le, 1)), (2, (lo, ds, O5)) 
Ayn = {(a, (ls, 16, 11)), (ys (las 7, 11)), (2; (lo, te, fg) } 


Theorem 4.15. Every LN semi-R, space is LN semi-Ro space. 


Proof: If Spny,7in) is LN semi-R; and Kyy be a LNSO set in Spy. Then for any s; € Szn 
and sg € Spn\Krn, 81 4 82 which implies LNSClI({s,}) # LNSClI({s2}). We can find two 
disjoint LNSO sets K,, and H,, with LNSCl({si}) C K., and LNSClI({s2}) C Hs. Let 
Ayn = U{H,/82 € Spnw\Kzrn}. If 51 € LNSCI({s1}) C K,, and K,, 1 H;, = ¢ for every 
s2 © Spn\Krn and so s; ¢ Hs, for each sg € Szy\Kzpn which implies s; ¢ Hry. Now, 
8s; € LNSCl({s1}) C Srn\Hrn Ki. 


Remark 4.16. The reverse implication of the above theorem need not be true unless one 


condition is satisfied. 


Theorem 4.17. A LN semi-Ro space is LN semi-Rj, if for each couple of points 8, and s2 in 
Stn satisfying LNSCl({si1}) # LNSCl({s2}) with we can find two disjoint LNSO sets Kin 


and Hyn so that s; © Kpn and sg € Hyn respectively. 


Proof: Let the space S;y be LN semi-Ro. Also for each couple of points s; and sg in SzyN 
satisfying LNSCl({s1}) 4 LNSCl({s2}), there lie LNSO sets Ky y and Hzy so that 5; € Krn 
and sg € Hyn with KpynN Ayn = ¢. Then, LNSCl({s1}) C Kzyn and LNSCl({s1}) C Hyn. 


Theorem 4.18. A LNTS is semi-R, iff for every couple of points 81,82 € Spin with 
INSKer({s1}) #4 LNSKer({so}), there lie LNSO sets Krpn and Hpn in Spn with 
LNSCI1({s1}) C Kzrn and LNSCl({s2}) C Hpn and Kpnn Arn = ©. 
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Proof: Let s; and s2 be any two points of Spy,Ti~n) with LNSKer({s1}) #4 LNSKer({s9}). 
Now we can find disjoint LNSO subsets Kzy and Hry with LNSCl({si}) C Kypn and 
LNSCl({s2}) C Hin, which reveals that Szy is semi-Ro. 

Conversely, suppose for each couple of points s1,s2 € Szn with LNSKer({s;}) # 
LNSKer({s2}), there lie disjoint LNSO subsets Ky and Hyy with LNSClI({s1}) C Kpn and 
LNSCl({s2}) C Hrn. Assume that LN SCl({s1}) 4 LNSCl({s2}). Then, LNSKer({s1}) # 
LNSKer({s2}). 


Theorem 4.19. For the LNTS Srn,Tin), the following imply each other. 


(1) (SzNn,TLN) is LN semi-T2. 
(2) (Szn,TLN) ts both LN semi-R, and LN semi-T. 
(3) (Szn,TLN) ts both LN semi-R, and LN semi-To. 


Proof: (1) = (2): Let the space be LN semi-T2, then the LNTS is LN semi-T. If there 
exist two points 51, 52 € (S~n, TiN) with LNSCl({si1}) 4 LNSCl({s2}), then s1 4 sg. Since 
the points are distinct, there lie LNSO subsets Urpy and Vin with s; € Uzn, sg € Vin and 
Urn 1 Vin = ¢. This implies {s;} = LDN SClI({s1}) C Urn and {so} = LNSCl({s2}) C Vin. 
(2) = (3):Proof is direct. 

(3) = (1): Suppose the space is both LN semi-R; and LN semi-To. Then for any two distinct 
points 51,52 € (Szn,TzN), we have LNSC1({s1}) 4 LNSCl({s2}). Then we can find LNSO 
subsets U_y and Vin with LNSCI({s1}) C Urn and LNSClI({s2}) C Vin. 


Theorem 4.20. A LNTS (Szn,TzNn) is semi-R, iff for each points 51,52 € (Stn, TiN) with 
LNSCl({s1}) # LNSCl({s2}), there lie LNSC subsets Urn and Vin with s1 € Utn, 52 ¢ 


Upn, 82 © Vin, 81 ¢ Vin and Spn = Urn U Vy. 


Proof: Let the space (Szv,7Ln) be LN semi-R; with LN SCl({s1}) 4 LNSCl({s2}). Then we 
can find LNSO subsets Ky and K2 with LNSCl({s,}) C Ky and LNSClI({s2}) C Ko. Then 
Urn = Srn\Ko and Vpn = Spn\Ky which are LNSC subsets with s1 € Urn, s2 ¢ Urn, 82 € 
Vin, $1 ¢ Vin and Spn = Urn U Vpn. 

Let LNSCl({si}) # LNSCl({s2}) for any two disjoint points s1,5s9 € Szn. Now by the 
hypothesis, there exists LNSC subsets Uzy and Vzy with s, € Urn, 82 ¢ UtN, 82 € Vin, 81 ¢ 
Vin and Spy = Upn UVzn. Then Ky = Spn\Vzpn and Kg = Szn\Uzn, which are LNSO 
subsets with s; € KO1 and sg € Ko and Ki Ko = ¢. Ergo, the space is LN semi-T2 and 
also LN semi-R}. 
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5. Linguistic Neutrosophic Semi-Do, Semi-D,;, Semi-D2 Spaces 


Definition 5.1. Let Arn = (s,(Ta,ny,lazy, Fazpy)) and Brn = (8,(TB,y;1Biy,FB,y)) be 
LNS’s, then Azpn\Bin is defined by, 


Atn\Bin = (8, min(T a; ’ Py): min(LA; x dry) maz(Fay n> TB) 


Definition 5.2. Let Azy be a LN subset of (Sz1,T7zN1) is a LN semi-difference set(LNSDS 
in short) if there exist LNSOSs Uzw and Vzn such that Uzw C Szn and Apy = Upn\Vrn. 
The collection of all LNSDS’s is denoted by LN SD(Szn,7TzN). 


Remark 5.3. Every LNSOS Ary that is different from Sy;y is a LNSDS if Upy = Arn and 


Vin = ¢. The reverse implication need not be true, which is given by a counter example. 


Example 5.4. Let the universe of discourse U and LTS be as in example [4.2] The LN sets 
En = ((2, 14,6, l4), (y, ls, 43, 04)) and Fin = ((2,l10, 19, l2), (y,!5,!7,l0)) are LNSOSs. Now, 
the LNDS Kyyn is Epn\Fin = ((2, la, 16,10), (y, lo, 13, 45)) which is not a LNSOS because 
LNInt(LNCU(Kzy)) = lw: 


Definition 5.5. A LNTS (Szy,7zn) is 
(1) LN semi-Dp if for two distinct points s1,s2 € Szy there lies LNSD set containing one 
of the point but not the other. 
(2) LN semi-D, if for two distinct points s1,s2 € Spy there lie LNSD sets Uzy and Vr 
with s; € Urn, 82 ¢ Upn and so € Vpn, 81 ¢ Vin. 
(3) LN semi-D2 if for two distinct points s1,s2 € Szy there lie LNSD sets Uzy and Vz 
with s; € Upn, 52 € Ven and Urn MN VzNn = ¢. 


Theorem 5.6. A LNTS (Srn,Tin) is LN semi-To iff it is LN semi-Do. 


Proof: Let the space be LN semi-TJo and let S, 4 sq for 51,52 € Szn. Then by the definition 
of semi-To, there exists a LNSO set Urn containing one of the points but not the other, (i.e) 
8, € Uzn but so ¢ Urn. Then Urn # Sry. By remark above, Urn is a LNSD set containing 
s1 but not sg. Hence, (Szn,Tzn) is LN semi-Do. 
Conversely, let the space be LN semi-Dog. Then by the definition of semi-Do, there exists 
a LNSD set Ary containing one of the point but not the other, (ie)s1 € Arn, s2 ¢ Azn. 
Thus, there exists LNSO sets Utwand Vzy with Urn # Spn and Azpy = Uzn\Vin. As 
8, € Arn, 81 € Uzn but 5s; ¢ Vin. For so ¢ Azn, we have two cases. 

(i) sg € Upn but si € Upn. 

(ii) so € Upn and 82 € Vin. But 5; ¢ Ven. 
In both cases, the LNTS is LN semi-Jp. 


Theorem 5.7. A LNTS (Srn,Trin) is LN semi-D, iff it is LN semi-D2. 
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Proof: Let the space be LN semi-D,, then for each pair of distinct points 51,59 € Spy, we 
can find LNSD sets Kzy and Hryn with s; € Kyn,s2 ¢ Kyn and so € Hyn,s2 ¢ Ky. 
Thus, there lie LNSO sets A;, A2, Bi, Bo € Spn with A, 4 Spy, Ao 4 Spn, Krn = Ai B, and 
Hyn = A2\Bo. For s; ¢ Hy, the two cases are given below. 

Case 1: s; ¢ By. As so ¢ Kyn, either sg ¢ Aj or (sg € A; and sg € By). If so ¢ Aj, 
from so € Hpyj = A2\Bzo, (ie) so € Ag\(Bo U Bi) and s; ¢ Ao. Now, we have 
1 € Ay\(B, U Bo) and (A2\(B2U B1)) N(A1\(Bi U Bo)) = ¢. If sg € Ay and sq € Bi, 
then we have sj € Kyy = A;\B, and (A,\B1)N Bi = ¢. 

Case 2: s; € Ag and s2 € By Now, sg € Hin = A2\Bo, 51 € Bg and (A2\B2)M Bo = ¢. Since 
1 ¢ B, and sg ¢ By, By and Bo are LNSO sets different from (Szy,7~N). Then by 
remark(5.2), B, and Bz are LNSD sets. Since ByU A; and B, U Ag are LNSO sets, we 
have Aj\(BzU A;) and A;\(B, U Ag) are LNSD sets. 


WH 


WH 


Conversely, suppose the space is LN semi-Da2 and let 51,82 € Spx with s; ~ sg. There lie 
distinct LNSD sets Kzy and Azy with s; € Kzpn and sg € Ayn, (i.e) 81 € Ky, 82 ¢ KrN 
and S2€ AN, §1 ¢ Arn. 


6. Conclusion 


Separation axioms and axioms of regularity are outlined in a new space referred to as 
linguistic neutrosophic topological spaces. A variety of concepts and ideas are explored with 
suitable examples. In addition, semi-different axioms are introduced and discussed through 
the use of linguistic neutrosophic semi-difference sets, and numerous intriguing results are 


obtained. 
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Abstract. The neutrosophic sets and numbers have an important role in modeling the problems. Recently, 
studies on neutrosophic numbers and single-valued neutrosophic numbers which is a subclass of neutrosophic 
numbers have increased, rapidly. Cauchy distribution is an important concept in the statistic. In this paper, 
the notion of Cauchy single-valued neutrosophic numbers (CSVNNs) and a—cuts are introduced based on the 
Cauchy distribution formula. Summation, multiplication, and division operations between two CSVNNs are 
defined and given related examples. Also, the score functions of CSVNNs, arithmetic and geometric aggregation 
operators of them are described. Based on the defined new concepts, a multi-attribute group decision-making 
method is developed. Finally, to illustrate how the proposed method works, an application of the proposed 
method in the selection of a project to be supported and funded is developed. In this method, for each of the 
criteria, different score functions are determined by using the aggregation operators and score functions of the 
CSVNNs. Then, evaluations of the decision-makers are transformed into new values under the derived score 
functions for the decision. In applications, in general, decision-makers assign to criteria some values between 
0 and 1 directly. In the method proposed in this paper, weights of the criteria are considered as the different 


functions. Therefore this method presents a more general perspective on decision-making problems. 


Keywords: Single-valued neutrosophic set; Cauchy Single-valued neutrosophic number; decision-making; ag- 


gregation operators. 


1. Introduction 


The fuzzy set theory is a notable theory put forward by Zadeh as a useful tool for 
decision-making problems and as a generalization of classical sets. After introducing fuzzy 


sets, many researchers needed to study many generalizations of fuzzy sets in order to model 
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the problems they encountered. The best known of these are intuitionistic fuzzy set defined by 
Atanassov (J, Pythagorean Fuzzy set introduced by Yager [35], Picture fuzzy set introduced 
by Cuong mle q-rung orthopair fuzzy set defined by Yager set, spherical fuzzy sets 
proposed by Gundogdu and Kahraman [15], T-spherical fuzzy sets introduced by and neu- 
trosophic set (NS) by Smarandache [32]. An NS is described by three mappings defined from 
a non-empty set to a real standard or non-standard subset of ]~0,1*[. These functions are 
called truth, indeterminacy, and falsity functions and are represented by notations T, I, and 
F, respectively. The basis of the NS is based on neutrosophy which is a branch of philosophy. 
Neutrosophic sets have a very important role in modeling and solving decision-making prob- 
lems. However, real standard or nonstandard subsets of }~0,1*[ are not useful in modeling 
real-life problems. Therefore, Wang et al. revealed the notion of a single-valued neutro- 
sophic (SVN) set (SVNS) identified by three functions which are defined from a nonempty set 
into the unit interval [0,1]. Many researcher studied on SVN number (SVNN) (4) 9][13}/1.4})16} 
and applications in decision-making (DM) based on similarity measures, distance measures, 
entropy and aggregation operators 48). In addition, after 
the definition of hypersoft sets as a generalization of soft sets (21], Martin and Smaran- 
dache combined the hypersoft sets of neutrosophic sets and introduced the concept of 
neutrosophic hypersoft set as a generalization of hypersoft sets. Recently, studies related to 
the neutrosophic hypersoft sets and hypersoft sets have been rapidly increasing. Some of them 
are aggregation operators [41], interval-valued neutrosophic hypersoft set , corrlation coef- 
ficient of interval-valued neutrosophic hypersoft set Pythagorean fuzzy hypersoft set [44], 
correlation coefficient of neutrosophic hypersoft set (31), neutrosophic hypersoft matrices [45]. 

In 2018, Karaaslan defined the Gaussian SVNNs and developed a multi-attribute 
decision-making method under the Gaussian SVN environment. He also presented an ap- 
plication of the proposed method in order to illustrate the progress of the developed method. 


The following points motivate us to present this paper: 


e Single-valued trapezoidal neutrosophic number (SVTrNN), single-valued triangular 
neutrosophic numbers (SVTNN) and GSVNNs are important tools to model decision- 
making problems involving indeterminate, and inconsistent data. SWIrNN and 
SVTNN are expressed by partial functions involving straight line. However, sometimes 
indeterminate and inconsistent data may not be expressed linearly. Therefore, In order 
to represent nonlinear states, we introduce a new concept of neutrophic numbers based 
on the Cauchy distribution. 

e In MADMPs, weights of the attributes are determined as real values between 0 and 1 
such that their summation is equal to 1. For weights of the attributes, different func- 


tions are not considered. In this paper, we consider different score functions for each 
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attribute according to the common opinions of the decision-makers. Thus, developing 


a more flexible decision-making approach is aimed. 
Following are the contributions of this article: 


e The concept of CSVNNs is defined. Also, a—cut and arithmetic operations of CSVNNs 
are introduced, and some results are obtained related to a—cut of CSVNNs. 

e The score functions of CSVNNs and their aggregation operators are defined. 

e Based on novel definitions and operations introduced in this paper, a multi-attribute 
group decision-making method is proposed and given an illustrative example in order 


to explain the process of the proposed method. 


This paper is organized as follows:In section 2, some basic concepts are recalled. In section 
3, The concept of CSVNNs, a-cuts of CSVNNs, arithmetic operations between two CSVNNs, 
score function of CSVNN, and arithmetic and geometric aggregarin operators of them are 
defined and given examples of them. In section 4, a MAGDM method is developed and 


presented an illustrative example to show the working of the proposed method. 


2. Preliminaries 


In this section, some basic definitions related to neutrosophic sets are recalled. 


Definition 2.1. Let X 4 9. Then, a neutrosophic set % on X is a set of quadruplets, 
defined by 


A = { (9, 2:(0), Ui(O), A~(O))) : 0 © X}. 


Here We, Ws, Ap : X >]—0,1°[ called truth, indeterminacy and falsity membership functions 
(MF) of the neutrosophic set 2, respectively and ~0 < 2,(0) + 2;(0) + 2 (0) eu 


Definition 2.2. Let X 4 0. Then, a single-valued neutrosophic set (SVNS) % = 
{ (0, Ur(9), 2:(0), Up(0)) : 9 € X} is defined as follows: 


If X is continuous, an SVN S' % can be expressed by 


B= [ (5), 8.(0), (0) (8. forall @ €X. 


If X is crisp set, an SVNS 2 can be expressed by 


4-5" (3e(8), 2:(0), (6) ) /0, forall@ €X. 
6 
Note that 0 < 24(0) + 2;(6) + %¢(0) <3 for all 6 € X. For convenience, an SVNN is denoted 
by B= (He, Wi, Wp). 
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3. Cauchy Single-valued Neutrosophic Number 


In this part, we define the Cauchy fuzzy number (CFN) and its a -cuts. Then we introduce 


the concept of Cauchy single-valued number number by similar way. 


3.1. Cauchy Fuzzy Number 


Definition 3.1. A fuzzy number is said to be Cauchy fuzzy number A = CF'N (p,q) 


whose membership function of is given by 


Definition 3.2. Let us consider membership function of A = CF'N(p,q) as follows: 
1 


= 
i) 


The a-cut set of CF'N(p,q) is defined as follows: 
/l—a jl-—a 
Ag = [ q p+g | 
a a 


3.2. Cauchy Single-valued Neutrosophic Number 


La(O) = 


Definition 3.3. A Cauchy single-valued neutrosophic number (CSVNN) is defined by truth, 
indeterminacy and falsity MF as follows: 


1 


P(A) = 
‘ a (A=)! 
qt 
(A=P)" 
1 qi 
9(6;) = 1 z— 2? 
ig (* *) 1+ (428) 
qi qi 
({—P) 
1 q 
(65) = = f 


respectively. 


A CSVNN is denoted by A = CSV NN ((pz, a2), (Pi, 4), (pp, gy). Set of all CSVNNs over 
X is denoted by CSVNN (X). 
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Example 3.4. Let A = CSVNN((0.8, 0.1), (0.7, 0.3), (0.5,0.2)) be CSVNN. Truth, indeter- 
minacy, and falsity MF's of CSVNN are shown in Fig [I] 


FicurE 1. CSVNN A 


Definition 3.5. Let truth, indeterminacy and falsity MFs of CSVNN A be given as follows: 


1 
(Ot) = A= 5} 
1+( t ms) 
te 
g(9;) = 1 a =: 5) 
1+( F *) 
qi 
p(Or) = 


respectively. 


Then, a-cuts of above functions can be expressed as follows: 
! ! 
=a:\2 _ 
» a(43 ) Pert a(43 ) iF 
Ai, [ps - a:(r25) pi + ai( 725) 


Aj, = fbr —ar(s85)*.pr+ ar(s85)’| 


Ai, 


NIF 


respectively. 
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3.3. Arithmetic operations of CSVNNs 


Let A = CSVNN((pa,,44,)> (PA, 4A,)> (pa, 4A,)) and B = CSV NN ((pg,> 96,)> 
(Pp, > I,)> (PB, qp,)) be two CSVNNs. Then, a-cuts (a € (0,1]) of them are as follows: 


A. = ba, — 94, (452) "Pa, +a, (52)']. 

Ai, = pa, a8, (225) "Pa, +4a,(a85)" |. 

Ay, = [pa,—aa,(s85)" Pa, +44,(x85) "| 
sod 

B,, = pa, — 95, (252) “Pa, +48, (452)'], 

Bi, = ba, —45,(s85) P0, +48 (s85)"], 

Bu = [ps,~t0)(r85)*pe, +40, (s8a)*] 
vogpedtively 


By using a-cuts of CSVNNs A and B, arithmetic operations between CSVNN A and CSVNN 


B are defined as follows: 


(1) Addition: By using interval arithmetic, we have 


A,.+B = lea, + Pa, (qa, 1 a5,)(52)*. (ba, +P) + (a, + 98,)(452)’], 
Ai, +Bi. = a, + Pa, (qa, 1 t5)(a25) 1a, Pg) + Ga, 4 a6) (s85) | 
Ay, +By, = |(ba,+P8,)~ (a, +49,)(r25)" a, +0, + (44, + 45,)(r85)’]- 
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Truth, indeterminacy, and falsity MFs of A + B can be expressed as follows: 
1 


1 (“ = (pe. =), 
+ 
(dar + WB,) 


(A+B) (0) 


1 


1 (= — (Pa Pas) 
— 
(dai + 4i;) 


(A+B) (0;) 


1 
0;— (Pay +Pa,)\ 
(day + py) 


%A+B)(FF) = 1 


(2) Substraction: By using interval arithmetic, we have 


Ai, - Bi. = tea, Pp.) — a, ap,) (452) : (Pa, — Pp.) + Ga, — ap,)(252) ‘ 
Ai, - Bi. = a pp.) — (@a, —48,) (125) Pa, — Pa) + (a, aa,)(s45)']. 
Ay, —By, = (va, Pp,) — (VA, aa,)(125) 7 (6a, ~»5,) + (44, -48,)(r85) 


Truth, indeterminacy, and falsity MF's of CSVNN A — B can be expressed as follows: 


(44, — 4g, ) 
(4B (9F) = 0; (De Ds ) 2? 
i‘ f 
i (1a, — 4p,) 
respectively. 
(3) Multiplication: Let 

At, -_ AE, Asa = ba, -_ aa, (452) 2 + aa, (452) ‘ ? 

il a 
A, = Az, AY] = ba, = da.(t25) >Pa, +44, (725) ‘ ; 

ai ef 
A; = (Ay, AY] = bs, —4a,(r25) Pa, +44, (s85)"| 
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U7 1 1 
7) 7 = 2 = 2 
Br, = [Be Bia = bs, IB, (42) PB, - IB, (4:2) | ’ 
= 1 Be 
a 2 2 
B,, = [BL,Be] = bs, —ap,(725)°+Pa, + 48, (123) | , 
= a A 
i = L pul _— De es, : 2 
Then, 
A,B, = [minfAL BL, AL BY, AY BL, AY AY}, max{AP BE, AL BY, AU BE AY AY YI, 
A,B, = [minfAL BE, AL BY, AUB? , AY AY}, max{ Al BE, AL BY, AY BE, AY AY }), 
A,B; = [minfA} Bt At BY, AY BY AY AY}, max{At BE AL BY AY BE AY AY 4]. 
If Ay, Ai,, A fas Bt, Big and B fa © R*, then we can directly write it as follows: 
Ay, Br, = (Pa, - 94, (432) *)-(Ps, —aa,(452)"), (pa, “Ty aa, (432) *)-(Pa, on as, (‘5%)*)] ? 
AaB. = [(ba.—95.(r8)")-(5,— 90. (r85)") (ra. +98.9(85)) (00, +98.(85)°)]. 
A,B; = |(pa,-9a,(r2z)°)-(Pa, - 48, (2s) °); (Pa, + 44,)(s25) *) (98, +43,(7%)')| 


(4) Division: 


l-a 2 l-a 2 
he Pax, (45) ) x, ax, (45") ) 
Bia 7 io he 

Pg, os, (45°) ) (Pp, as,) (2 ) 

a Ne 
Kia _ Pa, 448; ia ) (Px, v 
E 5? 3 

pats, (22) ) (s,+4u,) (722) ”) 
a] 1 
z ye 
Aga _ Papa, 3) ) Pa, Ia ) 
Bry = % 
Pp, Ws, (225) ) (Op, 


ag,)(a22) ) 


Example 3.6. Let us consider CSVNNs A = CSV NN((0.42, 0.68), (0.54, 0.32), (0.69, 0.21)) 
and B = CSV NN((0.73, 0.32), (0.64, 0.23), (0.57, 0.41)). The graphics of A and B are depicted 


in Figures and (3). 


Truth, indeterminacy, and falsity MFs of CSVNNs A+B and A—B are obtained as follows: 


1 


(A+B) (9) = 


1+ ( 


— 


1.0 
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FIGURE 2. CSVNN A 


FIGURE 3. CSVNN B 


x im (0; 1 : 
(A +1 ( ) am 6; — 1.18 2 
0.55 
(6;) =1 : 
P(A+B) UF oa 0; — 1.26 2? 
0.62 
and 
1 


(iy (9) = 


ESy 
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1 


6; — (—0.1)\?’ 
1+( 0.09 ) 
1 


14 (962012 “a 
(—0.2) 
Figures and show the graphical representations of CSVNNs A +B and A - B. 


(4-1) (91) = 


(AB) (PF) = 1 


Figure 4. CSVNN A+B 


Figure 5. CSVNN A-—B 


Definition 3.7. Let A = ((pt, qe), (Pi, i), (Py, a¢)) be CSVNN. Then, score function of 
CSVNN A, denoted by $(A\), is defined as follows: 
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«1 2 : qj 
S(A) = ( 2 i ata z+ 3 : 2) 
3\q¢ + (A— pi)? a5 + (8 — pi)? a + (Of — Bf) 
Note that score functions are functions depending on neutrosophic variables (6;, 4;,6,). 


Furthermore, score functions of CSVNNs can be changed according to CSVNN. 


Example 3.8. Let us consider CSVNNs A = ((0.5, 0.3), (0.7, 0.2), (0.3, 0.5)) and 
B = ((0.6, 0.4), (0.2, 0.6), (0.5,0.7)). Then, score functions of CSVNNs A and B are obtained 


as follows: 


| 0.09 0.04 0.25 
A) = 
a eat Cre + (6; —0.5)2 " 0.04+ (6; —0.7)2 © 0.25+ (6; — oa) 
and 
s(@) = a 0.16 | 0.36 | 0.49 ) 
~ 30.16 + (6; — 0.6)? ° 0.36 + (0; — 0.4)? © 0.49 + (0; — 0.5)27 


If we consider SVN value (0.5,0.6,0.7), then score values of this SVN according to score 


functions of A and B are obtained as follows: 


S(A)((0.5, 0.6, 0.7)) = 0.803 and S(B)((0.5, 0.6, 0.7)) = 0.923 


Definition 3.9. Let X be a nonempty set and S*” = {U = (Pi: Gt, > (Pixs Gi.) Dies ape) ; 


(k= 12.3) be a set. of CSVNNs of which weight vector ¢ = (¢1,0,...,6n)/ such that 
ck > 0, Sop, Se = 1. Then, CSVN weighted arithmetic aggregation (CSVNWAA) operator is 
defined by a mapping CSV NW AA: ><" + CSVN.N(X), where 


CSVNWAA(V,, Vo, ..; Un) = Doe Vr- 
k=1 
Theorem 3.10. Let X be a nonempty set and S\” = {¥, = (Pixs dex): (Pi di) Pia aye) : 


(h=1,3, ..sn)} be a set of CSNNs of which weight vector ¢ = (1, 62,+..;Sn)! such that sp > 0, 


2 =, Sk = 1. 
Then, aggregated value of set using CSNNWAA is a CSVNN defined as follows: 


CSNNWAA(Y, Wo,...,¥n) = C(cn¥e) 
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CS 
D 


Here there are two cases for pa, and qa, (A € {t,i, f}) and (k = 1,2,...,n). If one 


of pa, and qa, is greater then 1, then the following formula are used pa, = eo 
k=1PA,, 
qa, = — If pa, and qa, (A € {t,7, f}) (k =1,2,...,n) are in interval [0,1], then pa, 


af Lama PA: 
and qa, (A € {t,i, f}) and (kK = 1,2,...,n) are used directly in CONNWAA(W1, Wo, ..., Un) 


and other aggregation operations defined in the next . 


Proof. The proof can be easily made based on aggregation operations of the SVNNs. Therefore, 


it is omitted. 


Definition 3.11. Let X be a nonempty set and S*” = {U = (Pr. Gi.) Dit.) Rs af.) : 
(i= 1,2,-37)} be a set. of CSVNNs of which weight vector ¢ = (¢1,0,...,Sn)/ such that 
Sk > 0, Oh, Se = 1. Then, CSVN weighted geometric aggregation operator (CSNNWGA) 
operator is defined by a mapping CSV NWGA : 3<" + CSVNN(X), where 


CSVNWGA(Wi, Wa, ..., Un) = &) VE 


Theorem 3.12. Let X be a universe and YS" = {¥; = (Pi: Giz): Pati.) Pia apn) k= 
1:2) dees n)} be a collection of CSNNs of which weight vector ¢ = (61,62, +.-;Sn)! such that sp > 0, 


Sekai Sk = 1. 
Then, aggregated value of set using CSVNWGA is a CSVNN defined as follows: 


CSNNWGA(V, V2,..., Un) = ad Ue 


lI 
— 
i= 
<a) 
~ 
sy 
=. 
mq 
= 
cS 

"EA 

= 

— 

fan 

| 
=x) 
= 
WV 

a 

coe 


n 


c=1 
Th (= @5)")s -|[¢ (l— fA) a= [[@-51)*) 
k=1 k=1 


k=1 


(2) 


Proof. The proof can be easily made based on aggregation operations of the SVNNs. Therefore, 


it is omitted. 


4. Multi-attribute group decision making method under CSVN environment 


In the following table, beginning data and some notation are shown: 
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Notaions Explanation 
€ = {€1,€2,...,En} Set of alternatives 
O = {Oi oes, OE} Set of attributes 
& = {6),.09, «2; 0m} Set of decision makers 
Tij Evaluation of the criteria (.; made by decision maker 4; 
SG is Moanin yy) weight vector of decision-makers 


TABLE 1. Notation table for MAGDM method 


4.1. Decision making method 


Steps of the proposed method are explained as follows: 

Step 1: Constructing decision-criteria (DA) matrix. In this step, each of decision 
makers 6;,(¢ = 1,2,...,m) whose weight vector 6 = (4, (2,...,8m) such that 8, > O(s = 
1,2,...,m) and }°%"., 6s = 1, evaluates the attributes 0;,(j = 1,2,...,4) by CSVNNs and DA 


matrix is constructed as follows: 


[7 Tyg vu | 


T21. T22 + ** 72k 
DA= 


Ex Tm2 °*"° rink | 
mxk 


Here each of Tij = (Pei, Utij)> (Pisj> Visj)> (Pray. qrij)) is a CSVNN. 
Step 2: Finding the aggregation of attributes. By adapting Eqs. [1] and [2] for weigh 
vector 3 = (1, 2, ..., 2m) of decision-makers, aggregated weight for each attribute is calculated 


the following formula 


Agga(Q;) = CSV NW AA(T59 735-9705) = CD Bote 


= (a- [[G - bs.5)” ’ Pd 1— q,,)° I 
k=1 k=1 
(IT, Ia.) TL ef, NG Vics )) 


(3) 
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ig 


and 
Aggg(Q;) _ CN NGA Raita DG 
= Gite TL). (T] 8%. TL) 
k=1 k=1 
(1— ][@ - 45) 1 TK 1 — Gy,,)"* )) 
k=1 k=1 
(4) 

respectively. 


Step 3: Obtaining score functions of aggregated attributes. By using Definition 
[3.7], for j = 1,2,...,k S(Agga(Q,)) (S(Aggg(Q;))) are found. 
Step 4: Construction of evaluation matrices by decision-makers 6, (s = 1,2,...,m). 


For each of decision-makers, evaluation matrices denoted EM, (s = 1,2,...,4) are obtained as 


follows: 
Ss 
i a Mik 
Ss 
a KK 
EM, = ; ; : 
s Ss s 
Kni Kn2 °° Knm | 
Here Kj; = (tj;, tj, fj;) denotes an SVNN which implies evaluation of alternative ¢; according 


to aco Q; made by the decision maker 6,. 
Step 5: Compiling the EM, (s=1,2,...,.k). Compiling matrix (CM) is obtained as 


follows: 


Kk s k s k s 

Us-1841 Us-1"12 °°: Us-1" 1p 
Kk s k s k s 

Usk Usk tee USK 
s=1"21 s=1'"22 s=1'""2k 

CM = ; 

KR s k s k s 

Ue Sn Us=1"n2 | Wea] Knm | 

Here U*_, 48, = (vi 1%; ie 14; KE 1fj;) where V and A denote the maximum and minimum, 


respectively. 

Step 6: Finding score matrix SM = [0;;|,~: By using score functions obtained from DA 
matrix in Step 2 for each attribute, score values of elements in C'M matrix are found. 

Step 7: Evaluation of the alternatives. For i = 1,2,...,n, grade of the alternative g; 


are calculated by 
k 


Step 8: Choosing the optimum eee Alternatives are ordered according to 


oie 


grades of them and alternative having maximum grade is selected as an optimum alternative. 
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Construct DA matrix START 


Find the aggregation of 
attributes 


Construct of 
evaluation matrices 


EMs 


Obtain score functions of 


aggregated attributes Compile the EMs 


(s=1, 2, ..., k) 


Find the score matrix 


| 


Evaluate the 
alternatives 


Choose the optimum 
alternative 


FIGURE 6. Flow chart of the proposed method 
Flowchart of the algorithm is showed in Figure [6} 


4.2. Illustrative Example 


In this section, an example is provided to display the functioning of the developed decision- 


making method. 


Example 4.1. Suppose that two projects are wanted to be selected among five projects 
to provide financial support. There are three experts 6 = {61,62,63} with different aca- 
demic qualifications in the panel. Their weight vector is (0.5, 0.3,0.2). These experts evaluate 
the project €1,€2,€3,€4 and €5 according to four attributes Q;=Content, Q2=practicability, 


Q3=Originality and Q4= widespread impact. 
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The method proposed for choosing the best two projects that need financial support is 
applied as follows. 
Step 1: Constructing decision-attribute (DA) matrix: Each of the experts evaluates 


the attribute under CSVN environment and they construct DA matrix as follows: 


((0.4, 0.2), (0.1, 0.1), (0.6,0.2)) ((0.7, 0.1), (0.5, 0.4), (0.7, 0.3)) 
DA= | ((0.7,0.1), (0.3, 0.1), (0.8,0.3)) ((0.9, 0.6), (0.9, 0.4), (0.6, 0.4)) 
((0.8, 0.6), (0.9, 0.2), (0.7,0.3)) ((0.9, 0.2), (0.8, 0.6), (0.7, 0.5)) 


((0.6, 0.2), (0.4, 0.3), (0.5,0.1)) ((0.8, 0.1), (0.5, 0.3), (0.6, 0.3)) 
((0.9, 0.8), (0.4, 0.1), (0.8,0.6)) ((0.1, 0.1), (0.9, 0.3), (0.9, 0.2)) 
((0.4, 0.2), (0.9, 0.4), (0.7,0.4)) ((0.7, 0.6), (0.7, 0.3), (0.7, 0.5)) 


Step 2: By using Equation the arithmetic aggregate of each column is obtained as 


follows: 


Agga(Qy) = (((0.609, 0.279), (0.216, 0.115), (0.675, 0.245)) (0.827, 0.311), (0.655, 0.434), (0.668, 0.362)) 


((0.714, 0.472), (0.470, 0.229), (0.616, 0.226)) ((0.659, 0.235), (0.638, 0.300), (0.699, 0.294))) 
Step 3: By using Eq. for j = 1,2,...,k S(Agga(Q;)) are found. 


0.078 0.013 0.060 ) 


1 
Agga(n)) = 
S(Agga(O1)) = 3 Gin + (6; — 0.609)? ' 0.013 + (6; —0.216)2 ' 0.060 + (6; — 0.675)2 


0.097 0.188 0.131 ) 


1 
S(Agga(M2)) = 
(Agga(O2)) = 3 Gr, + (& — 0.827)2 * 0.188 + (6; — 0.655)2 * 0.131 + (0; — 0.668)? 


0.223 0.052 0.051 ) 


1 
Agga(Q3)) = 
S(Agga(Os)) = 3 Gor + (6; —0.714)2 * 0.052 + (0; 0.470)? ' 0.051 +O; — 0.616)? 


0.055 0.090 0.087 ) 


1 
Aggx(a)) = 
S(Agga(O4)) = 3 Gre + (0; — 0.659)2 ' 0.090 + (6; — 0.638)2 0.087 + (6; — 0.699) 


Also, by using CSV NWGA operator score functions of the attributes are obtained as follows: 


0.041 0.015 0.063 ) 


i 
A Q1)) = 
S(Agga(O1)) = 3 oma + (0 —0.543)2 0.015 + (6; — 0.462)2 ' 0.063 + (6; — 0.693)2 


1 
S(Agaa(%)) = 3 (Fagg + (8 — 0.794)? 


0.039 0.200 . 0.141 ) 
0.200 + (0; — 0.743)? © 0.141 + (67 — 0.673)2/’ 


S(Agga(Q3)) = 


1 ( 0.049 0.072 4: 0.122 ) 
3 \0.049 + (6; — 0.588)? 0.072 + (8; — 0.581)? 0.122 + (6 — 0.657)? 7’ 
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S(Aggo(94)) = ml 0.020 | 0.090 0.102 ). 
3 \0.020 + (6; — 0.417)? 0.090 + (6; — 0.721)? 0.102 + (@¢ — 0.751)? 
Step 4: For each of decision-makers, evaluation matrices are obtained as follows: 

(0.6, 0.8,0.3) (0.2,0.5,0.4) (0.5,0.1,0.6) (0.6, 0.9, 0.4) 
(0.8,0.3,0.1) (0.2,0.6,0.8) (0.7,0.2,0.8) (0.4, 0.5, 0.5) 

EM, = | (0.4,0.7,0.2) (0.1,0.1,0.2) (0.9,0.3,0.7) (0.3, 0.4, 0.2) | , 
(0.2,0.3,0.9) (0.4,0.3,0.9) (0.3,0.4,0.9) (0.8, 0.8, 0.3) 
(0.5,0.1,0.9) (0.8,0.4,0.5) (0.2,0.5,0.1) (0.7, 0.6, 0.9) 
(0.5,0.1,0.2) (0.8,0.8,0.7) (0.1,0.6,0.4) (0.7, 0.4, 0.3) 
(0.3,0.2,0.7) (0.2,0.6,0.3) (0.7,0.4,0.3) (0.6, 0.8, 0.6) 

EM2 = | (0.8,0.6,0.9) (0.4,0.7,0.4) (0.4,0.5,0.4) (0.7,0.6,0.8) | , 
(0.4,0.7,0.5) (0.6,0.3,0.2) (0.3,0.6,0.2) (0.2,0.7, 0.5) 
(0.9, 0.3,0.3) (0.7,0.5,0.1) (0.1,0.8,0.6) (0.5, 0.2, 0.1) 

and 

(0.7,0.2,0.9) (0.2,0.6,0.7) (0.1,0.7,0.8) (0.7, 0.6, 0.6) 
(0.6,0.4,0.3) (0.1,0.2,0.9) (0.6,0.6,0.6) (0.6, 0.3, 0.1) 

EM3 = | (0.5,0.6,0.5) (0.6,0.3,0.3) (0.4,0.2,0.1) (0.4,0.2, 0.3) 
(0.7, 0.8,0.6) (0.7,0.4,0.5) (0.5,0.6,0.3) (0.4, 0.1, 0.4) 
(0.2,0.6,0.8) (0.9,0.6,0.3) (0.6,0.4,0.2) (0.8, 0.8, 0.6) 

Here Kj; = (ti, 135, 1%) denote a SVN number which implies evaluation of alternative ¢; 


according to criteria 0; (j = 1,2,3,4) made by the decision maker 4s, (s = 1, 2,3). 


Step 5: Compiling matrix (CM) is obtained as follows: 


CM = 


Here Sane er — (vk i 


mum, respectively. 


(0.7, 0.1, 0.2) 
(0.8, 0.2, 0.1) 
(0.8, 0.6, 0.2) 
(0.7, 0.3, 0.5) 
(0.9, 0.1, 0.3) 


(0.8, 0.5, 0.4) 
(0.8, 0.2, 0.3) 
(0.6, 0.1, 0.3) 
(0.9, 0.2, 0.1) 
(0.9, 0.4, 0.1) 


ay? 


(0.5, 0.1, 0.4) 
(0.7, 0.2, 0.3) 
(0.9, 0.2, 0.1) 
(0.5, 0.4, 0.1) 
(0.9, 0.4, 0.1) 


(0.7, 0.4, 0.2) 
(0.6, 0.2, 0.1) 
(0.7, 0.2, 0.2) 
(0.8, 0.1, 0.3) 
(0.8, 0.2, 0.1) 


Me iti; Ak ifj;) where V and A denote the maximum and mini- 


Step 6: By using score functions obtained from DA matrix for each attribute, score values 
of elements in CM matrix are found by using CSVNWAA and CSVNWGAO operators as 


follows: 


SM, = 


0.537 
0.605 
0.324 
0.739 
0.424 


0.842 
0.653 
0.508 
0.571 
0.660 


0.543 
0.585 
0.481 
0.635 
0.647 


0.485 


0.442 


0.614 


0.516 


0.417 


Faruk Karaaslan and Fatih Karamaz, Cauchy Single-Valued Neutrosophic Numbers and 
Their Application in MAGDM 


Neutrosophic Sets and Systems, Vol. 51, 2022 


and 
0.311 0.808 0.583 0.307 
0.237 0.635 0.539 0.274 
SMg = | 0.342 0.445 0.316 0.235 |, 
| 0.537 0.492 0.611 0.215 | 
| 0.212 0.568 0.435 0.188 | 
respectively. 


Step 7: Evaluation of the alternatives: For i = 1,2,3,4,5, grade of the projects ¢; are 
calculated by 


a] 


i= 


k 
> Os 
j=l 


by using matrices SM, and SMg 


El EQ E3 E4 E5 
SM, 0.634 0.582 0.457 0.597 0.537 
SMaq 0.502 0.421 0.334 0.464 0.35 


Step 8: Projects are ordered according to grades of them and two projects having maximum 


grade are selected as projects to be provided financial support. Then, according to SM, and 


SMg ranking order is as follows: 
Ey > €4 > €0 > €5 > €3. 


It is seen that same ranking order is obtained according to both of SM, and SMg. Therefore, 


the projects €, , €4 are the projects to be provided the financial support. 


5. Conclusion 


Recently, SVNN has a very important place in modeling decision making problems. Many 
researchers have studied on the types of SVNNs. The best known of them are SVT'NN and 
SVTrNNs. These numbers are SVNNs containing a maximum point and a flatness, respectively. 
They are represented by piecewise functions using lines. However, problems in daily life may 
not always follow a linear course. Therefore, in this study, the concept of CSVNN was defined 
based on the Cauchy distribution function. CSVNNs are important in that they are non-linear 
and a generalization of other neutrosophic numbers. Since the score functions defined in this 
study are defined separately for each CSVNN, it can be considered as a generalization of type-2 
fuzzy structures that include modeling the uncertainty of the membership function. In future, 
many mathematical structures can be defined in the environment containing CSVNNs. In 
addition, distance measures and similarity measures between CSVNNs may be defined and 
integrated TOPSIS, VIKOR and other classical DMs under CSVN environment. its more 
advanced potential applications under such a flexible and versatile CSVN environment 
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Abstract. The present paper aims to deal with a new variant of uncertain classical transportation problem 
namely ‘Interval Pentagonal Neutrosophic Transportation Problem’ (IPNTP) in which the uncertainty of source 
& destination parameters are described by pentagonal neutrosophic numbers while an estimated range (interval 
number) is used to represent uncertain cost of transportation. The objective consisting interval cost has been 
splitted into two equivalent crisp objectives using the concept of expected value & uncertainty of interval 
number. The constraints containing pentagonal neutrosophic quantities has also been converted into crisp 
constraints with the help of score function. The pareto optimal solution of the transformed bi-objective crisp 
transportation problem has been obtained using fuzzy programming approach. A numerical illustration is used 
to demonstrate the computational procedure of the proposed variant. Lingo 18.0 software is used to solve the 


problem. 


Keywords: Fuzzy Set; Intuitionistic Set; Neutrosophic Set; Interval Numbers; Neutrosophic Transportation 


Problem; Pentagonal Neutrosophic Number 


1. Introduction 


In classical transportation problem, the cost-coefficients of transporting a unit product from 
source i to destination j (cj;), availability of the product at source 7 (a;) and demand of des- 
tination j (b;) parameters are priorly known certain quantities. However in today’s uncertain 
world it is not at all astonishing if these quantities reflect some uncertainty. So if we logi- 
cally introduce some impreciseness in these quantities, we may get a new variant of classical 
transportation problem. Usually the uncertainty in the problems can be dealt in three ways 
(i) fuzzy (ii) interval and (iii) stochastic. Fuzzy sets were introduced by Zadeh |2| in 1965 


which is characterized by a membership function. The membership function assigns a grade of 
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membership to each element of set. This grade only gives an idea about the possibility of the 
inclusion of respective element in the set but it does not reveal any information about non- 
inclusion of an element in the set. Later on Atanassov |3| proposed an extension of fuzzy set in 
which he also associated another grade of non-membership with each element in the fuzzy set. 
Such sets are known as intuitionistic fuzzy sets. Further in the year 1999, Smarandache 
identified a situation of indeterminacy about inclusion of element in set. So he suggested the 
association of another grade of indeterminacy along with the grades of inclusion and non- 
inclusion. To overcome the limitation of intuitionistic fuzzy set, Smarandache |4| proposed the 
concept of neutrosophic sets. Alike fuzzy number, the concept of triangular and trapezoidal 
neutrosophic number and their deneutrosophication techniques have been developed by several 
authors (see (5)- [3}). Wang et al. (9| introduced the idea of single valued neutrosophic sets. 
In past few years, ample contribution of neutrosophic sets can be observed in multicriteria de- 
cision making ( [10}- [22}), graph theory ( [23]- [29}), optimization techniques ( [30]- (33]) etc. 
The concept of neutrosophic sets has been extensively applied by several authors by logically 
introducing uncertainty in different ways in the parameters of classical transportation problem. 
For example, Thamaraiselvi and Santhi presented a new approach for solving a classical 
transportation problem. They considered transportation problem in which the transportation 
cost, availability of product and demand were represented by trapezoidal neutrosophic num- 
bers. Singh e¢ al. suggested a modified version of Thamaraiselvi and Santhi [34]. The 
uncertainty in cost, availability and demand parameters differently introduced by some au- 
thors depending various possibilities has been summarized in Table [I] In 2019, Chakaraborty 
et al. discussed the advantages of using pentagonal neutrosophic numbers over triangular 
and trapezoidal neutrosophic numbers. 

This paper considers a transportation problem with pentagonal neutrosophic availability and 
demand but interval cost of transportation. Since a membership grade to availability and 
demand of product can be assigned easily but in case of transportation cost, it varies uncon- 
trollably within a specific range due to many reasons like; maintenance of carrier, disloyalty 
of drivers, fluctuation of fuel cost etc. To the best of our knowledge no such variant of the 
transportation problem has been considered in literature. So it is quiet advocable to represent 
the transportation cost in the form of interval numbers in a reasonable manner depending on 
past experience. The concepts of score function (47, expected value and uncertainty has 
been applied to convert the developed uncertain transportation problem into an equivalent 
crisp problem. To demonstrate the procedure of transportation of IPNTP to crisp problem 


and its solution a numerical example is taken and solved using Lingo 18.0 software. 
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TABLE 1. Summary 


Refrences Interval Cost | Neutrosophic Supply & Demand 
Narayanamoorthy & Anukokila v 


Pramanik & Dey 


Das et al. 

Saini & Sangal 
Paul et al. 
Kumar Das 
Habiba & Quddoos, 
Habiba & Quddoos, 
Chakraborty et al. 
Sikkannan & Shanmugavel 
Akilbasha et al. 

Proposed IPNTP 


nn bs Sb WO SO 
N*®N\NN RE KN NN XK NX 


2. Preliminaries 


Definition 2.1 (Fuzzy Set (2}). A Set F over X represented as F'={(z, j(x)) : « € X, p(x) € 
[0, 1]} is called a fuzzy set where X is the collection of points x and ju(z) is its truth membership 


function. 


Definition 2.2 (Intuitionistic Fuzzy Set (3}). A set I over X represented as 
T={x; (x), 6(x);2 € X, where p(x), 6(x) € [0,1]} is called an intuitionistic fuzzy set where 
u(x) and 6(x) are the truth and indeterminacy membership functions of x which satisfy the 
following relation: 

0< p(x) + 6(x) <1 


Definition 2.3 (Neutrosophic Set [4}). A set N over X represented as 
N={c; p(x), 6(x),o(x);x € X, and p(x), 5(x),0(x) € [0, 1}} is called a neutrosophic sets where 
u(x), 6(x) and o(x) are the truth, indeterminacy and falsity membership functions of 2 which 


displays the following relation: 
0< w(x) + 6(x) + 0(2) <3 


Definition 2.4 (Single- Valued Neutrosophic Set (9}). A Neutrosophic set N in definition 
[2.3]is called as a single- valued neutrosophic set SN ifzisa single-valued independent variable. 
SN={2; u(x), 5(x),o(x);2 € X,} where ju(ax), 5(a) and o(2) are the truth, indeterminacy and 


falsity membership functions of x respectively. 


Definition 2.5 (Single-Valued Pentagonal Neutrosophic Number [47]). A Neu- 
trosophic Number (S$), S=([(s',¢?,u!,v", w'); u], [(s?, #7, u?, v, w*); 4], [(s°, 28, u?, v?, w%); a), 
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where yu, 6,0 € [0,1] is called single-valued pentagonal neutrosophic number, if its truth mem- 
bership function (j), indeterminacy membership function (6) and the falsity membership func- 


tion (7) are respective given as follows: 


(2) si<a<t! 


plz) t<asu 
1. 


(z)= 9" rex 

i bi = 

. ping(v) ul<a<ovl 
Jin (x) vh<asu! 
0 otherwise 
O61, (x) Se<a<t 
b1> (x) r<a<vu? 
6 x= u? 

d(x) = 
Any wae 
bp,(z) wre<sa<sw? 
1 otherwise 
1, (2) s<a2<t 
ole) P<a<a? 

_ 3 

o L=u 

a(x) = 


(2) wae ue 
Or(z) wears 


1 otherwise 


Definition 2.6 (Score Function (47]). Score function for any pentagonal single typed neu- 
trosophic number (P;, P2, P3, Py, Ps; 4,6,0) is defined as follows: 


~ i 
S= Ti+ t+ Pst Pat Ps) x 2+u—d—o)} 


where pt, 6 and o are the truth, indeterminacy and falsity membership functions. 


Definition 2.7 (Interval Numbers [48}). 
A=l[az,apn]={a: ap < a< ap,a€eR}, 


where ay and ap are the left-limit and right-limit of the interval A on the real line R. 


A= Gety) S41 a3 Ac — Aw < a< act aw,a€ R}, 


where a, and ay are the mid-point and half-width (or simply be termed as ‘width’) of interval 


A on the real line R, i.e. 
aR + ay 
2 
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aR— az 
ti = ——— 

° 2 
Definition 2.8 ( Ishibuchi and Tanaka’s ranking for intervals (1}). Let A = 
[an, @R]=(ae, dw) and B = [bt, brJ=(be, bw) be two given intervals then the order relation 


<cw is defined as: 


A <ow B iff a, < be, and ay < by 
A<cw Biff A<cw B, and A#B 


3. Mathematical Model of IPNTP 


Consider a transportation problem in which the cost-coefficients are represented in the form 
of interval number & source and destination parameters are represented as pentagonal single 
typed neutrosophic numbers. The mathematical model of such IPNTP may be given as follows: 


Problem-I: 


m n 
Minimize : Z = SD leet ley (1) 
i=1 j=1 
Subject to; 
nm 
S-aiy < a;5, 6=1,2,...,m (2) 
j=l 
m 
So aij > 08, f= 1,2,-..,7 (3) 
i=1 
aij > 0, i= 1,2,...,m, f= 1,2,...,0 (4) 


where, 

[ex,;,C€R;;]: interval cost of transporting one unit of product from source 7 to destination J, 
cz,;: lowest possible cost of transporting one unit of product from source i to destination j, 
cr,,: highest possible cost of transporting one unit of product from source 7 to destination 7 
a;°: pentagonal single typed neutrosophic availability of source i, 

b;° : pentagonal single typed neutrosophic demand of destination J, 


xij: Quantity transported from source 7 to destination 7 


4. Equivalent crisp model of IPNTP 
4.1. Construction of crisp Objective Function 


Let us consider the interval objective function Z of the Problem-I which can be denoted as 
Z = (Ze, %w), where 2 = (234) and 2, = (“25°4) are the center and width of the interval 
Z respectively. 
According to Ishibuchi and Tanaka the center and width of an interval can be taken as 
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the expected value and uncertainty of interval respectively. Since the objective function of 
Problem-I is the cost function which is to be minimized, so our interest is to obtain minimum 
cost with minimum uncertainty. Then the interval objective function is transformed into 


a two crisp functions in terms of expected value and uncertainty by definition (2.8) as follows: 


m nm 
Minimize z, = y y Coig Lij (5) 


i=1 j=1 
m nm 

Minimize z, = ~~ > Cus Lij (6) 
i=1 j=1 


where, c, = #5" and cy = “25* are the center and width of the interval respectively. 


4.2. Construction of crisp Constraints 


Let us consider the constraint of Problem-I where the right hand side a;° representing 
the pentagonal single typed neutrosophic availability of product at source 7. This pentagonal 


5 can be represented by a crisp value using the score 


single typed neutrosophic number a; 
function defined in definition (2.6). Thus corresponding crisp constraint may be written as 
follows: 

nr 

orp SS 12 ig (7) 

j=l 


Similarly, the crisp destination constraint can also be obtained as follows: 
Sty 2G). FH 12h (8) 


Using equations (546) and (748), we can write the equivalent bi-objective crisp problem of 
IPNTP as follows: 
Problem-II: 


m nm 
Minimize z, = y y Coig Lij (9) 


i=1 j=1 
m n 
Minimize z, = > a Cw;; Lij (10) 
i=1 j=1 
Subject to; 
nm 
Sp 8 a at (11) 
j=l 
a ~ 
Sg 2 8 ST (12) 
i=1 
aij > 0, i=1,2,...,m, 7 =1,2,...4n (13) 
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5. Fuzzy Programming Technique for solving bi-objective transportation problem 


(Problem-IT) 


First we find the best L, and worst U;, for the k’",k = c,w objective function, where 

Ly, is the aspired level and U; is the highest acceptable level for the k*” objective function. 

Thereafter we create a fuzzy linear programming problem using membership function. The 
stepwise procedure of fuzzy programming technique is given as follows: 

Step 1: Solve the bi-objective transportation problem (Problem-II) as a single objective prob- 

lem using only one objective at a time and ignoring other. 
Step 2: From each solution derived in Step] determine the values of both objective functions. 
Step 3: Find the best L, and worst U; for both objectives corresponding to the set of solutions. 


Define a fuzzy membership function ,(Z;,) as follows: 


il, if 2. Le 
M(Zk) = y1— GSqk, if Ly < Ze < Ue 
0, if Ze > De 


The equivalent linear programming problem for the vector minimum problem can be 


written as follows: 


Maximize : A, 


U;, — Z 
Subject to; A < Toi 
Constraints; | 13) 
0O<A<1 


The above linear programming problem may further be simplified as: 


Problem-ITI: 
Maximize : A, 
Subject to; Z, + A(Uz — Le) < Uz 
Constraints; 
O0O<A<1 


Step 4: Solve Problem-III using any method and obtain the required pareto optimal solution. 


6. Numerical Illustration 


A company has three factories F,, Fy and F3. A homogenous product is to be transported 
from these factories to four destinations D,;, D2, D3 and D4 in such a way that the total 
shipment cost becomes minimum. The availability at each factories and requirement at each 
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destinations and unit interval cost transportation cost from each factory to each destination 
are given in Table [2] 


TABLE 2. Interval pentagonal neutrosophic transportation table 


Di Dog Dz D4 Availability 
(22,,26,28,32,35; 
0.7,0.3,0.4) 
(30,33,36,38,40; 

Fy [8,12] [7,10] [4,8] [5,6] 
0.6,0.4,0.5) 
(21,28,32,37,39; 
Ps [6,7] [1,2] [7,9] [5,6] 
0.8,0.2,0.4) 
(13,16, 18,21,25; | (17,21,24,28,30; | (24,29,32,35,37; | (6,10,13,15,18; 
Demand 
0.5,0.5,0.6) 0.8,0.2,0.4) 0.9,0.5,0.3) 0.7,0.3,0.4) 


The mathematical model of the given problem is as follows: 


Using Problem-II the above problem can be written as follows: 


where, 


3.4 
Minimize : Z = ~ S len, 6H, 6 


i=1 j=l 
Subject to; 

4 4 
ar < (22, 26, 28, 32, 35; 0.7,,0.3, 0.4), ‘> 
9=1 j=l 

4 3 
S > x3; < (21, 28, 32, 37,39; 0.8, 0.2,0.4), > 
j=l i=1 

3 3 
S > xin > (17, 21, 24, 28, 30; 0.8, 0.2, 0.4), s 
i=1 i=1 


3 
So ie = (6, 10,1915, 18)07,03, 0A), ay > 054 = 1,23, 9 = 12,34 
i=1 


3 4 
Minimize z. = S > Coy; Vij 
i=1 j=l 
6 7 A 7.5 
Ce, = | 10 8.5 6 5.5], 


6.5 1.5 8 5.5 


Cw, = 


3 4 
Minimize z,, = ) ) Cw; Lig 


i=1 j=1 


1 2 1 0.5 
2 15 2 0.5 
1 0.56 1 0.5 


£25 < (30, 33, 36, 38, 40; 0.6, 0.4, 0.5), 


xi > (13, 16, 18, 21, 25; 0.5, 0.5, 0.6), 


aig > (24, 29, 32, 35, 37; 0.9, 0.5, 0.3), 
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Subject to; 


4 4 4 3 
So a1j $19.06, S22; < 20.06, S° a3; < 23.01, S° xa > 8.68, 
j=l j=l 9=1 i=1 


3 3 3 
Ste 2106, Yo te 221.06, Ne S032, op > 0H 12,3, 9 $1,234 
i=1 i=l i=1 
On solving the above problem using lingo 18.0 software, the pareto optimal solution of the 
problem is obtained as, 711 = 3.27, 2713 = 15.79, x93 = 6.17, vo4 = 9.32, 731 = 5.41, 39 = 17.6, 
Z = (185.06, 280.19]. 


The above result shows that minimum total cost of transportation lies between 185.06 to 


280.19. The optimal policy of transportation to be adopted by decision maker is given in 


Table ; 


TABLE 3. Optimal policy of transportation 


Factoy Destination Suggested optimal policy of transportation 

Fy — Dy, 3.27 Units of product are to be transported from first factory 
to first destination 

Fy — D3 15.79 Units of product are to be transported from first factory 
to third destination 

7D) — D3 6.17 Units of product are to be transported from second fac- 


tory to third destination 

PF — Ds 9.32 Units of product are to be transported from second fac- 
tory to fourth destination 

Fs — Dy, 5.41 Units of product are to be transported from third factory 


to first destination 


Ps — Do 17.6 Units of product are to be transported from third factory 


to second destination 


7. Advantages and Limitations of IPNTP 


Every new study carry some limitations along with the advantages. Two major advantages 


and their corresponding limitations have been discussed in Table [4] 


8. Conclusion and Future Work 


In this paper, a more realistic variant of transportation problem namely IPNTP has been 
introduced with interval cost and pentagonal neutrosophic availability and demand parameters. 
Since the transportation cost greatly depends on many factors like sudden change in fuel prices, 


load carrying capacity of carrier, disloyalty of drivers and many more. So it becomes tedious 
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TABLE 4. Advantages and limitations 


Advantages Limitations 


e Use of interval cost reduces their tedious e Relatively more information needed to 


task of assigning membership grade to reduce the range of interval 
every associated cost e Multiobjective problems increases the 
e Solution approaches work well for single computational complexity of the problem 


objective problem as it converts into a bi- because it doubles the number of objec- 


objective crisp problems tives while converting into crisp one 


for decision maker to assign grades to truth, indeterminacy and falsity membership functions 
for unit cost of transporting product from each source to every destination. To overcome this 
issue this article suggest the decision maker to represent the transportation cost in the form 
of interval number. But this issue is not valid in case of availability and demand because 
membership grade for availability and demand parameters may easily be assigned with the 
help of information received from sources and destinations. To the best of our knowledge no 
such variant of transportation problem is considered in literature previously. 

An extension of the IPNTP with interval valued neutrosophic cost may be proposed in future 


research work. 
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Abstract: Neutro-algebra structures play a significant role in the neutrosophic theory. Especially, with the help of neutro- 
algebraic structures; neutrosophic theory makes a valuable addition to the classical theory. In this article, neutro-sigma 
algebras and anti-sigma algebras are obtained. Furthermore, basic properties and examples for neutro-sigma algebras and 
anti-sigma algebras are obtained and proved. Also, classical sigma algebra, neutro-sigma algebra and anti-sigma algebra 
are compared to each other. Neutro-sigma algebra is shown to have a more general structure with respect to classical sigma 
algebra and anti-sigma algebra. Thus, (T, I, F) components that constitute the neutrosophic theory are added into classical 
sigma algebra (without using neutrosophic sets) and a new structure is obtained. In addition, we show that a neutro-sigma 
algebra can be obtained from every classical sigma algebra and a neutro-sigma algebra can be obtained from every anti- 


sigma algebra. 


Keywords: sigma algebra, neutro-algebra, anti-algebra, neutro-sigma algebra, anti-sigma algebra. 


1 Introduction 

We encounter many uncertainties in every moment of our lives. Often, classical mathematical logic is insufficient 
to get rid of these uncertainties. The reason is that when explaining a situation or a problem, it is not always 
possible to say that it is correct or certain. Neutrosophic logic and the concept of the neutrosophic set are defined 
in 1998 by Florentin Smarandache [1]. In the concept of neutrosophic logic and neutrosophic sets, there is a degree 
of membership T, a degree of uncertainty I, and a degree of non-membership F. These degrees are defined 
independently from each other. A neutrosophic value has the form (T, I, F). In other words, a situation is handled 
in neutrosophy according to its trueness, its indeterminacy, and its falsity. Thus, neutrosophic sets are a more 
general form of fuzzy sets [2] and intuitionistic fuzzy sets [3]. Several researchers have conducted studies on 
neutrosophic set theory [4-7]. Recently, Sahin and Uz studied multi-criteria decision-making applications based 
on set-valued generalized neutrosophic quadruple sets for law [8]; Sahin et al. obtained neutrosophic triplet partial 
g-metric spaces [9]; Kargin et al. introduced neutrosophic triplet m—Banach spaces [10]; Zhang et al. defined 


singular neutrosophic extended triplet groups and generalized groups [11]; Alhasan et al. studied neutrosophic 
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reliability [12]; Mostafa et al. obtained hybridization between deep learning algorithms and neutrosophic theory 
in medical image processing [13]; Sahin et al. studied Hausdorff measures on generalized set-valued neutrosophic 


quadruple numbers and decision-making applications for the adequacy of online education [14]. 


Sigma algebra theory [15] has an important place in mathematics, especially in real analysis and 
probability theory. Sigma algebras have widespread use, especially in measurable functions and measurement 


theory. Also, Borel algebras are a widely used structure built on sigma algebras. 


Florentin Smarandache defined neutro-structures and anti-structures in 2019 [16] and 2020 [17]. Similar 
to neutrosophic logic, an algebraic structure is divided into three regions: the set of elements that satisfy the 
conditions of the algebraic structure, the truth region A; the set of elements that do not meet the conditions of the 
algebraic structure, the uncertainty region Neutro-A, and the set of elements that do not meet the conditions of the 
algebraic structure, the inaccuracy region Anti-A. Thus, the structure of neutrosophic logic has been transferred 
into the structure of classical algebras, without using neutrosophic sets and neutrosophic numbers. Therefore, 
neutro-algebraic structures, which are more general structures than classical algebras, can be obtained. In addition, 
the region of the elements that do not satisfy any of the classical algebras is also taken as anti-algebraic structures. 
For this reason, many researchers have conducted studies on neutro-algebraic structures and anti-algebraic 
structures [18 - 21]. Recently, Smarandache studied the neutroalgebra [22]; Smarandache worked on neutro- 
algebraic structures and anti-algebraic structures [23]; Smarandache and Hamidi, defined neutro-bck-algebra [24]; 
Ibrahim and Agboola introduced neutro — vector spaces [25]; Sahin et al. studied neutro—G modules and anti-G 
modules [26]; Sahin et al. obtained neutro-topological space and anti-topological space [27]; Mirvakili et al. 
studied neutro-H v-semigroups [28]; Kargin and Sahin introduced neutro-law [29]; Hamidi and Smarandache 


defined single-valued neutro hyper BCK-Subalgebras [30]. 


In the second section, we define sigma algebra [15] and give basic definitions of neutro-structures [22]. Also, we 
give definitions of neutro-topology and anti-topology [27]. In the third section, we define the neutro-sigma algebra 
and we obtain its basic properties. Also, we give similarities and differences between the classical sigma algebra 
and the neutro-sigma algebra. We show that neutro-sigma algebras have a more general structure with respect to 
classical sigma algebra and a neutro-sigma algebra can be obtained from every classic sigma algebra. In the fourth 
section, we define anti-sigma algebra and we give its basic features. Furthermore, we obtain similarities and 
differences between the classic sigma algebra and the anti-sigma algebra. Also, we show that a neutro-sigma 
algebra can be obtained from every anti-sigma algebra and neutro-sigma algebras have a more general structure 


with respect to anti-sigma algebras. In the last part, results and suggestions are given. 


2 Preliminaries 


Definition 1. [22] The Neutro-sophication of the Law (degree of well-defined, degree of indeterminacy, degree 


of outer-defined) 
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Let X be a non-empty set. * be binary operation. For at least a pair (x, y) € (X, X), x * y © X (degree of well 
defined, corresponding in neutrosophy to Truth (T)) and for at least two pairs (a, b), (c, d) € (X, X), [a* b= 
indeterminate (degree of indeterminacy, corresponding in neutrosophy to Indeterminate (I)) or c * d ¢ X (degree 


of outer-defined, corresponding in neutrosophy to Falsehood (F)]. 


Property 2. [22] In neutro-algebra, the classical well-defined for the binary operation * is divided into three 
regions: degree of well-defined (T), degree of indeterminacy (I), and degree of outer-defined (F) similar to 


neutrosophic set and neutrosophic logic. 
Definition 3. [22] The Anti-sophication of the Law (Total OuterFunction) 


Let X be a non-empty set and let * be a binary operation. For all pairs (x, y) € (X, X), x * y € X (totally outer- 
defined) 


Definition 4. [27] Let X be a non-empty set and J be a collection of subsets of X. If at least one of the following 
conditions {i, ii, iii} is satisfied, then J is called a neutro-topology on X and (X,J) is called a neutro-topological 


space. 
i) (OET,XET orXET,O€ETlor[ 9X ET] 


ii) For at least n elements p,, D2, ... Dn ET, 


n 
(Je ET 
i=1 


and for at least n elements q,, q2,..- dn € J, and for at leastn elements 1,72,...% ET; 
(Nir a € FT or Nan &1 TY] 
where n is finite. 


iii) For at least n elements p,,)2,.-. Dn EJ, 


LJner 


iel 
and for at least n elements q1,q2,-- dn EF, To, Tm ET; 


[((Uier qi € FT or Vier €T)I. 
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Definition 5. [27] Let X be a non-empty set and J be a collection of subsets of X. If the following conditions 


{Ai, Aii, Aiii} are satisfied, then J is called an anti-topology on X and (X,J) is called an anti-topological space. 
AiO, XET, 

Aii) For all q1,q2,--- dn € J, (Nixz1 i € J) where n is finite, 

Aiii) For all q1, do.- Gn € T, Vier qi ET). 


Definition 6. [15] Let S be a non-empty set and o be a collection of subsets of S. If o satisfies the following 


conditions, then o is called a sigma algebra: 

i) M and S belongs to o, 

ii) For A € o, AS Ea, 

iii) Any union of elements of o belongs to o, 

iv) Any finite intersection of elements of o belongs to a. 


3 Neutro-Sigma Algebras 


Definition 7. Let S be a non-empty set and o be a collection of subsets of S. If at least one of the following 


conditions {i, ii, iii, iv} is satisfied, then o is called a neutro-sigma algebra. 
)(6€o0,S€oorS €a,@ €o] or[G,S € o]. 
ii) For at least one element 
S, €0,5;°€o 
and for at least two elements 
t, €o,m, €o;[(t,° € oor (m,° €& o)]. 
iii) For at least n elements 
S4,S2, + Sn EO, Nii Di EO 


and for at least n elements ty, tz,... t, € 0, M4,Mz,... Mp EO; 
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[(Nik1 & € o or (Nixa mM €; 0)), 
where n is finite. 
iv) For at least n elements 
S41) 82) 0 Sn © O, Vier Di E F 
and for at least n elements ty, tz,... t, € 0, M4,Mz,... Mp EO; 
[Wier ti; € o or (Vier Mm € )). 
We obtain Definition 7 using Definition | and Property 2. 


Note 8: In this chapter, the symbol “=,” will be used for situations where equality is uncertain. For example, if it 


6699 


is not certain whether “a” and “b” are equal, then it is denoted by a =; b. 


Note 9: In this chapter, the symbol “€y” will be used for situations where the inclusion is not obvious. For example, 


66499 


if it is not certain whether “a” is a member of the set B, then it is denoted by a €;B. 
The notation in Note 8 and Note 9 is the same as in [27]. 
Corollary 10: 


i) By condition {ii} of Definition 7, neutro-sigma algebras differ from neutro-topology (in Definition 4). In 


addition, every neutro-sigma algebra is a neutro-topology. However, the reverse is not always true. 


ii) From Definition 7, the neutro-sigma algebras differ from the classical sigma algebras in Definition 6. Also, the 
neutro-sigma algebras are given as an alternative to the classical sigma algebras. However, for a neutro-sigma 


algebra, instead of the ones that are not met in Definition 7, classical sigma algebra conditions are valid. 


Example 11. Let S = {k, 1, m,n} be a set and go = {9, {k}, {k, B, {m, n}, {L m}} be a collection of subsets of S. 
Then, 


i) It is clear that S € o and @ Eo. 
it) Let Sy = {k,]} and Sy = {k}. It is clear that 
S,° €aandS,° €o. 


iii) Let S, = {k}, S, = {k,l}, T, = {m,n} and T, = {l,m}. We obtain that 
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Si NS; €o and T, NT, Eo. 
iv) Let S, = {k,]}, S, = {m,n}, T, = {k} and T, = {l,m}. We obtain that 
S; US, €oand T, UT, Eo. 
Hence, o satisfies the conditions {i, 11, ili, iv} of Definition 7. Thus, o is a neutro-sigma algebra. 


Example 12. Let S = {k, 1, m,n} bea set and 0 = {9, S, {k}, {, {m}, {n}, {m, n}, {k, B} be a collection of subsets 
of S. Then, 


ii) Let S; = {m,n} and S, = {0}. It is clear that 
S,° € a and S,° Eo. 
iv) Let S, = {k}, S, = {9 T, = {n} and T, = {k,l}. We obtain that 
S, US; €aand T, UT, Eo. 
Thus, o satisfies the conditions {ii, iv} of Definition 7. Hence o is a neutro-sigma algebra. 
We note that o satisfies the classical sigma algebra conditions {i, iii}. 


Corollary 13. In Example 11, o is a neutro-sigma algebra, but o is not a classical sigma algebra. In Example 12; 
o is aneutro-sigma algebra but a is not a classical sigma algebra. Thus, neutro-sigma algebras have a more general 


structure than classical sigma algebras. 
Theorem 14. Let o be a classical sigma algebra. Then, o — @ is a neutro-sigma algebra. 
Proof: Since a is a classical sigma algebra, it is clear that S € o. Hence, 
S°=@O0¢o-@. (1) 
Also, since o is a classical sigma algebra; we have, for all A € o — © 
Ac €a-9@. (2) 


Therefore, from (1) and (2); o — @ satisfies the condition {ii} of Definition 7. Thus, o — @ is a neutro-sigma 


algebra. 


Also, o — @ satisfies the condition {i} of Definition 7. 
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Theorem 15. Let o be a classical sigma algebra. Then, o — S is a neutro-sigma algebra. 


Proof: Since o is a classical sigma algebra, it is clear that @ € o. Hence, 


@ = S¢oa-S. (3) 


Also, since o is a classical sigma algebra; we obtain that for all AE 0 — S 


A eo-S. (4) 


Therefore, from (3) and (4); o —S satisfies the condition {11} of Definition 7. Thus,o—S is a neutro-sigma 


algebra. 


Also, o — S satisfies the condition {i} in Definition 7. 


Theorem 16. Let o be a classical sigma algebra and A be a set such that A° ¢ o. Then, o U A is a neutro-sigma 


algebra. 


Proof: It is clear that since A° ¢ o, we obtain 


AS€ GUA (5) 


Also, since o is a classical sigma algebra; we obtain that for all BE o 


Boe€o (6) 


Therefore, from (5) and (6); o U A satisfies the condition {11} of Definition 7. Thus, o U A is a neutro-sigma 


algebra. 


Theorem 17. Let o be a classical sigma algebra and A be an element of o. Then, o — A is a neutro-sigma algebra. 


Proof: It is clear that since A € o, we obtain 


(A)"=A€ o-A. (7) 


Also, since o is a classical sigma algebra; we obtain that for allB Ea -A, 


BoE o-A. (8) 


Therefore, from (7) and (8); o - A satisfies the condition {ii} of Definition 7. Thus, o - A is a neutro-sigma 


algebra. 
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Corollary 18. 


i) From Theorem 14, Theorem 15, Theorem 16, and Theorem 17, we obtain that a neutro-sigma algebra can be 


obtained from every classical sigma algebra. 


ii) The classical sigma algebras do not satisfy the Theorem 14, Theorem 15, Theorem 16, and Theorem 17. 


However, neutro-sigma algebras satisfy Theorem 19 and Theorem 21. 


Theorem 19. Let (;) be a non-empty family of neutro-sigma algebras 0; such that @ € o;,S € 0; (i = 1,2,...,n). 


Then, Uj_,(0;) is a neutro-sigma algebra on S. 
Proof: Since (o;) is a non-empty family of neutro-sigma algebras o; such that @ € o;, S € o;; it is clear that 
O° = SEUVUEG) - (9) 


Also, since (o;) is a non-empty family of neutro-sigma algebras 0; such that @ € o;, S € o;; we obtain that 


for all B € U7, (0) -9@, 
Boe UL.) -9@. (10) 


Therefore, from (9) and (10); U7, (0;) satisfies the condition {ii} in Definition 7. Thus, U?_, (gj) is a neutro-sigma 


algebra. 
Also, U?_,(0;) satisfies the condition {i} of Definition 7. 


Example 20. Let S={k,lmn} be a set and oy = {O,{k}, {k,l}, {m,n}, {Ll m}}, 
02 = {9, {k}, {B, {m}, {n}, {m, n}, {k, 3} be a collection of subsets of S. Then, from Example 12, o, is a 


neutro-sigma algebra. Also, o2 is a neutro-sigma algebras since o> satisfies conditions {i, ii, iv} of Definition 7. 
Now, we show that 
0, Von = (O, {k}, (, fm}, {n}, {m, n}, {k, 0, {L, m}} 
is a neutro-sigma algebra. 
i) @ Eo, Uoz andS €o, Uo. 
ii) {m,n}° € o, U op and {m}* € a, U op. 


iii) {k} U {}} € o, Uo, and {k,]} U {m,n} € 0, U op. 
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iv) {k} n {k, } € 0, Uo, and {m,n} {l,m} € a, Vo. 
Hence, 0, U oz satisfies the conditions {i, ii, iti, iv} of Definition 7 and o, U o2 is a neutro-sigma algebra. 


Theorem 21. Let (o;) be a non-empty family of neutro-sigma algebras o; such that @ € 0,5 € 6; GG = 1,2,...,n). 


Then, U}_,(0;) is a neutro-sigma algebra. 
Proof: Since (0;) is a non-empty family of neutro-sigma algebras o; such that @ € o;, S € oj, it is clear that 
S°= @ € Vit) (1) 


Also, since (0;) is a non-empty family of neutro-sigma algebras o; such that @ € o;, S € 0;; we obtain that for all 


BE UR,(o))-S, 
Be € UR,(0,)-S. (12) 


Therefore, from (11) and (12); U#L,(0;) satisfies the condition {ii} of Definition 7. Thus, Uj_,(0;) is a neutro- 


sigma algebra. 
Also, U?_,(G;) satisfies the condition {i} of Definition 7. 


Example 22. Let S={k,lm,n} be a set and  o, ={S,{k},{k, 0, {m,n}, {lL m}}, 
02 = {s, {k}, {B, {m}, {n}, {m, n}, {k, } be acollection of subsets of S. Then, 0, is a neutro-sigma algebra since 
0, satisfies conditions {i, ii, ili, iv} of Definition 7. Also, a2 is a neutro-sigma algebras since 0, satisfies the 


conditions {i, ii, iv} of Definition 7. 
Now, we show that 
0, UV on = {S, tk}, {U, (m}, {n}, tm, n}, tk, D, {L m} 
is a neutro-sigma algebra. 
i) @ € o, Uoz andS Ea, Uoy. 
ii) {k, I}° € 0, Uo, and {l}° € 0, Uo. 
iii) {m} U {n} € 0, U on and {k}U {l,m} € 0, U oy. 
iv) {k} nN {} € 0, Uo, and {mj} nN {} € 0, Voy. 


Hence, 0, U dz satisfies the conditions {i, ii, iti, iv} of Definition 7 and o, U 04 is a neutro-sigma algebra. 


M. Sahin, Neutro-Sigma Algebras and Anti-Sigma Algebras 


Neutrosophic Sets and Systems, Vol. 51, 2022 917 


Corollary 23. The classical sigma algebras do not satisfy Theorem 19, Theorem 21, Example 20, and 


Example 22. However, neutro-sigma algebras satisfy Theorem 19, Theorem 21, Example 20, and Example 22. 


4 Anti-Sigma Algebras 


Definition 24. Let S be a non-empty set and o be a collection of subsets of S. If the following conditions 


{i, ii, iii, iv} are satisfied, then o is called an anti-sigma algebra on S. 
i) 0,S Eo, 
ii) for all S; € 0, S;° Eo, 
iii) for all S,,5p,... Sy € 0, (Ni Si; EC), 
iv) for all S,,S3,... S, € 0, (Uie, S; € 0). 
Example 25. Let S = {k,l,m,n} be a set ando = {{k}, {l}, {m}} be a collection of subsets of S. Then, 
i) It is clear that @ € o and S € o. 
ii) Let 
Sy = {k}, S2 = {I}. S3 = {m}. 
Thus, we have 


(S,)° € a, (S2)° € a, (S3)° Eo. 


iii) Let 
S, = {k}, S. = {., S3 = {m}. 
So, 
N21 5; € o. 
iv) Let 


Si = {k}, 5S, = (53 = {m}. 


Then, we have 
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UL, S; 0. 
Thus, o satisfies the {i, ii, iti, iv} conditions of Definition 24. Therefore, o is an anti-sigma algebra on S. 


Corollary 26: In Example 25, o is an anti-sigma algebra. But o is not a neutro-sigma algebra or a classical sigma 


algebra. Thus, anti-sigma algebras are different from neutro-sigma algebras and classical sigma algebras. 
Theorem 27. Let o be an anti-sigma algebra on S, A and A‘° be two sets such that 

A€ o and AS €o. 
Then, o UA U AS is a neutro-sigma algebra. 
Proof: As A ¢ o and A‘ € o, it is clear that 

AEoUAUVA‘ and AS EOUAUAS. (13) 
Also, since o is an anti-sigma algebra; we obtain that for all B € o, 

Bo go. (14) 


So, by (13) and (14); o UA U AS satisfies the condition {ii} of Definition 7. Thus, o U A U A® is a neutro-sigma 


algebra. 
Theorem 28. Let o be an anti-sigma algebra on S. Then, o U @ U S is a neutro-sigma algebra. 
Proof: Since o is an anti-sigma algebra on S, for all S; € 0, we have S;° € o. 
SS=9EaqUDVUS and PO =SE0UGUS. 
Thus, o U @ U S satisfies condition {ii} of Definition 7. Hence, o U @ U S is a neutro-sigma algebra. 
Also, o U @ U S satisfies condition {iii, iv} of Definition 7. 
In addition, in proof of Theorem 27; if we assume that 
A=@ and AS =S or A= Sand AS = Q, 
then @ and S satisfy Theorem 28. 


Theorem 29. Let o be an anti-sigma algebra on S and A be an element of a. Then, o U A° is a neutro-sigma 


algebra. 
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Proof: Since o is an anti-sigma algebra on §, for all S; € o, S;° ¢ o. However, it is clear that 
AS EGUA. 
Thus, o U A‘ satisfies condition {ii} of Definition 7. Hence, o U A‘ is a neutro-sigma algebra. 


Example 30. In Example 25, o = {{k}, {3 {m}} is an anti-sigma algebra on S. By Theorem 27, 7 U@ is a 


neutro-sigma algebra. 


Example 31. In Example 25, o = {{k}, {J}, {m}} is an anti-sigma algebra on S. By Theorem 28, o U S is a neutro- 


sigma algebra. 


Example 32. In Example 25, o = {{k}, {J}, {m}} is an anti-sigma algebra on S. By Theorem 29, U@ US isa 


neutro-sigma algebra. 


Example 33. In Example 25, o = {{k}, {3, {m}} is an anti-sigma algebra on S. By Theorem 30, 


o U {i} ={(, (B, (m}, (Lm, n3} 
is a neutro-sigma algebra. 


Corollary 34. 


i) From Theorem 27, Theorem 28, and Theorem 29, we obtain that a neutro-sigma algebra can be obtained from 
every anti-sigma algebra. 


ii) Neutro-topology and anti-topology do not satisfy Theorem 27, Theorem 28, and Theorem 29. Thus, neutro- 


sigma algebras and anti-sigma algebras have a more general structure than neutro-topology and anti-topology. 


5 Conclusions 


In this study, a neutro-sigma algebra is defined and relevant basic properties are given. Similarities and 
differences between the classical sigma algebras and neutro-sigma algebras are discussed. We show that a neutro- 
sigma algebra can be obtained from every classical sigma algebra. In addition, we define anti-sigma algebras and 
we give corresponding basic properties. We discuss similarities and differences between the classical sigma 
algebra and anti- sigma algebras. Also, we show that a neutro-sigma algebra can be obtained from every anti- 
sigma algebra. In addition, we show that neutro-sigma algebras and anti-sigma algebras have a more general 


structure than neutro-topology and anti-topology. Thus, we add new structures to the neutro-algebra theory. 


By using the definition of neutro-sigma algebras and anti-sigma algebras, researchers can define neutro- 


sigma measurable functions, anti-sigma measurable functions, neutro-Borel algebras, and anti-Borel algebras. 
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Abstract. The entrepreneurship competence is of vital importance in the teacher training of students. It is inconceivable that 
citizens who are trained in schools do not have the ability to be autonomous, creative and daring, to make decisions that trans- 
form the social life in which we are immersed for the better. However, we do not always find institutions with the right educa- 
tion to develop this competence. That is why the aim of this article is to propose a model for the representation and obtaining 
of knowledge about the entrepreneurship competence in any educational system. For this end, there are neutrosophic ontolo- 
gies, which is a tool to easily reflect the relationships between concepts. The use of neutrosophy allows us taking into account 
the truthfulness, falseness and indeterminacy of the belonging of an object to a specific set, for its evaluation and classification. 
To the knowledge of the authors, this is the first time that neutrosophic ontology has been used to model entrepreneurship 
competence. 


Keywords: Entrepreneurship competence, ontology, neutrosophic ontology, education. 


1 Introduction 


An intention of change in education demands integrating training actions from the continuity that implies the 
verification, distribution and use of knowledge. It is transcendent that the learner manages diverse concepts and 
faces dissimilar interpretations that favor their critical thinking in the field of their reality. 

Training by competencies confers the approach of the educational process from the complex and organic ap- 
preciation, which compose, knowledge, abilities, skills, attitudes and values, in synergistic interaction that makes 
viable the autonomous performance of the individual, by equipping him (her) with tools to create, manage, inter- 
pret, understand and transform the social environment with a proactive, holistic and innovative vision. This rele- 
vant appropriation specifies the need to develop the entrepreneurship competence in education as a contribution 
to the integral formation of the student, from its essence of systemic realization, which nurtures and agrees with 
other generic, basic and specific competences. 

In this sense, the programs to develop the entrepreneurship competence in educational institutions, in general, 
do not educate for entrepreneurship, but rather guide about it and do not focus on skills, attributes and competen- 
cies of an entrepreneur, on the contrary, it focuses teaching on the creation of new companies and business ad- 
ministration, aspects that are insufficient to guarantee the training of entrepreneurial students, so the advance- 
ment of attributes should be strengthened as a priority, thinking, attitude and values [1]. 

The theoretical validation of any strategy expresses the establishment that the purposes for which it is estab- 
lished meet the requirements for the intended applications. It is the process by which it is demonstrated that the 
procedures and actions to be developed are pertinent to consummate the indicated objectives, the suitability of 
the strategy to achieve the expected performance is certified by experts or other methodologies. When we study 
the entrepreneurship competence, we must define which projects we consider most valuable for society, because 
they will be the ones that we will try to get students to undertake. We are not interested in educating the compe- 
tence to undertake if we do not establish personal and social objectives, specified in a set of shared values. 

One way to measure this process is by representing knowledge through what is known as Knowledge Engi- 
neering, which is the theoretical basis for dealing with the knowledge acquired by experts and reflected in publi- 
cations, whether monographs, books, scientific articles, among other supports. 

A tool that allows us the representation of knowledge is ontology [2-4]. The term ontology in computer sci- 
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ence refers to the formulation of an exhaustive and rigorous conceptual scheme within one or several given do- 
mains; in order to facilitate communication and the exchange of information between different systems and enti- 
ties. Although it takes its name by analogy, this is the difference with the philosophical point of view of the word 
ontology. 

A current technological common use of the concept of ontology, in this semantic sense, is found in artificial 
intelligence and knowledge representation. In some applications, several schemas are combined into a de facto 
complete data structure, containing all the relevant entities and their relationships within the domain. 

Computer programs can thus use this view of ontology for a variety of purposes, including inductive, and a 
variety of problem-solving techniques. 

Typically, ontologies in computers are closely related to fixed vocabularies (a foundational ontology) with 
whose terms everything else must be described. Because this can lead to poor representations for certain problem 
domains, more specialized schemas must be created to make the data useful for real-world decision-making. 

Classical ontologies based on bivalent logic allow us the representation of knowledge only in a strict way, 
where the measurement of the belonging of an entity or object to a certain concept can be assumed without nu- 
ances, where either it is white or it is black. This does not correspond to reality, where there is uncertainty. That 
is why fuzzy ontologies allow us a more exact modeling of reality, where the object belongs to a fuzzy set with a 
certain degree of veracity, which is given by the lack of certainty that exists in the world around us, especially 
the world of social relationships, [3,4]. 

Although fuzzy ontologies better reflect reality, because they include shades of gray in the evaluations, even 
more precision is needed at the cost of greater indeterminacy; this can be solved with the help of neutrosophic 
logic. Neutrosophic logic allows the inclusion of degrees of truthfulness, falsity and indeterminacy explicitly. 
That is why in this paper we use neutrosophic ontologies as a way of representing the knowledge of the entre- 
preneurship competence. Other papers that can be found on the application of neutrosophy in pedagogy can be 
consulted on [5-11]. 

In other words, this paper aims to offer a model for representing and obtaining knowledge about the entre- 
preneurship competence with the help of neutrosophic ontologies. To do this, in the following section the fun- 
damental concepts are developed, such as some details about the entrepreneurial competence and the basic no- 
tions about neutrosophic ontologies. Section 3 contains the fundamentals of the proposed model, while the last 
section is dedicated to giving the conclusions. 


2 Preliminaries 
2.1 Entrepreneurship competence 


Learning development strategies are complex constructs that are oriented towards decision-making resulting 
from a training need, containing actions that activate knowledge in close correspondence with the search for the 
achievement of pre-established goals, effectively ([1,5,9,12-14]). 

The definition of competence as the relevant appropriation of cross-cutting skills, knowledge, attitudes and 
values, which, when persistently updated, allow the individual to effectively and responsibly guide their interac- 
tion and development in dissimilar social settings. 

The entrepreneurship competence has the duality of integrating terminal objectives and procedural elements, 
which combine substantive and adjective functions at the same time, all that it allows us from its decomposition 
into relevant cognitive nuclei and to group its dimensions into four cardinal groups: 

Instrumental Dimension: (relates the procedural-adjective components) planning, organization, execution, 
control, management, evaluation, communication, project design, negotiation, manifest skills and abilities. 

Cognitive dimension: (brings together the resources of appropriation and use of knowledge) learning to 
learn, interpreting in social reality, understanding the environment, understanding, solving problems, establish- 
ing judgments and reasoning, information management and its management for the development of comprehen- 
sive general culture. 

Attitudinal dimension: (summarizes the motivational-volitional compositions of the competence) creativity, 
initiative, critical thinking, holistic vision, leadership, decision-making, teamwork, proactivity, risk management, 
motivation and audacity to achieve one's own goals or that of the group, perseverance, autonomy in action and 
the ability to delay the need for immediate satisfaction, development of the will to innovate. 

Axiological dimension: (provides resources related to values and the conditioning of acting) resilience, op- 
timism, responsibility, sustainability, altruism, preponderance of social interest, equity, respect for differences 
and equality, care for the environment. 

Each one of these dimensions reaches its own magnitudes that distinguish them, but they cannot be isolated, 
since they form a unit. Its operating system is systemic, which increases its synergistic behavior to the extent that 
they are enhanced. 

The dimensions function as a complex and coherent organization, in which each element fulfills a function, 
establishes an order, involves a logic of relationships, which give fullness to the whole and distinguish it, by di- 
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recting and complementing the development that gives rise to competition. 

Approaching the entrepreneurship competence from the pedagogical performance of teachers in any level of 
education means the development of constructs that promote participation, inclusion and social responsibility. It 
is to develop a quality dedicated to individual and group protagonism. 

It is to train the student by reinforcing the attitudinal, cognitive and axiological elements that lead to the mu- 
tation of the role of passive executors to men and women with critical thinking, actors of change, producers of 
innovative ideas, of viable projects, with the aptitudes and attitudes to materialize it. This is graphically summa- 
rized in Figure 1. 
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Figure 1: Graphical representation of the development of the entrepreneurship competence. Source ([1]). 


2.2 Neutrosophic Ontologies 


Classical ontologies are based on objects and their relationships and have the following components ([2]): 
Individuals: Instances or objects. 

Classes: Sets, collections, concepts, etc. 

Attributes: Aspects, properties, features, characteristics, etc. 

Relations: How classes and individuals relate to one another. 

Function terms: Complex structures designed from certain relations. 

Restrictions: Constrains which describe what is true to be accepted as input. 

Rules: Statements in the form of IF-THEN sentences. 

Axioms: Assertions which include rules, in a logical form that comprise the overall theory that the 
ontology describes in its domain of application. 

Figure 2 represents an example of ontology: 
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Figure 2: Graphical representation of a basic generic ontology. Source: The authors. 


Neutrosophic logic is a logic in which every proposition is estimated to have the degree of truthfulness, inde- 
terminacy, and falsity (T, I, F). 

Definition 1: ({15,16]) The Neutrosophic set N is characterized by three membership functions, which are 
the truth-membership function Ta, indeterminacy-membership function I, and falsity-membership function Fa, 
where U is the Universe of Discourse and VxeU, Ta(x),I,(x), Fa(x) C]~0,1*[, and ~O<inf Ty(x) + 
inf I,(x) + inf F,(x)<sup Ty (x) + sup I,(x) + sup Fa(x)<3*. 

See that according to Definition 1, T, (x), I, (x), Fa(x) are real standard or non-standard subsets of ]~0, 1* [ 
and hence, T, (x), I, (x), Fa(x) can be subintervals of [0, 1]. 

Definition 2: ({15,16]) The Single-Valued Neutrosophic Set (SVNS) N over U is A = {< 
x; Ta (x), 14), Fa(x) > : xeU}, where Ty: U->[0,1], I,: U-[0,1], and Fy: U->[0, 1], O<Ty(x) + I(x) + 
F A (x) <3. 

The Single-Valued Neutrosophic number (SVNN) is symbolized by N = (t,i,f), such that 0 <t,i,f<1 and 
O0<t +i+ fs3. 

Definition 3: ({17]) A neutrosophic ontology is a sextuple NO = <1,C,T,N,X,indeterminacy > where I 
is the set of instances, C is the set of classes. T denotes the taxonomy relations among the set of concepts C. N 
denotes the set of non-taxonomy neutrosophic associative relationships. X is the set of axioms expressed in a 
proper logical language. Indeterminacy is the degree of indeterminacy existing in the overlapping region. 

A Neutrosophic Ontology in the example of Figure 2 contains triple truth values for truthfulness, indetermi- 
nacy, and falseness. For example, “Studies-in” can be associated with < 1,0,0 > in all the three cases because a 
student usually studies in only one school. On the other hand, for the relationship “Fulfils-the-requirements-of” 
there are different degrees of satisfaction, for example Robert could satisfy the Instrumental dimension with < 
0.03,0.2,0.9 >, the Cognitive with < 0.1,0.1,0.8 >, the Attitudinal with < 0.9,0.1,0.2 >, and the Axiological 
with < 0.85,0.15,0.2 >. 


3 The Model 


In the proposed model, the neutrosophic ontology is used to represent knowledge and to evaluate each stu- 
dent in terms of its ability to undertake. 

The set I in this case is the set of students that are going to be evaluated on their entrepreneurship compe- 
tence. Set C is that of the classes involved, in this case "Has the entrepreneurship competence", which are meas- 
ured by the attributes of having the "Instrumental", "Cognitive", "Attitudinal" and "Axiological" dimensions. N 
contains the opposite of the concepts within the classes, that is, “does not have the entrepreneurship competence”. 

The rules defined in this model are very simple and obvious: 

1. Ifstudent S satisfies the “Instrumental” dimension, then he or she has a greater capacity for “Entrepre- 

neurship Competence”. 
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2. Ifstudent S satisfies the "Cognitive" dimension, then he or she has a greater capacity for “Entrepreneur- 

ship Competence”. 

3. If student S satisfies the “Attitudinal” dimension, then he or she has a greater capacity for “Entrepre- 

neurship Competence”. 

4. If student S satisfies the “Axiological dimension”, then he or she has a greater capacity for “Entrepre- 

neurship Competence”. 

5. If student S satisfies a greater number of dimensions, then he or she will have a greater capacity for “En- 

trepreneurship Competence”. 

The teachers of the students to evaluate are invited to give an evaluation out of 100 points that reflects the 
behavior of the students on each of the previous dimensions. This must be stored in a database. The evaluators 
are explained that for each evaluation they must give 3 values out of 100 points, the first value corresponds to 
how certainty they have that the student satisfies the indicated attribute, which is one of the 4 dimensions, the 
second value corresponds within the same scale to the indeterminacy that the evaluator has about the satisfaction 
or not of the dimension, while the third value corresponds to the certainty that the student does not satisfy the at- 
tribute. Although evaluators are asked for a greater number of elements to evaluate, this will result in greater ac- 
curacy, taking into account that teachers are not always satisfied with giving a grade in a single number that of- 
ten leaves them dissatisfied. 

The proposed ontology is visualized in Figure 3. 


PEDAGOGICAL COMPETENCES 
OTHER COMPETENCES NON-ENTREPRENEURSHIP COMPETEN- 
ENTREPRENEURSHIP COMPETENCE 


ATTRIBUTE 1 ATTRIBUTE 2 ATTRIBUTE 3 ATTRIBUTE 4 


Figure 3: Neutrosophic Ontology of entrepreneurship competence. Source: The authors. 


Note that the triple (t, i, f) corresponds to the neutrosophic evaluation of each student, as explained above. 

Following the 5 rules, they can be summarized in that the entrepreneurship competence is measured accord- 
ing to the satisfaction of the 4 attributes (or dimensions). In addition to the fact that the greater the number of sat- 
isfied attributes, the greater the entrepreneurship competence, this is reflected in the following logical predicate: 


EC © Inst AND Cogn AND Attit AND Axiol (1) 


Where EC denotes the entrepreneurship competence, Int, Cogn, Attit and Axiol, represents each one of the 
dimensions and AND is the logical conjunction operator. 
To perform the calculations, the grades given to the student are de-neutrosified using the following formula 


({18}): 


Sti fy) =+(2+=) (2) 


100 


Then the AND is applied using the classical t-norm min(-) formula. 


Noel Batista Hernandez, Lisbeth Josefina Reales Chacon, and Lilia Esther Valencia Cruzaty, Gina Real Zumba, Wilmer Or- 
tega Chavez, Jestis Tito Quispe Model Based on Neutrosophic Ontologies for the Study of Entrepreneurship Competence 


Neutrosophic Sets and Systems, Vol. 51, 2022 928 


Let us illustrate the use of the proposed model with a generic example: 
Example 1. Let us revisit the example in Figure 2 where the evaluations of the 3 students are summarized in 
Table 1. 


Student (Instance) Attrib1(Int) Attrib2 (Cogn) Attrib3 (Attit) Attrib4 (Axiol) CE 
Robert < 3,20,90 > < 10,10,80 > < 90,10,20 > <85,15,20> 0.31 
John < 60,10,30 > < 70,5,15 > < 63,7,24 > < 80,15,20 > 0.73333 
Mary < 90,1,5 > <95,2,1 > < 80,0,20 > <81,1,21> 0.86333 


Table 1: Neutrosophic Ontology of the example. 


We can see, according to Table | that Mary has a better development of the entrepreneurship competence, 
followed by John. On the other hand, the assessment of Robert is low. 


Conclusion 


The Entrepreneurship Competence is essential for the useful development of the student within the school. 
This competence will provide us with citizens who have initiatives that promote the progress of the society in 
which we live, while being critical and who have their own innovative thinking. One of the challenges that mod- 
ern pedagogy has is to give it the importance that this competence deserves within the curriculum. That is why in 
this article we propose a model where this competence is measured in students of any level of education. The 
model is based on the use of neutrosophic ontologies, where ontology is combined as a technology to represent 
knowledge and neutrosophy that allows us the evaluation of relationships among concepts using neutrosophic 
numbers. To the knowledge of the authors, neutrosophic ontologies are used for the first time in the modeling of 
the Entrepreneurship Competence. 
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Abstract. 


This paper comes side by side with the complement paper (Original Methods for Obtaining the Initial 
Solution in Neutrosophic Transportation Problems), these two papers regarded as twins, they are 
both dedicated to sounding the transportation problems from the perspective of neutrosophic theory, 
having kinds of indeterminacy in three aspects are: 

1- The entries of the payment matrix are neutrosophic values (i.e. Ncy = [cy + €] ); the indexes i&j 
have their usual meaning representing the transportation cost of one unit from the production center 
i to the consumption center j. Assume the indeterminate ¢ = [A,, Az]. 

2- The available and the required quantities are both having neutrosophic values represented by 
Naj = aj + & , Nb; = b; + 6; respectively, where & = [Ajz,Aj2] , 6; = [Hj1, Hye]. 

3- This kind of neutrosophic transportation problem is represented gathered from the above two 


cases. 

Keywords: Linear Programming; Neutrosophic Transportation Problem (NTP); Neutrosophic 
Production Quantities; Neutrosophic Consumption Quantities. 

Introduction 

The operation research specifically mathematical programming is used in the daily recurrent 
problems that appear each time when we need to transfer materials from the production centers to 
the consumption centers. 

After the transportation problems have been formulated, the yielded linear models will be solved by 
simplex method and its modifications. [1-5]. This manuscript contains a modeling study 
transportation problems using neutrosophic logic that first adopted by F Smarandache (1995) [6-9] is 


took recently a huge solicitude in effectively addressing the potential uncertainties in the real world, 
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neutrosophic logic comes as a replacement to the fuzzy logic presented by L. Zadeh (1965) [10], 
intuitionistic fuzzy logic presented by K. Atanassov (1983) [11]. 


1. Discussion and the General Formulation of the NTP 

There is no doubt of the TP importance in any Inc., because of the high costs paid by institutions 
and companies to secure their needs of raw materials or through the marketing of their products or 
even the process of transferring their administrative and functional members, so it was necessary to 
present a study that keeps with the frontiers of modern science in which this article studies 
transportation issues using the neutrosophic logic that takes into account all the changes that can 
occur during work, and provides companies with a safe working environment. 

Assume that one material may be transferred from the production center Aj,i = 1,2,..,m to the 
consumption center B,,j = 1,2,...,n,where @,,Q2,...,@m are available quantities, b,,b2,...,b, are 
required quantities, C;; is the transfer cost of one unit from the production center i to the 
consumption center j, and are represent the entries of the payment matrix C = [c;;]. To construct the 
mathematical model, x; j denotes the transferred amount of material from the production center i 
to the consumption center j. The following tableau contains the basic symbols of the any 


transportation problems, so any later table will be read out of this table: 


PC CC By B, Bs ~ By AQ 
A, C11 C12 C13 os Cin ay 
X41 X12 X13 Xin 

Az C21 C22 C23 “ Con a2 
X21 X22 X23 X2n 

A3 C31 C32 C33 C3n a3 
X31 X32 X33 X3n 

Am Cm1 Cm2 Cm3 Cmn an 
Xm1 Xm2 Xm3 Xmn 
RQ by bz b3 re by 


” 
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In any TP, there are two cases: 

1- Balanced model satisfying j=, a; = Lja1 9j- 

2- Unbalanced model at Yij=, a; # Yj=1 5. 

For the purposes of generalizing any mathematical symbol in the above-mentioned tableau from its 
classical model to its neutrosophic meaning, it is enough to add a prefix N to indicate that this 
symbol will hold some indeterminacy as follow: 

a. The matrix of transferring cost of one unit from the production center i to the consumption 
center j in its neutrosophic value is Nc; = [cjj + €], where € = [A,,A2] represents the 
indeterminate value. 

b. The symbol Nx;; refers to the materials’ amount that transported from the production 
center i to the consumption center j, so the matrix of the unknowns is written as NX = 
[Nx;;]. 

c. The neutrosophic meaning of the available quantities and the required quantities are Na; = 
a; + €;, Nb; = bj + 6; respectively, where ¢ = [Aj1,Ai2], 5; = [Mj Mj2l- 

d. The neutrosophic encoding of the objective function in the linear programming is NZ = 
dint Lj=i Ney xy , Or NZ = Yih y Yin Ci NXij, or NZ = Liq Liana Nei; NXij- 

So, in this article, the authors assumed the representation of neutrosophic numbers as intervals 

such as & = [Ajy,Ai2|, 5; = [jr Hjz]. It is important to notice that the authors did not adopt 

(trapezoidal numbers, pentagonal numbers, or any other neutrosophic numbers which need to 

specify using the membership functions, this kind of neutrosophic numbers or parameters 

represented by intervals have been firstly introduced by Smarandache F. in his main published 

books [12-14]), 

2. Types of Unbalanced Neutrosophic Transportation Problems 
Without loss of generality, any solver can faces unbalanced NTP (i.e. i=; Na; # Yi=1 Nb;) in which 
two types of problems can be extracted: 

1. Overproduction problems occur when Yi", Na; > yest Nb;. To treat this case, the solver 


should balance this problem by adding an artificial consumption center B,,, has need of 
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Nbyy1 = Mini Na; — Lj=1 Nbj, where the transformation cost of one unit from the all 
production centers to this artificial consumption center equal to zero (i.e. Cjn41 = 0;1 = 
1,2, ...,m), also, in the data table, the solver should add a new column concerning the new 
consumption center. The conditions of this linear programming problems that should be 
satisfied are: 

DRI Nxy; =Na; ; LER Nx; =Nb; ; Nx; 20; j=1,2,..n+1;i=1,2,..,m 
production deficient case (type of problems having production shortfall) occur when 
diz1 Na; < Yij=1 Nb;. The same above strategy of balancing the problem has been applied by 
adding an artificial production center Am+, has production power of Nan41= Det Nb; - 
ie Na;, where the transformation cost of one unit from this artificial production center to 
all consumption centers equal to zero (i.e. Cm41; = 0;j = 1,2,...,n), also, in the data table, 
the solver should add a new row concerning the new production center. The conditions of 
this linear programming problems that should be satisfied are: 


via=1 Nxiz = Na; 7 ea Nx = Nb; j Nx; 20 ;J=1,2,..,n;t=1,2,..,m+1 


3. Miscellaneous NT Problems 


In the upcoming subsections (3.1,3.2,3.3), the problem text will be: A quantity of fuel is intended to 


be shipped from three stations A,,A2,A3 to four cities B,, Bz, B3,B,. The available quantities at each 


station, 


and the demand quantities in each city, with the transportation costs in each direction are 


demonstrated in accompanied tables; 


3.1 Balanced Neutrosophic Transportation Problem (NTP) 


CC B, B, B, B, AQ 
PC 
Ay 7+e 4+¢ Ste 9+¢ 120 + & 
NXx44 NX42 NX43 NXx44 
As lite 2+e 7+ 3+¢ 80 + €2 
NXx21 NXx22 NXx23 Nx24 
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A; Ate 5 +e 2+¢ 8+eE 100 + 3 
NX31 NX32 NX33 NX34 


By assuming 


[0,10], the above table can be rewritten as: 


a= [0,2], Ey = [0,35], €, = [0,10], ¢5 = [0,15], 6, = [0,7], 6, = [0,18], 63 = [0,25], 54 = 


pc :: ' a AQ 
Ay [7,9] [4,6] [15,17] [9,11] [120,155] 
NXy1 NX12 NX13 NX44 
A> [11,13] [2,4] [7,9] [3,5] [80,90] 
NX21 NX22 NXp3 NX24 
As [4,6] [5,7] [2,4] [8,10] [100,115] 
NX31 NXx32 NX33 NX34 
RQ [85,92] [65,83] [90,115] [60,70] 


Obviously, the problem is balanced cause ¥}7_, Na; = yaa Nb, = [300,360] 


The model of the linear programming is 


Min NZ = [7,9]Nx,, + [4,6]Nx15 + [15,17]Nx,3 + [9,11]Nx,4 + [11,13]N x2, + [2,4]N x2 + [7,9]N x23 


Subject to 


4 = 2 
jai Nxy =a; 


3.2 Unbalanced Overproduction NTP Case Study 


+ [3,5]|Nx0q4 + [4,6]Nx31 + [5,7]N x32 + [2,4] N x33 + [8,10]N x34 


SNe SNe, 303 7H 28457123 


a CC B, B, B B, AQ 
Ay 7+é A+e Ste 9+¢ 120 + & 
NX, NX42 NXx43 NX44 
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A, 1i+é 2+¢ 7+é 3+¢ 95 + é 
NX24 NX22 NXx23 NX24 
A; Ate 5t+e 2+¢€ 8+eE 100 + 3 
NX31 NX32 NX33 NX34 
RQ 85 + 6, 65 + 62 90+ 63 60 + 64 


By assuming 


E= [0,2], Ey = [0,35], €, = [0,10], €3 = [0,15], 61 — [0,7], 62 = [0,18], 63 = [0,25], 64 = 


[0,10], the above table can be rewritten as: 


PC 7 me Bs Bs AQ 

Ay [7,9] [4,6] [15,17] [9,11] [120,155] 
NX, NX42 Nx43 NX44 

Ap [11,13] [2,4] [7,9] [3,5] [95,105] 
NX21 NXx22 NXx23 NX24 

A; [4,6] [5,7] [2,4] [8,10] [100,115] 
NX31 NXx32 NXx33 NX34 
RQ [85,92] [65,83] [90,115] [60,70] 


It is obvious that Y7_, Na; = [315,375] > Y4#_, Nb; = [300,360] ; this lead to add an artificial 


consumption center b; has need of the value bs = Yi%, a; — M1 bj = [315,375] — [300,360] 


[15,15] =15 


Hence, the value of the objective function is 


Min NZ = [7,9]Nx,, + [4,6]Nx12 + [15,17]Nx,3 + [9,11] N x14 + 0.Nx,5 + [11,13]N x21 + [2,4] NX. 


Subject to 


+ 0.N x35 


5 = : 
dja NXij HQ; 


M. Jdid, H. E. Khalid “ Neutrosophic Mathematical formulas of Transportation Problems ”’ 


DLNxy = 5; ; Nay 20 ; f =1,2,3,4,5;1=1,2,3 


+ [7,9]Nx23 + [3,5]Nx24 + 0.Nx25 + [4,6]Nx3, + [5,7]N x32 + [2,4]Nx33 + [8,10]Nx3, 
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3.3 Unbalanced Production Deficient NTP Case Study 


a CC By B, B B, AQ 

Ay 7+eE A+e Ste 9+¢ 120 + & 
NX44 NX42 NX43 NXy4 

A, lite 2+¢e 7+¢é 3+¢ 80 + €2 
NX21 Nx22 Nx23 NXx24 

A; Ate Ste 2+¢€ 8+eE 100 + €3 
NX31 Nx32 Nx33 NX34 

RQ 85 + 5, 100 + 5, 90 + 5; 60 + 5, 


Where, E= [0,2], Ey = [0,35], € = [0,10], €3 = [0,15], d, = [0,7], 62 = [0,18], 53 = [0,25], 64 = [0,10] , 


the above table can be rewritten as: 


se CC B, B B; B, AO 
Ay [7,9] [4,6] [15,17] [9,11] [120,155] 
NX NX42 NXx43 NX44 
As [11,13] [2,4] [7,9] [3,5] [80,90] 
NX21 NX22 Nx 23 NX24 
Az [4,6] [5,7] [2,4] [8,10] [100,115] 
NX31 Nx32 Nx33 NX34 
RQ [85,92] [100,118] [90,115] [60,70] 


It is worthy to mention that Y7_, Na; = [300,360] < Y4_, Nb; = [335,395] ; this lead to add an 
artificial production center a, has production power equal to a, = yes by — ¥2, a; = [315,395] — 
[300,360] = [35,35] = 35 


Hence, the model of the linear programming is 
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Min NZ = [7,9]Nx,, + [4,6]N x12 + [15,17]N x13 + [9,11] N x14 + [11,13] x21 + [2,4]N x2 + [7,9]N x23 
+ [3,5]Nx24 + [4,6]N x3, + [5,7]N xa + [2,4] N x99 + [8,10]N xq + 0. N24, + 0.N X42 
+ 0.NX43 + 0.NX44 
Subject to 


Djer NX; =a; 7 VEiNxiy = b; Z NXij >0; J = 1,2,3,4;i = 1,2,3,4 


4. Conclusion and Results 


This manuscript presented new insights into remodeling transportation problems from classical 
models to the corresponding neutrosophic ones through three basic aspects containing some 
indeterminacies either in transformation costs, or in the available quantities existed in production 
centers side by side with required quantities existing in consumption centers, or in the general case 
study that represents the existence of indeterminacies in all previous states. The solutions to these 
neutrosophic transportation problems NTP give the solver a margin of freedom and reduce the loss 
resulting from transporting process through the availability of the indetermination notion in 
neutrosophic theory. This study was presented simultaneously with the paper entitled (Original 
Methods for Obtaining the Initial Solution in Neutrosophic Transportation Problems) regarded as 
complementary to this recent paper in which the authors discuss the initial solution for the NTP 
models and study the modifications of this initial solution aiming to get the optimal solutions. 
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Abstract: The IndetermSoft Set is as an extension of the Soft Set, because the data, or the function, 
or the sets involved in the definition of the soft set have indeterminacy - as in our everyday life, and 
we still need to deal with such situations. 

And similarly, IndetermHyperSoft Set as extension of the HyperSoft Set, when there is 
indeterminate data, or indeterminate functions, or indeterminate sets. 

Herein, ‘Indeterm’ stands for ‘Indeterminate’ (uncertain, conflicting, incomplete, not unique 
outcome). 

We now introduce for the first time the TreeSoft Set as extension of the MultiSoft Set. 

Several applications are presented for each type of soft set. 


Keywords: Soft Set, IndetermSoft Set, HyperSoft Set, IndetermHyperSoft Set, MultiSoft Set, 
TreeSoft Set 


1. Introduction 


We have extended the Soft Set to HyperSoft Set [2, 3] in 2018, then both of them to IndetermSoft 
Set and IndetermHyperSoft Set [4, 8] respectively in 2022, and we have introduced Indeterminate 
Soft and HyperSoft operators. 

The operations (complement, intersection, union) for IndetermSoft Set and IndetermHyperSoft 
Set respectively are to be done in the future research. 

And in this paper a new type of soft set, called TreeSoft Set, is introduced for the first time as an 
extension of the MultiSoft Set. 

Several applications are presented for each type of soft set. 


2. Definition of Soft Set 


Let Ube a universe of discourse, H a non-empty subset of U, with P(/) the powerset of 4, and a 
an attribute (parameter, factor, etc.), with its set of attribute-values denoted by A. Then, the pair (F, 
A), with F: A — P(H), is called a (Classical) Soft Set over H. 

Molodtsov [1] has defined in 1999 the Soft Set. 
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3. Real Example of (Classical) Soft Set 


Let H = {h1, hz, hz, ha} be a set of houses, and a an attribute, a = color, and its set of attribute-values 
A = {white, green, red}. The function F': A> P(#Z), as: 


F(white) = {hi, ho, ha}, F(green) = hs, F(red) = @ (no house). 


4. Definition of IndetermSoft Set 


Smarandache [4, 8] introduced it in 2022. 

Let be a universe of discourse, H a non-empty subset of / and P(/) the powerset of 7. Let a 
be an attribute, and 4be a set of this attribute-values. 

Then #: 4— AZ) is called an IndetermSoft Set if: 

i) the set A has some indeterminacy; 

ii) or the set P(H) has some indeterminacy; 

iii) or there exist at least an attribute-value v eA, such that F(v) = indeterminate (unclear, 
incomplete, conflicting, or not unique); 

iv) or any two or all three of the above situations. 

The IndetermSoft Set has some degree of indeterminacy, and as such it is a particular case of the 
NeutroFunction [5, 6], defined in 2014 — 2015, which is a function that is only partially well-defined 
(inner-defined), partially indeterminate, and partially outer-defined. The NeutroFunction is a 
generalization of the classical function, that is totally well-defined. 

IndetermSoft Set, as extension of the classical (determinate) Soft Set, deals with indeterminate 
data, because there are sources [4, 8] unable to provide exact or complete information on the sets A, 
H or P(H), and on the function F. 

We did not add any indeterminacy, we found the indeterminacy in our real world. Because 
many sources give approximate/uncertain/incomplete/conflicting information, not exact information 
as in the Soft Set, as such we still need to deal with such situations. 

For more information on IndetermSoft Set consult [4, 8]. 


5. Real Example of IndetermSoft Set: 


Assume a town has many houses. 


1) Indeterminacy with respect to the function. 

1a) You ask a source: 

- What houses have the red color in the town? 
The source: 

-I am not sure, I think the houses /1 or hz. 
Therefore, F(red) = hi or hz 

(indeterminate / uncertain answer). 

1b) You ask again: 

- But, what houses are yellow? 

The source: 

- Ido not know, the only thing I know is that the house hs is not yellow because I have visited it. 
Therefore, F(yellow) = not hs 

(again indeterminate / uncertain answer). 

1c) Another question you ask: 

- Then what houses are blue? 

The source: 

- For sure, either hs or hg 

Therefore, F(blue) = either hs or ho 

(again indeterminate / uncertain answer). 
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2) Indeterminacy with respect to the set H of houses. 

You ask the source: 

- How many houses are in the town? 

The source: 

- Inever counted them, but I estimate their number to be between 100-120 houses. 


3) Indeterminacy with respect to the set A of attributes. 

You ask the source: 

What are all colors of the houses? 

The source: 

I know for sure that there are houses of colors red, yellow, and blue, but I do not know if there are 
houses of other colors (?) 


This is the IndetermSoft Set. 


6. Definition of HyperSoft Set 


Smarandache has extended in 2018 the Soft Set to the HyperSoft Set [3, 4, 8] by transforming the 
function F from a uni-attribute function into a multi-attribute function. 

Let U be a universe of discourse, H a non-empty set included in U, and P(/) the powerset of H. 
Let a1, az, ..., Qn, where n 2 1, be n distinct attributes, whose corresponding attribute-values are 
respectively the sets A1, A2, ..., An, with Ain Aj =@, fori4j, andi, j € {1, 2, ..., n}. 

Then the pair (F, A1 x Az x ... x An), where A1 x A2* ... x An represents the Cartesian product, with 
F: Aix Az x ... x An — P(H) is called a HyperSoft Set. 

In other words, for any (€,,€5,-.-,€,) € A, X A, x... A, ; F(é,,€,,..€,) € P(A) 


7. Real Example of HyperSoft Set 


Let H = {h1, hz, hs, ha, hs, he, h7} a set of houses, and two attributes a1 and az, where ai = color, and 
its set of attribute-values A1={white, green, red}, and a2 = size, and its attribute-values 
A2 = {small, big}. The function F': A, x A, > P(/1),as: 


F(white, small) = {h1, ho}, F(green, big) = tha, he, hz}, F(red, big) = ths, hs}. 


8. Definition of IndetermHyperSoft Set 


Smarandache [4, 8] introduced it in 2022. 

Let / bea universe of discourse, H a non-empty subset of / and P(/) the powerset of /. Let 
ai, a2, ..., An, where n 2 1, be n distinct attributes, whose corresponding attribute-values are 
respectively the sets A1, A2, ..., An, with Ain Aj=@, foriz#j, andi, j € {1, 2,..., n}. 

Then the pair (F, Ai x A2 x ... x An), where Ai x A2 x ... x An represents the Cartesian product, with 
F: Aix A2x ... x An — P(H) is called an IndetermHyperSoft Set if: 

i) at least one of the sets A1, Az, ..., An has some indeterminacy; 
ii) or the set P(H) has some indeterminacy; 
iii) or there exist at least one n-plet (€,,@,,...,€,) € A, x A, x...x A, such that F (€,,€55--,) 


= indeterminate (unclear, uncertain, conflicting, or not unique); 
iv) or any two or all three of the above situations. 

The IndetermHyperSoft Set has some degree of indeterminacy, and it is as extension of the 
(determinate) HyperSoft Set. 

Similarly, we did not add any indeterminacy, we found the indeterminacy in our real world. 
Because many sources give approximate/uncertain/incomplete/conflicting information, not exact 
information as in the Soft Set and in the HyperSoft Set, as such we still need to deal with such 
situations. 
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9. Real Example of IndetermSoft Set 


Assume a town has many houses. 


1) Indeterminacy with respect to the function. 

1a) You ask a source: 

- What houses are of red color and big size in the town? 

The source: 

-] am not sure, I think the houses 1 or hz. 

Therefore, F(red, big) = hi or hz 

(indeterminate / uncertain answer). 

1b) You ask again: 

- But, what houses are yellow and small? 

The source: 

- I do not know, the only thing I know is that the house hs is neither yellow nor small because I 
have visited it. 

Therefore, F(yellow, small) = not hs 

(again indeterminate / uncertain answer). 

1c) Another question you ask: 

- Then what houses are blue and big? 

The source: 

- For sure, either hs or hg 

Therefore, F(blue, big) = either hs or hs 

(again indeterminate / uncertain answer). 


2) Indeterminacy with respect to the set H of houses. 

You ask the source: 

- How many houses are in the town? 

The source: 

- I never counted them, but I estimate their number to be between 100-120 houses. 


3) Indeterminacy with respect to the set A of attributes. 

You ask the source: 

What are all colors and sizes of the houses? 

The source: 

I know for sure that there are houses of colors of red, yellow, and blue, but I do not know if there 
are houses of other colors (?) 

About the size, I saw many houses that are small, but I do not remember to have seing be big 
houses. 


This is the IndetermHyperSoft Set. 


10. Definition of MultiSoft Set [7] 


Let U be a universe of discourse, and H a non-empty subset of U. 
And P(H) is the power set of H. Let A1, Az, ..., An be n 2 2 sets of attributes (parameters) whose 


intersection A, 0A,0...0A, =@. 
Let A= A,UA,U...UA,and P(A) be the power set of A. 
Then F': P(A) > P(A) is a MultiSoft Set over H. 
For € € P(A) one considers that F(€) is the set of € - approximate sets of the multisoft set 


(F, P(A)). 
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11. Extension of the MultiSoft Set to a HyperSoft Set 
One introduces the empty-element @ to each set of attribute-values, and let denote 
A= AU {6}, 4, = A, UG}, = 4, Gh. 
Leté =(656),.56 )64 XA Xa XA 
then €,¢€ A, = A, U{¢} means that either ¢,€ A, or €,=@ (discarded) ; 
similarly for all €, € A, = A, U{@}, 1<i<n. 


Thus, F': A, x A, x...x 4, > P(H) is a hypersoft set. 


12. Real Example of MultiSoft Set 


We retake the previous example and adjust it to a MultiSoft Set. 

Let H = {h1, hz, hs, ha, hs, he, h7} a set of houses, and two attributes a1 and az, where ai = color, and 
its set of attribute-values A1= {white, green, red}, and a2 = size, and its attribute-values 

A2= {small, big}. Let A= A, U A,= {white, green, red ; small, big}, and P(A) be the power set of A. 
Then F': P(A) > P(A) is defined as follows: 

F(white) = thi}, F(green, big) = (hs, he}, F(big) = ths, hs}. 
13. Real MultiSoft Set extended to a HyperSoft Set 

Let’s enlarge Al and A2: 

A, = {white, green, red, p }, and A, = {small, big, p } 

Then F :Ax4A,—> P(A) 


F’(white, e = Fcwhite)={h1} (since the attribute-value e was discarded). 
F’(green, big) = F(green, big) = {h4, h6}. 


F’( eg big) = F(big) = {h3,h5} (since the attribute-value g was discarded). 


14. Generalization of MultiSoft Set to the TreeSoft Set 


Let U be a universe of discourse, and H a non-empty subset of U, with P(H) the powerset of H. 
Let A be a set of attributes (parameters, factors, etc.), 
A={A,A,,...,4,}, for integer n>1, 


where A,, A,,...,A, are attributes of first level (since they have one-digit indexes). 
Each attribute A,,1 <i <n, is formed by sub-attributes: 
A, a VAs Alanis) 
A, = {A,,, Ay sates 


A HVA Ay ages} 
where A, are sub-attributes (or attributes of second level) (since they have two-digit indexes). 
Again, each sub-attribute A, ; 1s formed by sub-sub-attributes (or attributes of third level): 


i, jsk 
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And so on, as much refinement as needed into each application, up to sub-sub-...-sub-attributes 
(or attributes of m-level (or having m digits into the indexes): 


Lola yeee9by 

Therefore, a graph-tree is formed, that we denote as Tree(A), whose root is A (considered of level 
zero), then nodes of level 1, level 2, up to level m. 

We call leaves of the graph-tree, all terminal nodes (nodes that have no descendants). 

Then the TreeSoft Set is: 

F : P(Tree(A)) > P(A). 

Tree(A) is the set of all nodes and leaves (from level 1 to level m) of the graph-tree, and 
P(Tree(A)) is the powerset of the Tree(A). 

All node sets of the TreeSoft Set of level m are: 
Tree(A) = {A, |i, =1,2,...}U{A,, lab =12,..}U{A 4s lasted =12,..pUU{A ye lbotae- od, =L2,..F 


I siz 513 Ty oly genes 


The first set is formed by the nodes of level 1, second set by the nodes of level 2, third set by the 
nodes of level 3, and so on, the last set is formed by the nodes of level m. 
If the graph-tree has only two levels (m = 2), then the TreeSoft Set is reduced to a MultiSoft Set. 


15. Example of TreeSoft Set of Level 3 


Node of level 0 (the graph-tree root): A. 

Nodes of level 1: Au, A. 

Nodes of level 2: Au, A12; Ari, Azz. 

Nodes of level 3: Az, A212. 

Whence Tree(A) = {A1, Az; Au, A12; Az1, A22; Aoi, Aziz}. 

The leaves are: Au, Az; Azu, A212; Az. As we see, the leaves may have various levels, in this case: 
2, or 3. 

P(Tree (A)) is the powerset of Tree(A). 
F: P(Tree(A)) > P(H) is a TreeSoft Set of Level 3. 


A level 0 


level 1 


level 2 


level 3 


Graph 1: TreeSoft Set of Level 3 
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16. Practical Example of TreeSoft Set of Level 3 


Attributes 
SIZE LOCATION 
BIG | | ARIZONA | CALIFORNIA | 
| PHOENIX | | TUCSON | 


Graph 2: Practical TreeSoft Set of Level 3 


et’s consider H= {h,,h2,...,h19} be a set of houses, and P(H) the powerset of H. 
And the set of attributes: A = {A,, A>}, 
where A, = size, Az = location. 
Then A, = {411,412} = {small, big}. 
Az = {Az1,A22} = (Arizona, California}, American states. 
Further on, Az; = {A211,4212} ={Phoenix, Tucson}, Arizonian cities. 
Let’s assume that the function F gets the following values: 
F(big, Arizona, Phoenix) = {hg, hyo} 
F(big, Arizona, Tucson) = {hy, hz, h3,h4} 
F(big, Arizona) = all big houses from both cities, Phoenix and Tucson, 
= F(big, Arizona, Phoenix) vu F(big, Arizona, Tucson)= {hy, hz,h3,h4,hg, hyo}. 


17. Properties of the TreeSoft Set 


17.1. Theorem 1 


F(node) includes all node’s descendants, and sub-descendants, then sub-sub-descendants, and 
so on up to the corresponding leaves. 

From previous Example 15, one has: 

F(Aq1) = F(Agii) U F(Aai2), 

and consequently 

F(Aq2,Aa1) = F(Aq2, A211) U F(Ai2, Aziz). 


17.2. Theorem 2 


Let N € Tree(A) be anode. 

N generates a SubTree(N) whose root is N itself. 
Then F(N) = Ugw F (Novy) 

where Ng) are all leaves of the SubTree (N). 
From previous Example 15: 
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17.3. 


F (Az) = F(Ag1) U F(A22) = (F(Aoi1) U F(Az12)) U F(Ag2) = F(Agi1) U F(Aai2) U F(A22) 
where A131, Az12, Azz are all leaves of the SubTree whose root is A, {i.e. SubTree(A>)}. 
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The proof of Theorem 2 is obvious, no matter what graph-tree one has, and it is similar to the 
below Example: 


level 0 (root) 


level 1 


level 2 


level 3 


level 4 


level 5 


Graph 3: Tree(N) 


The circled nodes are the leaves. 

F(N) = F(N,) U F(N2) U F(W3) U F(Ng) 

= F(N,) U [F(N21) U F(N22) U F(N3) U F(Ng1) U F(Ng2) U F (Nas) 

= F(N,) U F(N21) U F(N22) U F(N3) U [F (Nai) U F(Ngi2)] U F(N42) U FN a3) 

F(N,) U F(N21) U F(N22) U F(N3) U F(Nagi1) U [FONg121) YU FCN 4122)] U FNg2) U F (Nas) 
F(N,) U F(N 1) U F(N22) U F(N3) U FONg11) U FCN 41211) U F (Na1212) U FN a2) U FN a3) 
which is the union of the soft-values F(.) of all leaves of the SubTree(N). 

Actually Theorems 1 and 2 are equivalent. 


Theorem 3 


F (N, Ni,» Nip) = F(N;,) NF(N;,) N.0F (N.,,), 


ly? 
where N,_, Nj; . Ni, are nodes of various levels into the TreeSoft Set of N. 


iq Viger 


The proof results from the fact that F'(N, ) represents the subset H: of elements in H that have 


the attribute-value N,, and F'(N,) represents the subset H2 of elements in H that have the 


attribute-value JN, 


1 


, and soon FN, ) represents the subset Hp of elements in H that have the 
P 


attribute-value N, , therefore to get the elements that have all these attribute-values one needs to 
P 


intersect these subsets H, 0H, 0... OF, : 
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18. Future Research 


To define the operations (complement, intersection, union) for IndetermSoft Set, 
IndetermHyperSoft Set, and TreeSoft Set respectively and to use them in real applications. 


19. Conclusion 


We introduced the TreeSoft Set as an extension of the MultiSoft Set. We presented simple 
practical applications of IndetermSoft Set, IndetermHyperSoft Set, and TreeSoft Set respectively for 
better understanding. 
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Abstract: In this paper, Kruskal-Wallis test is extended to deal with neutrosophic data in single 
valued form using score, accuracy and certainty functions to calculate ranks of SVNNs, also Mann- 
Whitney test is extended to deal with same data type which makes it possible to do a post-hoc test 
after rejecting null hypothesis using Neutrosophic Statistics Kruskal-Wallis test. Numerical 
examples were successfully solved showing the power of this new idea to deal with SVNNs and 
make statistical decisions on them. 


Keywords: Kruskal-Wallis; Test Statistic; Chi Square Distribution; Hypothesis Testing; Significance 
Level; Single Valued Neutrosophic Number. 


1. Introduction 


F. Smarandache presented neutrosophic logic as an extension to fuzzy logic [1] and intuitionistic 
fuzzy logic [2] to deal with indeterminacy, ambiguity, uncertainty, contradiction, unsureness, 
nihilness, vagueness and emptiness [3], this new extension make decisions more flexible and reliable 
[4] [5] and has been applied in many scientific fields including abstract algebra, mathematical 
modelling, probability theory, statistics, operations research, artificial intelligence, machine learning, 
etc. [6] [5] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18]. He also introduced the Neutrosophic 
Statistics as an extension of the Interval Statistics, since the neutroosphic statistics may deal with all 
types of indeterminacies (with respect to the data, inferential procedures, probability distributions, 
graphical representations, etc.), it allows the reduction of indeterminacy, and it uses the neutrosophic 
probability that is more general than imprecise and classical probabilities, and has more detailed 
corresponding probability density functions - while Interval Statistics only deals with indeterminacy 
that can be represented by intervals. [27]. 

In statistics, M. Aslam presented many neutrosophic statistical tests to deal with indeterminacy 
in data considering that observations are classical neutrosophic numbers of the form N=D +I 
where D is the determinant part of the number and / is its indeterminant part [19] [20] [21] [22]. 

Comparing population means is one of the most important statistical tests to test whether several 
drawn samples are from one population (then we say that means are equal) or from different 
populations (here we say that means are not equal). This procedure is done using hypothesis testing 
with respect to a test statistic having a previously known probability distribution comparing its value 
with acceptance region and rejection region. 
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The problem arises when dealing with neutrosophic number or judges, e.g., if a doctor says that 
a patient is 70% infected with COVID-19 with 20% indeterminacy because of similar flu syndromes 
and with 50% chance to be wrong diagnosis, here we cannot deal with this data type using classical 
statistical tests neither with previously studied neutrosophic statistical tests. 

A mathematical solve for this problem in lattice theory and abstract algebra was presented in 
[23] where ranking of observations was done and presented in [24] to compare between judges. also, 
previous work was generalized in [25] [26]. 

In this paper we are going to solve this problem from statistical point of view where we are 
dealing with samples data derived from different populations to make generalize decisions made 
based on samples to population extending Kruskal-Wallis test to deal with (T,1I,F) data sets which 
is the well-known single valued neutrosophic numbers and make it possible to compare several 
samples and take decision if those samples are drawn from same population or from different 
populations, then we will extend Mann-Whitney test to make a multiple comparison between each 
two groups. 


2. Preliminaries 


We recall here some basic definitions of single valued neutrosophic sets and single valued 
neutrosophic numbers and some operations on them. 


2.1 Single Valued Neutrosophic Sets: 
Suppose that 0 is the universe and let A be a subset of 0 then A is said to be Single Valued 
Neutrosophic Set (SVNS) with truth, indeterminacy and falsity memberships and denoted as follows: 
A= {(x1T4(x), La), Fa (x))} 


Where: 
T,:2 — [0,1] 
1,:0 > [0,1] 
F,:Q > [0,1] 
And: 


0<%j4%)+h(*%)+ F(x) <3 


2.2 Single Valued Neutrosophic Numbers: 
Single Valued Neutrosophic Number (SVNN) takes the form (T,/,F) where T reflects truth, | 
reflects indeterminacy and F reflects falsity where 0<T,J,F <1 and OST+I/+F <3. 
2.3 Operations on Single Valued Neutrosophic Numbers: 
Suppose that A = (t,,i,, f,), B = (tz, iz, fg) are two SVNNs then operations on A,B are defined 
as follows: 
A@ B= (t, + ty — tyty, tia, ifr) 
A®@ B= (tyt2, i elas iyi, fi + fo — fifa) 
fi§-thh fi : 
AOB=( AF) ste # Lite #0; f, #0 
1-t, fo 
5-(2S Se’) it #0;i, #1; fp #1 
aA= (1-1 -t)444,fA)i4> 0 
A4 = (t,4,1-(1-i,)4,1-(1-f,));4 > 0 
2.4 Ranking of Single Valued Neutrosophic Numbers 
Let A(T,I,F) be a SVNN, the score function s(A), accuracy function a(A) and certainty 
function c(A) are defined as follows: 


ja ae ee 
ae a 
a(A)=T-—F 
c(A) =T 
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We can rank A,B using the following algorithm: 
1) If s(A) > s(B) thenA > B. 
) If s(A) = s(B) and a(A) > a(B) then A > B. 
) If s(A) = s(B) and a(A) = a(B) and c(A) > c(B) then A > B. 
) If s(A) = s(B) and a(A) = a(B) and c(A) = c(B) then A = B 


em WD N 


3. Classical Kruskal-Wallis and Mann Whitney Tests 


Kruskal-Wallis Test (H Test) one of the nonparametric tests that based on ranks used to compare 
the means of c independent random samples of sizes ny, ...,n,- drawn from c univariate populations 
with unknown cumulative distribution functions Fy, ..., Fo. 

The technique of (H Test) performed by ranking all observation and defined as follows: 
Formally, letting the distribution function of X over the group i be of the form F;(x) = 
F(y — 6;), we'd like to test 
Ho: 0, = 6, =++ =O. against H,:0; # 6; for some i,j 


The test is based on y*(c — 1) distribution using test statistic: 


Cc 
a ye 3(N+1 
NN +1) Lan; ee 
i= 


Where: 


c number of samples 
n; number of observations in the i" group 
N = Yin; number of observations in all samples 
R; sum of ranks for the i group 
Notice that H test tells us whether the samples are drawn from same population (when accepting 
H,) or those sample are drawn from different populations. 
If we reject Hy then we must determine the true differences location, i.e. we must do a post hoc test, 
and one of the famous used tests is Mann Whitney test that tests the following hypothesis: 
Hy: 0; = 9; 
Hy:0; # 6; 
Using test statistic: 
U—U 
stdy 


Where: 


U= 


nin, (nj + nj + 1) 


‘ies 
aes 12 


n(n + 1) Lees 
eed aed | 


+t 5) 


U = min (nn + 9 


4. Single Valued Neutrosophic Kruskal Wallis and Mann Whitney Tests 


Suppose that we have c random samples as follows: 


Table 1. Neutrosophic Observations. 


Sample 1 Sample 2 se Sample c 
Sy Sa1 Ser 


Si2 S22 “ Se2 
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Where $11,512,--, Sen, are SVNNs, e.g., judgments, sentiments, point of views, considerations, ... etc. 
and we would like to check whether these judgments are consistent. Kruskal Wallis test can answer 
our question but the problem that arises is how to calculate the ranks of these judges since it is base 
on neutrosophic numbers. We will present the following algorithm to solve this problem: 
1. Merge all the observation from different samples and deal with it as one sample. 
2. Calculate score, accuracy and certainty of each observation. 
3. Compare and rank these observations based on its score, accuracy and certainty. 
4. Give the ranked observations ranks from 1 to N and if we have two equal observation the 
we average its ranks. 
5. Compute Kruskal Wallis test statistic using the formula: 
C 
12 (R?)w 
y= aE D, S78 +1) 
where (R7),y is sum of it sample neutrosophic rank, hence Hy is neutrosophic test statistic. 
6. Compare the test statistic with y?7_,(c — 1) critical values, if Hy < y?_-¢(c — 1) then samples 
are drawn from same population, i.e., judgments are consistent and here test is done. 


elsewhere judgments are inconsistent and we must go to step 7. 
7. Compute Mann Whitney test statistic pairwise based on ranked data using steps 1-4 using 
the formula: 
Uy — U, 
pe 
stdyy 
Where: 
— NN; 
Uy = 
ae 
nin, (n; +n; + 1) 
12 


stdyy = 


Nj (n; + 1) 
2 
8. if |Zy| < Z,_« then two compared samples are drawn from same population and otherwise 
2 


(n;+1 
Uy = min (nm + — (Rin, Nin; + oe) = (®),) 


samples are drawn from different populations. 
Example 4.1 
We would like to compare judgments of 3 independent doctors on infecting with COVID-19 for 10 
sick people, each doctor is confident T% and unsure 1% and may be giving wrong judgment F%. 


Table 2. Neutrosophic judgments of infecting with COVID-19. 


0.207 0.922 0.550 0.905 0.808 0.657 0.949 0.034 0.000 
0.879 0.968 0.419 0.555 0.238 0.571 0.057 0.842 0.398 
0.200 0.825 0.208 0.726 0.552 0.689 0.845 0.042 0.662 
0.824 0.378 0.011 0.230 0.046 0.825 0.858 0.622 0.833 
0.859 0.988 0.654 0.779 0.470 0.897 0.853 0.055 0.383 
0.874 0.347 0.499 0.599 0.293 0.607 0.416 0.092 0.972 
0.842 0.772 0.402 0.007 0.013 0.371 0.407 0.330 0.140 
0.855 0.999 0.378 0.688 0.027 0.571 0.978 0.257 0.495 
0.368 0.458 0.078 0.940 0.628 0.441 0.048 0.109 0.983 
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0.698 0.220 0.712 0.614 0.003 0.628 0.110 0.509 0.063 


First, we calculate score, accuracy and certainty of the previous data as follows: 


Table 3. Score, accuracy and certainty of judgments. 


S(A) S(B) S(C) A(A) A(B) A(C) C(A) C(B) C(C) 


0.245 0.480 0.972 -0.343 0.248 0.949 0.207 0.905 0.949 
0.497 0.582 0.272 0.460 -0.016 -0.341 0.879 0.555 0.057 
0.389 0.495 0.714 -0.008 0.037 0.183 0.200 0.726 0.845 
0.812 0.453 0.468 0.813 -0.595 0.025 0.824 0.230 0.858 
0.406 0.471 0.805 0.205 -0.118 0.470 0.859 0.779 0.853 
0.676 0.566 0.451 0.375 -0.008 -0.556 0.874 0.599 0.416 
0.556 0.541 0.646 0.440 -0.364 0.267 0.842 0.007 0.407 
0.493 0.697 0.742 0.477 0.117 0.483 0.855 0.688 0.978 
0.611 0.624 0.319 0.290 0.499 -0.935 0.368 0.940 0.048 
0.589 0.661 0.513 -0.014 -0.014 0.047 0.698 0.614 0.110 


Then we rank our neutrosophic numbers based on its score, accuracy and certainty as follows: 


Table 4. Ranks of judgments. 


Doctor Score Accuracy Certainty Rank 


A 0.139 -0.598 0.074 1 
A 0.33 -0.148 0.754 5 
A 0.383 -0.535 0.31 9 
A 0.426 0.003 0.638 14 
A 0.44 -0.047 0.803 15 
A 0.507 0.379 0.733 21 
A 0.56 0.06 0.746 23 
A 0.568 -0.115 0.723 24 
A 0.665 0.206 0.442 28 
A 0.822 0.584 0.642 30 
B 0.206 -0.449 0.023 3 
B 0.288 -0.434 0.541 4 
B 0.352 -0.085 0.569 6 
B 0.37 0.03 0.906 8 
B 0.385 -0.658 0.23 11 
B 0.406 0.194 0.342 12 
B 0.424 -0.382 0.545 13 
B 0.559 -0.2 0.614 22 
B 0.594 -0.058 0.343 25 
B 0.624 0.125 0.826 26 
C 0.181 -0.921 0.022 2 
C 0.362 -0.353 0.231 

C 0.383 -0.037 0.472 10 
C 0.468 0.363 0.446 16 
C 0.474 -0.217 0.393 17 
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C 
C 
C 
C 


C 


0.489 
0.499 
0.504 
0.66 
0.705 


-0.158 
-0.238 
0.017 
0.107 
0.399 


0.737 
0.755 
0.854 
0.653 
0.709 


18 
19 
20 
27 
29 


Now we rearrange samples and calculate sum of each sample neutrosophic ranks and we get: 
(Ra)w = 170, (Re) = 130, (Re)y = 165 


And test statistic is: 


Hy 


12 


~ 3030+ 1) 


(= + 130? + 165? 


10 


) — 3(30 +1) = 1.2258 


953 


Comparing with critical value say at 0.05 significance level we find that Hy = 1.2258 < y?(2) = 


5.9915 so we accept the null hypothesis and we say that all judgments are consistent. 


Example 4.2 


3 samples of students were drawn to test whether there is a significant difference between nervous 


before exam where 3 sets of students were following three strategies of learning, data is shown in 


Table 5: 
Table 5. Nervous Before Exam. 
A B C 
T | F T | F T | F 

0.399 0.056 0.457 0.127 0.4545 0.3855 0.152 0.622 0.292 
0.4155 0.0705 0.373 0.0025 0.0735 0.083 0.498 0.143 0.748 
0.037 0.5 0.206 0.0095 0.171 0.4055 0.357 0.831 0.625 
0.4635 0.137 0.3055 0.442 0.2785 0.4225 0.464 0.761 0.551 
0.0755 0.029 0.171 0.003 0.4755 0.3055 
0.3335 0.2995 0.207 0.0615 0.072 0.184 

First, we calculate score, accuracy and certainty of the previous data as follows: 
Table 6. Score, accuracy and certainty of nervous. 

S(A) S(B) S(C) A(A) A(B) A(C) C(A) C(B) c(C) 
0.629 0.429 0.413 -0.058 -0.259 -0.140 0.399 0.127 0.152 
0.657 0.615 0.536 0.043 -0.081 -0.250 0.416 0.003 0.498 
0.444 0.478 0.300 -0.169 -0.396 -0.268 0.037 0.010 0.357 
0.674 0.580 0.384 0.158 0.020 -0.087 0.464 0.442 0.464 
0.625 0.407 -0.096 = -0.303 0.076 0.003 
0.609 0.602 0.127 -0.123 0.334 0.062 


Then we rank our neutrosophic numbers based on its score, accuracy and certainty as follows: 


Learning Strategy Score 


Table 7. Ranks of nervous. 


Accuracy Certainty Rank 


>PrprYPre, 


0.674 0.158 0.4635 
0.657 0.0425 0.4155 
0.629 -0.058 0.399 
0.625 -0.0955 0.0755 
0.609 0.1265 0.3335 


16 
15 
14 
13 
11 
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A 0.444 -0.169 0.037 6 
B 0.615 -0.0805 0.0025 12 
B 0.602 -0.1225 0.0615 10 
B 0.580 0.0195 0.442 9 
B 0.478 -0.396 0.0095 7 
B 0.429 -0.2585 0.127 5 
B 0.407 -0.3025 0.003 3 
C 0.536 -0.25 0.498 8 
C 0.413 -0.14 0.152 4 
C 0.384 -0.087 0.464 2 
C 0.300 -0.268 0.357 1 


Now we rearrange samples and calculate sum of each sample neutrosophic ranks and we get: 
(Ra)w = 75, (Ra)w = 46, (Ro)y = 15 
And test statistic is: 
12 75? 46? 

es 16(16 + 1) (F+ 76 
Comparing with critical value, say at 0.05 significance level, we find that Hy = 8.4007 > y?(2) = 
5.9915 so we reject the null hypothesis and we say that level of nervous are not equal, so we must 
perform Neutrosophic Mann Whitney Test and we have three cases: 
Case 1 between A, B: 


15° 
+ es ho 3(16 + 1) = 8.4007 


n(n, +1 No(n, +1 
Uy = min (mn nt (Ra) nu» 14N2 + a (Raw) = min(5,31) = 5 
Uy = = 18 
ee 
NyNz(n, +n, + 1) 
stdy, = aa = 6.244998 
Uy — U, 
Zy = ~—— = -2.08167 
stdy, 


So |Zyl > Zo.075 = 1.96 and hence we reject the null hypothesis and take alternative hypothesis and 


methods A, B making different nervous level, since R, = = = 12.5 > R, = 7.667 then nervous level 


of group A is higher than nervous level of group B. 
Case 2 between B, C: 


Following same steps, we see that |Zy| = | — 1.7056| <1.96 so there is no difference in nervous 
level between group B and C. 
Case 3 between A, C: 

Following same steps, we see that |Zy| = |—2.3452| >1.96 so there is a significant difference in 


nervous level between group A and C and nervous level of group A is higher than nervous level of 


group C because Ry = “ =125>Ro= = =3.75: 


5. Conclusions 


In this paper we have solved the problem of making statistical tests on single valued 
neutrosophic number-based problems which wasn’t solved before. An algorithm to perform Kruskal- 
Wallis test and Mann Whitney test when dealing with SVNNs is presented and numerical examples 
were solved successfully in two fields of real-life problems, medical field and educational field. In 
future we are looking forward to extend other statistical tests which are important in decision making 
problems. 
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